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INTRODUCTION

The study of Hopf fibrations is closely intertwined with the study of Blaschke manifolds.
A Blaschke manifold is a Riemannian manifold (M, g) such that the tangential cut locus
TC(p) C TPM at any point p € M is isometric to the sphere of constant radius. It has the
property that the exponential map expp : TC(p) —* C(p) to the cut locus of p is a fibration
of a sphere by parallel great subspheres (see [GWZ2]). The model spaces axe the round
spheres (5n) and the projective spaces (RPn, CPn, HP" and the Cayley plane CaP2). For
the model spaces CPn, HP" and CaP2, the exponential maps of the tangential cut locus to
the cut locus are just the Hopf fibrations S1 --» S2""1 -> CP1*"1, S3 <-+ S4""1 -* HP""1

and S7 *-* 5 1 5 -+ Ss respectively. Blaschke conjectured that every Blaschke manifold is
actually isometric to one of the model spaces. (This has been proved for Sn and RPn).
Replacing the word "isometric" with the word "homeomorphic", we get what is called the
topological Blaschke conjecture. To prove the topological Blaschke conjecture for the other
projective spaces it suffices to show that a smooth fibration of a sphere by great subspheres
is topologically equivalent to a Hopf fibration. Gluck, Warner and Yang has shown that
the topological Blaschke conjecture is true in dimensions less than or equal to 9 [GWY],
They also showed that a Blaschke manifold modelled on CaP2 is homeomorphic to it. We
shall not concern ourselves with the Blaschke problem here. Instead, we shall consider
subfibrations of the Hopf fibrations.

The Hopf fibration 5 3 <-* S7 —* S4 is obtained from the intersection of quaternion-
lines in H2 with S7, and observing that S4 = HP1. The Calabi-Hopf-Penrose fibration
CP «—» CP3 —* $* is obtained via a quotient of two Hopf maps:

(see [LI]). This fibration has been of use for instance in the study of harmonic maps
of surfaces into S4 (see [LI]). Since the Hopf fibration S7 w S15 -» S8 is obtained by
considering "octonion lines through the origin" i n O x O , where S8 can be thought of as
an "octonion projective 1-space" (see [S, pp. 108-110]), it is natural to wonder whether
one can obtain a fibration CP3 '—* CP7 —+ 5 8 via a quotient of Hopf maps:

C8 - {0} = O x O - {0}

Hopfc I j Hopfo

CP3 » CP7 • S8.

Ranjan [R] showed that there does not exist a Riemannian submersion of CP7 (with the
Fubini-Study metric) onto 5 8 with connected totally geodesic fibres (isomorphic to CP3).
However, he left unanswered whether a topological fibration

(*) CP3 ^ CP7 -^ S8



exists, where CP5 and CP7 are thought of as topological manifolds, possibly with exotic
differentiable structures. If the topological Blaschke conjecture is true for spaces modelled
on CP , then the existence of the fibration (*) is equivalent to the existence of a great
circle subfibration of the Hopf fibration S7 <-» 51 5 —• 58 .

If the fibration (*) exists, then we have a family {CP^ | x € S8} which "fill up" CP7.
Suppose CP has an almost complex structure J and an almost hermitian metric, and
(CP^, Jx) is an almost complex submanifold such that the inclusion of the fibre CP^ «—»• CP7

is holomorphic and isometric. (This implies that the projection map TT is a Riemannian
submersion). Let ux denote the Kahler form of Jx. Suppose {dujj)1^ = 0, i.e. CP3 is
(l,2)-symplectic. Then CP^ w CP7 is harmonic and hence TT : CP7 -* S8 is a harmonic
morphism (see [EL]). Now, the map V>: S8 —* 5* is a harmonic map, since it is a suspension
of the Hopf map S7 —> S4. The map T\ : S5 -+ RP5 is a local isometric covering, and the
map T2 : IOr —• CP5 is a totally geodesic isometric embedding (with appropriate choices
of metrics). Consequently, the composition

T2OT1Otl>OK: CP 7 -> C P 5

is harmonic. Thus, the existence of the fibration (*) which satisfy certain additional
conditions will result in an example of a nontrivial harmonic map of a higher dimensional
complex projective space to a lower dimensional complex projective space.

Alas, one must look elsewhere for such an example! In this paper, we show that there
does not exist a PL-fibration CF\ «-» CP7, -»£* where CP£ denotes a PL-manifold homo-
topy equivalent to CP*. A corollary of this is that the Hopf fibration £ : S7 <-* S15 -+ S8

admits no subfibration by PL-circles (even small PL-circles!)
After some preliminaries, we begin with an easy case by considering unitary bundles over

S8. Using Bott periodicity, we show that the structure group of the Hopf bundle £ cannot
be reduced to 17(4). We then use PL-topological methods to prove the nonexistence of PL-
bundles over 5 8 with fibre CPJJ and total space CP7,. The idea is to prove the nontriviality
of the PL-tube of CP3 in CP7 and then, assuming the existence of the fibration, arrive at
a contradiction by using the Pontrjagin-Thom argument.

0. PRELIMINARIES

1. The Hopf fibration over S8 . Let O denote the octonions, the 8-dimensional normed
division algebra over R. (Beautiful discussions on the algebra of the octonions can be
found in the appendix of [HL, pp. 140-145], in [Cu] and in [S, pp. 108-110]. More on Hopf
fibrations can be found in [GWY], [GWZ1] and [GW22].) Consider O x O = {(c, d) \ c, d €
O} *S R16. Let S15 denote the unit sphere in O x O. D e f i n e p : 5 l s ^ 5 8 s O U {oo} as
follows

1

1 - 1 -Observe that if a sequence {dn} converges to 0, then {d~*} converges to oo. Thus if {cn}
converges to some c ^ 0, then {cnd~l} converges to oo. So p is a continuous map. The
fibre above any point x € S8 is given by

i(xd, <f) t d € O, ||(xd, d)\\ = 1}, if x ^ oo
{(c,0)|c€O,j[c| | = l} , ifx = oo.
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Therefore p~*(x) = S7 for all x. These fibres are great 7-spheres in S15. We then have
the Hopf fibration

£ : S7 ^ S15 -^ S8.

