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1. INTRODUCTION

The problem of the oovariant quantization of gauge -

invariant systems has a long history. Lately, the BRST -

quantization method has been widely used to solve it. This

method originates from the works by Becchi, Rouet, Stora [1]

and Tyutin [2] who discovered a remarkable symmetry of the

effective action for the Yang-Mills field, then called the BRST

- symmetry. As was shown afterwards, the BRST - transformations

could be introduced and the corresponding BRST - invariant

nondegenerate action could be constructed for any gauge -

invariant system [3,4]. (A more detailed presentation of these

topics and references may Ьз found in reviews [5-7].) In this,

the original variables describing the states of the classical

gauge-invariant system, are completed with the new ones, called

ghosts and antighosts. Clearly, after the quantization of the

system, described by the effective action, a too wide state

space is obtained. Moreover, since in the quantum theory the

BRST-symmetry is generated by the operator Q, satisfying the

conditions

Q
2
 « 0, (1.1)

ft
+
 - Q, (1.2)



the total state space turns out to have an Indefinite metric.
Thus, the problem is to select the physical fubipace with a
nonnegative metric at least in the total state space. As the
condition to specify the physical subspace in the BRST -
quantization the equality

Qv - 0 (1.3)

was taken [8,9]. The physical state space is then obtained
through the factorization of the physical subspace over the
vectors, which are orthogonal to all vectors from the physical
subspace.

In order to have the probabilistic interpretation of the
quantum theory it is necessary that the inner product on the
physical state space be positive definite. In recent paper [10]
we carried out a strict consideration of the structure of the
state space in the BRST-quantization and proved the positive
definiteness of the inner product on the physical state space.
In this, we supposed that the quantization of the system
described by the effective action led to a field theory model,
for which the asymptotic states and asymptotic fields existed,
and the BRST-charge, expressed in terms of the asymptotic
fields, was quadratic in fields.

The general form of the BRST-charge, quadratic in fields,
was derived in Ref. [11] on the basis of the investigation of
the BRST-algebra representations. A somewhat different
expression for the BRST - charge was derived in papers [12]
with the help of natural assumptions on its properties. As was
shown in Ref. [13], the Hamiltonian approach to the BRST -
quantization of Batalin - Fradkin - Viltcovisky [4,6,7] leads to
the same expression for the BRST-charge when as above the
assumptions on the existence of the asymptotic states and
asymptotic fields are made. In the present paper we establish
the correspondence between these two different expressions for
the BRST-charge.



The positive deflniteness of the lnntr product on the
physical state space was also discussed in Rtfe. [11-16].
However, the considerations made in these papers were formal.
Indeed, as was already noted, the state space in the BRST -
quantization has an indefinite metric. And to consistently
study the properties of the operators in such spaces, one has
to introduce an additional structure allowing to define the
notion of convergency. This was not made in the works cited. In
paper [10] we, in particular, got rid of this drawback sticking
to trie point of view that the state space in the BRST -
quantization was a Krein space [17-19]. In the present paper we
establish the connection between our consideration [10] and the
proof of Ref. [11].

The representations of the BRST-algebra were investigated
from a general standpoint in Refs. [11] and [14,15]. We obtain
the relation between the representations constructed in these
papers.

The present paper is organized as follows. All the necessary
definitions and notations used are listed in Sect. 2. In
Sect. 3 we briefly describe a concrete realization of the Krein
space arising in the BRST-quantization, and present two
different expressions for the BRST-charge, and establish the
correspondence between them. In Sect. 4 the structure of the
physical subspace is considered and the connection between two
different proofs - ours and the Kugo - Ojina's - of positive
definiteness of the inner product on the physical state space
is shown. The relation between different representations of the
BRST-algebra is obtained in Sect. 5. The results obtained are
discussed in Sect. 6.

