
REFERENCE
IC/90/88

INTERNATIONAL CENTRE FOR
THEORETICAL PHYSICS

ON BEHAVIOUR OF WEYL'S GAUGE FIELD

Yuan Zhong Zhang

INTERNATIONAL

ATOMIC ENERGY
AGENCY

UNITED NATIONS
EDUCATIONAL,

SCIENTIFIC
AND CULTURAL
ORGANIZATION

1990 MIRAM ARE-TRIESTE





IC/90/88

International Atomic Energy Agency

and

United Nations Educational Scientific and Cultural Organization

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

ON BEHAVIOUR OF WEYL'S GAUGE FIELD*

Yuan Zhong Zhang**

International Centre for Theoretical Physics, Trieste, Italy.

ABSTRACT

We consider a system, consisting of a metric tensor gMV, a scalar field </>, a Weyl's gauge
field A^ and a scalar matter field <b, which is invariant under general coordinate transformation and
Weyl's gauge transformation. Two kinds of identities and field equations are given and discussed.
A special space-time with g^ = <f>~2 JJ,,,, is considered in a gauge-independent manner. We point
out that in a correct treatment where g^ is not regarded as an independent variable, an auxiliary
condition for Weyl's gauge field cannot be obtained. Therefore Weyl's gauge field can be treated
as a usual field of positive norm.
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1 Introduction

Weyl's theory [1][2] as a unified model, in which Weyl's gauge field is

identified to the electromagnetic potential, was not accepted by physicists

in view of the well-known difficulties^] [8j. Thus other attempts have been

performed[4]-[8]. One common feature to some of the attempts is that a

scalar (Brans-Dicke-like[9]) field is involved. For example, Utiyama J5] dis-

cussed an action of gravitation in which a scalar field <j> is called measure

field and obtained a conclusion of the vanishing trace of energy-momentum

tensor in flat space-time limit. For a scalar field of matter, it was claimed

by him that Weyl's gauge field has a negative energy density and behaves

like a tachyon-field inside elementary particles, and cannot come out of ma-

terial particles. Nishioka(1985) [1O| investigated Weyl's gauge field and its

behavior under the condition of the vanishing trace of energy-momentum

tensor. A complete model of Weyl-type theory involving fermion fields may

be found in [6). As an application of this model, Chen(1988) | l l | suggested

recently a unified theory for gravitational interaction and electroweak in-

teraction with Weyl's gauge tnvariance and local 51/(2) ® U(l) gauge in-
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variance. In his model, the measure field <j> is identified to the Higgs field

in the Weinberg-Salam model, and two gauge fixing conditions (i.e. the

unitary gauge and the Einstein gauge) are taken into account.

In this paper we consider a Weyl-type theory in which there are four

kinds of fields, i. e. a metric tensor g^, a measure scalar field 4>, a Weyl's

gauge field A,, and a scalar matter field $. We discuss two kinds of iden-

tities and field equations both in gauge-covariant formulation and gauge-

invariant formulation, and show connections between the two formulations.

We conclude from the discussions that Utiyama's result |5], i.e. the trace

of energy-momentum tensor in a apace-time with g^ = ^"*^l, vanishes, is

incorrect. This implies that Weyl's gauge field is an ordinary field.

This paper is organized as follows. In the next section we present action

principle. In Sec. 3, we give two kinds of conservation laws, namely iden-

tities, corresponding to invariances of the action under general coordinate

transformation and Weyl's gauge transformation. In Sec. 4, field equations

in gauge-covariant formulation and gauge-invariant formulation are given .

In Sec. 5, we discuss behavior of Weyl's gauge field in a special space-time

with metric tensor g^ = ^r)^, and conclude that Weyl's gauge field is a

usual field. In the last section, we give some discussions.

2 Action

First of all, we give a brief review of Weyl's geometry. Details may be

found in Weyl's book(1921) [I] or in Eddington's book(1922)(3).

In Weyl's geometry, besides the general coordinate transformation, one

deals with the following Weyl's gauge transformation:

where A(x) is any real function of x and the space-time coordinate x is

supposed to be kept unchanged. Eq.(l) implies that any length, such as

ds, gets multiplied by a factor «*'•' under Weyl's gauge transformation:

ds -* ds' = «*'*'<(«. A local field 9{x) may get transfered according to the

law *(x) -+ *'(x) = e " w * ( s ) . Then $(x) is said to be of weight d. If *

is a tensor, it is called a co-tensor. Therefore the metric g^u has weight +2,

the reciprocal g"" has weight -2 and </^g is of weight +4. The covariant

derivative under Weyl's transformation (1) is obtained by replacing the



ordinary derivative dp with

(2)

where d is weight of the local field *{*), Av{x) is Weyl's gauge field to be

transformed into the following under Weyl's gauge transformation

and / is a coupling constant. The affine connection !"*„ is defined by

where

Vi* Qvo — &ii9t*x ~^~ ^/A^i^f (5)

which is transformed as V^ffw —* eIA'*' Vn 9™ under the gauge transfor-

mations (l).and (3). Thus T defined above is gauge-invariant. In Weyl's

geometry, the co-covariant derivative D,, for co-tensor $„ is given by

(6)

The curvature scalar W is given by

W = = R - (7)

where

(8)

(9)

and R is the scalar curvature in Riemann space-time.

