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Abstract

High Q operation in feedback controlled subignited fusion plasmas requires

the operating temperature to be close to the ignition temperature. In the

present work we discuss technological and physical effects which may

restrict this temperature difference. The investigation is based on a simpli-

fied, but still accurate, 0-D analytical analysis of the maximum Q of a sub-

ignited system. Particular emphasis is given to sawtooth ocsillations which

complicate the interpretation of diagnostic neutron emission data into

plasma temperatures and may imply an inherent lower bound on the

temperature deviation from the ignition point. The estimated maximum Q is

found to be marginal (Q = 10-20) from the point of view of a fusion reactor.
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1. Introduction

In the ignited fusion plasma, the plasma temperature is sustained against

power losses by the collisional heating during slowing down of the fusion

produced alpha panicles. The corresponding plasma energy balance equa-

tion is strongly nonlinear and in general allows for two different equilibrium

solutions corresponding to a "low" temperature and a "high" temperature

mode of operation. Technical and physical constraints favour the low tempe-

rature equilibrium, which, however, is expected to be unstable to tempera-

ture perturbations.

However, since ignition may be difficult to achieve and/or since controlling

and ignited unstable plasma may prove too difficult, an attractive alternative

is subignited operation using auxiliary heating. In this case, generally three

possible operating points exist. However, by working at the (unstable) equi-

librium point which lies closest to the ignition temperature, high energy

multiplication factors, Q = Pfus/Pin» can be obtained. In fact high Q sub-ig-

nited operation is one of the goals of ITER Physics Phase, [1]. A credible

method suggested for controlling thermally unstable, subignited operating

poin%* is auxiliary power modulation, [1, 2]. This burn control method im-

pli .* that the amount of external heating power supplied to the plasma is

n fiid according to some prescribed feedback algorithm in direct response

•/ excursions from the operating point of the plasma temperature or some

* -\t;d parameter which is monitored.

, igh Q operation is achieved when the operating temperature, To, is close to

vie ignition temperature, Tj. From the point of view of maximum Q, the

- Dtimal operating point is determined by the maximum positive

', mperature perturbation, 5Tmax> that can be allowed without exceeding the

ignition temperature with the external heating shut off. The problem of

finding this maximum Q as a function of To and 5Tmax was analyzed in [2]

using a two-fluid, 1-D, transport model for electrons and ions. In the present

analysis, two aspects of this problem will be addressed. A simplified 0-D

analytical analysis will be presented which clearly displays the dependence
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of maximum Q on relevant parameters, e.g. the result shows explicitly that Q

~ (5Tmax/T0), a result which was established empirically from numerical

results in [2]. Secondly, we discuss the possibility that diagnostic uncertain-

ties and internal plasma perturbations like sawtooth oscillations could give

rise to an inherent Q-limitation by providing a lower bound on 8Tmax-

2 . Analysis

The dynamic equations determining the evolution of the plasma parameters

becomes particularly simple if we approximate the ion and electron

temperatures as equal and use the fact that the particle dynamics is much

slower than the thermal dynamics of plasmas. The evolution of the plasma

temperature, T, is then determined by the energy balance equation

Paux-PC0n (1)

where n denoted the plasma density and P a , P3ux» and PCOn denote alpha

particle heating power, externally applied heating power, and thermal con-

duction loss power, respectively. The density, n, is constant in time and for

simplicity we will also assume that n is also homogeneous in space.

Averaging eq. (1) over radius, r, according to

2 f"
s - r *rdr

a Jo

we obtain an equation for <T>, viz

- d<T>
dt - ~ o - J > « > - < P « > 0)

For simplicity of notation we will omit the averaging notation, i.e. <T> = T etc.

The stationary solution (T = To) of eq. (3) is determined by
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(4)

and for the perturbation 5T we have

d8T
dt

3n ̂ - = P0(T0+5T) - P^CVST) + P«(TO+OT) (5)

The maximum positive perturbation occurs when the feedback system shuts

off Paux completely in order to avoid thermal run away. This implies that

P,ux(To+5TIMX) = 0 (6)

Using eq. (6) in eq. (5) and linearizing the remaining terms around T o we

obtain

PO(TO)" Pcon(To) + 8TW ̂  [P0(T0) - P^fTJ] = 0 (7)

From eq. (4) we then obtain

P1UX(TO) = 5Tm« 4 [PO(TO) - PconCT.)] (8)

and consequently

Pfu, 5Pa 5T0

where we have used the assumption that Q » 1, i.e.

