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Abstract A new semiclassical and stochastic model of spin diffusion is used to obtain
numerical predictions for depolarization enhancement due to beam energy spread. It
confirms the results of previous models for the synchrotron sidebands of spin resonances.
A satisfactory agreement is obtained with the width of a synchrotron satellite observed at
SPEAR. For HERA, TRISTAN, and LEP at Zo energy, the depolarization enhancement is
of the order of a few units and increases very rapidly 'with the energy spread. Large
reduction of polarization degree is expected in these rings.

1. INTRODUCTION

The depolarization enhancement due to the beam energy spread is the main
worry about the possibility to obtain a high degree of polarization in very high-energy
electron storage rings.

In LEP, beam energy spread increases quadratically with energy and reaches a
r.m.s. value of about 33 MeV at 46.5 GeV. Dedicated wigglers, proposed to reduce
polarization time, would increase more the energy spread to about 83 MeV. On the other
hand, the spacing between spin resonances stays constant with energy and each
particular type of resonance occurs repeatedly with a 440 MeV separation. The distance
from the operating energy to the nearest resonance can never be larger than about 100
MeV.

Electrons with sufficiently large energy deviation, i.e. with large synchrotron
amplitude, may then approach a resonance energy, even if the mean energy of the
beam is set as far as possible from nearby spin resonances. Larger depolarization than
expected in a linear approximation of small-amplitude oscillations can then occur.

However, the picture of a particle approaching a resonance is not very consistent
as it mixes the time and frequency domains. A more correct method to study the effect
of energy spread is to consider the frequency modulation of spin precession produced
by the synchrotron oscillations, as the precession frequency (given by the spin tune v)
oscillates proportionally to the particle energy. This effect is similar to the frequency
modulation in RF waves, that leads to the appearance of satellite sidebands about the
central line in the RF frequency spectrum. Similarly, for the spin motion, synchrotron
satellites are generated about every spin resonance. These satellite resonances are
regularly spaced by the synchrotron tune Q1. When the energy spread is sufficiently
large, involving large synchrotron amplitudes, these satellites become wide and
strong. Depolarization is enhanced everywhere in energy.

Already, at 3.7 GeV, in SPEAR, synchrotron satellites of the v = 3 + Qx radial
betatron resonance, have been experimentally observed'1'. The second-order satellites,



v = 3 + Qx ± Q3 , are clearly seen on figure 1, although the r.m.s. value of the energy
spread is only about 3 MeV.
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Fig. 1. Measured relative polarization (Po = 92.4 %) versus beam energy in SPEAR
Resonant spin tune values are indicated above the figure,
in particular the synchrotron satellites of the v = 3 + Qx resonance.

To rapidly obtain the physical quantities involved in this process, let one write
the spin tune V as a function of the azimuthal position 6 :

v = VQ + Av cos Q8G

where Av is the amplitude of the modulation. The perturbation of the spin motion is
essentially dependent on the modulation of the spin phase y:

y = J d9 = V0 6 + ~- sin Qs 9

Its strength is given by the mean square of this modulation amplitude :

\Q . / IQ.
known as the modulation index in the framework of frequency modulated RF waves.

It scales as the fourth power of the beam energy E. This fast increase explains
why the energy spread becomes harmful at high energy. However, one can reduce the
modulation index x by increasing the synchrotron tune Q3.



2. THE ANALYTIC CALCULATION OF THE DEPOLARIZATION
ENHANCEMENT

A quantitative estimate of the depolarization enhancement was first obtained by
Ya. Derbenev, A. Kondratenko and A. Skrinskit2'. Their result has been rederived
by C. Biscari et al ^J for synchrotron resonances and by K. Yokoyat4' for synchrotron

and betatron resonances. More recently, S. Mane'5' has found some corrections to
apply to the Yokoya calculation for a betatron resonance and has shown the
equivalence with the formalism^ of the code SMILE that he has developed to obtain
numerical estimates at higher orders. AU these semiclassical models tend to
calculate, by a perturbation method, the higher-order effects of energy spread.

Differing from these semiclassical models, L. Hand and A. Skuja^ are also
developping a quantum mechanical calculation of higher-order spin effects that
should in principle include the energy spread effect.

Moreover a spin tracking code'"] has also been used to estimate higher-order
depolarizing effects at LEP.

The author^! has recently developed a new semiclassical and stochastic model
of spin diffusion and depolarization enhancement. As synchrotron radiation leads to
random perturbations, the spin motion is treated as a random and gaussian process.

Considering the spins of an electron bunch, the polarization is the statistical
average of their projections along a direction n , nearly vertical in most cases. The
theory of random processes allows to derive the depolarization time Td of an electron
beam for wich the Sokolov—Ternov effect has been artificially suppressed.

Now, turning on this polarizing effect with a characteristic time Tp, the
equilibrium polarization is given by :

P - Po

where Po is the maximum polarization allowed by the Sokolov-Ternov effect (92 % in a
flat ring).

Although this stochastic model differs from the preceding approaches, the results
are only slightly different. There is a general agreement on the order of magnitude of the
depolarization enhancement, showing that the energy spread effect is now sufficiently
well understood.