Lagrangian density under consideration is taken as

,„„, (10)

where «,/*, and A are constants, e is relevant to the norm of the gauge field

A^ to be discussed later, the co-scalar field <f>(x) is named measure field

with weight -1 by Utiyama, F^ is defined as

and we consider the following Lagrangian density for a real scalar field $(x)

as an example of matter fields:

• V , * - ^ m ^ (12)

with Vji* = ^(i* — fA,j.$. Action / = / d*x£ is invariant under general

coordinate transformation and the following gauge transformation:



*

Let us introduce the following gauge-invariant quantities:

5 , = ^ - y ^ I n * , * = *-»*. (14)

The Lagrangian density (10) and (12) can be rewritten in a manifestly

gauge-invariant form as follows

4 4 2
(15)

where

V,.* = (^-/B(,)*, (16)

and R is the scalar curvature in the Riemannian space with the metric

tensor <?„„. L is equal to t up to a divergent term. We will refer the

action integrals / = / HiPx and I = f £d*x as gauge-covariant formula-

tion and gauge-invariant formulation, respectively.

3 Identities

Let us make small variations in all our fields fl^, J4M,</>, * and calculate

the change in the action integral I given in Sec. 2

SI = Ji^ S6<t> +

where

(17)

_ ^ ( ^ + ^ + ^ « # » ) , (18)

(19)



S = K-^R + H1(dX4>).x - i i V ' ^ ^ - PftAx ~ W* - mV*5, (20)

M = (dx*);x - fHAxAx - fQA^ - A** - m V * , (21)

with /i1 = 6«"1+^is. ";" in (18)-(21) denotes the usual covariant derivative

in Riemann geometry and A" = glivAv,d'i = g^dv, and so on. Owing

to the general coordinate invariance and the Weyl's gauge invariance, the

quantities(/""', Q1*, S, M) are not all independent as shown below.

Consider first the general coordinate transformation Sx" — ftM with b**

infinitesimal, the field quantities g^, <j>, Av, 9 are changed by

(22)

respectively. Substituting (22) into (17) we get

si = j\a{/=F\)

(23)

This 61 vanishes for arbitrary 4*, so we can put the coefficient of bx equal

to zero,

- 0. (24)

Substituting (25) into (17), we get

This is the first kind of conservation law (i.e. identity).

Let us now make a small transformation of gauge, ds' = (1 + A)c£s, with

A(i) infinitesimal. We have from (13)

(25)

(26)

0, (27)

i.e. the second kind of conservation law (identity). It is easy to check

the identities (24) and (27) by making use of the expressions (18)-(21).

The five identities in (24) and (27) are all independent of field equations.

Existence of the identities shows that only eleven of the sixteen quantities

(/"*", Q*, S, M), and hence of sixteen field equations as given below, are

independent.

The quantities P'"',Q'',M and S can be expressed in terms of

the gauge-invariant variables defined by (14). Substituting q*" =

Putting the coefficient of A here equal to zero, we obtain
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(21), one arrives at

= B, + {l/f)d»ln(t> and * = <A* into (18)-

( #

), (28)

. (29)

S = ^"S5 = K-'R - H'

• n , 1 * , (30)

(31)

where R"" = S^S^^st xa *n e same Ricci tensor in the Riemannian space

with the metric JM1/, and R = ^>"'R^. It is obvious that P^,Q",M and

5 are all gauge-invariant quantities. Using (14) and (28)-(31), the identity

(27) can be rewritten in terms of these quantities as follows

= 0 (32)

11

where a factor <j>* is omitted. The identity (24), of course, can be also

expressed by these quantities.

4 Field Equations

Putting the variation SI in (17) equal to zero, we get the following

field equations:

P « " = 0 , Q* = 0, M = 0, 5 = 0, (33)

where P"",Q",M,5 are given by (18)-(21). Using the definitions (28)-

(31), the field equations in (33) are equivalent to the following equations

expressed in terms of gauge-invariant quantities:

5=0, (34)

respectively. The field equations in (33) , or (34), are not all independent

because of the identical relations (24) and (27).

It is necessary to emphasized that the field equations in (33) or (34)

are valid in case of all the fields (g^v,4>, A,, and $) to be non-zero, non-

constants and independent variables. This is a crucial point to conclude

that Weyl's gauge field can be treated as a usual field, as shown below.