Pcon5Pa»P.ux (10)

Particularly simple expressions arise if P a and P c o n can be approximated as
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(11)

in which case we obtain

<*-B*C-p±r <12>

In the power law approximation of P a , p depends on temperature, e.g. ac-

cording to, [3],

9 In Pa ,
P(T) = - J ^ Y = c » + 2 C i l n T + ICtf* T>

where Co = 6.4, Ci - - 1, and C2 = 0.038.

The exponent, S, is determined by the temperature scaling of the energy

confinement time since

where K is the thermal conduction. Assuming K ~ T5 and performing the

averaging assuming that T(r) = T(l-r 2 /a 2 ) a we obtain

(15)

where the confinement time is given by

2 , . 2
(2ä+lX5+2)
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In deriving eq. (16) we have used the fact that the averaging is consistent

with our assumed profile only if a = 1/(5+1), [4].

Although, a more detailed analysis reveals a weak dependence of 5 on p, [4],

the equilibrium temperature profile is resilient to the heating profile, cf also

[5], and a ~ 1/(1+5) is a good approximation, sufficient for our present pur-

pose. This implies that the temperature profile peaking factor, R, becomes

Using eqs. (12), (13), and (17), Qmax can be obtained as a function of T(0) for

different energy confinement scalings. This is illustrated in Figs, la-c for

three different choices of 5. As can be seen the achievable Qmax depends

strongly on 5. For the case 5 = 0 , which is investigated in detail in [2], the

agreement with numerical results is good. We emphasize that eq. (12) im-

plies the scaling

a result which was established numerically in [2].

Finally from eq. (5) we note that the thermal runaway time, TR, defined from

35T 6T
~ 5 T ~ T R

(19)

can be estimated as

(20)
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3. Discussion of 5 T B a x

As shown in the previous section, the achievable Qmax is inversely propor-

tional to 5T m a x . Although in principle 5Tmax can be made arbitrarily small,

in practice a number of factors, inherent plasma processes as well as

limitations associated with the diagnostics and the feedback system tend to

put a lower bound on 5Tm a x .

Even for well-defined and well-behaved plasma conditions, the diagnostic

feedback system has a limited accuracy. This may be difficult to assess, but

accuracies of less than 10-20% seem too optimistic at present. However, a

burning fusion plasma involves a number of physical processes which com-

plicates the interpretation of diagnostic measurements. We will illustrate

this problem by discussing the implications of sawtooth activity for the

measurement of plasma temperature by means of the fusion neutron yield.

Significant sawtooth activity is a prominent feature in modern Tokamak ex-

periments. The characteristic sawtooth variation in time has been observed

in electron and ion temperatures as well as in plasma density, but also in

signals related to fusion produced quantities like neutron and high energy

charged particle emission, [6, 7]. Although an effort is made to conceive

methods for suppressing sawteeth, it seems likely that sawtooth oscillations

will be present also in Tokamaks operating near or under ignition conditions.

It is therefore relevant to discuss their effects on burn control. In particular,

the presence of sawteeth implies a complication for active feedback control

of an unstable equilibrium temperature profile. Two aspects of this problem

will be discussed: '(i) the profile changes involved in the sawtooth process

complicates the interpretation of neutron emission signals if these are used

to infer central ion temperatures, and (ii) the sawtooth temperature

variation could conceivably imply an inherent lower bound on 8Tm a x , i.e. an

inherent Q-limitation for subignited scenarii.
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(i) Neutron yield variation in sawtooth dominated plasmas

Assuming that the fusion reaction rate scales as «yv> - TP, the volume inte-

grated thermal neutron yield, S, becomes

(21)

The ion density and temperature profiles are modelled according to n =

n(0)( l-r2/a2) a and T = T(0)(l-r2/a2)P. The relative change of the neutron

yield during a sawtooth event is

AS An(0). T(0) 2Aa+pAp
S n(0) p T(0) 2a+pp+l K '

where the last term accounts for the effect of the changing density and tem-

perature profiles during the sawtooth crash. Indeed, the last term in general

significantly affect the neutron yield and must be taken into account in order

to relate correctly the variations of neutron emission and temperature, [7].