2. Zt-GRADED KREIH SPACES

A Krein space is a Hilbert space V with the inner product
( , ), where an indefinite inner product < , >, related to the
inner product ( , ) by the equality



<v,u> • (v,Ju)r (2.1)

is introduced. Here 3 is a stlfadjoint operator satisfying the
relation J2 - I. A positive definite inner product ( , )
generates the norn

N « (v,v)l/f (2.2)

for any v€V. Two vectors, v and u, from a Krein space V are
called J-orthogonal provided

<v,u> » 0. (2.3)

Let A be a linear operator in a Krein space V with a dense
domain. The operators, adjoint to the operator A with respect
to the inner products ( , ) and < , >, we denote by A* and A*
and call adjoint and J-adjoint to the operator A, respectively.
One can easily verify that they are connected by the relation

A* « JA*J. (2.4)

A Krein space V is called Z£-graded if V is a Z^-graded
Hilbert space and the operator J is even. We assume that on the
homogeneous vectors of V and for the homogeneous operators in V
the parity function is defined in a usual manner. The values of
this function will be denoted by | |. The parity function takes
its values in the ring of integers mod 2, which consists of two
elements 0 and 1 and is usually denoted as Z&. The generalized
commutator [A,B] of the homogeneous operators A and В is
defined as

[A,B] * AB - (-l)
| A
"

B f
BA. (2.5)

In particular, if at least one of the operators A and В is

even, we obtain the usual commutator [A,B]_, and if both

operators are odd then we obtain the anticommutator [A,B]
+
.



With «ore details, the information on Z
t
-graded Krein spactf

is presented in our previous work [10].

3. TOTAL STATE SPACE AND BEST-СНАЮБ

In our previous work [10] we have shown that it is natural

to treat the asymptotic state space V in the BRST-quantization

as a Z£-graded Krein space and have constructed a concrete
realization of the space V. Let us recall the basic points of
our construction.

First of all, let the asymptotic state space V be a
Zg-graded linear space trith a nondegenerate indefinite inner
product < , >.

Folloving Ref. [12], we consider that a set of creation and
annihilation operators of physical and unphysical particles
acts in V. We shall call them simply the operators of physical
and unphysical particles. Denote the operators of physical
particles through Aj and A€. and_those of unphysical particles
through a{, ai? eg, cj and aif aj, <$£, Cj. The indices « and i
here can take both discrete and continuous values. The creation
operators of physical and unphysical particles are adjoint to
the corresponding annihilation operators with respect to the
inner product < , >, which is reflected in their notation. We
consider the operators of physical and unphysical particles to
have a definite parity, and besides,

|a.| - lajl. |c4| - Icjl, (3.1)

la.i * |c.| . I, (3.2)

and the parity of the creation operators coincides with that of
the corresponding annihilation operators.

The commutation relations for the operators of physical and
unphysical particles are of the form



(A.A.J . ft., (3,3)

ta^a*] • »j., f*i**p • ftjii (3.4)

4

Ic.,c.J • ft,., ^
c
i'

c
i* " *ii* *

3
'
5
^

The remaining commutators are equal to zero. Remember, that

[ , ] denotes the generalized commutator vhich for brevity ve

shall call just a commutator.

Suppose now that in V there exists the vacuum vector <•>, such

that

A
tf
» - 0, (3.6)

a.w • a,« « c.w • c,« - 0, (3.7)

«•>,«» - 1. (3.8)

Ve assume that the even annihilation operators are

annihilation operators for bosons, and the odd annihilation

operators are annihilation operators for fermions. The vectors,

generated by the action of the creation operators on the vacuum

vector to, form a basis in V. Let us assume that a vector,

generated by the action of an even (odd) number of fermionic

creation operators and any number of bosonic creation

operators, is even (odd). In this, the vacuum vector « is

considered to be even.

Let us determine the operator 3 by the relations

(3.9)

(3.10)

(З.И)

». (3.12)

-1

U

- v
•*;>

Ja?J

JC!J
l

- i +

" a i '

• v



The operator J can easily be shown to satisfy here tht relation

J
2
 • I. Note also, that J Is ал even operator. It can be

easily verified that the inner product ( , ) related to tht

indefinite inner product < , > through the equality

(v,u) • <v,Ju>, (3.13)

is positive definite. The operator J is selfadjoint with

respect to the inner product ( , ).

Thus, we have all we need to specify the total state space V

as a Z
s
-graded Krein space [10].

