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Abstract:

An analytical investigation is made of the time evolution of the 1-D
temperature profile in a fusion reactor plasma where the nonlinear energy
balance equation is dominated by alpha particle heating and thermal
conduction losses. Special emphasis is given to the problem of establishing
sufficient conditions for the transition to thermonuclear burn for given
initial temperature profiles. In particular, it is demonstrated that for
strongly nonlinear alpha particle heating, temperature profiles initially
peaked on axis, are more easily ignited than profiles similar in form to the
equilibrium profile of the energy balance equation. Simple analytical
criteria for ignition are established and are shown to compare favourably
with results of numerical calculations.



X, Introduction

In a burning fusion plasma, the plasma temperature is sustained
against power losses by the collisional heating during slowing down of the
fusion produced alpha particles. The corresponding plasma energy balance
equation is strongly nonlinear and in general allows for two different
equilibrium solutions corresponding to a "low" temperature and a "high"
temperature mode of operation. Technical and physical constraints favour
the low temperature equilibrium at temperatures Tjt, 10 keV in a tokamak
plasma, even though this equilibrium is expected to be unstable to
temperature perturbations and must be stabilized by external control
mechanisms.

A significant effort has been made to study the heating to burn, the
subsequent equilibrium and stability properties of the burning plasma, and
possible means of stabilization. Most of these efforts have been based on 0-
D models or extensive numerical codes which include the space dependence
of plasma temperature and density. However, the 0-D modelling is often
done in a heuristic way, which does not directly relate to the space
dependent equations. The purpose of the present work is to analyze some
properties of the nonlinear burn equation which are inherently associated
with the 1-D character of the equation.

C i ticular importance is the problem of deciding whether an initial
tempe- / */'; profile, e.g. established by means of auxiliary heating, will
evolv. ,o .yards quench or burn under the competing influence of alpha
partic/c Keating and thermal conduction, This has important consequences
for thi* subsequent problem of controlling a burning fusion plasma.

v y sections 2-4 we review some relevant results concerning the
equilibrium solutions of the nonlinear transport equation for the plasma
tempc. ature. The main analysis employs two different approaches. The
first .: iproach (section 5) is based on similarity methods which are used to
investigate the evolution of localized initial profiles, disconnected from the
boundary. This approach provides valuable information on the conditions
required for ignition, but the conclusions have limited significance due to
the restricted form of initial profiles compatible witn the similarity
solutions.



A more general approach is used in section 6, where the time
evolution of peaked initial profiles is divided into two phases. During the
first phase the profile expands freely with negligible losses to the walls. It
is predicted that ignition or quench is determined by the total thermal
energy of the profile at the time of transition to the second phase being the
one when the profile has reached the boundary and losses to the walls
become important. In fact ignition or quench occur when the total energy
at the time of transition is larger or smaller than the thermal energy of the
corresponding equilibrium solution. The transition energy is approximated
in terms of the initial profile characteristics and an explicit criterion for
burn/quench is established. Finally, the two-phase scenario and the
ignition criterion are shown to be compatible with results of a numerical
investigation of the full transport equation.

2. Thermal balance equation

The basic dynamics of the evolution of the temperature distribution,
T(r,t), in a fusion reactor plasma can be understood from the energy
balance equation

where n is the plasma density and Ps and Pi denote the heating power
and power loss respectively. Planned operation temperatures in future
DT Tokamak reactors are restricted by Q -limitations to be T ^ 10 keV. In
this temperature range Ps and Pi are dominated by alpha particle
deposition heating and conduction losses respectively i.e.

(2)

where <ov> is the DT reaction rate, E a = 3.5 MeV and K is the thermal
conductivity.