Now consider the local trivial]zations of the bundle £ over the open sets U\ ~ S* — {00} = 0
andW2 = S 8 - { 0 } :

V>i :Wi x S7 -tp^iUi) where (10,u) •-• (u>u,«)/||(iwu,u)||

and
¥>2 : W2 x S1 -*p-\U2) where (u>,v) 1-* K u T ^ / I K ^ u r ' v ) ! ! .

Then for (u>,u) € (Wi flW2) x S7,

= (wu{u-l),{wl\\w\\)u) since ||«|| = 1

where w — wf\w\ and where L^ denotes left multiplication in the algebra O. The transi-
tion function 512 : U\ ni/2 —* 50(8) is given,by w t-» L^. Let x denote the restriction of
this transition function to the equator S7 C S6. Then x • $7 —> SO(8) with x(*) = Lx, is
called the cAcrac<er»*iic may of the bundle. This characteristic map completely determines
the Hopf bundle £ over S8 [S, pp. 96-100].

Topologically, the associated vector bundle of the Hopf bundle over S8 is just D\ x
R8 U/ D\ x R8 where / identifies a point (z, v) € 0I>J x R 8 ^ S T x R 8 with the point
(a;, Lxv) € dD\ x R 8 ^ S 7 x R8. The gluing map / restricted to S7 x 57 is a map of type
(1,1). We will discuss (1, l)-maps later in the next subsection.

One may ask whether the structure group of £ has a reduction to U(4). If it has such
a reduction, then the complex structure on the fibres would subfibrate £ by great circles.
One may try to construct this by first defining some complex structure on the fibres of
D\ x R8 and then transferring it over to D8 x R8 via the characteristic map \. For each
x € Df, define J\tX : R8 —» R8 by «7i,x(u) = Li(v)• (One could also use right multiplication
by i). Clearly J j x = -Id. Then, for each x € dD\ we define J2>* : R8 -+ R8 by
^2,x{v) = Lx o Li o Lx{v). If 3iyX could be extended to all of D\ as an orthogonal complex
structure on R8, we would be done.

The space of orthogonal complex structures compatible with the given orientation on R8

is SO(8)/U(4). We thus have a map J2 : S7 -+ SO(8)/U(4). It follows that J2,x extends
to all of D | if and only if J2 is homotopically trivial. Herman Gluck has shown explicitly
that J2 is not homotopically trivial by using the arithmetic of the octonions [G]. In Section
1, we will prove this same result in a more general setting using Bott Periodicity.

2. Constructions of CP'-bundles over 5 8 . We begin with some notation. Let M
be a manifold with some topological, piecewise linear or differentiable structure. We will
let Top(Af) and Stop(M) denote the group of homeomorphisms of M and its connected



component of the identity respectively. (Equivalently, Stop(Af) is the group of orientation
preserving homeomorphisms of M isotopic to the identity.) Similarly, PL(M) and Diff(M)
will denote the group of PL-homeomorphisms of M and the group of diffeomorphisms of M
respectively, with SPL(M) and DifFo(M) denoting their respective connected components
of the identity.

All CP3-bundles over S 8 with structure group StopfCP3) such that the total space is a
topological manifold X are obtained by taking two copies of the product of an 8-disk with
Cr and gluing them along the boundary via a suitable clutching map.

Let i> : 5 7 - • StopfCP3) be a characteristic map, i.e. for each x € S 7 - dD% = dD6_,
the map i>x : CP^ —* CP 3 is a homeomorphism. Consider the map

C*). * : S7 x CP 3 -» S1 x CP 3 defined by * ( x , z) = (x, i>s(z)).

Then X = D\ x CP 3 U^ D* x CP 3 .

Definit ion 0 .1 . A homeomorphism h : Sn x Sn -* Sn x Sn is said to be of type (1,1)
if the induced map hm : Hn(S

n x Sn) -» Hn(S
n x 5") = Z © Z is given by the matrix

0 1 with respect to the standard basis of Hn(S
n x Sn).

(
Remark 0.2. Homeomorphisms of type (1,1) can exist only for n = 1, 3, 7 since by Adams,
these are the only dimensions in which spheres are parallelizable. (It also follows from the
existence of Hopf invariant one maps only in these dimensions. See [H].)

Definition 0.3. A homeomorphism $ : 52""1"1 x CPn -+ 5 2 n + 1 x CP" is said to be of
type (1,1) if $(z, z) = (x, $x(z)), and for a fixed z the map <p : S2n+1 -* CPn defined by
ip{x) — 4>x(z) is homotopic to the Hopf map (i.e. <p is a generator of 7r2n+i(CPn) ^ Z).

Remark 0.4- Any such homeomorphism, $, lifts to a homeomorphism $ : 5 2 n + 1 x 5 2 " + 1 —>
S2n+1 X52n+1 of type (1,1).

Remark 0.5. Consider the graph

T, := {(*,*«(*)) I x € S2n+1} C S2n+1 x CPn

corresponding to a type (1 , l)-map $ . Then the first factor projection map p \ : Tx -+ 5 2 n + 1

is a degree one map and the second factor projection map p^ : Tz —* CP" induces an
isomorphism on the (2n + l ) - th homotopy groups.

We now return to the case when n = 3. Fix a point po € CP 3 . Consider the graph

r p o := {(z,V*(po)) | x € S7} C S 7 x CP 3 .

