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ABSTRACT

A disordered Hubbard model with diagonal disorder is used to examine the electron lo-
calization effects associated with both disorder and electron-electron interaction. Extensive results
are reported on the ground state properties and compared with other theories. In particular two
regimes are observed: when the electron-electron interaction U is greater than the disorder param-
eter and when is smaller. Furthermore the effect of including conduction-band minima into the
calculation of metal-insulator transitons in doped Si and Ge is investigated with use of Berggren
approach. Good agreement with experiments are found when both disorder and interactions are
included.
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Up to now Anderson localization (Anderson, 1958) is still both a puzzling and fascinating
phenomenon. The most intriguing feature is probably coming from the fact that there is no simple
way in describing how an electron can be localized in a random potential.

Experimental attempts to observe Anderson localization have introduced new problems.
Single-electron approximations in most cases fail to handle the essential physics of electron trans-
port in strongly disordered materials. For example, if one consideres that a disordered system such
as the single-electron stale could be localized, it does not mean that the associated many particle
system will be non-metallic. In fact phonons may scatter electron from a localized state to an-
other and therefore assuming ^temperature hopping conductivity (Thouless, 1977). On th* "ther
hand long range electron-electron interactions may produce additional features when single elec-
tron states are localized and this may suppress both the density of states and the conductivity at
Ejr (Altschuler and Arottov 1979a, 1979b). The significant role of many-body effects has been
confirmed by the report of anomalous dependent conductivity (Giordano, 1980), tunnel conduc-
tivities (MacMillan and Moclcel 1981) and more recently measurements of the low-temperature
magnetoresistance (Lin and Giordano 1987).

However the most attention and the best-known examples in this area concern the metal-
insulator transitions in doped semiconductors. In increasing donor concentration the D~ state and
the neutral donor D state form the D~ and D donor bands, respectively. Since each donor atom has
one electron the lower band is completely Ailed and therefore the conduction occurs by exciting
electron to a higher band. The states at the edge of the higher as well as the lower bands are localized
in the Anderson sense. Thus inlthe higher band the states are separated into extended and localized
states by the mobility edges Ec- In this concentration regime the electrons excited to Ec yield an
active type conduction of the form:

a - a o e x p ( - £ j / f c r ) ( I )

where tt = Ee~Ep, Er stands for the Fermi level and ao the minmum metalli conductivity (Mott
and Davies 1979). At large enough donor concentration, one undergoes a transition to a metallic
state with a half-filled band of itinerant electrons. While the solution of the exact problem intro-
ducing all the complications of many valleys, anisotropic wave function (Perondi, Ferreira da Silva
and Fabbri 1986; Bhatt 1981), central-cell effects (Bhatt 1982), randomness and electron correla-
tions appears extremely difficult (Bhatt and Rice, 1981), theoretical models are usually restricted
to the interplay of electron-electron interactions and disorder.

i.

In this context two approaches have been shown powerful. In the metallic region, the
diagrammatic method with the plane wave basis has been carried oat (Anderson 1983). The starting
point of this procedure is the region of weak interaction and weak localization. The extension at the
region of intermediate interaction and disorder has been performed through renormalization group
calculations (MacMillan 1981; Crest and Lee 1983; Finkelstein 1984). These theories must involve



perturbations in order to extrapolate the weak interaction and localization to region of interest.

Another way may be formulated from the insulating region by using the Anderson localized states

as basis (Yamaguchi, Aoki and Kamimura 1979; Kamimura 1985; Shimizu, Aold and Kamimura

1986). These models work in the strong localization limit, i.e. when the localization length is of

the order of the lattice parameter.

In the present paper, we develop a theoretical formulation to treat the interplay of disorder
and ele^uon-electron interactions in the Anderson localized regime on the insulating side of the
metal-insulator transition. Towards this end the disordered Hubbard model (Hubbard 1964) may
be an appropriate one because disorder and interactions are handled in the simple way possible.
As in both Anderson and Hubbard models, electrons are deicribed as hopping from one site to a
nearest neighbour site on a lattice with a random matrix element Vy and site energies randomly
distributed on an interval of width W and in addition doubly occupied lites have an interaction
energy U.