The reaction rate, which depends strongly on temperature, is
modelled as <av> - Tp . A crucial problem in present-day fusion plasma
research is the proper modelling of K and the extrapolability of these
models to fusion reactor conditions. In the present analysis we will
approximate the temperature dependence of K in the form of a power
law: K -T5 . For simplicity we will assume the density, n, to be constant in
time as well as in space. With these restrictions we can write eq. (1) as

J?)

where f

(4)

The evolution of the temperature is subject to the boundary conditions

= O (5)

where a denotes the plasma minor radius.

3. Analysis of equilibrium solutions

In the present section we will review and discuss the properties of
the equilibrium solutions of. cq. (3). It is convenient to introduce the
normalizations x=r/a, x=K0T^)t/a2, y(x)=T(r)/T(o), and X = SoTP^-^o) /Ko

where T(o) is the on-axis temperature of the stationary solution. Eq. (3)
then becomes



(6)

The properties of the equilibrium solution are determined by the
nonlinear eigenvalue problem

(7)

where the eigenvalue, X, determines the temperature on axis and the
eigenfunction, y(x), determines the radial profile of the temperature.

Exact analytical solutions of eq. (7) can only be obtained for
particularly simple choices of p and 5. However, accurate approximations
for the lowest order eigenvalues as well as the corresponding
eigenfunctions were obtained in [1] using a variational approach
involving Ritz' optimization based on trial functions of the form y(x) = (1-
x 2 ) a . The optimal approximation of the equilibrium solution was found to
be
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We emphasize the "profile resilience" implied by eq. (8), i.e. the fact that
only weak temperature profile responses result from significant changes
in the heat deposition profile, cf. [2] and Table I where the temperature
peaking factor, R, is defined according to

p
0

1

2

R

5=0

2

2.2

2.4

8=1

1.50

1.55

1.60

Table I: Temperature peaking factor for different p and 8.

The linear stability of the equilibrium solution was also investigated in
[1], where it was found that the solution was stable and unstable
depending upon whether p<5+l or p>8+l respectively.

At present, a "low temperature" equilibrium seems to be the most
realistic operating scenario in a burning fusion plasma. For temperatures
TjjlO keV, the parameter p is approximately p=:2 which implies that most
considered conductivity scalings lead to an unstable equilibrium.

4. Stability analysis and ignition conditions

The stability properties of the equilibrium solution have important
consequences for the problem of how to bring the plasma to ignition as
well as for the subsequent problem of controlling the burning fusion
plasma. In particular, in a 1-D analysis, additional complications arise as
compared to a simplified 0-D analysis which neglects the possibility of
changing radial profiles. To illustrate this we note that the fact that an
equilibrium solution is unstable (if p>8+l) does not directly determine
how a perturbed equilibrium profile will evolve. Obviously if T(r,0) >



Teq(r) or T(r,0) < Teq(r) for all r, where Tcq(r) denotes the equilibrium
profile, the temperature will ignite and quench respectively. However,
suppose a profile has been established which differ from the equilibrium
profile e.g. by being hotter near the center and colder near the edge.
What will the subsequent evolution be? Will the plasma self-heat to high
temperatures or will the burn be quenched? The answer to this question
obviously determines which control action to take, e.g. whether to
increase the auxiliary heating or to let the plasma self-heat. A similar
problem is to determine the "minimum" temperature profile required for
ignition e.g. it has been suggested that it would be advantageous from the
point of view of the requirements on the auxiliary heating to ignite a
small central part of the plasma which then by self-heating would ignite
the whole plasma volume. This problem was analyzed in [3] in terms of
an ignition radius, n g , which qualitatively characterized an ignited
central part of the plasma. However, it was concluded that the possibility
of a radial burn propagation, whereby rjg-> a due to heating of the
unignited external region by the burning central ignition region, was
crucially dependent on the details of the 1-D profiles and could not be
evaluated in a simplified way. Instead tests for such radial burn was
done using a 1-D versus time transport code.