The bundle defined by * in (*) has total space homotopy equivalent to CP 7 if and only if
$ satisfies the following conditions:

(HI) * is a homeomorphism of type (1,1);
(H2) F p o is homotopic to a graph of the Hopf map;
(H3) ^ r e StopfCP3) for all x € S 7 .



Actually (H2) and (H3) are redundant, introduced for the sake of clarity. We will show
that such a *& does not exist in the PL-category i.e. there does not exist a PL-bundle over
S6 such that the total space and fibre are PL-manifolds homotopy equivalent to CP7 and
CP3 respectively.

First, consider the constant graph

Tmnwt := {(x,c)\x £ S7} C S7 XCF*

for some constant c € CP3. Observe that S7 x CP3 — T^IM is a trivial bundle over S7, i.e.

S7 x CP3 - Feonist £ S7 x (CP3 - {point}) a S7 x

where OCps(l) denotes the hyperplane bundle over CP2. Now consider the Hopf map
JiQ* : S7 —» CP3 obtained via

Then its graph is
FHopf := {(*, M * ) ) | x € S7} C 57 x CP3.

Let iV := 5 7 x CP3 - FHopf. It is an C?Cp>(l)-bundle over S7.

Proposition 0.6. The map ty satisfying (Hl)-(H3) exists if and only if N is a trivial
bundle.

Proof. Suppose N is trivial. Then set FPo = FHopf. Since both N and S7 x CP3 -
Fconst are trivial bundles over S7 with fibre CP3 — {point} = OQ$*{\), there is a bundle
homeomorphism between S7 x CP3 — FconBt and JV. This extends to a homeomorphism
$ : S7 x CP3 -f S7 x CP3 which is the identity map on the first factor and which sends
Fconst to rHopf, i.e. tf(z,«) = (x,ipx(z)) for all x € S7, z € CP3 and V* € TopfCP3).
Furthermore, ^(x,p0) = (^)^c4(x))> i-e- V'i(po) = ^c^C1)- ^ particular we can choose
p0 = hC4(l) so that ^x € Stop(CP3) for all x € 5 7 .

Conversely, suppose there exists a map * which satisfies (Hl)-(H3). Then ^{(x^o) I
x € S7} = {(x,ftC4(x)) | x € S7} for some p0 € CP3, i.e. *(Fcon,t) = rHopf where we have
chosen the constant to be po € CP^. Since ^ is a homeomorphism which is the identity
on the first factor, ^ : S7 x CP3 — FeOBBt —* S7 x CP3 — rHopf is a bundle homeomorphism,
i.e. N is a trivial bundle. D

Lemma 0.7. Tie normal bundle ^(rHopf) of FHopi in S7 x CP3 is trivial as a reaJ bundle,
i.e. its total space E(u(THop{)) = S7 x D6.

Proof. We shall identify R8 with the octonions O, an eight dimensional nonassociative
normed algebra over R with standard basis {1, : , j , fc, e, ie, je , Jfce}. Note that the Hopf
circles on S7 are oriented, i.e. for any x € 57 , the Hopf circle has orientation given by the
oriented pair {x,ix}. Now observe that FHopf is transversal to {x} x CP3 for all x € S7.
Furthermore, the normal bundle u(THopt) of FHopf in S7 x CP3 is precisely the bundle Sj of
real 6-planes in S7 orthogonal to the unit vector field tangent to the oriented Hopf circles

6



on S7. Using octonion algebra multiplication we see that jx, fci, ei, (te)x, (ji)x and
(ke)x axe six mutually orthogonal unit vectors orthogonal to the Hopf circle at x € S7.
(Orthogonality follows from the fact that {x,ex} = (l,c)|x|2 = 0 for any x € S7 and any
basis element c orthogonal to 1.) This gives us six real independent sections of the bundle
Sj. Thus S) and hence v(THop,) is trivial. D

Corollary 0.8. The boundary of the normal bundle dv(TnaPt) is trivial as a real bundle,
i.e. its total space E(dv(THop{)) 2 S7 x S5.

Proo/. This follows immediately from Lemma 0.7. •

Remark 0.9. It will follow from Theorem C that N is a nontrivial PL-bundle over S7. If we
let N denote the complement of an open smooth tubular neighborhood of rHopf in JV, then
by-Corollary 0.8, its boundary dN is trivial as a real SO(6)-bundle over S7 with fibre S5.
However, Theorem C will show that N is nontrivial as a PL-bundle over S7. In particular
it is nontrivial as a smooth bundle. Let a : S6 - • DiffofOcrK1)) b e t h e characteristic map
of N, Then a represents a nontrivial element of i

1. UNITARY BUNDLES OVER S8

In this section, we will let (& denote the underlying real vector bundle of a complex
vector bundle f.

Lemma 1.1. Let ( be a complex 4-plane bundle over S6 with structure group U(4).
Then the Euler class e(£i) = 6ma € H6(S8;Z) for some m e Z, where a is a generator

8 8

Proof. Observe that the Chern character

Ch{£) = rk(() ± (4c4(O/4!) € H°(S*;Z) ® H*(S*;Z)

by the integrality part of Bott periodicity for complex unitary bundles over even-dimen-
sional spheres (see [H, pp. 279-280]). Thus,

e(£ft) = ci{0 — 3!ma = 6ma for some m € Z.

Alternatively, this can be seen from the long exact sequence of the fibration U(Z) <-*
17(4) -+ S7:

> ,r7t7(3) A K7U(4) i TT75
7 A 7r6t7(3) -» n6U(4.) -» • • •

By Bott periodicity, TT7^(4) S Z, 7r6t/(3) S 2/6Z and 7r6C7(4) £ 0. Also, TT75
7 S Z.

