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ABSTRACT 

We propose a new method of characterizing the approach to KNO scaling. The essence of 
our method lies in the concept of statistical distance between nearby KNO distributions which reflects 
their distinguishability in spite of multiplicity fluctuations. We show that the geometry induced by 
the dtetance function defines a natural metric on the parameter space of a certain family of KNO 
distributions. We give some concrete examples, comparing the variation of the distinguishability of 
nearby KNO distributions with energy in nondif tractive hadron hadron collisions and electron posit'on 
annihilation 

Л. Диоши, III. Хеди, Ш. Красновым: Статистическое расстояние и приближение к 
скейлингу КНО. KFKI-1990-21/А 

АННОТАЦИЯ 

Предлагается новый метод, характеризующий приближение к скейлингу КНО. 
Суть метода основана на концепции статистического расстояния между близ/.ежащи-
ми распределениями КНО. Эта концепция отражает различие распределений, несмот
ря на флуктуацию множественности. Показывается, что геометрия, определенная 
функцией расстояния, представляет собой естественную метрику в пространстве 
параметров для определенного семейства распределений КНО. Даются конкретные 
примеры, сравнивающие изменение отличия близлежащих распределений КНО с энер
гией в недифракционных адрон-адронных взаимодействиях и электрон-позитронных 
аннигиляциях. 

Olóal L., Hegyi S., Krasznovszky 8.: A statisztikus távolság és a KNO szkélinghez való tartás. 
KFKI 1990 21/A 
KIVONAT 

Új eljárást javasolunk, amely a KNO szkéllnghez való közelítést jellemzi Módszerünk lényege 
a szomszédos KNO eloszlások közötti statisztikus távolság koncepcióján alapul. Ez a fogalom a 
multiplicitás eloszlások megkülönböztethetőségét tükrözi a multiplicitás fluktuációk ellenében 
Megmutatjuk, hogy a távolságfüggvény állal Indukált geometria, a KNO eloszlások egy bizonyos 
családjának paraméter terén, egy természetes metrikát határoz meg. Példákat adunk, amelyekben 
összehasonlítjuk a szomszédos KNO eloszlások megkülönböztet he tőségének energlafüggésól 
hadron hadron kölcsönhatacok és elektron pozitron annihlláció esetén 
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1. Introduction 

Perhaps the most interesting phenomenological issue concerning strong interac
tions at low transverse momentum is the question of KNO scaling. As suggested 
by Koba, Nielsen and Ölesen nearly 20 years ago [l] the quantity (n)Pni where Pn 

is the multiplicity distribution with mean (n), may asymptotically be a function 
only of the scaled variable z = n/(n) and not of (n) (i.e. energy) itself. Simi
larly to the observed deviations from Bjorken scaling in deep inelastic scattering 
processes, violation of KNO scaling is an indication of the presence of complex 
dynamics in the underlying particle production mechanism [2]. This is the case in 
hadron-hadron collisions at very high energies: the experimental data for charged 
particle multiplicity distributions at the CERN pp Collider show clear violation of 
KNO scaling [3]. Its approximate validity up to ISR energies proved to be only 
accidental. The large multiplicity fluctuations г ;» 1 characterizing the Collider 
data are signs of interesting dynamics, sometimes identißed [4] with coherent many 
particle fluctuations analogous to those which arise in the Hanbury-Brown Twiss 
effect [5] of intensity interferometry. 

Beyond the presence or absence of KNO scaling itself, another important ques
tion is the approach to the scaling limit [2]. The variation of the shape of KNO 
distributions with energy and, in particular, the evolution of their distinguishabil-
ity in spite of multiplicity fluctuations provide in this respect useful information. 
Our paper concentrates mainly on this aspect of the problem of KNO scaling. We 
propose a new method of characterizing the approach to the scaling limit which is 
based on the concept of statistical distance between nearby KNO distributions — a 
quantity whose definition relies on the notion of distinguishability of probability 
distributions. 

