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Abstract
We study the infrared problem in g<f>4 theory in 4 dimensions at finite temper-

ature in the context of the real-time formalism. We perform a complete 2—loop
analysis of the mass-shift in this model, as a N—loop calculation for a specific class
of diagrams. In the case of massless particles, we find the same problems as for
hot QCD, that is, the natural infrared cutoff which emerges as a thermal mass,
m2 ~ </T2, is too small to act as a good cutoff and the perturbation theory breaks
down beyond some order in the coupling constant g. However, we find that an
explicit summation of the leading infrared divergent diagrams gives a result which
is not very different from the perturbative approach.
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The recent experimental studies on a possible quark-gluon plasma formation in the
ultra-relativistic heavy ions collisions [1] have intensified the activity on Quantum Field
Theory at Finite Temperature with, of course, an emphasis on QCD [2,3],

However, at the beginning of the eighties, it was discovered by Linde, and also by
Gross, Pisarski and Yaffe [4], that perturbative QCD at finite temperature is plagued
with infrared divergences and that infinite contributions arise beyond some order in the
coupling constant g. In [4] it was argued that, despite the infrared cutoffs me/ ~ gT and
Wmag ~ S2T, respectively electric and magnetic masses of the gluon propagator generated
by finite temperature corrections, the perturbation series breaks down at 0(gG) in the case
of the thermodynamic potential and Green functions with external momentum q < gT
are uncalculable beyond some order, due to multiloops of self-interacting gluons. The
divergences appear in the magnetic sector because the magnetic mass, m ~ (Jf2T, is too
small to act as a good cutoff. At that time, these qualitative arguments were based upon
simple power counting and by using the imaginary time formalism.

In this letter, we want to make these arguments sound more quantitative. By using
the more recent real-time formalism, we show that the infrared problem is not specific to
QCD and arises also in g(j>A theory in 4 dimensions. But the main purpose of this paper
is to show that it is possible to sum the leading infrared series and that this summation
gives a result which is very close to the perturbative result obtained at first order.

Let us recall that in the real-time formalism, or Thermo-Fields Dynamics [2], the
thermal propagator has a 2 x 2 matrix structure, the 1 — 1 component of which refers
to the physical field, the 2 — 2 component to the corresponding ghost field, with the off-
diagonal 1 — 2 and 2 — 1 components mixing them. The propagator we use here is

fDn(k) Dl2(k)\_fAo(k) + A0{k) A'0(k) \
\D2l{k) D22(k))-{ A'0(k) A3(fc) + M * ) / '0(

where Ao is the usual Feynman propagator at zero temperature

kl — ml + IT}

and AJ3 are finite temperature corrections to the zero temperature propagator

A0{k) = 2*6{k2 - m2)nB(w);

A'0(k) = 2

with the Bose-Einstein factor nfl(u) = l/(exp(/?u>)—1). Most of the notations and formulas
we use in this paper are taken from the paper by Fujimoto and Grigjanis [5]. Also, some
of the calculations we perform can be found in [6].
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In 4 dimensions, the g<f>4 theory is renormalizable, as for its finite temperature ex-
tension. As can be seen directly from eq.(l) , the ultra-violet part is contained only in
the "T1 = 0" contribution. Therefore, as renormalization scheme, we can take the same
counter-terms as at T = 0 at every order of the perturbation theory. In order to manipu-
late ultra-violet singular integrals, we use the n-dimensional regularization scheme, where
n = 4 - 2e.

The quantity we are going to look at is the mass-shift, defined as the pole of the
propagator

* , (4)

which is the sum of the one-particle irreducible 2-point Green functions £(fc) geometric
series. We have been motivated to look at the infrared finiteness of the mass-shift in
trying to generalize the Kinoshita-Lee-Nauenberg theorem [7] to scattering processes at
finite temperature [8]. One crucial hypothesis of the Lee-Nauenberg version of this theorem
concerns the infrared finiteness of the mass-shift at all orders. The easiest case to study
this problem seems to be g<j;4 theory.

At first order we find that the self-energy is given by

(5)

with the notations

(6)

With the counter-term defined as 6m^ = —g/2 /o, the pole with the correction at first

order is at

Jb2 = m2 + SmW + £(l>(ib2 = m2) = m2 + ^I0. (7)

This generates a new mass which becomes, in the case of massless particles,

mj = jf*. (8)

As it is well-known, the particles in a heat bath acquire an effective mass usually propor-
tional to the temperature.



Next, we go one step beyond and compute the same quantity at the two-loop level.