Thus, c is onto, t(l) = 6 and a is the zero map. An element of ir7U(4.) corresponds to the
characteristic map of a complex 4-plane bundle £ over Ss and its image under b corresponds
to the Euler class of £i. D

Using the isomorphism fT8(58; Z) £ Z, we will identify o with 1 € Z for the rest of this
section.



Lemma 1.2. Let S(£)denote the sphere bundle associated to a complex 4-plane bundle £
over S8 with structure group 17(4). Then the total space S(E) is not a homotopy 15-sphere.

Proof. First, notice that if £ is trivial, S(E) ¥ S8 x S7 which is certainly not a homotopy
15-sphere. Now, let £ be a complex unitary 4-plane bundle with Chern class m ^ 0. Then
by Lemma 1.1, e(&) = 6m = e(S(£))- I*t M15 denote the total space S(E). Then

M15 = <Dj X 5 7 ) U / ( I > L X 5 7 )

where D+ and Dt correspond to the upper and lower hemispheres of S8 respectively. The
attaching map / is defined by /(x,y) = (x,gx(y)) where x € S7 = 8D\ = dDt and
g : S7 —• U4 is the characteristic map of the bundle. Note that gx : S7 —• 5 7 is a map of
degree 6m (= e(fa)). Thus, the Mayer-Vietoris sequence is

> Ht(M) -t, H7(S
7 x S7) i H7(D% x S7) ® H7(D*_ x S7)

A H7(M) A ff6(S
7 x S7) -» • • • .

Now, #7(S7 x S7) S 2 © Z, H7(Dl x S7) © J?7(2?L x 57) S Z © Z, and i?6(S7 x 57) & 0.
Since /*{a, 6) = (fe, 6 + 6ma), we see that A is the zero map and hence Hj(M) = Z/6mZ.
Thus, M15 is not a homology 15-sphere. The Mayer-Vietoris sequence also shows that
H\{M) = H2{M) = ••• = H$(M) = 0. Furthermore, Van Kampen's Theorem implies
that M is simply connected. By the Hurewicz isomorphism theorem, ^ (M 1 5 ) = Z/6mZ,
showing that Mi5 is not a homotopy 15-sphefe. D

Theorem A. Let ( denote the Hopf Gbration of S15 by great 7-spheres. Then the struc-
ture group off cannot be reduced from SO(S) to U(4).

Proof. The Hopf bundle has Euler class 1, so the theorem follows immediately from Lem-
mas 1.1 and 1.2. D

Note that as mentioned in the previous section, the above theorem has been proven
independently by Herman Gluck using the arithmetic of the octonions [G],

Let Q : S7 —* PSL{A, C) denote the characteristic map of a CP'-bundle rj(a) over SB

with structure group P5-L(4, C). Observe that ?r : S£(4,C) —» PSL(4, C) is a covering map
with fibre Z/4Z. Since S7 is simply connected, there exists a lifting a : S7 —* SL(4, C). Let
£(a) denote the C4-bundle over S8 whose characteristic map is a. Thus, every CP3-bundle
T}(a) over Ss arises as a projectivization of the associated C4-bundle £(a).

Conversely, associated to a complex unitary 4-plane bundle f over 5 8 is a CP^-bundle,
P(£), obtained by projectivizing each fibre. We will let ¥(E) denote the total space of
the bundle P(£). First, observe that if £ is a trivial bundle, so is P(£), and hence F(E) =
Ss x CP3 is not a homotopy CP7. Now, assume that £ is nontrivial. Since each complex
line in C4 intersects the unit 7-sphere in a circle, F(E) is just the orbit space M15/Sl,
where M1 5 is the total space of the sphere bundle associated to £. The long exact sequence
of the fibration S1 w M15 -

shows that TT7M S TT7F(E) S Z/6mZ for some nonzero integer m by the proof of Lemma
1.2. Since v7C¥7 £* TT75

15 a 0, ¥(E) is not a homotopy-CP7. Thus,

8
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Theorem B. There does not exist a CP3-bundle aver 5 8 with structure group PS1(4, C)
such that the total space is a homotopy-CP7.

Corollary 1.3. Let ( denote the Eopf£bration of S15 by great 7-spheres. Then there is
no sub£bration of £ by oriented great circles arising from a free SO(2)-action orthogonal
in each great S7-fibre.

Proof. Suppose there were a subfibration of £ by oriented great circles arising from a free
S0(2)-action orthogonal in each great S7. This means that the associated real 8-plane
bundle is subfibrated by real oriented 2-planes. The R8-fibre above each point x € S8 is
given a complex structure Jx obtained by orthogonally rotating each vector v by an angle
v/2 in the oriented 2-plane containing v. Since the great circles are varying continuously
with x over 58 , so are the complex structures Jx. We thus have a rank 4 complex vector
bundle over S8 and by Lemma 1.1, the underlying real 8-plane bundle has Euler class a
multiple of 6, contradicting the fact that it is a Hopf bundle. D

2. PL-BUNDLES OVER S8 WITH HOMOTOPY-CP3 FIBRES

In this section, we prove the nonexistence of PL-bundles over Ss with fibre homotopy
equivalent to CP^ and total space homotopy equivalent to CP7. The basic idea is that
if such a bundle were to exist, then a typical fibre will have a trivial PL-tube by the
Pontrjagin-Thom argument. However, CP3 has a nontrivial normal bundle. We begin
with a definition of Hirsch on PL-tubes [Hi].

Definition 2.0.1. Let M be a PL-manifold of dimension n + k, and let A be a PL-
submanifold (possibly with nonempty boundary) of M of dimension n. A closed PL-tube
for A in M is a PL-bundle p : E —* A such that E C M, the interior of E is a neighborhood
of the relative interior of A, p is a retraction, and the fibres are closed fc-PL-cells. We will
call a fibre of p a normal disk. An open PL-tube for i in A/ is a bundle as above whose
fibres are open fc-PL-cells. We say that the PL-tube is trivial if the bundle is trivial, i.e.
E is a product of A with the fibre.

