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Abstract: 

The SU(3) limit of the interacting boson model is considered from tiV. 

perspective of the 1/N expansion. We show that truncation of the E2 

matrix elements in the spirit of the 1/N expansion and the Mikhailov 

plots greatly simplifies the complicated exact results and leads to 

some new insights. A list of E2 transitions among the ground, p and y 

bands, both in the SU(3) limit and in more general cases, is given, 

and some errors in the previous literature are pointed out. 
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The SU(3) group was first imported to nuclear physics by Elliott who used 

it to study spectra of the s-d shell. 1" 2 Later, as the rotational limit3 of the 

interacting boson model (IBM), 4 it became very popular and has found 

numerous applications (see Refs. 4-5 for reviews). The main reason for the 

widespread use of the SU(3) limit, despite its phenomenological shortcomings, 

is that it allows exact analytical solutions providing further insight to the 

problem at hand which would be hard to gain from numerical solutions alone. 

Though the SU(3) resulls for energies are very simple and thus sympathetic to 

the cause, the E2 matrix elements are usually quite complicated and hardly 

fulfil the above function. This problem becomes especially acute if one uses a 

general E2 operator, when some of the exact expressions run into a page 

length. The purpose of this brief note is to point out that the truncation of the 

exact E2 matrix elements in the spirit of the 1/N expansion6 and Mikhailov 

plots 7 leads to a substantial simplification of the results (comparable to the 

energies), thus making them easier to comprehend. 

The SU(3) limit in the IBM is generated by the quadrupolc operator 

Q l = [ s t d + d t s] (

| 1

2 )

 + x [ d t d ] ^ ) , (1) 

when v=y„ „=-V7/2. If the E2 operator is proportional to the group generator as 

in the above cases, one can then use Elliott's original expression to calculate 

the E2 matrix elements1 

< (X,n) K\ L' II Q II (X.n) K, L > = ^ ^ [ ^ 

{ [2X+u+3+7(L'-L)] ( K 0 L K ) C < K ' L ' > < K'< L ' ' K - L ' > < 2 > 

+ Vs/2 £ [u(p.+2)-K(K±2)]1/2 (J£ ±2 -(K±2)) C < K ± 2 ' L ' ) < K'- L > l K ± 2 ' V >) -



3 

where c(K,L) are the so-called Elliott coefflcients and i^L(L+l). Here we would 

like to clear a confusion in the literature regarding the use of c(K,L). Elliott 

had introduced two sets uf expansion coefflcients, the original c(K.L)1 which 

were used in the calculation of matrix elements (2), and later a(K,L)2 which 

were also adapted by Vergados who gave algebraic expressions for them.8 'fhe 

two sets are not equal but related through a(K,L)=b(K)c(K,L)2 where b(K) is 

giver, by (up to a phase factor)2 

r u' i 1 / 2 

b ( K ) = u-K u+K " ( 3 ) 

In the derivation cf the SU(3) matrix elements in the IBM, this distinction was 

not observed and a(K,L) have inadvertently been used in Eq. (2) instead of 

c(K,L), leading to some errors in earlier reported work. 

The Elliott basis used in Eq. (2), though physically appealing, lacks in 

orthogonality which is essential in the calculation of transition matrix 

elements. For example, the ($-v band overlap JVpyL = <LplLy> is given by" 

> * = [ ^ 1" 2 . (4) 
[2(2N-2)2-L][2(2N-l)2-L] 

This problem was resolved by Vergados^ who introduced an orthogonal basis 

via the Gram-Schinidt procedure where the lowest K-band of each 

representation (X,u) is fixed and the higher K-bands are each in mm 

orthogonalized to the lower ones. For example, the orthogonal p and y bands, 

which will also be used in the derivation of matrix elements below, are given by 

ILpo> = ILp>, IL1D> = WY(lL y>-JVwJLp>), ^ Y = f l - ( ^ p Y i , ) 2 r 1 / 2 , (5) 
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where the subscript o denotes the orthogonal state. The above choice rs 

completely arbitrary, and has become a standard in the literature for reasons of 

convenience (availability of analytical expressions). Nevertheless, the 

numerical generation of the Vergados basis has been a matter of concern in 

the l i terature 9 ' 1 0 which has jt been resolved satisfactorily. Below, we will 

show that the 1/N expansion also throws light on this issue and will give a 

criterion towards this end. 

