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ABSTRACT

A numerical solution of the effective Maxwell equations of the

IQHE is presented. It corresponds to inhoisogeneous electromagnetic

field distributions appearing after a small constant magnetic field

is added to a 2D*electron gas sheet when the density exactly fills an

integral number of Landau levels. It follows that the Chern-Simons

terms of the Maxwell equation transform the applied magnetic field

into an equivalent homogeneous charge density. The numerical value

of this density is exactly the one which is needed to furnish complete

filling at the new value of the total magnetic field. The system

then reacts tending to screen the effective charge density by removing

charge from the sample edges. It is interesting that for the selected

parameter values here, reflecting the current experimental situations,

the system response is able to approximately establish an integral

filling factor in the central portion of the sheet. Then, at least

a small plateau is predicted to occur in pure samples at zero

temperature. It also follows that the current distribution is

unsymmetric under the inversion, as opposed to the configuration

associated to a flow of a net Hall current at Integral filling factors.
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The investigation of the field distributions in QHE configurations

has been a subject of some attention in the literature [1-4], It seems

that the establishment of a general point of view has met with difficulties

because the experimental data at very low temperature are difficult to

obtain [5,6]. In Refs.(l-3] electromagnetic field configurations were

obtained corresponding to 2D-electron gas sheet at zero temperature when

a net Hall current is flowing through the sample. It may be the case that

the picture evolving from this work is a correct one, while the divergence

with the experimental information [5,6] may be related to the inclusion

of the temperature.

In a recent paper [7] a set of effective Maxwell equations for a

2D gas in interaction, with a normal 3D electromagnetic field has been

obtained. The system of equations generalizes the static set of equations

used in [1-3] to space-time dependent problems. It also makes evident

the relevance of the Chern-Simons topological action for the description

of the QHE.

This letter is devoted to apply those equations to the study

of the special electromagnetic field configuration of a 2D-electron gas

sheet,, appearing for small deviations of the filling factor from integral

values (in the absence of a net Hall current).

It follows that a small perturbation of the magnetic field value

corresponding to an integral filling factor is transformed(by the topological

terms of the equations) in an equivalent homogeneous charge density.

From the numerical solutions of the equations the following picture

emerges; The magnetic field addition induces the flow of opposite

currents in the sample edges (Hall current equal to zero). Also, the

system extracts charges from the borders tending to accomplish the

integral filling factor condition at the centre of the sheet for the new

value of the field. The magnetic screening effects of the edge

currents are small in contrast to the case of infinite superlattices

discussed in Ref.[7].

The above conclusions suggest that a kind of stability exists

in the neighbourhood of integral filling factor values. That is, it

follows that whenever the sample is able to approximately satisfy the

integral filling factor condition in the central region the measured

Hall conductivity should be nearly independent of the magnetic field

perturbation. Then at least a small plateau is expected to appear in

clean samples.

The Maxwell equations derived in Ref.[7] for the small

perturbations of the 4-vector potential a (x) have the following

form;
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(1)

where the Einstein convention is and will be used throughout. The 4-

velocity of the medium u , the A-vector orthogonal to the 2D-electron

gas n , the tensor projecting A vectors on the 2D-electron plane

and the 4-gradient 3 are given as

CO,

(1 0 0 0'

0 O O O
a o l. o
e> o o °>

From the definitions (2) it follows that the 2D-electron gas lies in the

plane ( K , , X 2 ) . The quantity n is the index of the more energetic filled

Landau level and B is the magnetic field value giving the complete

filling of the (n+1) Landau levels for the specific value of the charge

density of the gas. The Gaussian system of units is used.

We will search for static solutions of (1) expressed as a sum

of the vector potential corresponding to a small external magnetic

field perturbation B along the x, axis and the potential a (x)

being generated by the currents and charges of the sample. That is,

in (1) the following substitution is performed:

with

(3)

(A)

(5)

-3-



where only the a, and a, field components are taken as non-vanishing

and solely depending on the co-ordinates in the plane (x,,x~) which is

orthogonal to the sheet. In other words, we search for time independent

solutions also being translationally invariant along the i, axis.

The substitution of (3)-(5) in (l) allows us to obtain the

following equations for a, and a, ;

In (6) and (7) the 6(x) has been introduced in order to reflect the

condition that the sheet has a width equal to 2a.