Remark 2.0.2. The normal disks can be chosen with arbitrarily small diameter by using a
barycentric subdivision, and then taking the star of the submanifold A in the tube.

Remark 2.0.S. In the smooth category, every smooth submanifold has a closed tubular
neighborhood. However, in the PL-category, tubular neighborhoods always exist only in
a stable range. For example, Hirsch showed in [Hi] that there exists a PL-embedding
S4 x I C R8 having no closed PL-tube. He showed that A has an open PL-tube provided
k > max{n — l,(n + 3)/2}. Such an open tube is unique, i.e. any two open tubes are
isotopic, provided k > max{nt(n + 4)/2}. Furthermore, a closed PL-tube for A exists and
is unique provided k > max{n, (n + 3)/2} and k > max{n + 1, {n + 4)/2} respectively.

Remark 2.0.4- In Hirsch's theorem, one can actually obtain a closed PL-tube containing
normal disks which are prescribed at a finite set of points in the submanifold A, [KS, pp.
160-162].

Remark 2.0.5. When A is a closed PL-submanifold of M, then from the definition, the
open PL-tube for A in M is just a normal PL-microbundle [KS, p. 84].



1. Fibres homeomorphic to CP3. We will begin with the simpler case where the fi-
bre and total space are homeomorphic to CP3 and CP7 respectively. We will first prove
a technical lemma which asserts that a CP3 which is PL-embedded in CP7 in an appro-
priate homotopy class is ambient PL-isotopic to a standard CP3 C CP7. This lemma is
then used to prove a theorem on the nonexistence of PL-fibrations of CP over S8 with
fibre homeomorphic to CP3. We will let CPn denote a PL-manifold homeomorphic (but
not necessarily diiFeomorphic) to CPn, the complex projective n-space with the standard
differentiable structure. Note that by Siebenmann, [KS, p. 331], the PL-structure on any
PL-manifold which is homeomorphic to CPn is unique up to isotopy for n > 3. However,
there may not be a unique differentiable structure compatible with the PL-structure.

Lemma 2.1. Suppose i : CP3 «-» CP7 is a PL-embedding which induces an isomorphism
im'\ 2r6(CP*;Z) -> J-T6(CP7;Z). Then ((CP3) is PL-isotopic to a standard linear CP3 in
CP7.

Proof. First observe that t« induces an isomorphism on the homology groups up to dimen-
sion 6. This is because if a denotes a generator of iT2(CP3; Z), then a3 is a generator for
JET^CP^Z) and so ( i*) - 1 ^ 3 ) 2 ( ( I ' T V ) ) 3 is a generator of #6(CP7;Z) which implies
that (t*)"1** is a generator for ff2(CP7;Z).

Now, choose a standard linear CP3 C CP7 disjoint from rXQP3), call it P,. Choose
another standard linear CP3 disjoint from Pi, call it P2. Using the standard complex
structure on CP7, we see that the complement of Pi in CP is just the total space of
4OQjf»(l), i.e. the total space of the Whitney sum of four copies of the hyperplane bundle
over CP3 (see [L2]). Using the projective geometry of CP7, we obtain a well-defined
projection

•K : CP7 - p ! 2 £(4C?CF»(1)) - • P2-

This gives us a retraction r< : £(4C?CF»(1)) -* P2 with ro(i(C^)) ~ tfCP3) and n :
ifCP3) -> P2 is a homotopy equivalence by Whitehead's Theorem [WhG, pp. 181-182].
Thus ifCP3) is homotopic to P2 = CP3. Hence, there is a PL-immersion

F : CP3 x [0,1] -> CP7

such that F(CP3 xO) = ifCP3) and W P 3 x 1) - P2. By PL-transversality [KS, p. 100], we
may assume that F is self-transversal with the double points contained in PfCP3 x (0,1)).
Choose a sufficiently small « > 0 so that F extends to a PL-immersion F : CP3 x [—e, 1 +
e] —* CP7 with no additional double points.

We next use a variation of the Whitney trick to show that there is a PL-embedded
cylinder CP3 x [0,1] whose boundary components are t'fCP3) and CP3 respectively. We
will call this the wedding ring argument.

Let X = PfCP3 x [-e, 1 + c]) and let pu,.. ,p* € FfCP3 x (0,1)) denote the double
points of transversal self-intersection. Let Ui be a sufficiently small neighborhood of p,
(with the Ui's mutually disjoint) so that U,;C\ X — Vn U V^ with Vn and Vi2 each PL-
homeomorphic to the standard 7-simplex and with Vn fl Vj2 = {pi}- Now let

*
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Observe that Y is an embedded PL-submanifold-with-boundary of CP7. Y has a closed
tube in CP7 by Remark 2.0.3. The idea of the wedding ring argument is to recap these 7-
simplices which have been removed so that the resulting manifold is PL-embedded. Choose
a PL-embedded curve 7,- in Y from p, to FfCP3 x {—«/2}), avoiding the sets V,2, j =
1,.. . , k;j ^ i. Parametrize 7* so that 7,(0) = p> and 7,(1) € FfCP3 x {-e/2}). We will
next "thicken" the curve 7,- in Y as follows. Let A6 denote the standard 6-simplex with
barycenter 6. Let o, : A6 x [0,1] -» Y be a PL-embedding such that a; sends {1} x [0,1]
onto 7J. This means that the image of a,- is a closed tube Ti for 7i in Y (see [Hi]). Note that
Ti is a PL-embedded submanifold-with-boundary of CP7, in fact X, is PL-homeomorphic
to a 7-disk. We next thicken Ti to a closed tube in CP7. Let A7 denote the standard 7-
simplex with barycenter B. Choose a PL-embedding fa : Ti x A7 —+ CP7, a trivialization of
a closed tube of T, (which exists since Ti is contractible), such that the following conditions
hold:

(1) The fa's have mutually disjoint images
(2) fc(x,B) = xioTattx€Ti
(3) 0i({pi} x A7) = VS,
(4) Letfi = faijiX A7), a tube of Y restricted to 7,. Then dTini^CP3 x[0,1]) = VA.

