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A B S T R A C T

Computer simulation is a growing field of research and Plasma

Physics is one of the important areas where it is being applied

today. This report describes the particle method of simulating a

two-dimensio..al electrostatic plasma. The methods used to

discretise the plasma equations and integrate the equations of

motion are outlined. The algorithm used in building a simulation

program is described. The program is applied to simulating the

Two-stream Instability occurring within an infinite plasma. The

results of the simulation are presented. The growth rate of the

instability as simulated is in excellent agreement with the growth

rate as calculated using linear theory. Diagnostic techniques used

in interpreting the data generated by the simulation program are

discussed. A comparison of the computing environment of the ND and

PC from a user's viewpoint is presented. We observe that the PC is

an acceptable computing tool for certain (non-trivial) physics

problems, and that more extensive use of its computing power

should be made.
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C h a p t e r 1

I N T R O D U C T I O N

In recent years the simulation of physical systems on high

speed computers has attracted much attention in many different

fields of research. Structures as diverse as semiconductor

devices, weather systems, tokamaks and stellar clusters are now

being extensively investigated via computer simulation1'2. The

reason for this lies in the non-linear nature of the phenomena of

interest which puts them outside the scope of linear analysis, and

the complexity of the systems within which they occur. The

advances made in computational techniques coupled with the wide

availability of high-speed computers and the consequent lowering

of computational costs has made computer simulation a feasible and

attractive alternative method of investigation.

In plasma physics, computer simulation is being used to aid

current experimental and theoretical work on fusion plasmas, as

well as plasmas occurring in places like the upper atmosphere and

outer space . Not only does simulation lower the cost of

research by replacing expensive experimental runs by relatively

cheap computer time, it also helps theoreticians in understanding

the consequences of proposed models which cannot be put to

immediate experimental test.

It may not be immediately apparent how a plasma can be

simulated on a computer. In fact, what is simulated is not a

plasma but a mathematical model which represents it. Unfortunately



no model exists today which can reproduce the plasma inside a

discharge tube (T * 103 °K, n * 10S-10*2 cm"3) and also tackle

fusion plasmas (T * 108 °K, n « 104"* cm"9). The model used for
a e

a givun system is an upproxiraation which is applicable only over

a limited parametric range. It consists of a set of equations

describing the plasma to some degree of accuracy. The range of

validity of the model is governed by the simplifying assumptions

which have been made in order to arrive at the equations, which

have to be amenable to numerical analysis.

Plasma simulation grew out of the early methods used in

designing vacuum tubes, oscillators and other devices which are

now considered to be first generation electronics. The methods

which were used to the map the electric field distribution in a

triode or draw the trajectories of electrons in a klystron were

applied to a collection of positive and negative charges placed in

an external electric field. Today, plasma simulation is considered

to be a sub-field of research falling within Plasma Physics as

well as Computational Science.

There are, mainly, two different methods of plasma

simulation, viz.,the particle approach and the continuum
,10-12

approach

In the particle approach the motion of the individual

particles is governed by the laws of motion and the fields are

determined by the Maxwell equations. The particles are tracked in

time as they move in their own as well as externally applied

electromagnetic fields. Physical parameters like currents and



number densities, various energies and field quantities are

"measured" at different points and times as the output of the

simulation program.

In the continuum approach the time evolution of the

continuous velocity distribution function is calculated by-

coupling its transport equation with the field equations. By

"sampling" the plasma at a point in the phase space the program

can give the value of the distribution function at that point,

using which all other physical parameters of interest can be

calculated.

This report describes the particle approach to the computer

simulation of a plasma, and its implementation in a two

dimensional computer code.

Chapter 2 presents an overview of the particle simulation

method, chapter 3 briefly describes the mathematical model,

chapter 4 applies this method to a representative problem and

presents some results and chapter 5 concludes with a discussion of

some related aspects.
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C h a p t e r 2

O V E R V I E W

The basic idea behind particle simulation is extremely simple

mid follows nlot-iely the intuitive picture of a plasma. The plasma

is a collection of charged particles which interact with each

other and with external fields. The fields obey the Maxwell

equations, which are1

* E = £ (2.1)
o

?.B = 0 (2.2)

vVE = If (2.3)

= _ j| + ̂ 7 (2.4)
c

In the non-relativistic case the particles follow

trajectories determined by Newton's Law with the force given by

the Lorentz equation.

F = m g£ = q(E + ™1) (2.5)

Here E and 15 are the electric and magnetic fields, 7 and p are the

current and charge densities, I1 is the force acting on a particle

carrying a charge q and having a mass m, eQ is the relative

permittivity, P Q is the relative permeability and c is the

velocity of light.

The difference between a simulated plasma and a real plasma

lies in the representation of the charges, the fields and the



space-time in which the phenomena occur. A real plasma usually

consists of electrons and singly charged positive ions, though the

ions may be multiply charged and thoro mny bo notjatlvo ions

present. In a simulation each charged particle is a homogeneous

collection of a large number of real-plasma charges; it is always

multiply charged and has a greater mass so that the charge to mass

ratio remains the same. The large number of charges in a plasma

are replaced by a much smaller number of these particles.

