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S. Hegyi. S. Krasznovszky: The Feynman fluid analogy in e'e annihilation KFKI 1990 30/A 

ABSTRACT 

An analysis of the charged particle multiplicity distributions observed in e'e annihilation 
Is given using the generalized Feynman fluid analogy of multlpartlcle production. Only the two 
and three particle integrated correlation functions are included into the scheme It is shown 
that the model correctly describes the available experimental data from the TASSO and HRS 
collaborations. Some properties of the fluid of the analogy are computed and a prediction is 
made for the multiplicity distribution at V§ = 91 GeV. 

I . Хеди, Ш, Красновсии: Аналогия с жидкостью Фейниана в аннигиляции е е . 
KPKI-1990-3O/A 

АННОТАЦИЯ 

В райках обобщенной аналогии жидкости фейниана для множественного рождения 
выполнен анализ распределения частиц по множественности, наблюдаемого в анниги
ляции е +е" . В анализ включены только двух- и трехчастичные интегрированные кор
реляционные функции. Показано, что модель хорошо описывает имеющиеся эксперимен
тальные данные, полученные сотрудничествами TASS0 и HRS. Вычислены некоторые 
свойства аналоговой жидкости, а также получены предсказания для распределения 
по множественности при /в - <И ГэВ. 

Hegyi 8., Kratznovtzky 8.: A Feynman folyadék-analógia e'e annlhlláclóban. KFKI 1990 30/A 

KIVONAT 

Töltött részecskék e V annlhlláclóban megfigyelt multiplicitás eloszlásainak egy 
analízisét adjuk a sokrószeceke keltés Feynman féle folyadék analógiája keretében. A 
modellben csak. a két és három részecske kiintegrált korrelációs függvényeket vettük 
figyelembe. Megmutatjuk, hogy e modell jól írja le a TASSO ét HRS kollaboráclók kísérleti 
adatalt. Kiszámítjuk az analógiában szereplő folyadék néhány tulajdonságát, valamint Jóslatot 
adunk e V Í = 81 GeV energián várható multiplicitás eloszlásra. 
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1. Introduction 

There is an ever growing interest in the study of multiplicity distributions in order 
to reveal the nature of multiparticle production |l|. Much effort is concentrated 
on the problem whether KNO scaling holds in a certain reaction or, due to the 
presence of complex dynamics, it breaks down. Another source of information in 
connection with the complexity of dynamics is the strength of correlations heiwc >n 
the particles in the final state. I'oisson like multiplicity distributions indicate a 
general pattern of simplicity present in the production mechanism in this cast? 
the final state particles are uncorrelated as they were produced independently from 
each other. In hadronic reactions the situation is the opposite. Unexpectedly 
large multiplicity fluctuations are observed at the CKRN pp Collider |2| the 
multiplicity distributions are much broader than the Poissonian. This feature is a 
sure sign of strong correlation effects present in the underlying particle production 
mechanism. 

In electron-positron annihilation, however, the observed multiplicity distri
butions do not differ substantially from the I'oisson distribution, although the 
deviation is significant |3). On intuitive grounds one expects the particle pro 
duction mechanism to be much simpler as compared to hadronic reactions. The 
influence of higher-order correlations is perhaps unimportant. 

To check this assumption it is worth considering Key n man's fluid analogy of 
multiparticle production [4|. It imagines the maximum available rapidity space Y 
as a one dimensional volume of a "fluid" populated by the particles produced in a 
certain reaction, and compares their distributions to those of ordinary fluids having 
short-range forces. Let us recall Feynman's own words |5j: "This distribution [the 
inclusive single-particle density dNjdy] arises from the interactions among parlons 
given by the field Hamiltonian and we shall suppose that it happens in the following 
way: Interactions are only important over a finite range of у — the entire range 
of у gets filled by a cascading produced by the Harniltoniaii. ... It is like the wave 
function for a liquid layer (with у replaced by space) between two surfaces (except 
the number of molecules is not fixed). At each surface there is a characteristic 
behavior, and there is a uniform density region in between although interactions 
are always local." 

In the original Feynman fluid model only the average multiplicity (n) ~ /i 
and the two-particle integrated correlation function ft are taken into account, all 
higher-order correlation functions are zero. There exists a generalization of the 
model [6] which is said to be of order к if all integrated correlation functions are 
zero except / j . . . Д . Bearing in mind the simplicity of the multiplicity distributions 
in e*e~ annihilation it is of interest to examine how they can be reproduced in 
the framework of the Feynman fluid model and to investigate how the order к of 
the applicable models changes as energy increases. Moreover, the study of the 
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statistical mechanics of the Feynman fluid in the light of experimental data may 
yield new information on the nature of the particle production mechanism. 