Note that we can choose the /?,-'s such that these conditions are satisfied by Remarks
2.0.2-2.0.4.

Now let

JJ dfA - m iY = ((FiCF3 x [0,1])) JJ dfA - m int (Va - {Pi})

Let Wi — dTi — int(Vii). Observe that W, is PL-homeomorphic to a 7-simplex. Therefore
Y is obtained by "pushing" each Va along the curve 7, to eliminate the double point p;
("removing the wedding ring from the finger"!) This procedure (homotopically) deforms
F into a PL-embedding. Hence by Palais' Theorem [P] (which is also valid in the PL-
category), there is an ambient PL-isotopy of CP7 to itself taking ((CP3) to CP3. D

Theorem C. There does not exist a PL-£bration n : CP7 -> S8 with £bre CP3, where
CP" denotes a PL-manifold homeomorphic to CP™.

Note that by Milnor, there are only two different!able structures on 58), and Theorem
C holds for either differentiable structure. Now observe that by Remark 2.0.3, any 6-
dimensional PL-submanifold of CP7 has a unique closed PL-tube. This holds in particular
forCP3.

We will prove Theorem C by contradiction via a sequence of lemmas, assuming that a
fibration n : CP7 -+ S8 exists, with fibre CP3. To simplify notation, let L = TT" 1 ^) denote
a fibre above some point p € Ss.

Lemma 2.2. The PL-tube 1{L) of L in CP7 is trivial, i.e. it is PL-homeomorphic to
X x A 8 .

Proof. This follows immediately by the Pontrjagin-Thorn construction, since it is a fibre
of a locally trivial fibration! (see [M, pp. 42-43]). D
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Lemma 2.3. Let a € H2(L; Z) denote a generator for the cohomology of L. Then a
generates the cohomology ring J/*(CP7; Z).

Proof. This follows immediately from the Wang exact sequence (see [Sp, p. 456]):

'^fCPj; Z) - H'+1(C¥7
k; Z) - • • • .

D
Lemma 2.4. Let %(L) and TfCP3) denote closed PL-tubes ofLinCF7 and CP3 in CP7

3v. Tien tbere exists a PL-homeomorphism f : %{L)

Proof, As noted before, by Siebenmann the uniqueness of the PL-structure on CP7 gives
us a PL-homeomorphism / : CP7 -+ CP7. Then the unique PL-tube of f(L) in CP7 is
trivial by Lemma 2.2. By Lemmas 2.3 and 2.1, f(L) is PL-isotopic to a standard linear
CP3 in CP7. This PL-isotopy carries the closed PL-tube of / (£) PL-homeomorphically to
the closed PL-tube of CP3. •

Lemma 2.5. The normal bundle ^(CP3) of CP3 in CP7 is nontrivi&l as a PL-bundle.

Proof. First observe that i/fCP3) & 4OCj*(l)- For simplicity, denote this bundle by
Also, let r) denote the hyperplane bundle Ccpsfl)- Now, the total Chern class of £ is

+ 4C1(T?)
3

The total Pontrjagin class of ( is given by

= 1 - (4c1(r?))
2

In particular, pi(£) = — 4ci(t7)2 ^ 0. Let / : CP3 —+ BO be the classifying map for £.
Let pi € H4(BO;Z) denote the universal first Pontrjagin class. Then, f*(pi) = p i (0 is
nonzero in ^ ( C P ' j Z ) and hence is nonzero in ^(CP^jQ) . Recall that H*(B0;Q) Si
H*(BPL; Q), being a polynomial algebra generated by the Pontrjagin classes [MS, p. 250].
Since stable PL-microbundles are classified by BPL [KS, pp. 180-190], we see that £ is a
nontrivial normal PL-microbundle. D

Corollary 2.6. Tie open PL-*ube of CP3 in CP7 is not trivial, i.e. it is not PL-homeo-
morphic to CP3 x A8.

Proof. The open PL-tube of CP3 in CP7 is unique by Remark 2.0.3 and it is a normal
PL-microbundle by Remark 2.0.5. By Lemma 2.5, it is nontrivial. D

Proof of Theorem C. Lemmas 2.2 and 2.4 imply that the PL-tube of CP3 in CP7 is trivial,
contradicting Corollary 2.6. D
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Corollary 2.7. A PL-Jiomeomorphism * : S2 n + J x CP" -+ S 2 n + 1 x CP" of type (1,1)
exists if and only if n = 1, (excluding the trivial n = 0 case).

Pro©/. As mentioned in Remark 0.2, nontrivial type (1, l)-homeomorphisms exist only
when n = 1 or 3. Theorem C eliminates the n = 3 case. D

2. Fibres homotopy equivalent to CP3. We now generalize the results of the previous
subsection. We will demonstrate the nonexistence of PL-bundles over S8 with total space
homotopy equivalent to CP7 and fibre homotopy equivalent to CP3. Recall that a manifold
is homotopy equivalent to CP" if it is simply-connected and has an integral cohomology
ring isomorphic to if *(CPn). We will let CPJ denote a PL-manifold homotopy equivalent
to CP n and we will refer to CPjJ as an exotic complex pTojective n-apace.

