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ABSTRACT

The complete antisymmetric form of the conductivity tensor in the static limit, as well as
the expression for the Hall conductivity, is obtained for the relativistic 3 D and 2 D electron gas in
a magnetic field. The non-relativistic 2 D limit is also discussed. The typical step form of the 2 D

Hall conductivity at zero temperature is obtained under the simple hypothesis of constancy of the
chemical potential.
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The purpose of the present letter is to study the QHE for the simple model of an electron
positron plasma in a magnetic field by using the methods of temperature quantum field theory in
the investigation of its kinetic properties. Only the interaction of the electron gas with the elec-
tromagnetic field is considered. We find that in the relativistic, as well as in the non-relativistic
limit, the conductivity tensor, defined as the imaginary part of the polarization operator divided by
the frequency of an applied small electric field E = E (w, k) , has the following properties: 1) It
is given by a complete antisymmetric expression in the static limit w = 0, Jfc = 0 for the 3 D as
well as the 3 D cases. 2) For all 2D Hall conductivity as a function of the external magnetic field,
a typical step structure of the QHE is obtained in the zero temperature limit under the hypothesis
that the 2 D system has a variable number of particles. The simplest way to realize this property
is to suppose that the 2 D system is a surface in equilibrium under the exchange of particles with
some 3 D reservoir. This equilibrium is characterized by constant values of the temperature T and
chemical potential \i. This can be considered as a natural hypothesis in the theory of surfaces [1].

For the 3 D quantum relativistic electron plasma the expression for the spatial part of the
current density which is linear in a perturbative electromagnetic field A^ is given in terms of the
polarization operator in the medium by

where E} = i (^ Aj — kjAo) is the electric field and Yij = cnij/iw is the complex conductivity
tensor or admittivity. We will be especially interested in the real conductivity dj = c Im TT^/W. In
the presence of an external constant magnetic field B, n^ was obtained in Refs.[2,3] by one of the
present authors (H.P.R.) and A.E. Shabad. In these papers it was shown that ir^ can be expressed
as a linear combination of six four-dimensional transverse tensors, four of them symmetric and

6
two antisymmetric with respect to the indices (i, v,irMV = £ w*0^!?- The scalar coefficients

7r(l) in that expansion are expressed in terms of six scalar functions p,t,s,q,r and v. By studying
the analytic properties of TT^ we obtain that the sources of imaginarity of its symmetric part are
due to the singularities produced by the photon absorptive processes (excitations of electrons and
positrons and pair creation) whereas the imaginarity of the antisymmetric part is connected with the
interaction of the net charge of the electron-positron system with the external magnetic field. The
first mechanism contributes to Ohm conductivity whereas the second, to Hall conductivity. The
contribution to/,- in (1) due to conductivity can be written then as

ji = <%Ej + (ExS)i (2)

where <T£ * c Im 7r,-J/w and s* = \ ev'* ofk is a pseudovector associated to o?k - c Im 7r$/u;.
Here 7T?- and 7i~£ are respectively the symmetric and antisymmetric parts of 7iy,. The first term in (2)
is the Ohm current, whereas the second can be interpreted as the Hall current. By using the results
of [3] we may write the conductivity tensor for the specific case in which the electric field E is a
transverse wave propagating along the magnetic field B and in consequence E is perpendicular to



B and does not depend on the components k\, k% (B \\ki). We have

aij = a°8ij+ e<;-cr* (3)

where €,,- is the antisymmetric 2 x 2 unit tensor, 612= — €21= 1 and CT° - c Im t/u,aH =
c Im r/w, and the scalar quantities Im t, Im r are

where

2eSftc(n- n'))22 -u>2) ,n,n ' = 0 , 1 , 2 . . . ,A

2eBAc(n+ n'

1Q|2 =(2c2f?p$k3 - z : + 2 e B A c ( n - n ' ) ) 2 - 4 ^ w 2 e 2
0 and here e, = (c2pf + e2o)1 / 2

(5)

From these formulae it is very easy to show that in the static limit u> = 0, £3 = 0 the conductivity
tensor becomes completely antisymmetric, once a0 = 0 because of the vanishing of the term c
Im t/u} in that limit. According to [3] the term Imt comes from the absorptive process due to
the transition £,(p3, n) + w —• E,'(J>3 + fc3, ri) in which an electron of quantum numbers P3, n
inside the Fermi surface is excited to the quantum numbers -pj, + k$, ri outside it. At zero frequency
this transition is forbidden in the limit £3 - » 0 . (If either w ^ 0 or £3 ^ 0, however, CTO shows
a peaked structure at the points £q = /̂ . In the 2Z? case by hypothesis A3 = 0 and the transition
cannot be produced) In the same limit w = 0, £3 = 0, however, cH ^ 0 and is given by

-rip), an = 2-So* . (6)

In the zero temperature limit the position contribution vanishes and the electron gas becomes com-

pletely degenerate. aH takes the form

a = — ) , £ « « I dp3$(fi — Eg) (7 a)

(76)

where fl( x) is the step function and the sum over Landau quantum numbers is up to the integer
n^ = I((n2 — m2c4)/2cJ3Ac), I(x) being the integer function. For constant chemical potential
fj., aH(B) has the curved step behaviour shown in Fig.la.