Our letter concerns mainly these questions. In Section 2 we show that the 
generalized Feynman fluid model of order three is in good agreement with the 
experimental data for whole event and single hemisphere multiplicity distribution:; 
observed in e +e~ annihilation. Some of the thermodynamic properties of the 
Feynman fluid are briefly discussed in Section 3 together with the extrapolation 
of the pressure-fugacity function to the thermodynamic limit. Section 4 provides 
a prediction for the whole event multiplicity distribution at y/s — 91 GeV where 
the average multiplicity has already been measured. Finally, Section 5 contains 
our conclusions. 

2. Analysis of the data 

Using both the ordinary Feynman fluid model and its generalization of order three 
we carried out a x2-analysis to check their agreement with the available experi
mental data for charged particle multiplicity distributions measured by the TASSO 
and HRS collaborations [3], [7]. We have used a zero-parameter procedure putting 
the observed values of the average multiplicity (n) and the two- and three-particle 
integrated correlation functions Д and Д into the expression for the multiplicity 
distribution Pn. (The correlation functions have been evaluated directly from the 
measured distributions.) In the Feynman fluid model of order three the P„ 's follow 
the form: 

f?*3,f?*3 

«p( -<n) + / i / 2 - / , / e ) e ( Q ) 

where 
Q = (n - 2m% - 3m 3) and 0(Q) = j 1' if Q > 0, 

if g < o. 
In these expressions m 2 and m$ are positive integers; т%,т^ •=• 0,1,2,... . We 
do not repeat here the formula for the P„'s in case of the ordinary Feynman fluid 
model [8]. They can be obtained by setting m 3 and Д zero in Eq. (1). For further 
information on the generalization of the original model, see ref. [6]. 

In the following we confine our attention to the description of the whole event 
and single hemisphere distributions. Detailed analysis of the multiplicity distribu
tions measured in limited parts of the phase space will be given elsewhere [9]. In 
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the case of HRS data the errors were calculate! as the quadratir sum of the statis
tical and systematic errors given in |7|. The values of the \7/Ni)F obtained from 
our sero-parameter procedure are collected on Table I, while Figures la-b show 
the resulting distributions together with the data points at y/s --.- 34.8 GeV where 
the statistics is the highest. Considering the entries on the tabic it seems clear 
that the agreement between the Feynman fluid model of order three and the data 
is remarkably good, in particular that no fits were performed at all. The ordinary 
Feynman fluid model fails to describe some of the analyse«! distributions, although 
a fitting procedure varying (n) and / 2 may yield acceptable \7/NDF in most of 
the cases when the original ones are unsatisfactory. However, it would be pointless 
to perform such a calculation because our preliminary results have indicated (9) 
that the model does not work in different rapidity intervals. A uniform descrip
tion of the overall features of the multiplicity distributions in the framework of 
the Feynman fluid analogy inevitably requires the inclusion of the three-particle 
integrated correlation function. 

It is familiar to everybody who has made "experiments" with the Feynman 
fluid model that it often gives un^hysical results in the form of negative prob
abilities. This usually indicates that one must go further in our approximation 
(the model can be thought as a sort of Born-approximation |I0|) by including 
higher-order correlations. Knowing that the Feynman fluid model of order three 
is in agreement with the measurements up to y/s « 45 CeV the question naturally 
arises: Will it provide a good approximation to mulliparlicle production at even 
higher energies, say at SLC and LEP? To answer this question we shall examine 
the model at у/я — 91 GeV. But, as an intermediate step, let us now proceed by 
investigating the pressure of the Fcynman fluid on the basis of the presently avail
able data, with particular interest in the presence or absence of a phase transition 
in the system. 

3. The pressure of the Feynman fluid 

Before going into details let us recall some of the basic relations of the multipar-
ticle production - Feynman fluid analogy (for a full account, see rcf. [11)). The 
probability of n-particle production Pn - on jain plays the role of the partition 
function in the canonical ensemble. The generating function Q(z,Y) of the P„'s is 

(?(z,V)-][>"/'„ (2) 

and a the analogue of the grand partition function. For z < 1 it is dominated 
by events with multiplicities n <C (n), while in the г > 1 regime the events with 
n > (n) give the important contribution. The maximum available rapidity Y 



- 4 -

corresponds to the volume and the variable г is the fugacit}, i.e., exp(/j) with ft 
being the chemical potential. The pressure p of the system is related to the grand 
partition function through 

lnQ(ztY) = p(z)Y + s(z) (3) 

where s(z) denotes the surface tension. One assumes the existence of the thermo
dynamic limit Y —» oo and the pressure is defined as 

,. \nQ(z,Y) p(z) = h m - ^ ~ - A 4) 

Eliminating the fugacity z an equation of state can be obtained, that is, a relation 
between the pressure p and the density p, which is defined by 

д \txQ(z,Y) 
plz) = r]nZZdz —Y~ -• ( 5 ) 

For concrete examples, see Bjorken in ref. |4]. 