The contributions coming from the graphs shown in fig.l have already been computed in

[5] and in [6]. According to the Feynman rules at finite temperature [2], we sum over the

different types of vertices (1 or 2) and we obtain for graph a)

with the notations

(9)

=-j(Io

(10)

d
dm2

r -dx
4TT2

As we shall see below, this result is sufficient for our discussion. Indeed, the graph shown

in fig. Ib does not participate to the leading infrared sector. It gives a complicated contri-

bution which depends on the external momentum k

where A'o is an ultra-violet singular integral which we do not need the explicit expression

° ^ J (2ir)« ( 2 7 r ) " ( f c 2 - m 2 ) ( ^ - m 2 ) ( ( f c - J b 1 - Jk2)2 - m 2 ) ' K '

and Kp is a temperature dependent contribution

Kp = ̂  J ^ - j ^ / K * 2 ) J ^ r [ A o ( ^ O + ̂ (fci)]Ao(«r + ̂ 1 + k2). (13)

Again, we decompose Kp = Kip + K%$ with respectively one Ap and two Ap propagators

in K\p and Ar2/3. After some algebra, we find with the external momenta Ar = (m,0) that

m 2 f°° dx / i j \

= J0Ip -32^y1 -^TZl \* ̂ * + V^^l)- 2V^-IJ. (14)
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It turns out that the second term with the complicated integral has a In m behaviour in
the massless limit. This is also the case of

m2 [°° dx D D f°° dy ,_ v : : , v ; : (

These results are in almost complete agreement with [6]. In order to cancel all the ultra-
violet singularities present at k2 = m2 we must add the following counter-terms contribu-
tions (fig.Ic and Id):

Iz1(I0 +10) = ̂ Jo(Io +I0);
2 4

 2 (16)
- f W1J(J0 + J0) = ^-Jo(Jo + J0),

where Z\ is the coupling renormalization constant. The second-order mass counter-term
is defined as

SmW = -ZL-I0J0 + S-K0. (17)

These are the only counter-terms we need at k2 — m2. Adding eqs.(9) ,(11) ,(16) and (17)
we see that all the ultra-violet singularities disappear and we end up with the expression
for the renormalized mass with the corrections at second order

m2 <2> = m2 + ! ^ ( m W ) - ^I0(m)J0(m) - ^(K0(m) - Jo(m)I0(m)). (18)

We turn now to the infrared problem. We need the asymptotic behaviour of the function

(91

and consequently

i a "" (20)
in the limit x = /3m —»• 0 which corresponds either to the infinite temperature limit or
to the case of massless particles. As K0 contains only terms of In m types, the leading
infrared part is thus restricted to J0 which behaves as l//3m according to eq.(10) and (20)
. We recall that this contribution comes from a loop with two Bose-Einstein propagators
(fig. Ia). This loop generates an infrared singularity. A possible cure for these infrared
singularities would be to use as cutoff the mass obtained at first order, m0 = \fg/2A T. A
priori, this manipulation is forbidden by perturbation theory since iteratively, the result
obtained at iVth order cannot be put into the N + lth order term. Nevertheless, if we do
this, we find that

Çl0(m = O)J0(Tn0) = O(g^T2). (21)
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We have lost a ^Jg factor. This could indicate that we have now a series in terms of Jg

and not in g. This is indeed the case if we consider the JV-loop diagram shown in fig.2a

which gives the following contribution

= (-g/2f(I0

All the terms which contain a T = 0 contribution are ultra-violet and by cancellation with

the counter-terms we are left with only the T ^ 0 term which has the following behaviour

gNI0(m = O)(J0(Tn0)Y"-1 = O(g^T2). (23)

However, it is possible to add the tadpoles in a different way [10]. Let us consider the

JV-loop contribution shown in fig.2b. Using the mass-derivative formula [5], we obtain the

expression for a product of N — 1 successive Bose-Einstein propagators

*Tw - f (§<* ̂ r very. (ssO"7WrD^ ™
This expression has also to be renormalized. We have shown explicitely the cancellation

of U.V. singularities for JV < 2. For JV > 3, the U.V. singularities in (24) is resumed in

Jo and is cancelled by adding the series of counter-terms which correspond to the diagram

shown in fig.2b with the bubbles replaced by 6m^l\ The result is that (for JV > 3)

*["><*> + c.T. - 1 (§
It is clear, from eq.(19) , that the successive derivatives with respect to the squared mass

give increasing inverse powers of the squared mass. The derivatives of the T = O part of

Dn giy e a sub-leading contribution with respect to the T ^ O part. Again, we can take

the cutoff m0 = y/g/24 T and we obtain now the following behaviour for the infrared part

j (fcj = U\g\jgl ). \2fo)