The transition to fusion burning in a Tokamak with adiabatic
compression was investigated in [4] using similarity methods. Sufficient
conditions for "flare up" was established and it was shown that thermal-
wave type solutions in which case the adiabatically compressed hot
region increases with time, only exist for p<5+l. A strong disadvantage of
the similarity approach is the fact that the similarity solutions correspond
to very special initial conditions for the temperature profile evolution.
Thus, the conditions given for flare-up are sufficient but by no means
necessary. This strongly limits the applicability of the results.

A more systematic study was made [5] where the evolution of
different initial profiles were investigated numerically with respect to
ignition or quench. It was established empirically that thermal runaway
occurred for initial profiles satisfying the condition that the
corresponding total p-value was approximately larger than that of the
equilibrium temperature profile, Teq(r). Assuming constant density, the
ignition condition for an initial profile T(r,o) can be written



(10)

where k is a constant of order unity, which however depends on profile
characteristics. It was established empirically in [5] that (i) k » l for
profiles peaked off axis, (ii) k s 1 for profiles similar to the equilibrium
profile, and (iii) k^l for profiles strongly peaked on axis. The purpose of
the present analysis is to investigate in more analytical detail the
requirements for ignition of strongly on-axis peaked temperature
profiles.

The analysis rests on the notion that the evolution of a strongly
peaked profile will consist of a first step where the effects of the
boundary approximately can be neglected. Under certain conditions this
evolution can be modelled as an expanding similarity front. When the
front reaches the boundary at r=a, a new phase takes place where the
losses through the boundary become important. Our assumption is that if
the energy content of the plasma at the beginning of the second phase is
larger than the energy content of the equlibrium plasma, then ignition
occurs.

Since the similarity approach severely restricts the possible initial
profiles, a complementary analysis is also made. This second approach
approximates the energy content at the end of the second phase by a
suitable Taylor expansion involving the initial time derivative of the
energy together with the characteristic time constant for the first phase.
The predictions for ignition have been compared with numerical results
and show good agreement.

5. Similarity analysis of the flare-up problem

We first make a similarity analysis of eq. (6) by looking for
solutions of the form, cf [4],

3 = di)

- It UT



Substituting eq. (11) into eq. (6) and matching powers of t makes it
possible to determine the exponents a and f) as follows

/
c

(12)

and the equation for the similarity function, <K£), becomes

(13)

We emphasize that eq. (11) implies that y(x,0) = $ (x). However, the initial
condition, y(x,O), does not in general fall within the set of solutions of eq.
(13). The similarity approach is consequently of restricted applicability.
Nevertheless, with this caveat in mind we proceed to investigate initially
very peaked profiles, which are approximately decoupled from the
boundary in the sense that y(x,0) ~ 0 for XQ^ x ^ 1. Thus, we write

where f(x) describes the form of the similarity profile.

After suitable integration of eq. (13), using the fact that the flow vanishes
at \ = \0, the following exact relation determining u can be derived:

(15)-r-z y
where Rp is a shape factor defined by

Kf
? -

J
( 1 6 )
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The proper solution of eq. (13) is the one which can be joined smoothly to
the solution $ = 0 outside the hot region, it was established numerically in
[4] that such solutions only exist if p<5+l. Although a general analytical
solution of eq. (13) cannot be found, a simple approximate solution,
sufficient for our present purpose, can be given as

) O 7 ,

The parameter \0 determines the width of the hot region and can be
obtained from the approximation (17) and eq. (13) in the limit as
This yields

For comparison we note that with the normalization used in [4] (X = <t>o= 1)
and for the values 8 = 2 and p = 2.5, eqs. (15) and (18) imply Uj= - 0.57,
£oc 2.5, as compared to the numerically obtained \i~ - 0.41 and £o .=2.3, [4].