Statistical distance was introduced by Fisher [6] as early as 1922 when study
ing genetic drift. Only much later was it applied (in a slightly modified manner) in 
physics, first by Wootters in the context of quantum mechanical measurements [7]. 
Further applications include the metricization of thermodynamic-state space [8] 
and, in particle physics, investigation of a scaling behaviour of correlations in 
hadronk reactions at very high energies [9]. 

In the framework of a theoretical model of the particle production mechanism 
such as the QCD-branching [10] or the stochastic cell model [11], analysis of the 
approach to KNO scaling through the geometrical concept of statistical distance 
seems to have numerous advantages. First of all, it defines a natural metric on 
the parameter space of KNO distributions. This metric determines how far two 
KNO distributions are from each other in the parameter space whose statistical 
distance is unity in probability space. Such a reseating of the parameter space 
reflects essentially the evolution of multiplicity fluctuations, that is, the changing 
complexity of dynamics. Furthermore, the variation oi statistical distance with en
ergy provides a very sensitive measure of the appearance of KNO scaling or even 
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approximate scaling. Therefore statistical distance is a suitable means of com
paring various theoretical models through a detailed analysis of their predictions. 
To demonstrate these features we will show an application in case of electron-
positron annihilation and nondiffractive hadron-hadron collisions. Furthermore, 
to check the KNO scaling sensitivity of our method, we also analyse the available 
experimental data in these reactions. 

Our paper is organized as follows: Section 2 gives a brief review of the concept 
of statistical distance. Section 3 contains the above mentioned data analysis: we 
investigate an empirical regularity of certain momentum combinations of multi
plicity distributions which is closely connected with the degree of KNO scaling 
violation. An example of the use of statistical distance in the characterization 
of the approach to KNO scaling is provided in Section 4; our conclusions are in 
Section 5. 

2. The concept of statistical distance 

For the sake of simplicity let us first consider a one-parameter family P„ (x) of 
multiplicity distributions, n denotes the multiplicity and x G (—00,00) stands 
for the parameter. Given a statistics N, it is natura! to ask whether a given 
distribution Pn (x) and another one, say Pn{x?), are statistically well separated or 
not. As is known the estimation error Дх of parameter x possesses the standard 
expression: 

<Д1>" * a m "> 
where we have introduced the positive 'metric' function g defined on the parameter 
space: 

g(x) = <-d 2 lni>„(x) /dx») = ({dPn(x)/dx)>) . (2) 

Loosely speaking, x and x' ( i.e. Pn(x) and Pn{x')) are distinguishable when 
\x-x> I > Дх; in the opposite case the fluctuations of the empirical distributions 
corresponding to Pn{x) and Pn{x!) prevent their being distinguished from each 
other. One defines the statistical distance I between parameters x and x' by the 
following expression: 

t(xtx>) = J* [g{x)]l/2dx. (3) 

Consider the case 1{х,х!) = 1, then Eq. (3) yields | x - J | « [y(x)] 1 / 2 . This 
separation is just N times larger than the threshold (1) of indistinguishability of 
z from its neighbours. This clarifies the reason for the choice (3) of the statistical 
distance. For an arbitrary couple of points x and x', the distance £(x,z') yields 
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N times the number of statistically distinguishable points (i.e. distribution) tak
ing place between x and x \ In other words, statistical distance is measured in 
mute proportional to the standard fluctuations of the distributions. 

Now it is important to observe that the family Pn(x) of distributions can 
always be reparametrixed so that the metric function (2) be constant, actually 
equal to 1. The proper transformation should be: 

i (new) =t(x,xo) (4) 

where I is the statistical distance (3) between x and an arbitrarily chosen starting 
point XQ. In this new parametrixation the statistical distance (3) takes the obvious 
simple form 

* ( x , x ' ) = | x - x ' | . (5) 

Recall that here x and x* are the new parameters according to Eq. (4). As it 
follows from what has been said above, the distance | x-x* | offers a clea» statistical 
interpretation: the number of statistically distinguishable points between x and x* 
ш equal to JV | x — x* |. 