Investigation of the prcssure-fugacity function is of particular importance 
since it may shed light on the phase structure of the system. The existence of 
a phase transition and its nature can be determined by looking for discontinuous 
behaviour in the derivatives of p(z) with respect of z. Let un see what conclusion 
can be drawn on p(z) in the limit Y --•• oo if one makes an extrapolation using the 
TASSO and URS data for the whole event multiplicity distributions. 

Following the analysis of Bander {12} we had evaluated the logarithm of the 
grand partition function at each energy directly from the experimental data for 
various values of fugacity. Then, we plotted In Q(z,Y)/Y against l/Y ( where Y 
was taken as in ref. |3j) and a fitting procedure was carried out at each z to the 
data points. Some of the best fit lines arc presented in Figure 2. Extrapolating 
these straight lines to Í/Y — 0 one obtains the pressure of the Feynman fluid in 
the limit Y -* oo . Figure 3a shows the resulting function whose approximate 
parametrization is a polynomial of order three: 

p{z) » 1.18г3 + 4.38*2 О.Зг - 2.84. (6) 

We have thus found no indication of a phase transition in the system. Of course, 
the energy range \fi ~ 10 - 45 GeV investigated here is not wide enough to 
take this prediction too seriously and it will be exciting to know in the light of 
measurements at SLC and LEP how p(z) changes as energy increases. At present 
one can conclude that the "experimental" z dependence of the pressure is in accord 
with the observation that the three-particle correlations have significant influence 
on the multiplicity distributions, since the various powers of z in Eq, (6) show 
the correlation effects {11]. Nevertheless, it would be of interest to examine which 
models of multiparticle production yield a similar pressure-fugacity function. 
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Here we briefly mention that the analysis of p[z) in hadron-hadron collisions may 
give more interesting results. Figure 3b is a schematic illustration of the pressure-
ragacity function in the limit Y -* oo. It was obtained by the same extrapolation 
method as before using the ISR and Collider data for nondiffractive multiplicity 
distributions. The г dependence of the pressure is twofold: for г < 1 p{z) is nearly 
constant, while in the г > 1 regime it rapidly increases. A more detailed analysis 
of the nondiffractive as well as the inelastic data is now under progress. 

Let us return to e f e" annihilation and investigate the question of KNO scaling 
in the framework of the Feynman fluid analogy. As is known the experimental data 
at PETRA energies are consistent with approximate KNO scaling [13]. According 
to refs. [14] and [15] the validity of the scaling requires that the grand partition 
function Q(z, Y) be a unique function of the Gibbs free energy (n) ln(z) near z = 1. 
Indeed, all values of Q{z, Y) obtained previously from the experimental data at 
different energies fit to a single exponential curve near z = 1, as is seen in Figure 4. 

4. A prediction for SLC/LEP energies 

Based on the analysis of the pressure of the Feynman fluid it is possible to make 
predictions for the multiplicity distributions at energies beyond y/s = 45 GeV. 
Using the best fit straight lines to Eq. (3) one can extrapolate the logarithm of the 
generating function (2) for each г to a desired value of Y. Knowledge of In Q(z, Y) 
immediately gives the correlation functions since 

_ dk\nQ(z,Y) 

thus all the necessary parameters can be estimated. To check the predicting 
power of the method let us consider the whole event multiplicity distribution at 
yfi = 91 GeV where the average multiplicity has already been measured by the 
ALEPH Collaboration [16]. Its value was found to be (n) = 21.3 ± 0.1 ± 0.6. 
The extrapolation of \nQ(z,Y) for each z to Y = 6.48, which is the maximum 
available rapidity for pions at y/s = 91 GeV, yields a polynomial of order three. 
Taking its derivatives according to Eq. (7) one obtains (n) « 20, / j « 15, f$ * 15, 
and, through Eq. (1), the multiplicity distribution shown in Figure 5. 