More important however are some qualitative conclusions, which can be
inferred from the time dependence of the following characteristic
quantities: /

rs ^ <" Z/ r *, . —\ ~ "-A1 - / ^

MT) (i9)
/

where TF denotes the boundary of the hot region and Pf the total fusion
output.
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Obviously, the case p<8+l implies u < 0 (sign ji = sign(p-8-2),
provided p>l). This also implies that T(O,t), rF(t), and Pf(t) all increase. In
fact, the flare up condition in [4] was taken as the condition for the total
fusion output, Pf, to increase in time. Since

(20)

we note for later comparison that the flare up condition then becomes

(21)

Although, in this situation, the bum initially propagates as a well-defined
thermal wave, this will only be true until the expansion front reaches the
boundary. At this point, a new phase starts during which the loss flow
through the fixed boundary plays a decisive role for the energy balance.
In fact, the condition p< 5 + 1 is sufficient but not necessary for flare up.
For p < 8 + 1, the trivial equilibrium solution, T(r) = 0, is unstable and any
initial profile will evolve towards the stable equilibrium profile given
approximately in section 3.

From the practical point of view, the case p > 5 + 1 is more important, We
can extend the similarity analysis by allowing a nonzero temperature at
the boundary while still neglecting the loss flow there. The similarity
solution can still be used in an approximate sense to discuss the dynamic
evolution of the burn. We emphasize that the total energy content of the
plasma, W(t), evolves according to

(22)

Since sign u = sign(p-8-2), W(t) always increases. However, XF, Pa,
T(O,t) depend more sensitively on the relative magnitude of p and 8.
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From eq. (19) we infer the following characteristics:

Case I: 6 + l < p < 8 + 2

In this case \i < 0, which implies that XF decreases while P a and T(O,t) still
increases; the profile collapses.

Case II: p > 5 + 2

In this case u, > 0, which implies that XF increases while P a and T(O,t)
decreases; the profile expands. However, even though P a and T(O,t)
initially decreases, ultimate quench or burn is determined by the
conditions during the second stage when the thermal wave has reached
the boundary.

Thus we conclude that the similarity approach provides valuable
but not decisive information on the flare up problem. The main limitation
of the similarity analysis is the restricted set of allowed initial profiles,
which is characterized by a rigid relation between the width and the
height of the profile, cf eq. (18).

6. Flare up condition from variation of thermal energy

In the present section we will concentrate on the unstable situation
p> 8 + 1 and the solution of initially very peaked profiles which are
decoupled from the boundary in the sense that losses can be neglected. Of
particular interest is the marginal case dividing parameter regimes of
burn and quench respectively. In this limiting situation the temperature
on axis initially decreases as the profile spreads out, but at the beginning
of the second stage at which the profile reaches the boundary, the
heating power approximately balances the boundary losses. Implicitly
assuming that the resulting temperature profile is similar to the
equilibrium profile, an approximate ignition condition can be formulated
as

W (23)



where %+ is the characteristic time at which the profile reaches the
boundary and Weq is the thermal content of the equilibrium profile, i.e.
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where the decay time, x0 , is determined by

( 3 2 )

c0

However, during the evolution y as well as y(o) will decrease.
Furthermore, for the marginal case which we are considering we will
have Y •=** and y(0) ÄI at the end of the first stage. The corresponding
diffusion time scale is

" ^ = T* (33)

As a reasonable estimate of x^we take

(34)

or since xi » x0

^ /
(35)

From eqs. (23) and (25) we can then infer the following ignition
condition, cf eq. (10)

- /

^ k I ) (36)

rK L ZYCpr+O J V JLf>r / (37)
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or using the fact that W(0) Oi. y(0)/2y we can write

P (38)

which clearly displays the profile dependence as well as the nonlinear
nature of the ignition condition.