With this stochastic model, the depolarization rate Xd-1 is the sum of the
depolarization rate (Td-1)i due to each spin resonance i :

At high energy, the betatron tunes are large and consequently interference terms
between resonances are small and neglected. On the other hand, the synchrotron tune Qs

is small, and the two close synchrotron resonances v = p ± Q3 , that interference
significantly, are considered as a single resonance doublet.



In the limit of vanishing energy spread (x -> 0) one recovers the depolarization
time Td0 calculated in a simple linear model, as developed in particular by A. Chaot10' .

At finite energy spread the depolarization rate due to one resonance is factorized :

Ta1= C ( x,V-VF5 ,Q.) Tj-1

where C is the depolarization enhancement factor. This factor depends on the tune
distance v - vR to the considered resonance and has poles at each synchrotron satellite
v = vR + k Q3 (k integer). The enhancement factor C is also independent of the machine
errors that are responsible for the spin resonances and that are included in Tdg"1 • The
energy spread effect is entirely given by the enhancement factor C.

3. NUMERICAL ESTIMATES FOR HIGH-ENERGY STORAGE RINGS.

The SPEAR data (see fig. 1) allow to compare the width of the betatron
resonance v = 3 + Qx to the width of its first satellite v = 3 + Q x - Qs. At half-maximum,
their widths are approximately in the ratio 6 MeV/1.7 MeV respectively.

With v = 8.28, Qg = 0.0421 and ̂  = 0.374 x iO-3f th e modulation index x is 0.03.
The stochastic model leads to an expected width ratio of 4 in satisfactory agreement
with the observed widths of these two resonances.

The figure 2 shows a fit with the stochastic model that uses the above numerical
values and a strength of the betatron resonance adjusted to reproduce its 6 MeV width.
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Fig. 2. Comparison of the SPEAR data with the stochastic model (solid curve).

Now, the results -of the stochastic model can be used to obtain numerical
predictions for the high-energy storage rings HERA, TRISTAN, and LEP.



In general, maximum polarization should be obtained when the operating beam
energy is set such that the fractional part of the spin tune is half-integer. Then the
operating point is the most distant from any spin resonance. This spin tune value
should also be in the middle between two successive synchrotron satellites. This
requirement is fulfilled when the synchrotron tune Q3 is the inverse of an odd integer
and when the betatron tunes Qx and Q2 are multiple of Qs- This tune setting is chosen
for the following numerical predictions.

For HERA, Fig. 3 a,b show the predicted enhancement factor C of different
resonances at different energies corresponding to an half-integer spin tune. It
illustrates the importance to operate at as low fractional part of betatron tunes and at as
large synchrotron tune as possible to avoid large enhancement in the upper energy
region.
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Fig. 3 a,b. The enhancement factors Cx,z,s versus beam energy in HERA.
Indicated values correspond to half-integer spin tunes.
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An order of magnitude of the polarization, that can be expected when taking
account of the energy spread effect, can be obtained using a reasonable assumption on
the orbit errors and their correction.

Special correction procedures have shown^11' that depolarization could be reduce
to about 10 % without considering the energy spread effect. Considering that one or two
nearby spin resonances dominate, one will here consider isolated resonances
contributing only by 5 % to depolarization. For HERA, TRISTAN respectively
Fig. 4a,b show the variation of the relative degree of polarization P/Po with the
fractional part of the spin tune under this assumption.
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Fig. 4 a,b. The estimated relative degree of polarization P/Po versus the
fractional part of the spin tune for each of three dominant spin resonances : radial
(Qx). vertical (Qz) betatron and synchrotron (Q3) resonances. The arrows show the
location of these resonances.
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For LEP, the energy spread will be increased by the use of wigglers, intended to
reduce the polarization time that would be too large otherwise at Zo energy'12).

Moreover these dedicated wigglers will reduce the betatron spin resonances, such
that it is enough to only consider synchrotron spin resonances. Fig. 5 shows the
variation of the polarization with the above assumption for a single doublet of
synchrotron spin resonances. It shows that the predicted polarization would be
significantly smaller that 50 %. More efficient correction procedures would be
necessary to achieve a more useful degree of polarization.

dedicated wigglers

O.1 0.2 0.3 0.4 0.5 spin tune

Fig. 5. Relative polarization degree PZP0 versus fractional part of the spin tune
at LEP due to an isolated synchrotron doublet (Qs = 1/9) near ZQ energy.



CONCLUSION

All calculations, including the present stochastic model, indicate that the energy
spread would be harmful to polarization at high-energy electron storage rings (HERA,
TRISTAN, LEP).

The models fit the low-energy SPEAR data that already show a small energy
spread effect (a synchrotron satellite of a betatron spin resonance). This agreement
supports the understanding of the effect.

Apart the choice of suitable tunes (low betatron tune and high synchrotron tune), the
achievement of a high degree of polarization will need an important effort to develop
more clever and more efficient correction schemes than available now.

The theoretical models cannot replace good experimental data and one presently
waits for the first measurements of the polarimeters under construction at HERA,
TRISTAN and LEP.

Physicists, who are nervous to use polarized beams in these rings, have to think of
polarization as a very delicate flower that has not yet succeeded to blossom at these
energies and that will likely need long and great cares for blossoming in our imperfect
gardens.
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