Define now in V the ghost nunber operator Ng
n
, which is even

and J-selfadjoint. An operator A is said to have a definite

ghost nunber, which we shall denote by gh(A), provided the

following relation is fulfilled:

[IN
 h
, A ] . - gh(A)A. (3.14)

We consider the operators of physical and unphysical particles

to have a definite ghost number, and besides,

gh(A
e
) - 0, (3.15)

ghUj) » -gh(a.), gh(c.) - -ghfc.), (3.16)

gh(a.) • gh(c.) - 1, (3.17)

and the ghost number of the creation operators coincides with

that of the corresponding annihilation operators. Besides, we

put

iH
 h
« - 0. (3.18)

Following again Ref. [12], we use as the BRST-charge the



operator Q, given by the relation)

Q - ajcj • с**
{
. (3.19)

Introduce now in V other operators of unphysical particles,

which will be denoted through *[, p\, )l\, *J and t
b
 p

{
, Ц,

Vi- The annihilation operators are defined by the relations

¥j • - ic r 7j - - cif (3.21)

and the creation operators as before are adjoint, with respect
to the inner product < , >, to the corresponding annihilation
operators. The quantities wjj in (3.20) are complex numbers. To
simplify the subsequent formulae, we put

«Jj • «JJ, (3.22)

which means that the matrix i«ij| is purely Hermitian.
Ve shall assume that the quantities »JJ form a

block-diagonal matrix ||«ij|). Suppose that whenever the index
i varies in the range corresponding to some block of the

matrix ||«ij||, the parity in (3.1) does not depend on the values
of the index i . In this case the operators of unphysical
particles we have introduced by (3.20), (3.21} have a definite
parity, and one can easily see with the help of Bqs. (3.1),
(3.2) that

I,

(Throughout this paper, we imply the
repeated indices i,j.

I v . l ,

summation

(3.

(3.

over

23)

24)

the



and the parity of the creation operators coincidtt with that of
the corresponding annihilation operator!.

The commutation relations for the operators of unphysical
particles defined by (3.20), (3.21) are of the fora

(3.26)

The remaining commutators equal ztro.
Using (3.16), (3.17), we easily get convinced that, except

•<{, tfif all the operators of unphyslcal particles introduced by
(3.20), (3.21) have a definite ghost number. Suppose that
whenever the Index i varies in the range corresponding to
some block of the matrix ||«|jH, the ghost number in (3.16) does
not depend on the values of the index i . Besides, let the
following conditions be valid for each block of the matrix

0, if gh(^) t 0, (3.27)

where every time the indices i,j vary in the range
corresponding to the given block of the matrix ||«^|. In this
c&se the operators * } , *\ also have a definite ghost number,
and besides,

-gh(*.),

«h(p.) • gh(V.) • 1,

-gh(7.), (3.28)

(3.29)

and the ghost number of the creation operators coincides with
that of the corresponding annihilation operators.

In terms of the operators defined by (3.20), (3.21),
BRST-charge (3.19) becomes

the



Both the operators of unphysical particlei t\f Jij,
and *if pif ¥}, Vi characterized by th« properties {
(3.29) and the BRST-eharge of fora (3.30) were Introduced by
the authors of Ref. [11]. In the literature these operators of
unphysical particles are often referred to just as Kugo - Ojima
quartets.

Thus, we have established connection between two different
expressions for the BRST-charge by expressing one through the
other the corresponding sets of the operators of unphyfical
particles which act in the total state space V.

4. PHYSICAL SDBSPACE AND KUGO-WIMA QUARTBT MECHANISM

Consider the operator Q*, adjoint to the operator Q. Using
(2.4), and the definitions of the operators J (3.9)-(3.12) and
Q (3.19), one obtains the expression .

Q* * a*c. + cja.. (4.1)

Define the operator N by the relation

H * [Q,Q*b ш од* • Q*Q. (4.2)

Using commutation relations (3.4),(3.5) and the explicit forn

of the operators Q (3.19) and Q* (4.1), one can easily show

that N is set by the expression

H * a ^ + a*a. + c*c. • c*c. (4.3)

and that it is the unphysical particle number operator. The

operator N has a purely discrete spectrum, consisting of the

10



nonnegative Integers n-0,1,... . The space V is decomposed Into
the direct sum of closed mutually orthogonal and J-orthogonal
subspaces vn, such that