So we have shown that the concept of statistical distance suggests a given 
natural parametrization of the one parameter family of multiplicity distributions. 
This concept is even more interesting where there are more parameters. We only 
mention the way that multidimensional parameter spaces Eqs. (1-3) should be 
generalised. The covariance of the estimation errors of parameters x' (* = 1,2,...) 
is of the form 

( Д х < Д 1 к ) = 1 9

< * ( х ) (6) 

where gik is the inverse of the covariant metric tensor 

дек{х) = (-дг1пРп(х)/дх'дхк) 
= ([дРп(х)Iдх*} [дРп(х)Idxk)), 

and x stands for the vector of the parameters x \ x 2 , . . . . The statistical distance 
on the parameter space is defined by the customary expression of Riemannian 
geometry (12): 

l(x,z>) = J' (YtQiMdx'dx^ (8) 

Now the question of the existence of a reparametrization so that дц, = 6ц is 
solved by the basic theorem of Riemannian geometry: the so-called Euclidean 
parametrization, when 

1/2 

'(*У) =(£[(*" aOf) . W 
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exists iff the Riemann tensor, built from the metric tensor gik (х) and from its first 
and second derivatives, vanishes. 

We mention that Wootters introduced [7] his statistical distance lw on prob
ability space as follows: 

twiP,!") = arccos ( X > » * J V ) (10) 

where Pn and i* are two arbitrarily given distributions. The right hand side of 
x ' k 

Eq. (10) has the form of an angle between the two unit vectors {Pn*} and {P„* } 
in R°°. It can be shown that our distance (8) on parameter space is just the one 
induced by the Wootters distance (10) for the family P n(x) of distributions. 

Completing our discussion on statistical distance we note that all the results 
in this section remain valid if we apply them to a certain family of distributions 
P(x;x) of a continuous random variable z and having parameter z, instead of the 
discrete distributions Pn{x). 

3. KNO scaling in the light of 
a new empirical regularity 

Before we turn our attention to the characterization of the approach to KNO scal
ing by means of statistical distance, let us investigate for a moment a remarkable 
feature of the available experimental data for charged particle multiplicity distri
butions. It was pointed out only recently [l3j, [14] that they show, in numerous 
reactions involving lepton-lepton, lep ton-had ron, and hadron-hadron interactions, 
the following empirical regularity: 

<п*+')-(п*) = 2Мп>'*. (И) 

The most important aspect of the above property of multiplicity distributions is 
its close relationship with the problem whether KNO scaling holds in a given type 
of reaction or it breaks down. From the validity of Eq. (11) it immediately follows 
that, if KNO scaling holds, 

Ek = Ck+1 and Fk = к +1 (12) 

in the limit (n) -»oo, where the C*'s are the normalized moments of the form 
Ok = (n*)/(n)*. Thus, knowing the values of Ek and Fk only, one can learn 
much about the presence or absence of KNO scaling and the degree of its pos
sible violation. In Table 1 we collected these values for к = 1...4 in the case of 
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e+e~ annihilation and nondiffractive pp&tpp collisions together with the resulting 
1?/NDF of the fits. For further information, see refs. [13] and [14]. 

Beyond the KNO scaling sensitive relations (12), there is a further conse
quence of the newly found empirical regularity. Considering the entries of Table 1 
H seems that KNO scaling is obviously not valid asymptotically in these pro
cesses; significant scaling violation is expected particularly in hadronic reactions. 
Bat, as is well known, the experimental data for charged particle multiplicity dis
tributions are consistent with approximate KNO scaling in e+1~ annihilation at 
PETRA [IS], and this is the case for hadronic reactions up to ISR energies [16]. 
We show that the existence of these local KNO scaling-like regions at low energies 
straightforwardly follows from the validity of Eq. (11). 