Henceforth by the word "particle" we will mean an entity existing

only in computer code instead of the classical point charge which

is thought to occupy real space. This picture is referred "to as

the Particle-in-Cell Model (PIC).

The electromagnetic fields in the simulation are not

continuous, neither in space nor in time. This is a consequence

of the discretisation of the spatial dimensions of the system. The

physical volume is divided into cells by lines which run parallel

to the boundaries. The intersections of these lines define a set

of points called mesh points or grid points. Each mesh point

specifies a location where the fields and charge densities are

assigned after solving the discretised field equations and the

discretised equation of motion; the cell itself specifies a volume

through the boundaries of which the current densities " are

calculated.

The particles, whose coordinates are continuous, may occupy

positions anywhere within the mesh. The forces acting on them are

calculated in terras of the fields at the neighbouring mesh points.



The particles move through the mesh in finite timesteps. During a

timestep the fields ate kept constant, at the end of which the

discretised field equations are solved again to update the field

distribution. Since this update is done over the whole plasma at

the same time, it means that propagation effects which depend on

the (l/c2)dl/at term in Eq:2.4 are neglected.

The use of mesh points is a standard technique in the

numerical solution of differential equations ' . In particle

simulation, however, the mesh acquires an added significance. It

sets a lower limit to the spatial resolution of particle-particle

and particle-field interactions. In particular, a plasma with a

Debye length X^ which is less than the me3h spacing cannot be

accurately simulated for ma:>y multiples of w , where X and ««> ,
p D p

the electron plasma frequency, are given by

*T
x2

D

2
CO

P

o
2

n e

2

" s 6

(2.6)

(2.7)

Here, n^is the electron density and * is the Boltzmann constant.

The reason for this is that X is the distance over which charge

separation effects can occur in a plasma, and if the mesh spacing

is larger than this, these effects will not be reflected in the

fields which are calculated and assigned to the mesh points.

Another effect which is a consequence of the mesh is that the

particles acquire a finite "size" . This is a result of the

scheme used to assign the charge density, p, to the mesh points.



T M M la done by i'lraL finding out the number of particles which

are near a mesh point and then calculating the fraction of the

particles' charge which should be assigned to it. This fraction is

usually some function of the distance of a particle from that

point. A mesh point thus starts "seeing" a particle at a distance

which depends on the nature of the charge assignment scheme. A

direct result of the mesh-mediated particle size is that the

coulomb force law between two particles gets modified. As two

particles of the same sign approach each other the force on one

due to the other at first rises and then falls. When the particles

overlap the force is zero. Hence particles can freely pass through

each other, leading to the name Cloud-in-Cell (CIC), by which name

the PIC model is also called. This modification in the force is

significant only at distances comparable to XD. At large distances

the force approaches the Coulomb force.

The mesh also introduces a periodicity in the potential which

results in an unphysical coupling between the field and particles.

This may be just a minor nuisance or it may result in a situation

in which the particles keep on acquiring more and more energy from

the field, ultimately leading to a meaningless simulation.

The storage requirements for a three dimensional

electromagnetic particle simulation can just be met by present day

super-mini-computers like the Norsk Data ND-570, but the time

needed to follow the particles for, say, 100w~* would be of the
p

order of several days in a typical time sharing computer

installation. Many physical plasmas of interest, however, have

10



some properties which can be exploited to reduce the scale of the

simulation. If the plasma extends over a large volume, as in

outer space, then a simulation of a relatively small region inside

it would be representative of the whole plasma. The plasma may

linvii rioimi :: iml. 1 .•» 1 .'lymmo try, auch tin bolng uniform uvor one

dimension, as is found in long discharge tubes, in which case it

may be possible to reduce the dimensionality of the simulation. In

some cases other assumptions can be made in order to reduce the

number of equations which have to be solved, as discussed below.

If we are interested in times and distances which are

comparable to w" and * then the current density, 7, vanishes,
p D

If, in addition, the magnetic field is constant then we are left

with an electrostatic (ES) plasma. Representative problems in ES

plasmas are beam-induced instabilities, damping, diffusion,

oscillations, etc.

If, however, we wish to simulate a plasma over long times and

long distances, then the charge density, p, vanishes and we have a

magnetohydrodynamic (MHD) plasma. Representative problems in MHD

plasmas are interaction of the solar wind with the earth's

magnetic field, long wavelength oscillations, etc.

The particle simulation code referred to in this report was

initially developed on the ND-570 using FORTRAN and finalised on

an IBM compatible PC-XT after rewriting and translating it into

C-language. All the results presented were obtained by executing

the code on the PC-XT.

11
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C h a p t e r 3

T H E M A T H E M A T I C A L M O D E L

In this chapter we describe the basic steps which will yield

a self-consistent particle simulation model for a two diuensional

electrostatic plasma. A plasma of this kind is obtained after

making the following assumptions:

1) There is no variation in the particle quantities (velocity and

position) and in the electric field along the z-direction.

2) The magnetic field is zero in the x-y plane in which the

particles move, and may be constant perpendicular to it. For the

present we will assume that it is zero.

3) We restrict our interest to distances of the order of X .