Kvn - nvn (4.4)

for any vn€Vn. Any vector v€V has a unique decomposition of the
form

v . 2 v , (4.5)
n»o n

•here vn€Vn. In this,

N * - Г «v / < -. (4.S)

n-o
 n

The projectors P
n
 onto the subspaces V

n
 are defined by the

relations

Y • \
 (4

-
7)

for any vector v€V. As can be easily checked, they are *
selfadjoint and J-selfadjoint operators satisfying the
conditions of orthogonality and completeness:

Pn Pm - *nmPn'

2 P « i. (4.10)
n«o n

In paper [10] we have strictly proved that any vector v€V
can be represented in the form

11



v - Pov • ftrt(v) • Q
#rt*(v), (4.11)

where it may be formally considered, that tht vectors tf(v) and
tf*(v) are given by tht following expressions:

« HMQ*v, (4.12)

**(v) • M^Qv. (4.13)

Hence, we have the deconposition of the space V into tht dirtct
sum of three mutually orthogonal subspaces:

V - Ker(H) e R(Q) • R(Q*). (4.14)

It can be shown that decomposition (4.14) entails the subspaces
Ker(N), R(Q) and R(Q*) to be closed.

The properties (3.9), (3.12) from the definition of the
operator J lead to the relation

<Pnv,P.u> « (Pftv,P.u) (4.15)

for any v,u€V. Therefore, with an account for the fact that
Ker(N) is a closed subspace of У we conclude that Ker(H) is a
HJlbert space with an inner product, obtained by restricting

the indefinite inner product < , > to the vectors from Ker(H).

As has already been noted in the Introduction, as a physical

subspace in the BRST-quantization we use the subspace,

specified by condition (1.3), i.e. Ker(Q). Using decomposition

(4.11) together with (4.12), (4.13), one obtains

Ker(Q) - Ker(H) • R(Q). (4.16)

Thus, any vector v€Ker(Q) has a unique decomposition of the
form

v « P.v • QX(v). (4.17)



How it Is clear that

<v,u> • <Pov,Pou> (4.18)

for any v,u€Ker(Q). Hence, the inner product on Kfir(Q), which

is obtained by restricting the inner product < , > to the

vectors from Ker(Q), is degenerate and, in virtue of (4.15),

positive semi-definite. In this, the vectors from Ker(Q),

J-orthogonal to all the vectors from Ker(Q), form a subspace

R(Q). Using as the physical state space the quotient - space

H • Ker(Q)/R(Q), (4.19)

we see that H can be identified with the subspace Ker(N).

Hence, the physical state space H is a Hubert space. Thus,

proceeding from the physical subspace Ker(Q) one can construct

the physical state space H (4.19) possessing all the properties

required.

How go back to considering the vectors from the physical

subspace Ker(Q). As follows from equality (4.18), the inner

products of these vectors are completely determined by the

components which contain physical particles only. The

components of the vectors from Ker(Q) containing unphysical

particles yield no contribution into the inner products of

these vectors. This phenomenon was established by the authors

of Ref. [11] and named Kugo-Ojima quartet mechanism since, as

was noted in the previous Section, unphysical particles form

quartets. Let us present the principal points of proof by Kugo

and Ojima and compare them with our results. To start with, use

the commutation relations for the operators of physical

particles (3.3) and obtain thus the explicit form of the

projector Po (4.7) onto the states containing no unphysical

particles

• 1 + + + +

S —-p A . ..А »<А
Л
 ...A «, >. (4.£0)

«o m! ai ttm *f *m

13



, n t h *be helo of the commutation relation! for ;h«
Kugo-Ojima guartets (?.2?\ (3.£S>, rind induct!vtly txplicit
expressions for the projectors Pn (4.7) onto the states
containing n unphysical particles

where n-1,2,... . It should be noted here that the last
expressions for the projectors are formal ones. Indeed, the
annihilation operators are unbounded operators, that is why p n

for n-1,2,..., represented as (4.21), are defined .not for all
vectors of the space V. It is easy to show that

U , P n ] - - 0 (4.22)

for n>0,1,... . It turns out that, as Fujikawa noticed [11,20],
the explicit expressions for the projectors Pn (4.21) may be
rewritten in a very convenient form

for n - 1 , 2 , . . . , where

Rn • - 5 ( *IV<*i * <V<»i * >IV»-<*i I ' (4-Z4)