We find it more convenient to express the ignition condition as a relation
between normalized on-axis temperature, y(0), and profile exponent, Y-
This relation can be written as

X >-?
(39)

which can be solved explicitly as

P
(40)

A particularly simple, and still realistic, case is p = 8+2 (e.g. p = 2 and
8=0). The ignition condition (40) can then be written as

i,

or in terms of eq. (37)

p (f-hti)J (41)

21 f
(42)

In order to test the present prediction, eq. (6) was solved numerically for
p=2, 8=0 and for initial profiles of the form given by eq. (27) with y=10.
but for different on-axis values. A critical axial temperature, yCr,
separating regions of quench and burn was identified. For initial
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temperatures, y(0), around yCr. the axial temperature initially falls in
both cases, but for y(0) > yCr the profile recovers and then starts to grow
towards burn, whereas for y(0) < ycr, the profile decreases monotonously
towards quench. This behaviour is illustrated in Figs la and lb for the
cases y(0) = 2.8 and y(0) = 2.3. The critical value ycr was found to be in
the interval 2.5 < yCr < 2.6. This is in good agreement with the analytical
result, eg. (41), which predicts ycr/Y - 0.26.

A further illustration of the evolution of the temperature profile is
illustrated in Fig. 2, which shows the time evolution of the total thermal
energy, W(t), for different initial axial temperatures. Again the same
marginal behaviour is observed; W(x) initially increases in both cases, but
for y(0) > ycr it continues to increase indefinite, whereas for y(0) < ycr it
reaches a maximum and then decreases towards quench. The marginal
value of W, dividing regions of quench and burn, is in good agreement
with Weq, which is found to be Weq.= 0.20 from eqs. (8) and (24) and Weq

~ 0.19 as obtained numerically, cf Fig. 2. Finally, we also note that the
characteristic time x^ given by eq. (35) ( T^ >//&y) y- 0.0J~ ) is consistent
with the time scale for the first stage of evolution of the temperature
profile, cf. Fig. 2 and also with Figs, la-lb where the time step between
successive curves is 5 * 10"3 .

The generally good agreement between analytical predictions and
numerical results is encouraging indication of the validity of the
assumptions inherent in the analysis, viz. the two stage scenario and the
crucial importance of the total energy as compared to the equilibrium
energy at the transition between the two phases of the evolution.

Thus it seems that eqs. (36)-(42) can be used with some confidence to
predict the improved ignition properties of centrally peaked profiles. As
an illustrative example we use eq. (42) (valid for p=2, 8=0, Y » 1 ) to
calculate k »0.64, i.e. the thermal energy needed to ignite a peaked
profile is 36% less than that of a profile similar to the equilibrium profile.

However, the ignition properties of very peaked profiles also depend
crucially on the relative magnitude of p and S. From eq. (40) we infer that
the case p - 5+2 is a limiting case in the sense that asymptotically for
large y(0) we obtain
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vy
(43)

v.
which, using eq. (37), implies

-ä-2-

' / *

> T-tZ (44)

Thus, we conclude that if p < 8 + 2, no significant advantage with respect
to ignition is obtained by peaking the initial profile, in fact W(0) ~Weq.
However, \i p > 5 + 2 ignition is greatly facilitated for peaked profiles and
W(0) « Wen.

7- Conclusion

The present analysis has considered in some detail the problem of
establishing whether a given initial temperature profile will evolve
towards quench or burn for situations where the corresponding
equilibr'am profile is unstable. Of particular interest is the case of
temperaoire profiles which are initially strongly peaked on axis. The
most important result of the present analysis is that for sufficiently
strong heating nonlinearities, the condition on peaked profiles in order to
reach ignition is significantly relaxed as compared to broader profiles,
more similar to the equilibrium profile.
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Figure Captions

Fig. 1 Time evolution of initially peaked temperature profiles for
different on-axis values. Note the profile In Fig. la (y(0) = 2,3)
evolves to quench whereas the higher on axis value in Fig. lb
(y(0) = 2.8) causes the profile to ignite.

Fig. 2 Time evolution of total energy, W(t), for different initial values,
W(0). Note the equilibrium value, Weq, dividing regions of
quench and burn respectively.