Since charge separation occurs over these distances p is non-zero.

4) We restrict our interest to times of the order of &>"*. Since
p

average current densities over these times are zero, there is no

self magnetic field.
5) There are no collisions.

The Maxwell equations thus are reduced to

*-E = j (3.1)
o

v\B = 0 (3.2)

= 0 (3.3)

= 0 (3.4)

By introducing a scalar potential <f> such that

E = -W> (3.5)

13



we can express the set of field equations by the familiar

Poisson's Equation

<72,/. _ £— . < 3 «s)

which completely specifies the electric field distribution at a

given time.

3.1: The computational box

The first step is to discretise the space in which the plasma

exists. Assuming cartesian coordinates, the two-dimensional x-y

plane is represented by an array of points laid out like the

elements of a matrix. Each point is specified by an integer pair

(i,j), with i running along the x-axis and j along the y-axis as

shown in Fig:3.1 This defines the mesh, with the mesh spacing

being Ax and Ay along the two directions. In case any other

coordinate system is preferred or required due to the geometry of

the plasma the geometry of the mesh points and has to be changed

accordingly. The mesh together with the boundaries is known as the

"computational box".

'•i. 2 : Discretising the field equation

The next step is to discretise Poisson's eqn in the chosen

coordinate system. In cartesian coordinates the representation of

Poisson's eqn is

£l| + £± = _ L (3.7)
dx dyz o

where 4> - 0(x,y) is the potential and p - p(x.,y) is the charge

density at the point (x,y). In order to obtain a difference

equation expressing the same relationship on the mesh we proceed

14



by denoting the potential at the mesh point (i,j) as 4> and expand

the potential at the neighbouring mesh point ^v** in a Taylor's

series about <pK

d<px dz<pl

<*>v+1 = <pl + Ax + — — — + h . o . t . ( 3 . 8 )
J J a x 2 ! dx

Similarly for the potential at the mesh point (i-l,j)

a<px. a2 <̂ v

J A 2 j
<£'* = 4>\ - A x + — — - — + h . o . t . (3 .9 )

J J ax 2! ax
On adding and gathering the second order terras on the LHS we get

a 2 ^ *v + 1 - 24>\ + 4>i't

+ h . o . t . (3.10)=
ax2 Ax

A similar expression is also obtained for V

3y Ay
+ h.o.t. (3.11)

On neglecting higher order terras and adding the LHS of

Eq:3.10 to that of Eq:3.11 we get the discrete representation for

^ in two dimensions

(3.12)

v fo & to

, 4-

ax dy

Hence

*;** - 2<P]

Ax2

+

- 2^.+ <f>

Ax2
-f.

- 2<P) +

Ay2

Ay2

i - *

+ ^

— ••

V

• 1

O

(3.13)

is the differential form of Poisson's eqn in two dimensions, where

pl is the charge density at the mesh point (i,j). If Ax = Ay = Ah

15



then the difference equation reduces to the well known 5-point

formula

Ah*
(3.14)

The error in this equation is of the order of Ah2 and is given by

A h 2 f 0*4>\ a*<t>\
— I i + J

4! { Ox* dy*
+ h.o.t. (3.15)

3.3: Discretising the equation of motion

The third step is to discretise Newton's equation of motion
dv

P = m — (3.16)

dt

and the velocity

dr
v = — (3.17)

dt

This is done below in three parts. First, an expression is

obtained for the acceleration in terms of the velocity; second,

the velocity is obtained in terms of the particle position; and

third, the force is expressed in terms of the potential at the

mesh points.

3.3.1: The acceleration

We denote a velocity component of a particle at any time t as

vt and expand vl+At in terms of vt to get, after neglecting terms

of second order and above,dv v . - v
i t+At i

(3.18)
at At

This is correct in the limit of At going to zero, but it is

16



not time-symmetric. On reversing the time by changing the sign of

At. ,-irir) <-xpnncl i rig v(| . . nround v()A| w« obtain

(3.19)
dt At

The RHS of Eq:3.18 and Eq:3.19 are identical but Eq:3.18

«1V«L; the acceleration at time t whereas Eq:3.19 gives the

acceleration at time (t+At) This non-reversible behaviour on

changing At to -At occurs because the velocity at any given time

is being expanded only in terms of the velocity at an earlier

time.

If an expansion had been made in both the forward and reverse

directions the symmetry would have been preserved. We expand both

a b o U t Vt S O t h a t

(3.20)
at At

and

d-v 2 f v - v
- (3.21)

dt At

On adding Eq:3.20 and Eq:3.21 we get

V — y

t +( A c z > i- <
= (3.22)

at At
This is the time-reversible representation for the acceleration of

the particle and hence the difference equation of motion takes the

form

F v - vt t+ <At/z > t - < A t / z >
— = (3.23)
m At

17



Since there are two velocity components, one for each dimension,

we have two such equations, one involving v(x) with F(x) on the

LHS and one for v(y)t with F(y)t on the LHS.

Ft is the component of force on the particle of mass m at time t.