2. DISORDERED HUBBARD HAMILTONIAN

In the LCAO approach, the Hamiltonian may be written in a second quantized language

as follows:

H = E e<<wfk^ + E V ^ W O J ^ O / K , (2)

ips

where;

and

>w >=

with tfi i vj. The index a denotes the spin, |i/j) the ji-atomic-4ike orbital of the atom located at
the lattice point "i", eilia the associated energy and V^yH the hopping integrals between \in) and
\jv). a* and a, are creation and annihilation operators at the lattice site "i" and n , - o*,Q1cr the
corresponding number operator. In the present description we restrict ourselves to the one-orbital
per site case. Thus the Hamiltonian becomes:

(3)
iff

Here {t<} and/or {V;/} are random variables and { ) in the second teim means the restrictions of
the sum to the nearest neighbours due to the fact that the centres of the basis orbitals arc randomly
distributed. For uncompensated samples the standard deviation of {e,-} is expected to have a small
contribution and is usually omitted. On the other hand, produced by the large fluctuations of the
relative distance FUj between two centers, the transfer matrix elements have a rather wide proba-
bility distribution. Although a Hamiltonian including off-diagonal disorder may be more directly

related to structurally disordered systems such doped semicondutors, we have considered only the

diagonal case for simplicity. Even in this situation until recently very few have been carried out

(Theodorou 1977; Ma 1982; Shimuzu et al. 1986).

3. QUALITATIVE ASPECTS

The admittedly speculative and qualitative conclusions deduced from the disordered

Hubbard Hamiltonian (Kimball 1981) may be summarized as follows (see Fig.l):

a) the metallic phase occurs when neither the disorder W/V for the electron-electron

interaction U/V are too large.

b) an insulating phase with antiferromagneiic order occurs when electron-electron inter-

actions are relatively large and more important than the disorder.

c) an insulating phase with spin-glass magnetic disorder and non-zero energy gap at the

Fermi level. This phase occurs when the disorder is more important than the electron-electron

interaction.

d) the non magnetic Anderson localization with no gap in the excitation energy spectrum,

this phase occurs when the disorder is large and the electron-electron interaction is absent.

It is clear that electron-electron interaction may play a significant role in localizing or

delocalizing electrons by influencing the energy disorder of the original states. Let us consider the

unperturbed Anderson model:

} ] VijO^Oja (4)

In particular the diagonal elements obey the relation:

(0) m (0) _ (0)

On the other hand, the Hubbard Hamiltonian may be written:

(5)

= 2

where

(6)

(7)

The eigenstates of the Anderson Hamiltonian noted by are solutions of the equation:

0)



here (j) means the summation over/ nearest neighbours of "i" and ££c) the energy eigenvalue of

the Hamiltonian (4).

Defining the following field operators in terms of the eigenstates {|<^™)}:

where b4' and b denote the creation and annihilation of an electron in state
also an additional operator

with sP<n a

(10)

W)/

enables one to map the original Hamiltonian in the form

T 52
Such Hamiltonian could be treated within the classical Hartree-Fock theory (Fetter and Walecka
1971). The self-energy term is approximated by graphs reproduced in Fig.2. Full lines correspond
to the Green function of the Hamiltonian (11) to be determined self-consistently from the Dyson
equation. The important point to be noticed is that any self-energy whose end and vertices are
connected with a single interaction lines vanishes because the non-interacting lines Green function
is diagonal in spin (see Fig.3). Therefore the Fock term vanishes identically and the Hartree term
gives trivially

52 *-tf«*«™, < * - > (12)

where < > means a thermal average. Making use of this result and going back to the Dyson

equation yields:

+U -<,(0

>= (13)

Here \<t>aa > denotes the one-particle eigenstate of interacting system, Baa its energy and / M the

probability that the state uaa" is occupied.

From comparison of Eq.(8) and Eq.(13), one deduces that the interacting system corre-
sponds tc the non-interacting one with shifted site energies

' + u <•.

5

(14)

However one must keep in mind that the energy shift depends strongly on the lattice site "i" in a

random way and cannot be eliminated just by redefining the zero of energy. Therefore the Hartree

self-energy correction maps the interacting system back to independent electron in such a way that

the original disorder parameter W has changed into W^. The probability distribution correspond-

ing to the new disorder is given by:

and one can define a dielectric constant e:

tu(u = 0)
e =

which measure the effectiveness of the electron-electron interaction.