Eq. (2) leads to a particularly simple expression for the g->g E2 transitions 

on which we illustrate the proposed truncation scheme 

<L+2gIIQIILg> = L<L020IL+20>V2N [ l + ^ - ^ 0 ^ Y . (4) 

Expanding the square root in Eq. (4) in powers of 1/N gives 

L , + 2N 4N 2 J ~ 1 + 2 ^ 2 N 4N 2 ' 8 *• 2N 4 N * ; + ' " { i ) 

Notice that truncating the series at the first layer, one obtains an expression 

suitable for a linear Mikhailov analysis.7 (As a general terminology, the n'th 

term in the expansion is called the (n-l)'th layer.) The errors associated with 

this truncation are quite small as can be seen from the second layer terms. For 

example, for N=14 which is typical for deformed nuclei, the relative errors are 

0.1% for the spin independent, and 5% for the spin dependent L(L+3) terms. 

The coefficient of the quadratic term in Eq. (5), which distorts the linear plot in 

L(L+3), is only 2 x l 0 ' 7 . Thus, for all practical purposes, the first layer results 

give a simple yet adequate representation of the E2 matrix elements. 

The utility of the above truncation is not overly apparent from the g-»g E2 

transitions as the original expression is itself simple. However, it becomes 

obvious when one considers that expressions for any other E2 transition (e.g. 
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the y->y E2 matrix elements which were never published in the literature 

before due to their complexity), become as simple as the ground band ones. The 

truncation also unifies all the quadrupole matrix elements which can now be 

written in the generic form1 l 

i n A 

< K\ L'II Q II K, L > = Nm[2-5KK] L <LK2K-K IL'K'> 

[ M 1 + M 2 ( ^ ) ] . (6) 

Here the powers of N are m=l, n=2 for the inband transitions, and m=l/2 (0 for 

B-vy), n=l for the interband ones. The Mikhailov parameters^ Mj and M 2 in Eq. 

(6) depend only on the bands considered, and for the inband (ground, 6 and y) 

transitions they are given by 

Mi = V^( i±^-) , M 2 = - 7 ^ ' < 7 > 

where the upper sign refers to the ground band and the lower one to the y and B 

bands. The B-»g and y-»g E2 matrix elements vanish in the SU(3) limit, and the 

coefficients for the B->y transitions are given by 

M,=Vi«0+^). M2 = - ^ p . (8) 

Here, it is of interest to note that if one reverses the Vergados basis (i.e. keep 

the y band fixed and orthogonalize the B band to it), the coefficients in Eq. (7) 

remain the same but M 2 and the 1/N term in Mj in Eq. (8) change signs. This 

happens because the B-y overlap (4) goes as 1/N2, and, to the order considered 

here, the choice of basis can only effect the B-*y transitions. Thus a clear-cut 

criterion for a numerical generation of the Vergados basis is to check whether 



the M 2 coefficient obtained from the p-Y Mikhailov plot agrees with the value 

given in Eq. (8). Note that M2 is independent of N and hence is not effected by 

taking the large N limit which is a necessary condition for an unambiguous 

test. Comparison of the individual matrix elements is not useful in this respect, 

as they trivially tend to each other in the large N limit, while the interesting 

physics (and vital information) is being lost in the process. 

Next, we consider a perturbation of the SU(3) Hamiltonian with a one-body 

term en d , which serves two purposes, (i) generates non-zero interband 

transitions, (ii) lifts the degeneracies so that the basis is uniquely defined. The 

perturbed matrix elements can be easily obtained from the band mixing 

formalism developed in Ref. 11. Since the inband transitions are already large, 

a perturbation has a negligible effect on them. Therefore, we consider only 

the interband ones here. Introducing the parameter 6=E/NK, the Mj and M2 

coefficients in Eq. (6) becomes 

p->g; M,= - . M 2 = 0, (9a) 

Y->g; M j = - ^ , M 2 = 0, (9b) 

(9c) 

Notice that the P-»g transition is larger than the v-»g one in contrast with the 

experimental systematics. Also the vanishing of the leading order M 2 in Eqs. 

(9a-9b) means that the slope of the Mikhailov plots for these transitions varies 

at least as 1/N2 instead of 1/N as suggested by the systematics.5 Thus a 

perturbed SU(3) analysis of interband E2 transitions in deformed nuclei is 

unlikely to be relevant. 

8 
M 1 = - M2 = 0, 

M l = ^ ' 
M2 = 0, 

M,= VI/2(l+ -L) 5 V7/2 
M 2 - - g 
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Concerning the second point, the M 2 coefficient in Eq. (9c) is seen to be 5 

times larger than the Vergados basis result (8). Since Mj and M2 in (9c) are 

independent of 5 (that is because the 8 from the overlap is cancelled with the 

one coming from the energy denominator), they can not be reduced by 

shrinking the perturbation. Therefore the e perturbation leads to an 

inevitable mixing of the p and y bands, and the basis it generates signally 

differs from the Vergados basis. That the two bases coincide in the large N limit 

is besides the point because then one can equally well use the Elliott basis and 

forget about all the complications ansing from the orthogonalization. 