3.3.2: The velocity

Now we need to express the velocity component in terms of the

change in the coordinates of the particle. This is done in a

manner similar to what was done above for acceleration to get a

difference equation for v
l+(̂ l(/ > ^

n terms of the position at

times t and (t+At), denoted by xtand xt1.Al- We expand both *l+At

and xt around \+(Aly2i as done before for Eq:3.22 to get

Xi+At~ xi
= v. ,A. „. = (3.24)

at At

A similar equation exists involving yt to represent the velocity

in the y-direction.

3.3.3: The force

The third and final step in discretising the equation of

motion is to get an expression for the force component, which, on

a particle carrying a charge q is

Ft = qEt (3.25)

Since E = -V0, we can immediately follow the procedure used

in getting Eq:3.13 to write down the electric field in terms of

the potential on the mesh points. We denote the electric field at

the mesh point (i,j) in the x-direction as Ev(x) and get

18



E (x) = (3.26)
J 2Ax

Similarly for the electric field on the same mesh point in the

y-direction

E (y) = (3.27)
3 2Ay

This is the field at the mesh point at a particular time t,

but since the particles are not constrained to reside on mesh

points, it is necessary to interpolate the fields from the mesh

points to the particle positions. Once the field acting on a

particle is calculated, the acceleration which it experiences is

qE v - v
= (3.28)

m At

where Et, the field acting on the particle is either Et(x) or

Et(y) depending on the component of vt on the RHS.

Field interpolation from the mesh points to the particle

positions is discussed below in Section 3.5 after charge

assignment.

3.4: Charge assignment

The fourth step is to obtain an expression for p~., the charge

density at the mesh point (i,j). This depends on the number of

particles which are in its neighbourhood and their, positions

relative to the mesh point. The procedure to get f>. is called the

charge assignment scheme and it is done by giving each mesh point

a "domain" of influence. If a particle lies within the domain of

a mesh point, part <_.r all of the charge carried by the particle is

19



assigned to that point.

As mentioned earlier, the charge assignment scheme has

several effects on the physics of the simulation. Firstly, the

particles acquire a finite size; secondly the force law at short

distances gets modified; thirdly, the scheme introduces

discontinuities in the plasma which results in "noise".

All these effects depend crucially on the exact nature of the

scheme. We discuss below some of the charge assignment schemes in

particle simulation1"5.

3.4.1: Nearest grid point assignment

The simplest scheme is called the Nearest Grid Point scheme

(NGP). As the name implies, in this scheme all the particles which

are within the domain of the mesh point are located and their

complete charge alloted to that mesh point. The total charge

assigned to the mesh point is divided by the volume of the mesh

cell to arrive at the value of pv for that mesh point. We have to

ensure that over the whole mesh the charge of a particle is not

allotted to more than one mesh point and that there are no

particles whose charge does not get assigned. In order to do this

the domains must be non-overlapping, and the domains of all the

mesh points must completely cover the simulation volume. The

simplest way is to define the boundaries of a domain to be half a

mesh spacing in the x- and y-directions from a mesh point. The

boundaries thus run parallel to the mesh as shown in Fig:3.2.

NGP has the advantage that it is simple to compute. The

particle size in this scheme is the same as the mesh cell. However

20



it introduces more noise in the simulation than other schemes.

When a particle crosses over from the domain of one mesh point

into the domain of its neighbour, the charge assigned to the first

mesh point reduces and that assigned to the second increases

discontinuously. The potential at the two mesh points also suffers

from this discontinuity and this results in a noisy simulation.

NGP is not commonly used nowadays, since it has been replaced by

other schemes which allow a smoother variation in the mesh

quantities as a particle cruises through it.

3.4.2: Area weighting

One of these schemes is called the Area weighting scheme,

also known as the First-order weighting scheme. In this scheme the

charge carried by the particle is distributed amongst the four

nearest mesh points. The charge assigned to a mesh point is thus a

fraction of the charge carried by the particle. With reference to

Fig:3.3, the magnitude of the coordinates of the particle relative

to the mesh point (i,j) are

|<Sx| = jx - iAx| (3.29)

|<5y| = \y - jAyj (3.30)

Then the charge, ql, assigned to (i,j) is given by

. q(Ax - |6x|)(Ay - |<5y| )

where Ax and Ay are the mesh spacings and q is the charge carried

by the particle. From Fig: 3.4 we see that the numerator is

equivalent to the shaded area labelled A, whereas the denominator

is the area of the mesh cell itself. The fractional charge
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assigned to the remaining three mesh points is calculated in a

similar manner

U l q|<Sx|(Ay - \6y\)

AxAy

q(Ax-|6x|)|6y|

(area labelled B) (3.32)

(area labelled C) (3.33)
AxAy

(area labelled D) (3.34)
^j-i AxAy

It can be confirmed that

Y^ XIqi = q (3.35)
v j

C l e a r l y , when |<5x| = |<5y| = 0, t h a t i s , when t h e p a r t i c l e r e s i d e s

on t h e mesh po in t ( i , j )

qV = q (3 .36)

and

whereas when |<5xj = Ax and/or |<5y| = Ay, that is, when the

particle resides on one of the neighbouring mesh points, then

qv = 0 (3.38)

Hence, a mesh point starts to "see" a particle from the

moment it enters one of the four cells surrounding it, giving the

particle an effective size equal to 4AxAy.

