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ABSTRACT 

We present a review on the parton shower in e + e~ annihilation. Also we 

discuss the next-to-leading-logarithmic parton shower. We emphasize that this 

new model provides a useful tool for the determinations of AJJJJ from jet distri

butions. Analysis by the new model gives us A ^ j = 0.235 ±0.052GeV from data 

of PETRA, PEP and TRISTAN. 
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Section 1. Introduction 

Since the jet structure was found in 1974[1], it has been widely recognized 
that jets are universal phenomena in hadronic production at high energy. Idea 
of jets originated from parton models, where partons(quarks and gluons) are 
almost free. Then one parton was considered to form one jet. In early days 
event generator in e + e~ annihilation used this idea to generate jets from a fixed 
number of partons[2]. 

At present, however, we have more complicated pictures on jets. One jet is 
formed of many partons[3]. Usually it is called parton shower or QCD cascade. 
In this paper we will give a review on parton shower in e +e~ annihilation. Also 
we will discuss a recent development of the parton shower, that is the next-to-
leading-logarithmic(NLL) parton shower which K.Kato and I studied[4,5]. 

In following sections(2-5) we make a review on the parton shower. In section 
2 we study characteristic property of cross section for e +e~ —»• qqG. In section 
3 we extend discussions of section 2 to case for many gluons. In next section we 
see why the running coupling is required in QCD. In last section of the review of 
the parton shower, we will present a brief description of Monte Carlo models. In 
sections 6,7 and 8, we will present discussions on the NLL parton shower. 

Section 2. Cross section for e+e~ -* qqG 

In order to understand the parton shower, we discuss property of three par-
tons state qqG in e+e~ annihilation. The cross section in the center-of-mass 
system is given by 

da 2a, «} + 4 m 

dxqdxq °Zz(l-xq){l-xqY V l 

where xq = 2Eq/y/Q*, <ro is the lowest order cross section for e + e~ —• qq and 
Q 3 is a total energy squared. Here we neglect mass of quark, or, = g2/4* is th« 
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strong coupling constant. To see behavior of this cross section, we express the 
cross section in the infinite mon "situm frame where the antiquark almost stops, 
while the quark and the gluon run fast. In this system momenta of the quark 
and the gluon are as follows. 

i 
Pa = ((1 - *)P* + 2{1

P_T

x)pt, -Pr, {t-*)P*), 

where P* is an infinite momentum, x is energy fraction of the quark. We will 
use variable t instead of transverse momentum. 

'-**&-<*+'*'*• 
Xq and Xq are expressed in terms of x and t. 

eq = x + t(l-x), 

Xq = l - t . 

In the infinite momentum frame the cross section is given by 

The first term in the bracket behaves as 1/t, while other terms are smooth on t. 
Therefore this cross section becomes very large for small t, i.e., small transverse 
momentum. In this region, we can approximate the cross section by the first 
term in the bracket. 
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In order to interpret this dominant contribution in terms of diagrams, we 
calculate this cross section in the axial gauge. The gauge vector n is taken as 
momentum of the antiquark. x, which is introduced in a previous paragraph, 
becomes x = pqn/Qn. There are three kinds of contributions. The first contri
bution is square of a matrix element where the gluon branches off the quark. 

d<rl 2at,{l-t)*l + x* ... 
dxHt-*0^ t l-x- ( 3 ) 

The second is square of a matrix element where the gluon branches off the anti-
quark. 

da« 2a, 1 
dxTt=,T0-^T^- ( 4 ) 

The last is an interference term. 

d<r'»«_ 2a, 2x , 

The term with 1/i exists only in the cross section (3). Therefore in the axial 
gauge the dominant contribution can be calculated by one diagram, where the 
gluon branches off the quark. 

To summarize this section, the cross section for e +e~ —• qq~G is dominant 
in small transverse momentum and we can approximate the contribution in this 
region by a simple form 

da ^ 2a, 11 + x2 ^ 
dxdt ~ a° 3ir t 1 - x ' K ' 

which is given by one diagram with quark branching in the axial gauge. If we 
integrate this contribution over transverse momentum, it diverges so that we need 
a cutoff mass QQ to the virtual mass of partons. Using this cutoff, we find that 
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d<r 2a,, __, , _, 1 + x2 

S-*17 , f l ri , /<S-rr7- ( 7 ) 

For large Q2, this becomes very large so that a perturbation by a, breaks down. 