12



We now work in the gauge-invariant formulation. The variation of ac-

tion integral 1 = 1 £d*x with respect to the gauge- invariant variables

5,^, B,, and $ are the following

si = J yfUfxi^ , + Q"SB,, + (35)

where P^.Q11 and M are just the same as those defined by (28),

(29) and (30), respectively. Therefore field equations to be obtained from

61 = 0 are the same as the first three equations of (34). The last one of

(34) is not independent because of the identity (27). Therefore the field

equations in gauge-invariant formulation are equivalent to (33) or (34). In

gauge-invariant formulation, we have no analogues of S = 0 and (27)

because of the measure field 4> being hidden, but we have the following

analogue of the identity (24):

= 0, (36)

because of invariance of the action / under the general coordinate trans-

formation, tn (36), ";£" is the same covariant derivative in the Riemannian

space with the metric tensor ^IUI.
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5 Behavior of Weyl's Gauge Field

First of a l l , let us recall Utiyama's discussions in [5]. In gauge-

covariant formulation, using the last three equations of (33) in the identity

(27), but not employing the first one of (33), (27) becomes

= 0. (37)

Utiyama (and NishiokajlO]) substituted §„„ = t}^ into (37), and obtained

the following relation:

• V,*) = 0, (38)

i.e. trace of energy-momentum tensor vanishes, where the term (A + A$4 +

2m s$J)is omitted for simplicity. Then Utiyama obtained

= 0, (39)

both inside and outside material particles, and hence concluded that Weyl's

gauge field haa a negative energy density and a tachyon-likc property

(t = — l) inside particles, and cannot come out of the matter. However

this is not true, because the equation (38) can not follow from the present

Weyl-type theory.



In gauge-covariant formulation, the field equations in (33) are valid only

for the. case of all the variables (g^, A,,, * , 5) being independent as pointed

out above. In the case of 3JI* = fyu/t however, <;,,„(= <j>~2i)pu) is related

to the measure field <f>. This implies that j M 1 , and 4> cannot be treated

as independent variables. Therefore the field equations P'"' = 0 and

5 = 0 of (33) should be replaced by a new one. Considering Sg,,,, =

—24>~si},a,64 in (17), we have

(40)

w. Thus

(41)

Q" = 0, M = 0. (42)

Eqs. (41) and (42) can be rewritten in terms of gauge-invariant quantities

as follows

S - P^r,^ = 0, (43)

(44)

61 =

where P-'.Q"^ and M are given by (18)-(21) with

one arrives at field equations from 61 = 0

^ = 0,

Q" = 0, Jtf = 0,
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where all the quantities are given by (28)-(31) with £,,„ = rj^. For this

space-time, an identity which can be obtained from (40) by making use

of S<j>,SA,, and 69 of (22) is the same to the identity (27) with <;„„ =

4>~*n»v, or to (32) with &,„ = r\vv. Using (44), the identity (32) with

?(ii/ = 1?u gives (43), this is to say that (43) is equivalent to (44). Thus

one cannot get the conditions (38) and (39).

6 Discussions

We note that Hayashi and Kugo [6] discussed a similar problem under

conditions of Einstein gauge <)> = 1 and flat space-time gMV = >;„„, and

pointed out that the equation (39), not (38), cannot be obtained.

In the above section the discussions are in progress in a gauge-independent

manner. It is concluded from Sec. S that: (a) the identity (27) as well as

(24) are just to show that the quantities P"",C?',5 and M (and hence

field equations) are not all independent. In fact, if Eqs. (18)-(21) are used,

Eqs. (27) and (24) reduce to a trivial relation of 0 = 0 (i.e. identical rela-

tion), just like situation of Bianchi identity (/?"" - \g^R)lV = 0. Thus the

identities (24) and (27) are not essential, but to show us a simple method to

16



find out independent field equations; (b) Eq. (37) is an inevitable outcome

of the field equations Q" = 0 ,5 = 0 and M — 0. In other words, (37)

is just a field equation. However the equation S = 0 is obtained subject

to that the g0V and </> are treated as independent variables. This is to

say that (37) is not valid in the case of g^v = if)'2*},,*, because in this

ease the g^v cannot be treated as an independent variable. Therefore

(38) follows from an incorrect treatment; (c) in fact, in a correct treatment

where g^, {= <#~**?„,,) is regarded as a function of ^ as made in Sec. 5, a

new field equation (S — 4>~iP'a'*},„,) = 0 is in place of both the equations

P"" — 0 and S = 0, so that (38) and hence (39) cannot be obtained;

(d) In view of the fact that the field equations P"' = 0, Q" = 0 and

M — 0 in gauge-invariant formulation are equivalent to (33) as shown in

Sec. 5, all informations are involved in these field equations. In the case

of S^ = ii,,v, the quantity P1*" has no definition and the corresponding

equation P"" = 0 should be ignored. Thus one cannot get (38) from this

theory. This is consistent with the result in (c). Therefore we conclude

that Weyl's gauge field is an usual field of positive norm (e = +1).
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