In this procedure the mesh points do not have domains

assigned to them as for the NGP scheme. But domains can be

assigned and the same scheme can be interpreted in a more

productive way. Let us consider the particle to have a size and
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shape which is independent of the mesh and the particular charge

assignment scheme but intrinsic to itself. For example, let us

assume that the particle has the rectangular shape as shown in

Fig:3.5 with a uniform charge distribution, and calculate the area

of overlap between it and the domains of the same four mesh points

We assign the charge to each point in the same way as done above,

with the difference that now in the the numerator of each equation

we substitute the area of overlap in place of the product of the

relative coordinates. We will get the same value for the charge

assigned to each mesh point as before.

This point of view has the advantage that now we can think in

terms of the particle as a cloud with a distinct shape and a

particular charge distribution across that shape. This is the

Cloud-in-Cell (CIC) model and here the particle size is AxAy in

size for the same charge assignment.

The particular advantage we get out of this viewpoint is that

the force law between two particles, which is actually a

consequence of the charge assignment scheme, can be considered to

be a consequence of only the particle shapes once the domain of

the mesh points is defined. Conceptually this makes a great

difference to the way we think about charge assignment, because

now a potentially infinite number of schemes can be implemented on

the mesh simply by varying the shape of a particle and the charge

distribution within it.

This approach can be formally described in terms of the

particle shape factor S(6x«<5y), which defines the charge
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distribution within a particle and the limits of the particle.In

the case of the rectangular particle shown in Fig:3.5 since the

charge distribution is uniform across it the shape factor takes

the simple form

(1 - |6x|/Ax)(l - |6y|/Ay) for \SX\ ^ Ax, \&y\ < Ax

0 otherwise

(3.39)

where <5x, &y are the coordinates of the particle relative to the

mesh point, and x, y are the particle coordinates. We use this

shape factor to get the charge assigned to a mesh point by simply

multiplying it by q, so that

q̂  = qS(<5x,<5y) (3.40)

Note that the maximum value of S(<5x,<5y) is unity.

In general, the charge distribution will not be uniform over

the shape of the particle so the charge assigned to a mesh point

is given by

qj = J qS(x-x' )(y-y' )dx'dy' (3.41)

where x and y are the coordinates of the centre of the particle,

and x' and y' are the coordinates of a point within it. The

integral is taken over the shape of the particle.

S(x, y) can be interpreted as giving the weightage of the

charge contained in the elemental area dx' dy' thus effectively

applying the process of area weighting to each element of the

particle.

S(x,y) is always defined such that

J S(x,y)dxdy = 1 (3.42)
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3.5: Bilinear Field interpolation

In section 3.3 we evaluated the electric field at the four

mesh points which surround a particle. Now we can calculate the

field at the particle position and hence the field acting on it.

The interpolation of the electric field from the mesh points

to the particle position is the reverse of charge assignment.

Since we know the fields in the x- and y-directions at the four

mesh points which surround a particle, we can interpolate twice as

shown in Fig:3.6 to evaluate the field at the particle position.

However the calculation is made simple by the fact that this

procedure of interpolation is equivalent to the method of

area-weighting discussed above.

We apply the same weighting factors to each component of the

field at each mesh point to get the field component at the

particle position. Et(x) is thus given by

E ^ ( x ) ( A x - | 6 x | ) ( A y - |<5y| ) E^* * ( x ) |<5X | (Ay - |<5y| )

E ( x ) = zzft + 253 +

AxAy AxAy

Similarly for Et(y). In terms of the Shape factor S(<5x,<5y)

the fields are given by
i • 1 j + 1

Et(x) = ^ ^ E j ( x ) S(<5x,<5y) (3.43)
v J

t • l j + i

Et(y) =y~"V~E](y) S(<5X(<5y) (3.44)
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3.6: The simulation algorithm

In this section we gather all the required equations together

into a procedure which can be used for plasma simulation. We

assume a square mesh with n cells on each side, with a mesh

spacing Ax.

It is first necessary to decide the number of particles, the

mesh spacing and the timestep to be used in the simulation. In

arriving at a these numbers, there are some criteria which should

be followed so that the plasma is suitably represented. The number

of particles should be much greater than the number of mesh cells.

This ensures that each cell always contains several particles on

the average during the simulation. If the number of particles is

too low, the simulation will be noisy. That is

N > n x n (3.45)

The mesh spacing should not be very much greater than XD, so

that the potentials set up by charge separation can be resolved,

thus

XD > Ax/2 (3.46)

The timestep should be less than the period of the plasma

frequency, so that the particle oscillations are faithfully

reproduced. Hence

it < w*1 (3.47)
p

A particle should not move more than one mesh spacing in one

timestep in order to preserve the self-consistency of the

simulation. This requirement will not be satisfied by all

particles during the simulation as some particles are accelerated
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more than others, but we can ensure that it is true at t = 0,

which means

vAt < Ax at t = 0 (3.48)

Some appropriate numbers are

N = 5(n x n) (3.49)

XD = 0.5Ax (3.50)

wpAt =0.2 (3.51)

We start by defining the position of the particles at t = 0

and their velocities at t = -At/2.