JThe idea now is to reduce our problem to the case of the previous subsection. If a
CPJi-bundle over S8 with total space CPj were to exist, the Pontrjagin-Thom argument
would imply that the tube around a fibre is trivial. Let T denote the trivial tube around
a fibre in CP£. We want to show that this would imply the existence of a trivial tube of
CP3 in CP7, contradicting Corollary 2.6.

It is clear from the construction of exotic complex projective spaces (see [MM, pp. 164-
173]) that we cannot do surgery on the complement of a tube T of CP | in CPj, to turn
the ambient space into CP7. However, we can "stabilize" the situation by considering
CPfc x Sn for some large n. We will show that this is stable in the sense that there is a
PL-homeomorphism between CP7, x Sn and CP7 xT 5 n , an 5"-bundle over CP7.

Let (M, A) denote a manifold pair where A is a submanifold of M. We will denote by
{My A) x X the pair (M x X, A x X) for any manifold X. Similarly for bundles, (M, A)xTX
will denote the pair (M x r X,A xT X), where A xT X is the restriction of the bundle to
A.

Proposition 2.8. For every integer n > 15, there is an Sn-bundle £ = CP7 .x r Sn such
that the pair (CP^CP^) x 5 n is PL-homeomorphic to the pair (CP7^CP3) xT Sn where
CP3 is a projective linear submanifold of CP7.

Proof. Let 0 and co denote the south pole and north pole respectively of the unit sphere
Sn+1. Let / : (CP7, CP3) -» (CPl, CP/J be a homotopy equivalence of pairs. Consider the
map

U : (CP^P3) -4 (CPl.CPj) x 5n+1

defined by (x,d) i-> ((/(x),/(a)),0). Let D£
n+1(0) C Sn+1 denote an open €-ball around

the south pole. We can homotopically approximate /o by a flat PL-embedding

F : (CI^.CP3) «-• (CPl,CPJ[) x 5 n + 1

such that F(C3»7,CP3) C (CPj,CPl)x2?e
n+1(0) (see [Hud, Chapters 4 and 8]). By Remark

2.0.3, F(CP7) has a unique closed tube T(F(CP7)) in CPj x Sn + 1 . By abuse of notation,
we will denote the restriction of this tube (thought of as a disk bundle) to the submanifold
FfCP3) by 1(F(Cf^)). Note that the boundary of a disk bundle over a closed manifold
is a sphere bundle. In particular, dZ(F(C¥7)) is a sphere bundle, which we denote by
CP7 x r Sn. We thus have a PL-homeomorphism

^ 3 xT s n .

13



Consider the map
G : (CPl,CPj) - (CPl,CPj) x

defined by (j,a) *-* ((x,a),oo). Again, taking boundaries of the closed tubes, we obtain a
PL-homeomorphism

(dX(G(CFl)),<K(G(Oi))) & (CPLCP3,) X ST.

Let (£o,<ro) and (Eoo^oo) respectively denote the pairs (aXfFfCP^^dSfFtCP3)))
and (d£(<?(CPl)),0X(G(CP£))). Also let T denote the interior of the tube T. Finally, we
will let f0

3, To7, ioS and T ^ denote TfFfCP3)), T(F(CP7)), i(G(CPj)) and %(G(CF7
h))

respectively. Consider the pair

(W, V) = (CPL CP3,) x S n + 1 - ((To7,To3) U (£»,f«•)) .

It is clear that dW = So II E«, and 5 7 = a0 II a^.
Claim: (W, V) is an h-cobordism between (Eo,ffo) and (SOO,<T»)- First, observe that

*i(W0 = TT^EO) = ^(Eoo) = 0. Now by excision, H*(W,E0) = Hk(CP7
hxSn+1-%£,£%).

Since ^(CP7) is horaotopy equivalent to CPj, x {0} by construction, we have for k > 1,

Hk(W,Z0) = Hk(CF7
h x Sn+1 - fo7,, CPl x {0})

= Hk ((CPl x 5n+1 - fi)/(CPl x {0}))

= Hk (((CPl x 5" + 1 >- (CPl x {oo})) /(CP7 x {0}))

= 0.

Similarly, Hk(W,ZOQ) = 0 for k > 1. Thus TF is an h-cobordism between So and SQO.
Since TjfF) = 7ri(cr0) = 7ri(o"oo) = 0, a similar proof shows that V is also an h-cobordism
between <TQ and a^. We thus have an h-cobordism of pairs (W, V) as claimed. This gives
us the required PL-homeomorphism. •

Corollary 2.9. There exists a PL-homeomorphism f between the pair ((CPjj x S15) x
R15,CP£ x S15) and ((CP7 xT51 5) x R ^ C P 3 x r S

1 5 ) . i=urtliermore, / carries the PL-tube
of (CP£ x S15) in (CPl x S15) x R15 PL-homeomorphically to the PL-tube of (CP3 xT S15)
i n ( C P 7 x r 5 1 5 ) x R 1 5 .

Proof. The h-corbordism given in the proof of Proposition 2.8 implies this Corollary. The
extra R15 factor was taken to ensure that the PL-tubes are unique (the codimension is
sufficiently high to satisfy the condition in Remark 2.0.3.) •

Now suppose that there exists a PL-fibration TT : CP^ —» S8 with fibre CPJJ. Let x € S8.
By abuse of notation, we will let CP^ denote the fibre TT~* (x). Then, by Pontrjagin-Thorn,
this fibre has a trivial tube. Taking products, we see that CF^ x S 1 ! has a trivial tube in
(CPj x 515) x R15. By Corollary 2.9, / sends this trivial tube, T, PL-homeomorphically
to a trivial tube, /(T), of (CP3 x r S15) in (CPT xT S15) x R15. Thus,

/(T) S (CP3 x r S15) x A8 x A15 Si ((CP3 x A8) x r 515) x A15

where A* denotes the standard k-simplex. Now, let <f>: (CP7 x r 515) x R15 -* CP7 denote
the projection map. Clearly, <f> sends /(T) to a trivial tube, CP3 x A8, of CP3 in CP7,
contradicting Corollary 2.6. Thus,
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Theorem D. There does not exist a PL-fibration TT : CPj -> S8 with fibre CPj, where
CPJJ denotes a PL-manifold homotopy equivalent to CP*.