Section 3. Cross section for e+e~ —• qq NG 

In this section we will extend discussions given for e +e~ —• qq~G to case for 
e+e - —*• qq NG. Here discussions are restricted to the nonsinglet case. Let us 
suppose that a matrix element for N-1 gluons is given. A matrix element with 
N gluons is calculated by attaching one gluon to the matrix element with N-1 
gluons(Fig.l). 

MNU(P) = MN-1jj{-igTttflt)u(p)e^k). (8) 

Here p' =p + k. Then we make square of the matrix element (8) and sum them 
over polarizations of quarks nnd gluons. 

53 M*NMN = tv{M*N_lMN.A9Ta

1^ivgTb^}6aid'"'{k). (9) 
pol P P 

To sum gluon's polarization we use the axial gauge. 

<*,,(*)=£ www=-r+w£*v-
A 

After we calculate Dirac's algebra, we make a collinear approximation, p ~ 

xp. 
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By the same approximation a phase space becomes 

* P #k &j>< 1 2 

(2ir)32p° (2ir)32lfc° ~ (2ir)32p'° 1 6 T 2 P " 

Here an integration over azimuthal angle is performed. Finally we can find a 
recursive relation between cross sections for N gluons and that for N-l gluons. 

2a, dp12 1 + x 2 

AT* S dtrjv.! — - ^ ^ - J ^ J - (10) 

The same factor as that found in study for e+e~ -+ qqG appears in the right-hand 
side of eq.(10). 

If we integrate cross section for N gluons over transverse momentum, it is 
found that 

<rN*^log(?IQl)N. (11) 

Other types of diagrams give us less singular contributions. Therefore dominant 
contribution can be calculated by one diagram, namely, a ladder diagram and 
can be obtained by repeating the form (10). If the product of a, and logQ2/Ql 
is of order of unity, we have to sum over number of gluons. This summation is 
leading-logarithmic approximation(LLA). 

The same discussion can be applied to ladder diagrams with gluon self-
couplings, i.e., the singlet case. 
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Here we make some comments on the infrared singularity, which is caused by 
soft gluon with x = 0. Contributions due to infrared singularity can be obtained 
by use of correct kinematical constraint that is given by the cutoff mass Qo and 
the angular ordering for branchings of soft gluons[6]. 

Section 4. The running coupling constant 

In this section we discuss the running coupling constant. First we give the 
renormalization group equation for a Green function GR with typical momentum 
squared Q2. 

dv+PsdgR 

foir + PITT- - K)GR{$ y , W ( J , ) ) = o, (12) 

PS = PS(9R) = ^ , 

dlogZg 
la = TG[$R) = v- d • 

Here ZQ is a renormalization factor of this Green function. /* is a scale point for 
the renormalization. We can get the solution of this equation. 

GR(Qih\gR{li)) = GR{Q2/^,gR^))eXp[ J dgR^}. (13) 

Here let us consider a special case that 7<; = 0, the anomalous dimension vanishes. 
In other words ZQ = 1. In this case the Green function is renormalization 
invariant, so that 
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GR(Q2/S, «(#.)) = Grttf/AsRtf)). (14) 

In QCD, the coupling constant is small for large Q2 due to the asymptotic free
dom. Therefore if we set / j f t = Q2, we can expand GR by £R(Q) . 

= \9R{Q)]A[CO + CI9R{Q)2 + ~]- (15) 

A good example for expansions by ffji(<2) is the total hadronic cross section in 
e + c - annihilation. 

er,(e+e- —•+ hadron) = <r0(l + a,{Q)/ir + 0(a2,{Q)) ) 

We apply this discussion to diagrams that we calculate in the parton shower. 
First we should note that a part of diagram shown in Fig. 2 is renormalization 
invariant [7] because 

g2SFDGT2 = (Zf ̂ ' ^ f t O W « 0 ^ o l > O J i ) ( V r * ) 1 

= 9RSFRDGRTR. (16) 

Here SF, DG are propergators of quark and gluon, respectively and T is a vertex 
function. Subscript R denotes renormalized quantities. One typical momentum 
K2 flows in this diagram. Therefore the diagram with loop corrections reduces 
tree diagram with the running coupling constant with K . For a whole diagram 
by repeating the same discussion we get a tree diagram with the running coupling 
constant. 