This is done by giving values of velocity and position to

each particle inside the computational box. The initial values of

velocity may be distributed within a particular range in order to

approximate a velocity distribution function; this is the usual

way of initializing a thermal plasma. However, all particles may

be given the same velocity, which would be the case of a cold

plasma.

The particles may be assigned positions at random, or they

may be arranged uniformly through the mesh like atoms in a

lattice.

The initialization of velocity and position is done for each

component, x and y.

After initialising the particles, we load each mesh point

with the appropriate charge densities using the desired charge

assignment scheme and solve Poisson's eqn. given by Eq:3.14
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J J J - i J - » J J

_ ----- (3.52)
Ax o

to obtain the potential at each mesh point.

Next we scan the array of particles and obtain the electric

field components at the position of each particle by using the

same weighting scheme as was used for charge assignment. The

components of acceleration at the later time (t+At/2) for each

particle are then calculated using Eq:3.22

qEt(x)At

v(x) - — — — — • + v(x) (3.53)
m

qEt(y)At

v(y) = — + v(y) (3.54)
m

The components of position for each particle at the later

time (t+At) are found from Eq:3.24

xl+At - Atv(x)...A. „. + x. (j.&o;

This completes one time cycle-

It may be noted that the particle positions are calculated at

integral multiples of At, whereas velocities are found at integral

multiples of At/2. The relationship between the way position and

velocity are advanced in time is shown in Fig:3.7. The staggering

is due to the time-reversibility criterion discussed in Sec:3.3.1.

This method is known as the leap-frog algorithm and is accurate to

second order in At.
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C h a p t e r 4

T H E T W O - S T R E A M I N S T A B I L I T Y

The Two-Stream Instability (TSI) is a well known

phenomenon and has been extensively simulated

Along with electron plasma oscillations, the reproduction of

the TSI has become a standard test and should be performed as a

matter of course on any plasma simulation code before proceeding

further.

We begin with a brief linear description of the TSI and then

implement this system in a simulation. We conclude with the

results obtained and a comparison with the theory.

4.1: Description

The simplest case of the TSI is the interaction of two

monoenergetic streams of identical charged particles

counterpropagating within an infinite volume. Coulomb interaction

leads to a small perturbation in one stream being communicated to

the other. When certain conditions are satisfied this perturbation

is fed back to the first stream with a slightly larger amplitude.

The perturbation grows rapidly, its rate being exponential, and

ultimately destroys the stable motion of the two streams. Both the

streams get thermalized due to the resulting spread in the

velocity. This thermalization is not due to collisions, but

because of coulomb interaction from the large electric fields

which are built up due to the bunching of charges.

The simple system described above can be approximated by two
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infinite counterpropagating one-dimensional streams. The

(linearized) dispersion relation showing the dependence of the

permittivity £ on the wave vector k for the case when the

perturbation is small and of the form eu *~wu is given by

2 2

F" =1 S T ~ =f (4.1)
o (w - kvo) (co + kvo)

where « is the plasma frequency, w is the frequency associated

with the perturbation with wave vector k, and vQ is the drift

velocity of the streams. The wave vector is assumed to be real.

The longitudinal waves are represented by the condition

| - = 0 (4 .2 )
o

so that

1 £ £ = 0 (4 .3)
2 2

U> CO

Simplification of the above leads to an equation which is

quartic in u

o>* - 2w2(kV + w2) + k V ( k V - 2w2) = 0 (4.4)
O p O O p

This has the solution

/ , 2 2 , 2 . . . , 2 2 , 2.1/2

u> = ± / k vo + « p ± «p(4k vo + cop) ( 4 5 )

Hence the four roots of « are

o = + / k2v2 + w2 + u> (4k2v2 + W 2 ) 1 ' 2

1 T O p p O pp
 T " V « v

o
 T - p ' (4 .6)

2 2 2 2 2 2
V + i*i •+• t»i ^ Air v + Cii I

O p p O p ( 4 . r )

/
, 2 2 , 2 , . , 2 2 , 2

k vo + u - w (4k vQ + »
( 4 . 8 )
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/
, 2 2 2 . . , 2 2 2

v o w
p ~ w

p
l 4 i t V

O
 + w

p
; ( 4 . 9 )

When k = 0 ,

u>4 = + VSa>p ( 4 . 1 0 )

( 4 . 1 1 )

( 4 . 1 2 )

to =

When

u> -
i

10 =

w =

k

+

—

to

= 0

P

v o

p

p

= 0

(4.13)

(4.14)

(4.15)

For values of k between 0 and VSw /v , " and <«> are both
p O 9 4

imaginary because

k < ̂ * k V ; < 2k%v (4

• k*v* + w* + 2kzv*w^ < w* + 4k 2v^ (4.17)

On taking the square root on both sides

• w2 + k V < w («2 + 4kV) 1' 1 (4.18)
p O p p O

which means that <•> and « are less than zero.

Hence for these values of k the perturbation will experience

an exponential growth proportional to e"1. The maximum growth

rate, which occurs at the maximum value of imaginary <<>, is given

by

— =0 (4.19)
dk
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This leads to

k = -*— (4.20)

as the wave vector having the maximum growth rate.