One can easily get convinced in the validity of this
representation with the help of (4.22), the explicit form of
the operator Q (3.30), as well as the commutation relations for
the Kugo - Ojima quartets (3.25), (3.26). Using then
representation (4.23) and J-selfadjointnsss of the operator Q
(1.2), for any vectors v, u from the physical subspace Ker(Q)
one immediately obtains

14



<v,P u> • 0 (4.25)

vhen n-l,2,... . Hence, unphysical particles called also
Kugo - Ojima quartets yield no contribution into the inner
products of the vectors from the physical subspace. As noted
above, this is what the Kugo - Ojima quartet aechanisn consists
in. Next, using the definition of the projectors Pn (4.7),
rewrite the decomposition of an arbitrary vector v€V into the
components with a definite number of unphysical particles (4.5)
as

v « P.v • E P v. (4.26)
0 n-1 n

Now, with the help of-relations (4.25), (4.26), one comes again
to expression (4.18) for any v,u€Ker(Q). As before, equality
(4.18) allows to identify the physical state space with the
subspace Ker(N), the latter ber.ng a Hilbert space. The last
circumstance completes the proof. As we see, Kugo and Ojima in
their proof make an essential use of the explicit expressions
for the projectors Pn (4.21) and, in particular, of the
Fujikawa representation (4.23). Therefore, to perform a more
detailed comparison with our constructions it turns out useful
to rewrite these explicit expressions in terns of the operators
of unphysical particles a^, a-lf q, C} and a;, a;, Cj, q .
Using relations (3.20), (3.21), for the projectors Pn instead
of (4.21) we obtain the following expressions:

Pn • ^ I aiP» <a" * a*P« ia- * CIP« *Ci * C5P« 4Ci I (4.27)
n n t i n-1 i i n-1 i i n-1 l i n-1 i J

for n«i,2... . The expression for the operator Rn (4.24) takes
the form

15



for n-1,2,... . Ноге the following relations art valid:

(4-£9)

Д. . [Q,I L , (4.30)

V - H V I M "-iHVijViV ( 4 - 3 i )

With the help of the relations for the parity and the ghost

number of the operators of unphysical particles (3.1), (3.2)

and (3.16), (3.17) ve see that

(R
n
)

+
 - R

n
, |S

n
| - 1, gh(R

n
) « - 1. (4.32)

Taking into account the assumptions on the parity and the ghost

number of the Kugo - Ojima quartets (3.23), (3.24) and (3.28),

(3.29), and using also the properties of the matrix

(3.22), (3.27), one can verify that

(S
n
)

+
 - S

n
, |Ij * 0, gh(I

n
) - - 2. (4.33)

In virtue of (4.30) and (4.33) ve have

(Д- )
+
 * - A_ , |A. | » 1, gh(A ) - - 1. (4.34)K

n
 K

n
 K

n
 K

n

Here it should be noted that the nilpotency of the operator Q.

(1.1) and the representation for the operator A
R
 (4.30) ensure

the validity of the relation
 n

[Q,A
D
 ]

+
 - 0. (4.35)

K
n

From here, allowing for (4.28), one obtains the representation

for the projector P
n
, analogous to (4.23),

16



Fn • £Q;RJ* (4.36)

for n-l,2,... . Thus, the usage of the operator Rn Instead of
Rn allows to exclude completely the quantities w ^ from the
theory.

How, making use of the completeness of the set of the
projectors Pn (4.10), one :an perform the summation

S i • N '(8*0, + c*a,). (4.37)

Taking into account the explicit expression for the operator
Q* (4.1), we conclude that

Q* • H E В i 2 nR . (4.38)

n«l
 n
 n-i

 n

Analogously, carrying out the summation, we find that

E i_ - tQ^"
1
!]., (4.39)

П"1
 К

П

where

S ш I nS - - j ?.<*..*. • - i c*« с . (4.40)
n«i

 n
 *

 l l
i J * ' lj]

Using now the Fujikawa representation for P
n
 (4.23), as well

as decomposition (4.26), for an arbitrary vector v from the

physical subspace we obtain the decomposition

v - P
o
v • QX(v), (4.41)

where



*(v) • E R v (A.
n-1 n

for any v€Ker(Q). Taking into account (4.28), (4.37)-(4.39),
and also the expression for tht vector tf(v) (4.12), we see that