- 367 -



Section 5. Monte Carlo model 

In this section we present a brief description of Monte Carlo algorithm of the 
parton shower. As shown in section 4 a probability for N paitons can be obtained 
from that for N-1 partons. Therefore we use the Monte Carlo method to generate 
partons. Discussions given in previous sections should, however, apply to inclu
sive processes, where only one parton is observed. For event generators we must 
extend the discussions to exclusive processes. This extension is formulated by jet 
calculus[8]. In exclusive processes any parton branches according to probabilities 
that are found in inclusive processes. Probabilities for quark branching, gluon 
branching into two gluon and gluon branching into quark and antiquark pair are 

.„ dK2 f, 2a,{K2) 1 + x 2 

respectively. Here Nj is number of flavor. In Monte Carlo model we intro
duce non-branching probability that a parton does not branch from virtual mass 
squared K\ to K2. We have a differential equation on non-branching probability 
IIj for quark. 

Tlt(K2, K* - dK1) = 1lq(Kl K3)(l - dPq). 

The solution with an initial condition that !! ,(#?, K\) = 1 is given by 
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llq(KlK2) = exp[-] -pr] dx ' ^ 1_x]. (20) 

For gluon branching we calculate n<y from probabilities (18) and (19). Then we 
determine whether a parton branches or not by comparing a random number 
with the non-branching probability and then fix K2. x is determined using 
probabilities (17)-(19). By repeating this procedure, we determine virtual mass 
squared and z of any parton. Momenta of final partons are calculated from these 
variables. 

Section 6 NLL parton shower 

In section 6-8, We will present discussions on the next-to-leading-logarithmic 
(NLL) parton shower[4,5]. First motivations and features of this new model are 
described. For this purpose we mention useful and undesirable features of two 
methods that are the matrix element (MA) method and the LL parton shower 
for parton generation. In the MA method we generate partons according to the 
cross section that is calculated in order of a, or a2. Merits are denoted as open 
circle while demerits are done as closed circle. The features of this method are: 

o Good approximation for production of clean three jet. 

o To fix the scheme of QCD scale parameter A, namely, Aj^j, if we use the 
second order cross section. 

o A few ambiguous points in the method. 

• Limited number of generated partons. In order of a2, number of partons 
is four or less. 

• Impossible generation of parton with small transverse momentum. An 
invariant mas3 squared of any pair of partons {pt+Pj)7 is larger than about 
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0.04Q2 in this method. 

On the other hand features of the LL parton shower are: 

o Possible generation of any number of partons. Maximum number is de
termined by the cutoff mass Q0. 

o Good approximation for production with small transverse momentum. 

• Bad approximation for production of clean three jets. 

• Undefined scheme for QCD scale parameter A. 

• Existence of ambiguous points because the models are more complicated 
and their details differ from each other. 

We should note that the MA method and the LL parton shower are complemen
tary. 

We will examine these features of two methods with a view to determining 
QCD scale parameter A from jet distributions in experiments. In this study 
the parton showers like Webber's and Lund's are entirely invalid, because the 
scheme for A is undefined in the LL approximation. Also ambiguity on the 
variables forces us to use different values for A in above two models[14]. Due 
to these reasons the MA method is employed in the determination of A. In the 
early day it was considered to be reliable, but at present the determination by 
this method is suffered from severe difficulty. The values of A depend strongly 
on the hadronization. A reason for this strong dependence is that in the MA 
method one can not generate many partons with small transverse momentum, so 
that the hadronization exerts serious influence on the jet distributions. Thrust, 
jet fractions and the other quantities are abandoned in the determination of A 
due to this large effect of the hadronization. Only asymmetry distribution of 
energy-energy correlation is less dependent on the hadronization and used for 
the determination of Ajyj. 