Putting this value of k in the expression for w3 or "^ gives

the value of the imaginary plasma frequency with maximum growth

rate as
w

» = - » = — (4.21)
3 * 2

4.2: Simulation

We approximate an infinite system by a square mesh with

periodic boundary conditions on both the particles and the

potential. Each stream consist of an equal number of particles

distributed uniformly throughout the mesh. The particles of both

streams may be given a Maxwellian velocity distribution in each of

the x- and y-directions. In addition all particles may be given a

drift velocity in the x- and/or y-directions over and above . the

individual particle thermal velocities. The drift velocities may

be different for the two streams.

A periodic system has a discrete spectrum corresponding to

the finite number of modes permitted, each being a multiple of the

fundamental mode , which is

2n
kQ = — (4.22)

L

where L is the period. The total number of modes depends on the

size of the mesh.
The plasma frequency, « , is given as an input parameter and

p
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the number density n is calculated from

~2

p ... . (4.23)

This is divided by the particle number density to obtain the

number of electrons which each particle represents. This number

when multiplied by the electron's charge gives the charge carried

by the particle, and when multiplied by the electron's mass gives

the mass of each particle.

Since the plasma is electrically neutral we calculate a

positive charge density which is always resident at each mesh

point by dividing the total negative charge in the mesh by the

product of the total number of mesh points and the volume of the

mesh coll. This is a constant background of positive charge which

represents the "jelly" of massive ions which remain immobile

during the simulation.

The Debye length is an input parameter supplied as a fraction

of the period L. The thermal velocity vt is calculated from

v - o.,A (4.24)
t d

The particles of each stream are then assigned velocities by

generating a Maxwellian distribution around this thermal velocity

by some appropriate method. A particularly simple procedure is

outlined in Ref:7 which was followed here. Both the streams need

not have the same distributions. The drift velocity is then

assigned to each particle to complete the preparation of the

streams.
An optional final step is to perturb the streams by

34



displacing each particle by a cosine function of its position in

order to excite a wave with a given mode. In order to excite the

m mode each particle is displaced by the amount

Ax = D cos(k x) (4.25)

where Ax is the displacement added on to the position x; D is the

amplitude of the mode, usually supplied as fraction of the

particle-particle spacing; and k is wave number of the mode
Tft

supplied as an integral multiple of the fundamental mode k .

= HT (4.26)

This completes the preparation of the system.

However, it does not correspond to the state of the system at

t=0.In order to arrive at a consistent initial state we have to

find the velocities of each particle at t= — At/2 so as to apply

the time-centred difference equations of motion.

This is done by solving for the potentials at t=0,

calculating the forces on each particle and then pushing each one

backwards by half a timestep. This gives us the positions at t=0

and velocities at t= — At/2, which is the correct configuration

for starting the simulation.

4.3: Results

We present some typical results of the simulation of the TSI

on a system length of 32mm and a mesh size of 32x32; this

corresponds to a mesh spacing of lmm and 32 modes; the debye

length was chosen to be 2mm, the plasma frequency was 1 x 10

rad/s. Each stream cor listed of 15,625 particles. In the
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y-direction the streams were assigned equal but opposite drifts,

and in both x- and y-directions the streams did not have any

thermal velocity spread, i.e., the streams were cold.

The timestep, At, was kept equal to 0.2&>~ . Hence thirty
p

timesteps corresponded approximately to one plasma period.

Fig:4.1 shows the variation of total, kinetic and

electrostatic energies with time over 400 timesteps. The kinetic

energy was found by taking the square of the mean of the old and

new particle velocity and summing over all the particles.. The

electrostatic energy was found by taking the product of the

charge and potential at each mesh point and summing over the mesh.

The variation in total energy was 6.49x10" corresponding to energy

conservation within 1%. Notice the exponential rise in

electrostatic energy which saturates abruptly and then falls. The

initial growth is exponential with rate 5.26x10*, and the same

parameter calculated using Eq:4.8 is 4.952xl2T.

As the simulation proceeds the mean velocity of the streams

in the y-direction decreases from the initial vd, and

simultaneously the velocity spread as calculated from

Av = <v2> - <v>2 (4.27)
spr

increases. Fig:4.2 shows this graphically for the all the

velocity components. The streams acquire a thermal velocity

spread. The linear analysis presented in section 4.1 above does

not cover the slow oscillations seen during the later stages of

the run after the initial saturation of the electrostatic energy.

It is observed that with time these oscillations decrease in
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amplitude. The streams tend to come to equilibrium at a kinetic

energy which is less and an electrostatic energy which is greater

than the initial values, but with a larger spread in velocity. The

particles acquire a velocity distribution in the y-direction,

whereas the velocity distribution in the x-direction becomes

broader as the streams come to equilibrium with each other.
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C h a p t e r 5

D I A G N O S T I C S

The particle parameters (position, velocity) and the mesh

parameters (potential, charge density) contain within themselves

all the information that can be extracted from the system. The

sheer magnitude of the data residing within these four parameters

means that it is not possible to store their values at each

timestep as the simulation progresses. We must reduce the task of

data analysis to a manageable level by converting this mass of

hidden information into meaningful numbers that reflects the

physics of the phenomenon which is being simulated *.