*(v) - tf(v) • Q$(v), (4.43)

where

6(v) ш H~'iv (4.44)

for any veKer(Q). Obviously, when the operator R
n
 is used in

the theory instead of R
n
 , there arises no additional t e n

Q6(v) in (4.43). Then, with the help of relation (4.43), we

conclude that

Q*(v) - Q*(v) (4.45)

for any v€Ker(Q). Thus, decompositions (4.17) and (4.41) for an
arbitrary vector fron the physical subspace, essential for our
proof [10] and for the consideration by Kugo and Ojima [11],
respectively, coincide.

5. REPRESENTATION OP BUST-ALGEBRA AND FORM OP BRST-CHAR6E

Using the explicit expression for the operator Q (3.19), the
definition of the ghost number (3.14) and the equalities
relating ghost numbers of the operators of unphysical particles
(3.16), (3.17), it is easy to calculate the following
generalized commutators:

[Q,*] * ZQ* « 0, (5.1)

UK g h,Q] » Q. (5.2)

18



Hence, with respect to the operation i , ) the J-itlfadJoint

operators Q, Hg
n
 form an algebra called BRST-algebra. The

operators of physical and unphysical particles we aade use of

in this paper, turn out to be related directly to the

representations of this algebra.

It has already been noted above that unphysical particles

form quartets. In fact, the operators *[, pj, ч[, v\ were

introduced by Kugo and OJima as operators which, acting on the

vacuum », generate four vectors

» .• <vi •
Pj - *

t
«. 3 - - pj»,

(5.3)

\ - - l»|*
f
 p

1
 - - *J«

f

forming a pair of BRST-doublets p
l f
 3j and p , 3 . This means

the vectors pj, 3j, p , З
1
 лп related with each other through

the relations

2 _~ ~i
j " «IPj» <P

3
1
 - qp

1
, <Г

(5.4)

and besides, each of these vectors has a definite parity and a

definite ghost number. How, using relations (5.3) and the

properties of the vectors pj, 3}, p , 3 , one can derive

commutation relations for the Kugo-Ojima quartets (3.25),

(3.Z6), relations between their parities (3.23), (3.24) and

their ghost numbers (3.28), (3.29), and also the explicit

expression for the operator Q (3.30) [11].

An analogous consideration can be also performed for the

other set of operators of unphysical particles used in this

paper. Following relations (5.3), construct four vectors

according to the formulae
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• a[«,
(5.5)

cj«

How, using the coHutation relation! for the operator! of
unphysical particles (3.4). (3.5), the relations between their
parities (3.1), (3.2) and their ghost timbers (3.16), (3.17),
as well as the definitions of the operators J (3.9)-(3.12) and
Q (3.19), it is easy to see that the following relations are
valid:

Pj . Q*dl? d* - Jpt,

(5.6)

dt - Qpit pl - Jd r

Moreover, each of th&se vectors has a definite parity and ghost
number, and all their mutual inner products are equal to zero,
with the only exception of

<pl,df - <d\ P j> . *tj. (5.7)

Obviously, the vectors pj, dj and p1, d1 realize the doublet
representations of the BRST-algebra. In this, they are all
eigenstates of the operator H (4.2) belonging to the eigenvalue

Hex ' V (V ex> • *xx' (5'8)

where ex € <Pi, dif pl, d1).
Construct next the vectors

(5.9)
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Using the properties of the operator! of physical particles w

see at once that

and that the following relations are satisfied:

J S
« ' V

 < 8
i'V" V

 (5>11>

Besides, each of these vectors has a definite parity and a z*ro

ghost number. Clearly, the vectors s
4
 realize the singlet

representations of the BUST-algebra.

One can also verify the validity of the relation

The vectors s
4
 and p ^ d} , p , d with the properties

(5.6)-(5.8), (5.10), (5.11) described above were introduced in

investigating the representations of the BRST-algebra In Ref.