Although the resulting value of the average multiplicity is in agreement with 
the ALEPH measurement, we note that our prediction for the multiplicity dis
tribution deviates from another prediction made by us on different grounds [17]. 
Judging from the results presented in ref. [17] the values of both the two- and 
the three-particle integrated correlation functions are higher than those obtained 
before, yielding a somewhat broader multiplicity distribution. The comparison of 
the two predictions can be seen in Figure 5. A further noticable observation is 

(7) 
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that if one includes in Figure 4 the extrapolated values of Q(z,Y) near г — 1, 
the scaling feature of the graph remains unchanged. That is, approximate KNO 
scaling is likely to hold at SLC/LEP energies. Its clear violation is expected only 
at even higher energies [17]. 

All in all, we find it remarkable that the Feynman fluid model of order three 
probably gives a satisfactory description of the multiplicity distributions in a wide 
energy range, at least up to y/s ~ 100 GeV. It is to be hoped that our prediction 
will be roughly in agreement with forthcoming experimental data for charged 
particle multiplicity distributions at SLC and LEP. 

5. Summary and conclusions 

We have investigated the charged particle multiplicity distributions observed in 
e f e~ annihilation. Our interest concentrated on the question how the Fcynman 
fluid analogy of multiparticle production agrees with the whole event and single 
hemisphere distributions measured by the TA SSO and HHS collaborations. The 
results obtained by us are encouraging — the Feynman fluid model of order three 
describes the data well, even if one makes no use of a fitting procedure. Moreover, 
it gives a reasonable prediction for the whole event multiplicity distribution at 
y/s = 91 GeV. We should like to emphasize that electron-positron annihilation is 
not the only type of reaction where the model is in agreement with the measure
ments. Similar results can be obtained, for example, in lepton-hadron interactions. 
Although the multiplicity distributions arc generally consistent with the Poisson 
distribution in these processes, we expect that the Feynman fluid model of order 
two or three will be superior to the Poissonian at even higher energies, say at the 
HERA experiments. 

Beyond checking the agreement between the model and the measurements, 
we have investigated the pressure of the Feynman fluid in the thermodynamic 
limit Y -* oo. The extrapolation was carried out on the basis of the presently 
available experimental data. No indication of a phase transition point was found. 
We have also examined how the grand partition function changes with the Gibbs 
free energy. A scaling feature in its behaviour is obtained, in accordance with 
the approximate KNO scaling observed by the experiments. The scaling probably 
remains valid at SLC/LEP energies. 

Recently experimental evidence has been found for strong intermittency ef
fects in « + e~ annihilation [18]. It would be of interest to examine how the observed 
intermittent behaviour can be interpreted in the framework of the Feynman fluid 
model. Do the density fluctuations in rapidity space indicate that the "liquid" of 
produced particles is somehow "foamy" due to a self-similar cascade possessing 
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fractal or multifractal character? Or, can the intermittency effects be described 
purely on the basis of the short-range correlation hypothesis [19] which plays an 
essential role in the fluid analogy? In any case, it is our belief that the Feynman 
fluid model may yield useful information and deserves more attention in the future 
analyses of the intermittency phenomenon. 

Finally, let us make some historical remarks. Just 20 years have passed since 
the Feynman fluid analogy was introduced into the literature. Most of the papers 
investigating its various aspects were published in the early 70's. Recently the 
model is examined to a much less extent, particularly in the light of measurements. 
Perhaps, the experiments of the near future in lepton-lepton and lepton-hadron 
collisions will resuscitate the interest in the Feynman fluid model. This would be 
an interesting twist in the quest of multiparticle phenomena. 
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FIGURE CAPTIONS 

Fig. 1. Distributions from the Feynman fluid model of order three compared with the 
whole event (a) and single hemisphere (b) multiplicity distributions measured at 
y/s = 34.8 GeV. 

Fig. 2. The best lit lines to In Q{z, Y)/Y at various values of fugacity. 

Fig. 3. The "experimental" pressure-fugacity function for t* r annihilation (a) and for 
nondiffractiv? haHron-hadron collisions (b). 

Fig. 4. The grand partition function versus the Cibbs free energy, evaluated from the data. 
Observe that the predicted points corresponding to y/s ; 91 (»eV (black circles) 
lie on the scaling curve. 

Fig. 5. The predicted multiplicity distribution to \/я 91 GeV (solid г irve) compared 
to the prediction of ref. |17] (dashed curve). 

TABLES 

Table Í. Results from the ^'-analysis. The parenthesized subscripts indicate the order of 
the Feynman fluid model applied. 
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