Now we will discuss the NLL parton shower, which unifies the LL parton 
shower and the MA method in theoretically consistent way[4,5]. Before discussion 

- 3 7 0 -



on the NLL parton shower, let us review the perturbative QCD. Most reliable 
calculations are based on the renormalization group equation, which is discussed 
in section 4. A typical example in e +e~ annihilation is Q2 evolution of the 
inclusive cross section. Its moments are given by 

1 

M n(Q 2) = - fdxxn~1^. (21) 
(TQ J ax 

o 

Then 

Mn(Q*) = An[cc,(Q2)]B*[l + Cncc,{Q% (22) 

In the NLL order Bn and Cn are calculated definitely if one fixes the scheme 
for A, while An are unknown. Therefore QCD predicts the Q7 evolution of the 
moments. 

QCD calculations for exclusive process of partons have been formulated by the 
jet calculus[8], which was extended to the NLL order[9]. Using these calculations 
one can calculate pr distributions and other distributions of partons. 

The NLL parton shower we proposed is based on the NLL order calculations 
of the jet calculus. Therefore our model reproduces the Q2 evolution (22) of 
the moments, which is extensively checked in ref.[4]. Then it gives us reliable 
distributions of partons up to the NLL order. As a result the NLL parton shower 
provides us a reliable tool for the determination of AJJJJ from jet distributions. 

Now we describe the NLL parton shower briefly. Meanings of the NLL ap
proximation will be clarified. As shown in section 3 the LL approximation is 
given by 

i 
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£>( ".'W/QS )", 
n=0 

if we use the fixed coupling. The NLL approximation includes corrections of 
order of a , to the LL sum. The sum in the NLL approximation is given by 

£ c„(l + dna,)( a,IogQ2/Ql )». (23) 
n=0 

Therefore the NLL parton shower must contain any a, correction to the LL 
approximation. 

We will see how good features of the MA method are taken into the NLL 
parton shower. One of them is cross section for clean three jets. Since it is of 
order of a, and does not have any large logarithm, we can use this cross section 
in the model without logical difficulty. We can define AJJJJ, because we use the 
second order a,. 

ttfW' (33-2J \T / ) / 0 f l (QVA^) 1 + (38-2JV))' M C / % ) H ' 

Differences due to ambiguity on variables decrease in the NLL parton shower. 
As an example let us consider splitting variable x. In the LL parton shower we can 
not distinguish between lightcone fraction and energy fraction for x. In the NLL 
parton shower differences due to definitions of variables should be compensated 
by a, corrections. Dependences of parton distributions on definitions of variables 
decrease due to this compensation. 

Next we describe elements of the NLL parton shower. They are: 

(1) P-function. 
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(2) Two-body decay. 

(3) Three-body decay. 

(4) Restriction on phase space. 

(5) Cross section for clean three jets. 

P-functions are sum of two-body decay and three-body decay functions and give 
us the non-branching probabilities. They contain terms with a] as well as those 
with a,. Kinds of two-body decay are the same as those in the LL parton shower. 
Three-body decays are new elements of the NLL parton shower so that their decay 
functions are of order of a*. Kinds of them are q —*• qGG, q —̂  qq'q1, G —* GGG 
and G —^ GqTj. Restrictions on phase space imply the momentum conservation 
and the angular ordering[6]. Let us show that the restriction from the momentum 
conservation is the a, correction. Leading-logarithmic contribution for sequential 
two-body decays in order of a*(Fig.3) is given by 

= |(a,/2ir M Q V Q o ) ) 2 ^ ! + *i)/(*i + **)P{*iK*i + **))• ( 2 5 ) 

Here P(z) = (1 + z 2 ) / ( l — x)- The momentum conservation requires that 

Kl<{Xl + Z2)Kl 

Therefore if we put this constraint on two-body decay, the contribution (25) 

becomes 
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Q2 , (*i+*a)*i 
[dK\2a.m . . f dKl2<x.ol xx . „ 

Ql Ql 

Q2 „ (Ki+x2)if2 

The second term in (23) is 

" ( ^ ) 2 logitflQl) log{xx + x2)P(Xl + x 2 ) P ( — ^ - ) / ( X l + x2). (27) oir x\ + X2 

This contribution is counted as a part of function for q —• qGG. 

We would like to make comments on double-cascade scheme[5]. In our present 
NLL parton shower we use the double-cascade scheme, while in the model first 
presented, we used the single-cascade scheme. In later scheme only quarks branch 
in e"*"e_ annihilation, because gauge vector in the lightcone axial gauge is equal to 
momentum of the antiquark so that it could not branch. Asymmetric treatments 
of quarks and antiqsarks cause unfavorable differences between distributions of 
quarks and antiquarks. 