To see this, let us investigate how the shape of the KNO distributions evolves. 
As a measure of KNO-like behaviour, i.e. nearly unchanging KNO distributions, 
we use the (n) dependence of the ratio &/(п)2 (D being the dispersion). It is 
constant when KNO scaling holds, while the increase and decrease of 1У/(п)2 cor
respond respectively to broadening and narrowing KNO distributions. Assuming 
the validity of Eq. (11) for к = 1 and expressing 

d(D*/(n)*)/d(n) (13) 

in terms of E\ and F\ we obtain the following expression: 

{Ei(Fi-2)(n)^-{n))/(n)*. (14) 

The xeros of (14) indicate turning points in the variation of the shape of the 
KNO distributions: transitions between the narrowing and broadening regimes. 
Furthermore, its rate of change around the turning points provides information on 
the size of KNO scaling-like domains where the shapes of the KNO distributions 
are nearly the same. 

Substituting the corresponding values of Et and Fx into (14) for e+ e~ annihi
lation and nondiffractive hadron-hadron collisions, consider now the origin of the 
approximate KNO scaling regions observed by the experiments. Figure 1 shows 
the resulting curves. What immediately becomes apparent from the graph is a 
feature that characterizes both reactions: the variation of the shape of KNO dis
tributions is twofold — a relatively short narrowing period is followed by their 
continuous broadening. Around the transition point from one regime to the other 
there is a local KNO-like region. Here D'll(n)% has a minimum which is seen, 
together with the Ck moments of the multiplicity distributions, to be constant 
within the experimental errors of the measurements (see e.g. Figure 2 of ref. [3]). 
What is different in the two reactions is the rate of change in the shape of the KNO 
distributions. In e+ e~ annihilation this is much slower, indicating the existence 
of a wider interval in energy where approximate KNO scaling holds [14]. 

« 
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Summaróing this section we can state that the approximate KNO scaling be
haviour observed in different reactions at low energies is a consequence of the 
twofold nature of how KNO distributions evolve. The rate of change in their 
shape around the transition point between the narrowing and broadening regimes 
determines the size of the local KNO-like domains. But the validity of relation (21) 
with the corresponding values of E* and Fk in Table 1 ultimately leads to clear 
violation of KNO scaling as energy increases. 

4. Statistical distance and KNO scaling 

As we have seen in Section 2 statistical distance, measured in units of standard 
fluctuations, induces a Riemannian metric on the parameter space of probability 
distributions. With regard to the problem of KNO scaling and the approach to 
the scaling limit in a given type of reaction, the question naturally arises: What is 
the intrinsic geometry, determined by the size of multiplicity fluctuations, of the 
parameter space of an appropriately chosen KNO distribution being in agreement 
with measurements? Furthermore, how does the statistical distance of nearby 
KNO distributions evolve with energy? Since statistical distance measures dis-
tinguishability, answers to these questions may provide a precise characterization 
of the approach to KNO scaling, thus a better understanding of the changing 
complexity of dynamics. 

Our aim in this section is to give an illustrative example of the usefulness 
of statistical distance, with considerable reference to the results of the previous 
section. We investigate the questions raised above in the case of c +1~ annihilation 
and nondiffractive hadron-hadron collisions in an energy range which has a local 
KNO scaling-like region in both reactions. All of our calculations are based on the 
KNO function of the distribution: 

К = -^Щ)рА^)гтЛ'Х «P(-fM)«-), US) 

where 
n л VIA\ Tm{A + l/m) 

Z = V) a n d m = = I-M • 
In these expressions A and (n) are parameters depending on energy, while param
eter m is a constant whose value depends on the type of reaction. It is easy to see 
that 

(n)Pn=t(z;W), 
where W stands for cms. energy and ф is a standardized probability distribution, 
has KNO scaling behaviour i.e. ip{z;W) — ф{г) in the limit W -* oo if A tends 
to a constant value when energy goes to infinity. Thus, A is the scaling violation 
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parameter. Notice abo that A is the only energy dependent parameter of the KNO 
function of formula (15). 

The above distribution is known as the Krassnovssky-Wagner distribution 
in the literature [17]. It describes the experimental data for charged particle 
multiplicity distributions remarkably well in both e* e~ annihilation [14] and non-
diffractive hadron-hadron collisions [18]. The values of parameter m turned out 
to be ro = 1.5 and m = 1.25 respectively in these reactions. 