Remark. Since the Calabi-Hopf-Penrose fibration CP1 <-• CP3 -* S4 does exist (with
structure group PSU(2) = 50(3)), one should not expect a proof of Theorem D which
is purely algebro-topological (for instance, by a spectral sequence argument). The proof
should be based on methods of PL or differential topology. Note also that the normal
bundle u(CP ) in CP3 is nontrivial as a complex bundle since its first Chern class

- Ci(O(l) 8 O(l)) = 2ci(0(l)) ^ 0.

However, it is trivial as a real 4-plane bundle by the Pontrjagin-Thorn argument.

3. CIRCLE ACTIONS ON S15

1. Tame S1-actions on 5 1 5 . We now apply Theorem D in our study of free tame actions
oiS1.

A continuous action V> • S1 x M -+ M on a manifold M is called tame if the orbit
space is a PL-manifold. A continuous S1-action on M is said to be a PL-action if there
exist PL-structures on S1 x M and M such that rp is a PL-map. It follows from Kneser's
Theorem (see below), that an S1 -action is tame if and only if it is PL. Note that smooth
actions are always tame by the slice theorem.

Let N denote the orbit space of a tame S1 -action on an odd dimensional homotopy
spheres 5^n + 1 (which are PL-homeomorphic to S 2 n + I for n > 2). Then N is actually
homotopically equivalent to a complex projective space (see [W, p. 191]). In fact, the
quotient map v : S^n+1 —» N is a locally trivial S1 -bundle, and by Kneser [Kn] this bundle
can be reduced to an 5O(2)-bundle. Hence, we have the following S1-bundle map:

Coo

'I I"
where H is the projection map of the universal 51-bundle and / is the classifying map of
the bundle. Since JV has real dimension 2n, one in fact has the following diagram:

N — — * CPn

where Hn is the Hopf map. The homotopy properties of these bundles imply that / is
a homotopy equivalence (see [W, p, 191]). Hence the quotient space of any free PL Sl-
action on a homotopy (2n + l)-sphere is a PL-manifold homotopy equivalent to complex
projective n-space. If n > 3, this PL-structure on each homeomorphism type is unique by
Siebenmann. Consequently, by Theorem D, we obtain

15
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Corollary 2.10. Up : S\5 —* S* is a fibration between smooth homotopy spheres, with
S7 fibres, then there does not exist a free PL-action of S1 which preserves the fibres of p.
In particular, the Hopf fibration TT : S15 —» 5 8 admits no S1 -subfibration arising from a
free PL S1 -action.

2. Wild ^-actions on £15. There exists uncountably many locally trivial "Hopf fibra-
tions" 7T : S7 -+ M4 with fibre S3, where M4 is not a topological manifold, but rather a
homotopy manifold of the homotopy type of S*. Let E denote Poincare's dodecahedral
sphere (see [KSc]). Then E = S3 / /* where S3 is the group of unit quaternions and I* is
the binary icosahedral group. /* is a perfect group of order 120 and hence E is a homology
sphere. To construct an exotic Hopf fibration, we proceed as follows. Let C\ and C2 denote
two copies of the cone over E. Let ij?: E —• S3 be a degree one map, and define a clutching
map

* : S3 x 5 3 - • E3 x 5 3

by *(x, y) — (x, xff(x)-y), where "•" denotes quaternion multiplication. Using this clutching
map, we obtain a simplicial complex

N = Cx x 5 3 U* Ci x 5 3

which by Van Kampen's theorem together with the Mayer-Vietoris sequence, has the ho-
motopy type of S7. A deep theorem by Jim Cannon asserts that the double suspension of
the Poincare 3-sphere is homeomorphic to S5. This implies that the product of the cone
over E with any closed topological manifold of dimension n > 1, is a topological mani-
fold [C], [BCL]. In particular, N is homeomorphic to S7 by the validity of the Poincare
Conjecture in dimension 7.

Since the clutching map 9 uses multiplication by quaternions, it follows that N admits
a topological principal action of S3 whose orbit space is S(E), the suspension of E, which
ceases to be a manifold at the two vertex points. Hence the projection TT : N —* £(E) is an
exotic Hopf fibration of N =. S7 by S3 (this is a wild S3-action which cannot be made PL,
since the quotient is not a manifold). If we take a one-parameter subgroup of S3, we have
an example of a exotic free 5:-action on S7, giving us a subfibration of ir. The orbit space
of this 5x-action on each fibre of ir is just CP1. Also, the orbit space of this action on S7

is a manifold (by the double suspension theorem) which is homotopy-equivalent to CP3.
We thus have an exotic Calabi-Hopf-Penrose fibration CP1 <-* S7/[S1] -» S(£). Actually
in [V], uncountably many examples of this sort are obtained.

In general, wild free 51-actions can be obtained in the following way. Let X be a
manifold homotopy equivalent to CP7 which does not have a PL-structure. Let / : X —+
CP°° be such that /*(a) generates the cohomology ring of X where a is the generator
of the cohomology ring of CP°°. Then if we pull back the universal 5J-bundle over CP°°
via / , we obtain an 51-bundle whose total space is homeomorphic to S1& and whose base
space is the orbit space of a wild free S1 -action.

It is still an open question whether there exists a topological bundle over 5 8 whose
fibre and total space are non PL-izable manifolds homotopy equivalent to CP3 and CP7

respectively.
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