From (7) it can be noticed that the magnetic field perturbation

is transformed in an effective homogeneous charge density. It is

proportional to the increment B.

Now. it can be stressed that all the terms in (6) and (7) which

are proportional to the fiCx^) functions are vanishing everywhere

except at the sheet surface. There, they correspond to current and

charge densities which are determined by the values of a- and a,.

Thus, a, and a, for any point outside of the sheet, as satisfying

Poisson equations with the above sources, can be expressed as integrals

of such densities over the surface as usual. Then, after taking the

a., and a^ fields evaluated at the points of the sheet the following

integral equations can be obtained :

(6)

(7)

Tltf, i x-x'l d_
(8)

(9)

-i
In (8) and (9) the following change of variables has been introduced;

(10)

(U)

(12)

The solutions of (8) and (9) have been sought in a numerical way by

discretizing the integrals. The (-1,1) integration interval was also

reduced to (0,1) by considering that equations (8) and (9) are symmetric

under the transformation

- O.C-XO,,

IT

Taking into account that the external perturbation (4) also has this

symmetry we seek solutions obeying

_ a_t-x;>.

•\Tcx:>
which permit to consider only the interval (0,1) for x. The calculations

were performed by partitioning the integration region (0,1) into 100

equal-length subintervais, replacing -p , -p , =-?• by finite difference

approximations in each subinterval, and doing the logarithmic integrals

in each region analytically.

The symmetry conditions were introduced by imposing upon the

discretized variables that — • 0, a • 0 at x » 0. The Hall voltage v,
dx
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and the magnetic vector potential a and their derivatives are shown in

Figs.l to 4. The calculation was performed for the following values

of the parameters

Bn

a

m

e
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= 0.2

= 9.1

= 4.8
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and the current values of the universal constants H and c in Gaussian

units. The Eqs.(8) and (9) being linear ones allow us to fix the numerically

convenient value for the parameter

(15)

which makes the coefficient of the last integral in (9) equal to one.

The scalar potential v is shown in Fig.l. Fig.2 illustrates that
dv

the tangent electric field component, which is proportional to ^ t

vanishes at xssO a nd its modulus grows monotonically as x goes to the

edges. The Hall current density has the same behaviour because is proportional

to the electric field. In Fig.3 the values on the sheet of the unique

component of the vector potential a are shown.

From Fig.4 it can be noticed that the normal component of the

magnetic field (being proportional to the derivative of a) is an even

function of x which ntonotonically decreases in modulus from the center

up to a point at which it vanishes and then changes the sign. This is a

natural effect after thinking that the current distribution is concentrated

near the edges. Then,as the magnetic flux lines round its sources, the

existence of a point at which normal magnetic field vanishes is expected

whenever the effect of the external fields is small.

The solution also implies that near the centre of the sample the

integral filling factor condition for the new value of the magnetic field

Bn+B is approximately fulfilled. This assertion can be justified by

noticing that the effective charge density generated by the field (through

the Chern-Simons term) is exactly the one which is needed for giving an

integral filling factor at B +B. That density corresponds to the last term

in (7). However, the calculation of the other two charge density terms

in (7) (that is the terms proportional to -A and — ? ) results in that
UX ,Jj[Z

they are at least two orders smaller than the effective density induced
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by B in the central regions of the sample (x VtO). Thus, it can concluded

that the system reacts to the field B tending to conserve the integral

filling factor value which existed previous to the perturbation.
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NOTE ADDED

After this work was completed we noticed a recent paper by X.G. Wen |S|

in which an electromagnetic action for edge modes is derived. The

resulting action restores the gauge invariance of the Chern-Simons term

in a domain with boundaries. Then it turns out that the inclusion of

these edge corrections in our numerical solution is a matter to be

addressed.
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FIGUEE CAPTIONS

Fig.l Hall potential for the non-current carrying state of a 2D

electron gas In a magnetic field.

Fig.2 Derivative of the Hall potential. The tangential electric

field and the Hall density of current are also illustrated

because they are proportional to this derivative.

Fig.3 The unlqje component of the vector potential generated by the

Hall currents in the sample (the external vector potential

component is excluded).

Fig.4 The normal component of the magnetic field (divided by a)

generated by the sample which adds to the external field B.
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