Under the assumption that the total ion particle and energy densities in the

plasma remain constant during a sawtooth crash, [7] and neglecting the con-

tribution coming from the density variation we obtain

AS p[ot+(p-l)P] AT(0)
S " 2a+pp+l T(0) K '

as compared to the relation

AS _ AT(0)

"T = P"TÖr (24)

which is obtained if profile effects are neglected. Assuming parabolic den-

sity profile, i.e. a = 1, and taking a temperature profile consistent with the

thermal conductivity scaling K - T5, i.e. P = 1/(1+5) we obtain from eq. (23)

for the case p = 2:
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AS ^4+28 AT(O)
S -5+35 T(0) K '

This implies that, e.g. for 5 = 0, we obtain AS/S ~ 0.8 AT(0)/T(0), as compared

to AS/S ~ 2AT(0)/T(0) according to eq. (24).

In fact, several different models have been used to model the sawtooth-in-

duced changes of density and temperature, see also, e.g. [8]. A drawback of

the present model is the fact that it involves a redistribution of the profile

over the whole plasma cross section (0 <: r $ a), whereas the sawtooth

primarily affects the region inside the mixing radius. A straightforward ex-

tension of the present model can be made by assuming an outer region ri £ r

< a to be unaffected by the crash and then analyzing the inner region as

before. Although we do not intend to go into details we want to emphasize

that changing profiles in connection with sawtooth activity in burning fusion

plasmas is an important complicating effect when neutron yield diagnostics

is to be used for feedback control of unstable equilibria. The situation would

be significantly improved if neutron emission profile monitors were used, cf

[6], a diagnostic tool which is being planned for ITER, [9].

(ii) Sawtooth induced Q-limitations of subignited operation

The periodic temperature variation inherent in the sawtooth process could

be expected to be detrimental for a feedback controlled subignited plasma

working as close as possible to the ignition temperature in order to achieve

high Q-values. It would imply that the operating temperature, taken as the

time averaged temperature, must lie sufficiently below the ignition tempera-

ture in order to ensure that the plasma will not run away thermally. Since

sawtooth temperature swings of the order of 20-30% are common in

present-day large scale experiments like JET, [6], the mere presence of

sawteeth could then imply an inherent lower bound on 5T m a x .

Furthermore, in addition to the complications described above, the presence

of sawtooth oscillations gives rise to further difficulties. E.g. the feedback
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control system must be "intelligent" enough to distinguish between the

inherent sawtooth temperature excursions and real thermal runaway. This

may in fact prove exceedingly difficult, partly because the characteristic

sawtooth period can be expected to be of the same order as the thermal run-

away time and partly because the sawtooth period may vary on the same

machine, cf JET where the sawtooth period can vary from 100 ms up to

several seconds for the monster sawteeth, [6]. In addition the magnitude of

the sawteeth may also vary significantly.

Thus, if sawtooth activity is accepted as part of normal operation in a feed-

back controlled subignited fusion plasma, an inherent temperature variation

must be allowed for. However, the important quantity both from the point

of view of ignition, cf [10], and for determining the maximum Q is the varia-

tion of the temperature averaged over the plasma section, i.e. 8<T>, cf eq. (3).

This averaged temperature is approximately constant during the sawtooth

crash, but must be expected to vary on the time scale of the sawtooth cycle,

although admittedly less than the variation of the central temperature. The

magnitude of this variation is difficult to assess but should be added top the

uncertainty of the diagnostic system as discussed above. If, e.g. we assume

that these factors limit the operating temperature to lie at least 20% below

the ignition temperature, the maximum achievable Q is marginal (Q ~ 10-20),

cf Fig. 1, from the point of view of a fusion reactor.

4 . Conclusion

The present analysis has considered some inherent limitations in feedback

controlled subignited fusion reactors which are required to work as close as

possible to the ignition temperature. The analysis is based on a simplified,

yet accurate, 0-D analytical result for the maximum Q of a subignited plasma.

Particular emphasis is given to the effects of sawtooth oscillations, which

complicates the interpretation of diagnostic neutron emission data into

plasma temperatures and which may provide an inherent lower bound on

the temperature deviation from the ignition point. It is also found that the
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corresponding maximum achievable Q should be marginal (Q - 10-20) for a

fusion reactor.
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Figure Captions

Fig. 1. Q max as a function of central plasma temperature for different

allowable temperature deviations, STmax/T(0), and for different

temperature scalings, 8, of the thermal conductivity.
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