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ABSTRACT

In a recent paper [Z. Banggu, Phys. Rev. A 42, 761 (1990)] it is argued that some
solutions of the Boltzmann equation do not satisfy particle conservation as a consequence of the
independence of velocity on position. In this comment, the arguments and conclusions of that
paper are discussed. In particular, it is stressed that the temporal series used for solving the kinetic
equation are generally divergent A discussion about the particle conservation in its solutions is
also provided.
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In Ref. 1, it is argued that the Boltzmann kinetic equation, namely,

3 t / ( v , r , t ) + v . V r / + a ( r ) • V T / = Ic(v,r,t) (1)

can present solutions violating the conservation of the particle number. In order to show such a
characteristic, the distribution function is expanded in series of powers of the time:

(2)
*-o

and a recursive scheme is constructed to determine the successive temporal orders /i( v, r ) . The
conservation of the particle number is stated as follows:

dtN = dtj Jdv dr /(v,r,i) = ^ i i ' " 1 j Jdy dt /,(v,r) =

= 0 (3)

which requires

" ' d v d r / , ( v , r ) = 0 t 1 = 1 , 2 . . . (4)

Then, the recursive scheme is used to calculate some solutions up to the second order, for which it
is shown that / / d\ dr f2 (v, r ) ^ 0, in contradiction with Eq.(4). The origin of this is attributed
to the fact that the Boltzmann equation itself presents a contradiction, because of considering the
velocity v and the position r as independent variables. Meanwhile, the acceleration a can depend
onr .

Finally, a new (collisionless ) kinetic equation is introduced, for which v depends on r ,
and an exact solution is constructed by means of the expansion (2). For this solution, Eq.(3) is
shown to hold.

I intend now to discuss some of the arguments and the main conclusions of Ref. 1:

i) The fact that in the Boltzmann equation the velocity and the position are independent variables
is a consequence of the structure of the underlying theory, i.e., Hamiltonian mechanics 2 . In this
theory, each degree of freedom is associated with two independent quantities (position and momen-
tum for translational degrees) whose ensemble uniquely determines the state of the whole system.
For kinetic systems these two quantities can be taken to be r and v, and therefore the one-particle
distribution function, defined on the corresponding phase space, depends on these two independent
variables.

II) As presented in Ref. l,Eq.(l) cannot be deduced formally from Hamiltonian mechanics. In fact,
a ( r ) is taken to depend on / ( r , v,t) (see Eq.(12) in Ref.l), instead of representing an external
potential 3 . The interaction between particles should be included only in the collision integral
Je( v, r, t ) . Here, interactions are considered twice: once through Ic (with a hard-particle model),



and once through a ( r ) (through a gravitational potential). Equation (1) is then a model Boltzmann
equation 3 , proposed ad hoc when dealing with long range interactions (like gravitation), for which
the Boltzmann equation does not apply strictly.

Hi) The expansion in time powers is not a feasible method to solve kinetic equations. In fact, many
situations are known in which these series are not applicable. A typical case is found when the
distribution function displays a power-law long-^time decay 4 . Usually these temporal series fail
to converge. This is, for example, the case of the solution presented in Ref.l for the new kinetic
equation, displayed in Eqs.(28) and (29). Indeed, each temporal order / j (v , r ) contains a term
(—2r • v ) \ so that the series converges only for jr • v | < (2t)~l. Therefore, for any finite time
there exists an infinite region of the phase space within which the given solution does not converge.
Inversely, for (almost) any point of the phase space there is a critical time after which the solution
diverges.

This argument can be qualitatively extended to Eq.(l). In fact, for the isotropic initial
conditions given as examples of violation of particle conservation, the advective term of the equa-
tion, v • V r / , is expected to introduce successive powers of v in the temporal orders of the solution.
The geometric character of the resulting series implies divergence in relevant parts of phase space.

iv) Once the convergence of the temporal series has been shown to fail, the discussion of particle
conservation through Eqs.(3) and (4) is inapplicable. Therefore, such a conservation law for Eq.(l)
must be discussed otherwise: Consider the integral of Eq.(l) on both the velocity and position

spaces, namely,

= - f dvv • f dr V r / - fdra(r) • f d\ Vv / . (5)

Because of the conservation of particles in each collision, Ic does not contribute to d^N. Conse-
quently, the eventual variation of the particle number is determined by the integral on the whole
phase space of the drift terms in Eq.(l). Both integrals on the r.h.s. of Eq.(5) have the form:

1 = Jdxu(x)- JdyVyf (6)

where the integral on y can be converted in a surface integral as

1= fdxn(x).J dsf (7)

provided that it is taken in the limit of a surface with infinite radius. This surface integral will
vanish except in the case in which / decays sufficiently slowly as a function of y, namely, slower
than y~2 (in three dimensions). In this latter case the integral can reach a finite value or even
diverge, representing a net flux of particles "abandoning" the phase space. This case could be met
for strong-interaction models, in which a finite fraction of the particles can develop accelerations
such that velocities (and therefore, positions) become infinite in a finite time. In this sense, one can



say that eventually the number of particles is not preserved. However, since in such cases / decays
slower than r~2 or v~2, the density is not a finite number, and the problem becomes uninteresting
in kinetic theory.
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