{15)

4. LOCALIZATION CRITERION

We consider the double-time Green's function (Zubarev 1960):

with

nj, » «,„ and n^ = 1 -

17)

(18)

where r^a denotes a projection operator on the site "i". The equation of motion of the Green's

function is given by:

(19)

here

e ' = 0 and

At th is stage, in order to introduce simplications in handling higher order appearing in the

above complicated equation we make use of the decoupling approximation of Hubbard. Although

such approximation seems to be crude, it enables one to understand qualitatively and at first sight



the role of the electron-electron interaction on the localization properties of the eigenstates. Under

this assumption, it may be written:

(20)

with

J L , ( I I - E)

_1__

The diagonal Green's function GJJ may be now expanded as:

or equivalently
i i

(21)

(22)

(23)
F?/2*-S?

where Sf stands for the self-energy for the state \t)>) located around the lattice point "i". In the

following treatment we restrict ourselves to the paramagnetic phase without loss of generality and

therefore M^, reduces to:

I L , = « , = 0.S (24)

in the case of one electron per site, i.e. the so-called half-filled band case.

The self-energy may be developed via a representation series into a renormalized pertur-

bation series (RPS): ;

YY
(25)

In order to examine the localization properties of the eigenstates, we have to study the convergence
of this series in terms of probability. The similarity with the RPS in the problem of Anderson (1958)
should be outlined where the complex energy Z • E + ia is substituted by (G^)" 1 .

Recently, Brezini, Bendaoud, Sebbani and Behilil (1988) have formulated a model within
ihe so-called "upper-limit" approximation introducing only the first order of Eq.(25). In particular,

the mobility edges Ec are defined by the equation:

/"~™ P^Ee-x)dx r°° Pt(Ee+x]

where K denotes the connectivity of the lattice and x is given by:

(26)

(27)

In the expicit case of a compact distribution for the site energies, may be written:

P ,U) = — for |e| < to/2

• 0 otherwise

the probability distribution PX(EC — x) i» then:

(28)

i.e. finally:

(29)

Px(Ee~%) - — for n-w/2 <x<u+w/2
' « 0 otherwise (30)

At this point, we are able to determine the effects of the electron-electron interactions on the local-

ization properties of the eigenstates by integrating Eq.(26). Indeed two situations arise.

5. RESULTS

&)U> W

Obviously, the nature of the probability distribution P,(e) and Px( Ec - i ) require re-

strictions on the energy parameter E. In the range - 0 . 5 W < E < 0.5 W, Px( Ec - x) does not

exist and therefore Eq.(26) reduces to:

1 =
VkV

\JE-V e~Z~E + JEV T^E + j , _ w n x-E\
(31)



Integrating (31) yields:

W ""L V*(u-w/2-fi.)

In the range 0.5W < E < U — 0.5 W, the localization criterion becomes:

,
(Ec -

-EC)-\

- Ec)\

(32)

(33)

For energy beyond U — 0.5 W, because of the symmetry property of the energy spectrum at E =
0.5 U, one can write the same localization criterion. It could be noted that Kikuchi (1970) failed
in determining the localization criterion in the range O.SW < E <U — 0.5W simply because of
the mathematical complexity in evaluating the inverse Laplace transform.

In the present siutation where U > W, it can be easily shown that Wc, i.e. W for E = 0 ,
decreases monotonically with increasing U and in the infinite limit U —» oo Eq.(32) takes the form:

w2/4 - .
V2

(34)

which corresponds exactly to the localization criterion of Biezini, Sebbani and Dahmani (1986) for
the case U ** 0 where K is substituted by i f / 4 . This finding is quite reasonable since a strong
electron-electron interaction halves the number of possibly paths for percolation of an electron
wave packet.

b) U < W.

In the range - 0 . 5 W < E < U-0.5 W, the localization criterion takes the same form as
Eq.(32). For values satisfying the conditions 0.5 U > E > U-0.5, 0.5U > E > U -0.5W,
we find from Eq.( ):

1 =
VkV,

V*
(35)

For E beyond 0.5 U, one can again use the symmetry property of the energy spectrum at E = 0.5 U.