Let us first consider the energy dependence of the statistical distance t (̂ », «У ) 
between nearby KNO distributions. To carry out this task we need to know 
precisely how the scaling violation parameter A evolves with energy. This can be 
determined by the following method. Using Eq. (11) for к = 1 as a constraint one 
can easily obtain the (n) dependence of A numerically, through the normalised 
moments of (15) which are as follows: 

_ <n») _ T(A + k/m) ,_, 
Ck = W~T4A + l/m)T {A)- ( 1 6 ) 

Since the energy dependences of (n) are well known from measurements [3], [15] 
we have all the necessary information to determine the variation of A with energy 
in both reactions under consideration. Our next step is to calculate the statistical 
distance Д1 = 1(ф,У) between nearby KNO distributions ф and if differing from 
each other in energy by AW. We are interested in how dl/dW depends on energy. 

Figure 2 shows the resulting curves obtained by repeating the above proce
dure in the energy range of W = 5 -1000 GeV. As is seen, they have a remarkable 
ickle-like structure, where dt/dW decreases by several orders of magnitude. These 
sharp minima are indications for nearly unchanging KNO distributions, i.e. for 
the presence of an energy range where measurements may find with high proba
bility the constancy of the ratio D2 /(n)2 or the C* moments of the multiplicity 
distributions. Of course, the minima correspond to thoss turning points where 
the shape of the KNO distributions goes through a transition from the narrowing 
regime to the broadening one. According to the graph the transition point in e+ f 
annihilation is just before LEPI energies. The experiments at SLC and LEPl-2 
will observe broader KNO distributions than at PETRA which is in accordance 
with recent QCD-based Monte Carlo calculations [19]. But, in comparison with 
hadronk reactions, much slower variation in the shape of KNO distributions is 
expected, i.e. further validity of approximate KNO scaling at the experiments of 
the near future. 

It is worth noting here that the application of statistical distance may have 
practical benefits. For example, it would be of interest to determine the min
imum necessary statistics N which enables us to distinguish between the KNO 
distributions at PETRA and LEP. Judging from Eq. (1) this can be achieved if 
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y/N = l/[t(ff>PETRA »VLBP ) * dlfdW\. Under this choice of JV, V'PETRA and 
V>LEP sure barely distinguishable. 

Turning our attention to the other question raised at the beginning of this 
section, consider now the reparametrization of the KNO distributions. For ex
ample, we can ask for the natural parameter instead of the energy W and of the 
scaling violation parameter A. According to Eq. (4) this can be done by calcu
lating l[W,W0) or, alternatively, l(A,Ao) starting from arbitrarily given W0 and 
Ao. Our choice for the starting points are VV0 = 5 GeV and Ao — 1. Recall that 
equally spaced steps on the new parameter scale correspond to KNO distributions 
separated by equal statistical distance. 

In Figure 3 we sketched l(W,W0) as a function of W. It seems clear that 
both curves have two differently growing parts separated by a short, plateau-like 
segment. That is to say, the natural scale of energy has, in fact, two distinct 
subscales connected by a narrow interval which, on the contrary, lacks an explicit 
scale. This notable feature reflects the different rates of change in the shape of 
the evolving KNO distributions in the narrowing and broadening regimes, and 
the existence of an intermediate region where they are nearly unchanging. Taking 
hadron-hadron collisions as an example, after the plateau-like neighbourhood of 
the transition point I {W,W0) tends to grow linearly with the logarithm of energy. 
This means that, starting from W « 50 GeV, a logarithmic step size in energy is a 
more natural metric, with respect to the distinguishability of KNO distributions, 
than energy itself. 

In the case of the scaling violation parameter A the rescaling is much simpler, 
as can be seen in Figure 4. According to the graph, the most natural measure 
of the distinguishability of KNO distributions is a logarithmic step size in A and, 
remarkably, it is nearly the same for both reactions. If one considers the energy de
pendences of A too, then the proper variation of l(A, Ao) with A has an increasing 
and a decreasing period which correspond to the narrowing regime (increase of A) 
and broadening regime (decrease of A) of the KNO distributions. The turning 
points are represented by arrows on the plot. 