We will turn our attention to the 2 D case. We may consider this as a limit of the 31?
case, when the electron-positron gas is in a box of height L3, and we take L3 —• 0. In that
case the integral over p3 is replaced by a sum over the integers s, once p3 = lirhs/Ls, and as
L3 —+ 0, only the term s - 0 contributes to the sum. Formally we obtain the expressions for
the ID quantities from the 3D ones by putting p3 = fo = 0 and removing from all the terms
the integrals (1 /2 7r A) f dps. The polarization operator is expressed now as a double sum over the
Landau quantum numbers n, ri. We are again interested in the static limit w = 0, k$ = 0 in which
c 0 = c Im t/w, but the Hall term uH = c Im r/w, which is proportional to the imaginary part of
7ri2, does not vanish and the conductivity tensor becomes completely antisymmetric oy, = aR €t ; ,
where now

The expression (8) is the quantum relativistic 2 D Hall conductivity of the electron-positron plasma.
We must emphasize that three fundamental properties of the term r in (5) are essential in obtaining
(6), (7) and (8). These are the antisymmetric behaviour of the tensor 8n,H-\ — in- iy in the Lan-
dau quantum number space, the charge conjugation property (reverse in sign under the exchange
fi —* ~fi), and the spin degeneracy of the energy eigenvalues. These properties of n^,, are the
consequence of the relativistic, CPT and gauge invariance of the underlying theory (quantum elec-
trodynamics) [2]. The ID thermodynamic potential Q can also be easily obtained from the 31?
expression obtained in [4]

( ) / r ^ ^ T (9)
2-nhc ^

If we write now the expression for the particle density JV = dQ/dn front (9), we have

H (10)

which corresponds to the classical form of the Hall conductivity (a similar expression is easily
found for the 3 D case). For constant N the curve cH = aH(B) is a continuous curve (a hyperbola
branch). However, as pointed out previously, we will consider the more physically sound case in
which the chemical potential fi is constant, which means that the 2 D system is the surface of a 3 D
system with which it exchanges particles. (The hypothesis of constancy of the chemical potential
has been considered in condensed matter physics, i.e., by Baraff and Tsui [5].) At zero temperature
we get from (8)

* 5 > e n ) . (11)

The curve aH = aH(B) shows the typical plateaus of the QHE (see Fig.lb) for fixed /i, the steps
being spaced in the quantity ane

2/h. In obtaining the non-relativistic limit of (11) it is useful
to write explicitly the sum over the spin quantum number s = ± 1 (the projection of the spin

.'is--* .«.'.-.*.



along the magnetic field), i.e. to replace £ a n by £ and to write the energy eigenvalues as
n n,«

£n,a = (m2c4 + eBhc (n+ \ — •j s)) . Then we have

M-e... = M o - < a (12)

where (to - p — me2 and

*.Rft / 1 \
(13a)z-j ~

where the giromagnetic ratio g = eBh/2mc and s = ± 1 . Then (13a) reduces to

el = eBkn/mc. (136)

From (11), (13a) we have

^ • x E ^ - ^ (14a)

2 *V
= y ^ ^ ^ W -eBhn/mc) . (146)

The step structure of aff in (14b) is exactly the same of (11) (see Fig.lb). The relative lengths of
consecutive steps follow the law n/(n- 2). The form of the expressions (13a), (14a) have been
written to be compared with the case in which the electron spectrum is such that g <C eBh/2mc
and £^a at eBh(n+ j) /me (as is usual in semiconductors.) In that case a step structure is also
obtained for aH but the relative lengths of the steps are (2 n + 1) / ( 2 n — 3). It also happens that
for constant ^o the conductivity aH vanish for external fields greater than B^ = 2 mc^o /eh This
fact would be considered a limitation for the use of our model in such extreme conditions. The
vanishing of aff in such case can be prevented if /zo increases with B, i.e., /io — /ioe + <*B with
a > eBh/2mc. This produces no important changes in the step form of oH(B). However, the
simultaneous variation of the particle density N and the chemical potential ^o make the condition
of thermodynamic equilibrium more hardly to hold.

We must remark finally that the step form of the Hall conductivity a11 has been obtained
(by using the methods of quantum statistical electrodynamics) as a fundamental property of the
2 D infinite and unbounded relativistic as well as non-relativistic electron gas placed in a strong
magnetic field at zero temperature under the condition of being in equilibrium with a reservoir
of particles at constant chemical potential y,. This guarantees the complete filling of the Landau
levels. (An interesting dynamical view of the filling problem has been given by Cabo ex al. [6] by
using a set of effective Maxwell equations derived from non-relativistic QED which includes the
Chern-Simons action.)
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FIGURE CAPTION

Fig. 1 a) The curved step structure of the relativistic 3 D quantum Hall conductivity at constant
chemical potential is illustrated here. At very intense fields when only the n = 0 Landau
level is occupied, the step is flat.
b) The picture shows equally the step structure of the 2 D relativistic (Eq.(l 1)) and non-
relativistic (Eq.(14b)) quantum Hall conductivity, which is the same. The difference
lies in the scale of the magnetic field (1014 and 10 4 G, respectively), chemical potential
and masses (in the non-relativistic case usually the effective mass m* ~ 10~2m and
fio ~ 10 ~2 eV, whereas in the relativistic case fi ~ 1 MeV, which is typical in white
dwarfs).
In both figures the conductivity is given in units e2fh.
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