In a previous work, 1 0 matrix elements for N=4 were compared in the 

Vergados and e bases and large deviations were found for most transitions. The 

reason for this is the use of an unrealistically low value for N which amplifies 

the spin dependent terms. We note, for example, that for N=4, the quadrupole 

moment of the ground band 2 + state is twice as large as those of the p and y band 

2 + states, and the Mikhailov plot for p-y transitions looks more like a scatter plot 

rather than a linear one. In the same work, 1 0 it was also noted that for large N, 

the difference between the two bases becomes negligible. This clearly shows 

the dangers of deriving conclusions from N dependent results. 

A similar study can be carried out for a % perturbation in the quadrupole 

operator (1) and leads to the reversal of sign in M 2 (9c). Thus the resulting 

basis is even further removed from the Vcrgados basis. Algebraically, a 

necessary condition for an interaction to generate the Vergados basis is that its 

p-y overlap should vanish but not the difference of its P and y band expectation 

values (otherwise the degeneracy is not resolved). Existence of such an 

interaction, which would lift the degeneracy of bands without mixing them, is 

unlikely. However there are claims 1 0 that a cubic term could achieve that. It 

remains to be seen how well it satisfies the criteria set above. 

The failure of the perturbed SU(3) approach in describing the intcrband 

transitions has led to the use of a more general E2 operator. 1 2 " 1 3 The matrix 
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elements in this case are even more complicated, thus the truncation scheme 

introduced above will be particularly useful. We generalize the E2 operator by 

introducing X = O-0)X S u 3 ' n ^q. (1). The corresponding matrix elements in the 

SU(3) basis can be easily computed from the expressions given in Ref. II . For 

the g->g transitions one obtains 

M I = ^ I > ^ - r( i+5k)]. M 2 = - T H ( I 4 ) - ( l 0 ) 

Comparison of Eqs. (7) and (10) shows that the effect of the general E2 operator 

is simply to renormalize the boson effective charge "e" by e-»(l-9/3)e, which is 

also true for the other inband transitions. For the interband transitions, the 

coefficients in (6) are given by 

P-+g; M 1 = ! - ( l + ^ j - ) , M 2 = 5 7 ' ( 1 , a ) 

P^ r, M1 = V w [ l + ^ - j ( l - ^ ) ] . M2 = - - P ( l + | ) . (lie) 

The transitions in Eqs. (10), (11a) and ( l ib) were previously calculated exactly 

using group theoretical techniques,1•* and are in agreement with the above 

expressions to the given order. The errors associated with the truncation in 

the general case are similar to those given after Eq. (5), and won't be discussed 

further (see Fig. 2 of Rcf. 13 for estimates). 

The deficiencies in the |$-»g and y-»g transitions in the perturbed SU(3) 

approach are seen to be cured in Eqs. (11); the "i-*g transitions dominate over 

the P-»g ones, and the slope of the Mikhailov plots vary as 1/N. Another 
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interesting result that follows from Eqs. (11a) and (l ib) is that the ratio "a" 

defined as 

1 M 2 

a = N ^ « < 1 2 > 

has the value 1/8N for both transitions independent of 0. Although this has the 

correct N dependence, its magnitude is a factor of 3-4 smaller than indicated by 

experimental sytematics. Curiously, one thing that the SU(3) limit gets right 

where the other parametrizations^ fail is the P-»y transitions. In the 

experimentally known few cases, the parameter apY has negative values 

consistent with Eq. ( l ie) . Notice that this predicton is specific to the Vergados 

basis. If one uses the opposite basis, the sign of ap r is reversed, l.i the 

phenomenological parametrizations^ where Ep > Ey, one is automatically locked 

into this opposite basis, and apy becomes positive. 

In conclusion, we have shown that the 1/N expansion and truncation of 

the exact E2 matrix elements in the SU(3) limit greatly simplifies the results 

without much loss of accuracy. The ensuing simplicity has led to some new 

insights and the identification of some errors in the previous literature. The 

truncated expressions are especially useful for Mikhailov analysis as they 

directly give the Mikhailov parameters (in the case of the exact results, one 

would have to plot the individual matrix elements and then do a least square fit 

to obtain the parameters). 
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