We have solved these equations for if = 4 and V = 1 taken as our unit of energy. The
phase diagram on the U — W plane is shown in Fig.4 and the energy gap Ea in the shaded area.
The result for Ea versus W is shown for various values of 0 for the case U > W. In this regime,
it is observed that Bo depends approximative!)* linearly on W. By extrapolating Ea( W) to 0, we
obtain a critical value of U for which EQ vanishes corresponding to the energy gap in the limit of
zero disorder. The critical value Uc at which the Hubbard gap closes is deduced to be Uc = B,
where B = 4 K ^ V is the width of the band for zero disorder. For comparison, we have reported in
Table 2 the values of Uc obtained from other theories. The present data are in good agreement with
the results of Hubbard and Koltey and Kolley (1987), and in general greater with that of deduced

from renormalization group calculations (Kirsch 1980, Ma 1982 and Shimizu, Aoki and Kamimura
1986). In Fig.5, we have reproduced the mobility edges of the two Hubbard bands when they arc
separate. In the lower band, the mobility edge JŜ  goes asymptotically to C/4 in increasing U and
in the upper band Ec is linear with U and behaves as: Ec ~ U - 4.2 V.

In the regime U < W, it is seen in Fig.4 that the electron-electron interaction appears to
act as a weak perturbation on the localization properties of the eigenstates. The main features to be
noticed are the fact that the electron-electron interaction produces a small change in the value Wc

in comparison with the case U = 0.

We have presented results describing the role of the electron-electron interaction in mak-
ing the localization of electrons in disordered systems easier. Quantitative results have been re-
ported for two cases U > W and U < W. In particular two regimes may be observed:

- U > W where the effectiveness of the electron-electron interaction appears to be an
important factor in localizing electrons,

- U < W where the localization of electron inducted by disorder is weakly perturbed by
the presence of the electron-electron interaction disorder and electron-electron interaction act in »
different way in localizing electronic state. When (7 = 0 this boundary corresponds to Anderson
localization but as U increases, electron-electron interaction screens the random potential and make
it appear effectively smaller.

6. METAL-INSULATOR TRANSITIONS IN DOPED SEMICONDUCTORS

Recently, Park, Uhm and Kim (1984) have making use of the Hubbard Hamiltonian in
investigating the metal-insulator (M-I) transitions in doped silicon in the light of Berggren's ap-
proach (1973) for doped silicon and germanium. In this model, Bergrren considered the anisotropy
of the host conduction band (HCB) and substituting it by a spherical isotropic charge distributions,
as well as the possibility of working with the isotropic HCB. In the two situations an interference
factor derived from the many-valley character of the HCB (see Thomas, Capizzi, DeRosa, Bhait
and Rice 1981: Franzen and Berggren 1982; Fabbri and Fcrrcira da Silva 1984 and 1983; Bhact
and Rice 1981) is reduced to N~ ^, N being the number of valleys (minima). The purpose of this
paragraph is to calculate the M - / transition from the N dependence of the effective Bohr radius
and Berggren scheme.

The transition may be described as in the Hubbard ordered tight-binding Hamiltonian,
from an insulating to a metallic phase when:

fl/[/=l (36)

is satisfied. This value is deduced from the results discussed previously in the limit W = 0 , B
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being the unperturbed bandwidth related to the hopping integral V:

(37)

here H\ stands for the one-particle Hamiltonian including the kinetic energy operator and the
electron-donor interactions. The wave function is written as (see Kohn and Luttinger 1955; Bhatt
1982; Park el al. 1984):

(38)

where <^{n) is the Bloch function associated with the lth of the N conduction band minima of
HCB and Fi (r) is a hydrogenic envelope function in which the effective mass at each of these
minima has been assumed to be isotropic and may be simplified to the form:

Ftir,al(N)) " (•ndf{N)ylf2Cxp{.-r/a*I{N)) - (39)

here a* denotes the effective Bohr radius fora system like Semiconductor-x. Equation (37) can be
written as:

(40)

where S and if are the overlap and the transfer energy integrals. From Slater (1968), it is found
that:

Kat

(41)

amd

R being the separation between donor states and:

/=T7 (42)

is the interference factor, k\ the Bloch waves at the HCB minima. This factor, following Berggren
(1973) and Miller and Abraham (I960), may be obtained easily for an isotropic HCB as JV~ i while
Bhatt's scheme yields for Si ~ 2 /W.Jn the present approach, we adopt the first value. For the
effective Bohr radii in Si and Ge, we have taken in consideration the values of Edwards and Sienko
(197 8). The calculations of the critical concentration where the M — I transition may be performed.
The results are reproduced in Table 1 as well as experimental and other theoretical data.