Then, we realise that we have lost the perturbation series in exactly the same way as

originally in [4], Beyond some order, an infinite number of diagrams contributes to the

same order in the coupling constant. The advantage on [4] is that we have now the explicit

coefficients in front of each JV-loop diagrams. If we consider the series with JV tadpole

insertions as in fig.2b and concentrate on the leading infrared contribution, we reconstruct

a Taylor expansion

\N / a \ N
(27)
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We find that the right-hand side of this equation is perfectly defined for every value of
the coupling constant g. This can be checked easily from eq.(19) . The breakdown of the
perturbation theory and the origin of the infrared problem comes from the derivatives of
the function we expand in powers of g which are not continuous at the origin. In simple
words, it is like expanding ^Jg around zero.

Taking into account this "non-perturbative" contribution to the mass-shift consists to
multiply the result at first order by a factor

4TT2

which is fortunately less than 1. Otherwise, the result shown in eq.(27) would be meaning-
less due to fractal graphs such as the one shown in fig.3. These graphs give a contribution
to the mass-shift like

(29)

We have plotted in fig.4 the non-perturbative result of eq.(27) . As expected from eq.(19)
, is not very different from the perturbative approach. Indeed, for a large interval in the
jf-space, the result at first order is a very good approximation.

It is clear that we have considered in this example the most infrared singular diagrams.
At N—loop order, we have 27V — 1 propagators. The worst infrared behaviour is thus
obtained by taking only one propagator for N-I loops and N propagators for the remaining
last loop, and this is exactly the diagram shown in fig.2b. This is very different from the
situation considered in [4] which, in this context, would correspond to the diagram shown
in fig.2a. We have there two propagators for each JV — 1 loops and one propagator for the
last loop. With the imaginary-time formalism, it is claimed [4] that the infrared behaviour
is obtained by keeping only the n = 0 term in the Matsubara frequency sum. In this case,
the region where the propagator is on shell, fco = |k|> |k| —• 0, is discarded. If this is
correct for the diagram shown in fig.2a, this is completly wrong for the daisy diagram.

The main result of this paper is that it seems reasonable to believe in perturbative
calculations. The leading infrared series present in our problem can be summed and give
almost no corrections to the perturbative result obtained at first order. At higher orders,
it should be possible to regularize all the infrared singularities with the natural cutoff,
mp = \/g/24 T. However, it would be difficult to disentangle the perturbative corrections
from the non-perturbative ones, and also those coming from In m terms. Therefore, it
seems difficult to go beyond one loop calculations.

-6-



We conclude with the following remarks:

• In a model with 0(N) symmetry, the dominant contribution comes from the diagrams
with the simple loops only (the planar diagrams). The other diagrams are at least of order
0{lfN) and may be neglected in the limit N —> oo [H]. Then the relevant diagrams are
those shown in fig.2. Therefore, it is clear that there is no infrared problem in a g<f>4 — O(N)
model in 4 dimensions in the case of massless particles, and that complete results can be
obtained at all orders.

• Of course, it would be interesting to generalize this discussion to QCD. This is not
so trivial since the gauge structure of the gluon propagator is quite complicated. For
instance, we know that there are two masses, magnetic and electric, which are associated
to transverse and longitudinal modes respectively, Futhermore, these masses are quite
different if one consider space-like or time-like gluons [12]. But it is clear that the infrared
cutoff we should use for the daisy diagram (which does not have any static limit) in the case
of QCD is ~ gT and fortunately this does not change the behaviour of eq.(26) . Apparently,
the breakdown of the perturbation series appears both in the magnetic (static) and in the
electric sector, and at the same order. As we have achieved in g<jA the summation of
leading infrared diagrams and foimd a result which does not change very much the result
obtained at first order, it could be that, despite the more complicated structure of the
propagator, the infrared problem in QCD is not so dramatic.

I would like to thank R. Baier and M. Le Bellac for helpful comments and discussions.
Partial financial support from PROCOPE ("Projets de Coopération et d'Echange") was
appreciated.
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Figures caption
Fig.l Second order 2-point Green function.
F:g.2 Two iV-loop diagrams, with a), a diagram with N bubbles attached successively and

b), a diagram with N bubbles attached to the one-loop self-energy, called also "daisy"
diagram.

Fig.3 A fractal diagram with the repeated Daisy diagram on each bubble, called also "super-
daisy" diagram.

Fig.4 The mass-shift as a function of the coupling constant.
solid curve: m/T = y/g/24.

dashed curve: m/T = g/Ax\j
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