Thus, we have shown that both in energy and in the scaling violation param
eter a logarithmic measure reflects most faithfully the distinguishability of KNO 
distributions — at least in the energy range under consideration. A notable ex
ception is a narrow interval in energy around the turning point in the variation 
of the shape of the KNO distributions, where no explicit scale appears. At even 
higher energies (beyond 1 TeV) the validity of Eq. (11) which has been used as a 
constraint in our analysis may break down, leading to differently evolving KNO 
distributions. 
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5. Conclusions 

We have investigated two different aspects of a profound issue of QCD at low 
transverse momentum: Does KNO scaling hold in a certain reaction or, due to 
the presence of complex dynamics, does it break down? On the one hand, our 
analysis concentrated on a newly found empirical regularity that characterizes the 
experimental data for charged particle multiplicity distributions. As we have seen 
the power law behaviour r f the momentum combinations (n* + 1 ) — (n* ) expressed 
by Eq. (11) carries much information on the presence or absence of KNO scaling 
and on the degree of its possible violation. Judging from our results the regularity 
explains the existence of the local KNO scaling-like regions observed in e+e~ 
annihilation and nondiffractive hadron-hadron collisions. At the same time, its 
validity ultimately gives rise to the breakdown of scaling as energy increases. Only 
the width of the energy range where approximate KNO scaling holds is different 
in the two reactions. 

The second aspect of KNO scaling considered by us is the approach to the 
scaling limit. In this respect the most natural question we can ask is: How difficult 
is it to distinguish between two KNO distributions as energy increases? We have 
investigated the statistical distance between nearby KNO distributions in order to 
answer this question. Such an analysis seems to have numerous advantages. From 
the previous section, statistical distance provides an extremely sensitive measure 
of the appearance of KNO scaling or even approximate scaling. The sharp minima 
observed in its variation with energy indicate nearly unchanging KNO distribu
tions where the number of distinguishable distributions taking place between them 
decreases by several orders of magnitude. A further and perhaps more advanta
geous feature of the concept is that it suggests a natural reparametrization of the 
KNO distributions. Equally spaced steps along the new parameter scale corre
spond to equally spaced KNO distributions, that is, to constant changemente in 
the size of the multiplicity fluctuations. Frc . point of view a logarithmic step 
size in energy is a more natural metric in hadronic reactions beyond W - 50 GeV. 
It is to be hoped thV the concept of statistical distance will become a really useful 
tool in the quest related to KNO scaling. 
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FIGURE CAPTIONS 

Fig. 1. Derivative of P*/(n) 2 as a function of (n). NondifTractive hadronir. reactions and 
e + e" annihilation are compared with the Poissonian case. 

Fig. 2. Variation of the distinguishability of nearby К NO distributions with energy as 
characterized by statistical distance over unit energy difference. 

Fig. 3. Natural scale of energy W. Equally spaced steps along i(W,W{)) correspond to 
KNO distributions separated by equal statistical distances. 

Fig. 4. Natural metric of the scaling . iolation parameter A. Arrows show the turning points 
where t(A, AQ) begins to decrease if the energy dependence of A is also considered. 

TABLES 

Table I. The resulting coefficients and хг /NDF's obtained from fitting £* {n)Fk to the mo
mentum combinations ( n * + 1 ) - (n*) of the measured charged particle multiplicity 
distributions. 



« +e~ annihilation nondiffiractive ppkpp collisions 

к Ek Fk x7*w Ek Fh 
X*/NDF 

1 0.893 ±0.132 2.051 ±0.058 0.009 0.789 ±0.147 2.140 ±0.080 0.807/9 

2 1.282 ±0.174 2.970 ±0.053 0.113 0.909 ±0.248 3.225 ±0.117 3.592/9 

3 2.133 ±0.223 3.877 ±0.042 0.281 1.089 ±0.370 4.340 ±0.148 5.559/9 

4 4.112 ±0.291 4.744 ±0.029 0.441 1.420 ±0.536 5.458 ±0.188 9.482/9 

TABLE I. 
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