In the double-cascade scheme the antiquark branches as well as quarks so that 
symmetric treatments are possible. A key point of the new scheme is to separate 
quark jets and antiquark jets. This separation is made by imposing a constraint 
(1 — x) > K2/Q2 for branchings of quarks and antiquarks, where x is a fraction of 
an quark or an antiquark. For detailed discussion on the double-cascade scheme 
see ref.[5j. 
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Section 7 Generation of three jets 

In this section we show how clean three jets are generated in our model. 
First we will give definitions of three and two jets. Let us consider a virtual state 
of three partons qqG. Each parton will branch according to the algorithm of 
the parton shower. We calculate ratio of invariant mass squared of two partons, 
which is j/y = (Pi+Pj)2/Q2, where pi is momentum of the quark or the antiquark 
or the gluon. For definition of the three jets, we require that 

VqG > &, 

VqG>S. 

Otherwise we call an event as two jets. Here parameter 6 is introduced for 
division of the three jets and the two jets. Its value is about 0.1. 

For generation of the two jets we employ the parton shower. Therefore a 
gluon of the three-parton state is branched off from the quark or the antiquark. 
In this case maximum virtual mass squares of the initial quark and the initial 
antiquark are 5Q2. 

For generation of the three jets we use the exact cross section in given order 
of a , to determine momenta of three partons. If we use the lowest ordtr cross 
section for three jets, we encounter difficulty that kinematics of on-mass-shell 
partons and virtual partons differ from each other. In the lowest order yij are 
related to angles between parton t and j . Due to the branching, these partons 
have virtual masses. After the branching of partons, distributions of the three 
jets depend strongly on schemes, where only one of y;j and the angles can be 
kept between the three parton state and three jets. 

In jet calculus this difference is beyond the NLL approximation, but it is 
serious from phenomenological points of view. We get over this difficulty by 
using the second order cross section for the three jets. It is well known that 
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definitions for the three jets are needed in calculation of the cross section beyond 
the lowest order. Gottschalk and Shatz[10] used yij for the definitions to calculate 
the second order cross section for the three jets. In a new version of the NLL 
parton shower we use the cross sections by them to generate primary qqG. Then 
we keep yy after branchings of each parton. Detailed discussions on generations 
of the three jets will be presented in another paper[ll]. 

Section 8 Experimental study by the parton shower 

In final section we make some comments on experimental study by the parton 
shower. The parton shower attracted experimentalists from study on so-called 
string effects[12]. While the Lund hadronization model can describe this effect 
well, the model by Webber, that is the parton shower with the angular ordering 
and the cluster model for hadronization, succeeded to explain the string effect. 

JADE group presented cluster analysis to measure number of jets for various 
values of the cutoff[13]. Then they found that on ratio of four jets the parton 
shower is more favorable than the model with the MA method. This is confirmed 
by extensive study on jet shape[14]. Now the LL parton shower is supported by 
many experiments. 

As emphasized in section 6, the most important feature of the NLL parton 
shower is to enable us to determine Aj^j. Analysis by the NLL parton shower 
was done by Kamae et al.[15], who used Lund string model for the hadronization. 
They concluded that for 5 flavor 

A^L = 0.235 ± 0.052 GeV. (28) 

Features of this analysis for the determination of Arjjg are fallowings. They can 
use shape variables and jet fractions, which have been abandoned in previous 
analyses. The hadonization has little influence on the values of Ajjj, because 
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they are stable even if the fragmentation parameter changes considerablely. Also 
the values show little dependence on the cutoff QQ. More satisfactory point is 
that consistent values are obtained by fitting many different data sets, taken at 
several energy, and measured by different experimental group. 

Finally we can conclude that the NLL parton shower gives us a reliable tool 
for the determination of A^yj. 
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Figure Captions 

Fig.l A matrix element MJV that is obtained by attaching a gluon to a matrix 
element Mjy_i. 

Fig.2 A diagram with loop corrections, which are denoted by bubbles. The ladder 
diagram is obtained by repeating this diagram. 

Fig.S Sequential two-body decays. g(l) —̂  q(xi + xt) + G(z3) —• g(sci) + G(xt) + 
G(x3). 
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Fig.2 
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