[15]. With the help of (5.3), (5.5) and (3.20), (3.21) one can

easily express the vectors pi, 3j, p
 f
 3 through p|, dj , p ,

d and vice versa, which will yield the connection between

different bases of the BRST-algebra representations:

~i i

3j - d., p • p .

The appearance of the quantities « n in (5.13) reflects the

fact that relations (5.4) define the vectors pj, 3
l f
 p

l
, 3

1

ambiguously. These vectors coincide with the corresponding

vectors p ^ dj , p
1
, d , specified by (5.6)-(5.8), only when

й>н ж 0.

The investigations of the representations of the BRST -

algebra performed In Refs. [14,15] make it possible to derive
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tht for» of the BRST-charge. Assume that tht vectors ш
л
 and p

i f

di, p , d
l
 realize, respectively, the singlet and doublet

representations of the BRST-algtbra (5.1), (5.2) in a Z£-fraded
Kreln space and satisfy (5.8), and the operators of physical
and unphysical particles are introduced by the formulae (5.9)
and (5.5), respectively. Let relation (5.12) be also valid for
the operator Ngn. Then, assuming in addition positive
definiteness for the restriction of the inner product < , > to
the subspace of BRST-singiets (5.11) and using the properties
of the vectors stt and pj, d̂  , p , d and of the vacuum vector
«, we obtain the commutation relations for the operators of
physical and unphysical particles (3.3)-(3.5), relations
between their parities (3.1), (3.2) and their ghost numbers
(3.15)-(3.17), the action of the operator J on them (3.9) -
(3.11) and the explicit expression for the operator Q (3.19).

6. CONCLUSIONS

In the proofs presented in Sect. 4 an important role belongs
to the unphysical particle number operator H (4.3). The
introduction of the operator Q* (4.1) made it possible to
express the operator N through the BRST-charge Q (3.19) in the
form (4.2). The last circumstance makes the proof of one of the
basic relations (4.18) practically obvious. Indeed, using
(1.1)-(1.3), (4.2), (4.4), (4.5) one obtains immediately

n<vn,un> « 0 (S.I)

for n»0,1,... and for any v,u€Ker(Q). It follows from equality
(6.1) that

<vn'V * W V < 6' 2 )

for any v,u€Ker(Q), which, with an account of (4.5), (4.7),
proves relation (4.18). It is interesting to note here that
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this way of proving relation (4.16) for the vectors fro* the

physical subspace can be applied directly after the

corresponding replacements in the Qupta-Bleuler quantization of

Abelian gauge - invariant systems [21,22]. Let ut recall that

in this case there is no necesiity to Introduce the ghoiti cj
t

c[ and ci, c
i t
 and the only unphysical particles of the theory

лгб &[, a^ and a
t
, a| with the comitatlon relation! (3.4).

Correspondingly, in order to specify the physical subspace, in

place of (1.3) the folloving conditions are used:

SjV . О (6.3)

for all i , while an analog of representation (4.2) is simply

the expression for the unphysical particle number operator:

N' - a*^ • a*a
r
 (6.4)

In connection vlth the last proof, let us stress the

following circumstance. To define correctly the physical stitt

space and to prove the positive definiteness of its metric it

would be just enough to have for any vector v from the physical

subspace the decomposition

v • P
o
v • Z(y), (6.5)

here ?(v) satisfying the relation

<$(v),u> - 0 (6.6)

for any vector u from the physical subspace [12,21]. As we saw

above, in the BRST-quantization a still stronger restriction on

£(v) from Eq. (6.5) was valid:

C(v) • <tt(v). (6.7)

23



Let us make now resuie of our consideration. We have

established the correspondence between two different

expressions for the BRST-chargt, quadratic in fields, obtained

in Refs. [11] and [12]. Also, the connection between the

BRST-algebra representations constructed in Refs. Hi] and

[14,151 *as found. In our case, the Caslmir operator Д

introduced in Ref. [15] coincides with the operator M.

We have considered the structure of the physical subspace in

the BRST-quantization and shown the connection between our

proof [10] of the positive definlteness of the aetric on the

physical state space and that proposed by Hugo and Ojima [11].

This comparison allows, in particular, to take a fresh look at

the constructions of Ref. [11].

The author is grateful to A.V. Razumov for his interest in

the work, the fruitful discussions^ reading of the manuscript

and useful remarks.
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