Within our calculations when disorder is absent, the results for doped Si and Ge already
show fair agreement when compared to experimental data and other theories; while the predictions
deduced from the values Uc = 0.4 : 0.5 B,

11

i.e. from the lenormalizaa'on group theories, seem less convincing.

In Figs. 6 and 7, we have reported results when both disorder and interaction are present.
At this stage, theoretical and experimental data are in perfect agreement and the interplay appears
to act clearly (see Table 3). It is therefore apparent from these conclusions that disorder and inter-
actions paly a significant role in the M-I transitions.

7. CONCLUSION

We have presented a model describing the interplay between disorder and interaction
applied to the M-I transition in doped semiconduiors. The results reproduced here seem in good
agreement with experiments. However, we have to keep in mind the fact that we have made use of
the decoupling approximations of Hubbard for the higher order Green's function. It is well-known
that such approximations are in fact crude in leading to physical results and a proper understanding
requires to go beyond the present approximation. On the other side in order to make a correct
comparison with experimental results, we have to take into account of other typical phenomena
present in doped semiconductors, i.e. anisotropic wave functions (see Perrondi, Ferreira da Silva
1986; Bhatt 1981), spin ordering and central-cell effects (Bhatt 1982) present in real doped Si
and Ge. As a conclusion one should not expect the values deduced for the critical concentration
Ne as absolute values when compared with experiments but a qualitative good approximation and
translating the interplay between disorder and interactions.
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TABLE CAPTIONS

Table 1 The critical concentration Nc in doped Si and Ge in absence of disorder.

Table 2 Values of the MOTT criterion Nc
l/3 a), predicted by different theories compared to the present data.

Table 3 Ratio Disorder (W)/lnteraction (U) predicted in doped Si and Ge at the critical concentration.

Table 1

Host Donor 0 ; ( A) Ne( 10"cm' 3) W l O ^ c m - 3 )
ExpL Theor.

HubbardHirsch/Ma Shimizu et al. Kolley et al.Present Data
Si

Ge

Sb
P

As

Sb
P

As

16.6
15.2
14.1

45.5
38.7
37

3.0
3.5
6.4
8.5

0.095
0.25
0.35

3.0
3,9
4.9

0.12
0.23
0.26

16.5
21.5
27

0.52
0.85
0.97

6.3
8.2
1.0

0.23
0.37
0.43

2.6
3.4
4.2

0.10
0.17
0.19

3.9
5.1
6.4

0.15
0.24
0.28

2.7
3.5
4.3

0.10
0.17
0.19
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Table 2 Table 3

Model B/U B/oJf ffXJ\'H Host Donor JVe( 10" cm-1 )WAJ
N=l N=4 N=6N=1 N=4 N=6 Si Sb 3.0 1.7

Hubbaid 1.15 5 4.05 3.76 0.18 0.23 0.24 P 3.5 1.8
Hirsch 2.5 3.53 2.49 2.16 0.26 0.37 0.42 As 6.4 2.9

Ma
Shimuzu etal. 2 4.24 3.26 2.96 0.22 0.28 0.31 Gc Sb 0.095 0.5
Kolleyetal. 1.414.72 3.77 3.48 0.19 0.24 0.26 P 0.25 3

0.98 5.20 4.27 3.99 0.18 0.21 0.23 As 0.35 2.8
Present data 1 5.17 4.24 3.96 0.18 0.21 0.23

17 18



FIGURE CAPTIONS

Fig.l Phase diagram for the ground state properties of the disordered Hubbaid Hamiltonian. The four
phases shown are: a) Metal; b) Elections localized primarily by interactions: c) Electrons localized
primarily by disorder: d) Anderson localization.

Fig.2 The self-consistent approximation: a) the Hartree term: b) the Foclc term.

Fig. 3 Some self-energy contributions which vanish by the graph rule.

Fig.4 The phase diagram on the U-W plane. The energy gap is finite in shaded area. The dotted line
represents U=W.

Fig.5 Mobility edges in the upper and the lower bands as a function of the interaction parameter U when
they separate, for the case W=3V and the regime U > W.

Fig.6 Critical concentration in doped Si as a function of the interaction parameter in presence of disorder,

a) case U < W

b) case U > W '•

Fig.7 Critical concentration in doped Ge as a function of the interaction panuneter in presence of disorder:

a) case U < W

b) case (7 > IV
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