In this chapter we discuss diagnostics — checks and tests

which are peripheral to the main cycle of calculation in particle

simulation, but which should be included in every simulation code.

They are performed during execution, to verify whether the

simulation is progressing properly or not, as well as after the

execution is over, to extract the physics from the mass of numbers

generated.

5.1: Energy Conservation

The mathematical model which was discussed in Chapter 3 does

not conserve energy exactly, but only in the limit of At •• 0 <2).

However, the energy non-conservation is small, and the various

forms of energy in the system should be calculated and stored at

each timestep. The calculation of each component of the total

energy is a straightforward task. For the neutral periodic system
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described in Chapter 4 the energy balance equation is

Total Energy = Kinetic Energy + Electrostatic Energy (5.1)

It is important to note that this particular form applies only

if the net current crossing the boundaries is zero. If this is not

the case the appropriate current terms have to be included in

order to arrive at the correct energy balance equation '*.

The kinetic energy and the electrostatic energy should be so

calculated that they reflect the particular values at the same

time. The velocities are known at times which are integral

multiples of At/2, whereas the potentials and charge densities are

known at times which are integral multiples of At. We form the

kinetic energy of a particle by taking the mean of its velocity at

a time t+At/2 and t-At/2. and then squaring it. This always

results in a positive value. Thus

Kinetic Energy at time t

= i m y {v(x)2+ v(y)2} (5.2)

l\ f-W<r>*vt-At<r) I2'
5

(5.3)

where the summation is done over i, the particle index and v(x),

v(y) are the velocity components at the times indicated.

Another method would be to take just the product of the

particle's velocity at times t+At/2 and t-At/2. This is simpler

and faster to compute. It has, however, the disadvantage that if

the particle has reversed its velocity due to a locally repelling
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electric field then this product would be negative. The particle

would then have an unphysical negative kinetic energy at this

instant.

The electrostatic energy at a grid point is calculated by

multiplying the charge density at the point with the potential and

the vr-lume of the mesh cell, then summing this product over all

the mesh points. Thus

Electrostatic Energy = £%£Z- V V* pl <pl (5.4)

i i

This is the discrete analogue of I wJV^dxdy I , where the integral is

evaluated over the volume occupied by the charges.

A plot of each of the energy components with time reveals the

transfer of energy from kinetic to potential and vice versa during

the simulation.

5.2: Position and Equipotential plots

A picture of the particle positions plotted on the x-y plane

is a reliable indicator of the variation of charge density and

potential in the system.

Due to the large number of particles it is not possible, in

general, to store the positions of all the particles at every

timestep or even every five or ten steps, but we can compromise by

storing the positions of a representative fraction. Alternatively

we can plot the particles on the screen, which takes a relatively

short time, e d then store the picture as a bit-image (a

"snapshot") in a much more compact form. Such plots give a
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dramatic view of regions of high and low number density created

due to the passage of longitudinal waves in the plasma. Fig:5.1

shows some representative snapshots taken while simulating the

TSI.

Equipotential lines showing the variation of potential across

the plasma are also helpful in visualising the flow of waves.

Since the number of mesh points are invariably much less than the

number of particles, it is feasible to store the potential at each

mesh point at fixed intervals of a few timesteps. Equipotential

lines may be plotted after the run is over. Alternatively, the

equipotential lines may be drawn during the simulation and the

plots stored as snapshots. This would however, lengthen the time

required for a run. Fig:5.2 shows one such plot of the

equipotential lines during the simulation of the TSI.

Apart from these plots, phase space plots can also be made

showing the variation of velocity with position. The velocity

distribution at various times may also be plotted. Fourier

analysis of potential can be done to reveal the various modes of

oscillation for cases where more than one mode exists. Depending

on the nature of the problem being simulated the necessary

diagnostics should be included as required.
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APPENDIX A

The advantages of the PC environment over ND

Large scale computation requires high execution speed and

large memory capacity. In both these areas, the Norsk Data time

sharing computer system installed in BARC scores over a PC-XT.

An objective assessment of the computing environment offered by

the ND shows that there are some aspects from the users' viewpoint

which make the PC more attractive. These are discussed below to

show that the highly under-utilised PC is capable of being

substituted effectively as a tool for computation in Physics.

The implementation of the model described in Chapter 3 was

initially done on the ND-570 computer which is well suited for

this kind of problem. It offers a time-sharing environment which

is being utilised for a variety of different jobs at the same time

by a large number of users. This introduces some problems which

are not encountered when working on the PC.

To start with, there is the inevitable uncertainty in the

running of any program. One never knows beforehand whether the

program will terminate after a time which is reasonably greater

than the actual CPU time utilised. Our experience has shown that

the time spent on the terminal varies by as much as a factor of

four while running the same program, depending on the time of day,

the number of users logged into the system, the priority of other

processes, etc.

On several occasions the limited amount of disk space
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allotted has resulted in abnormal program termination at the last

moment while data is being transferred to output files. Limited

storage also neans that frequent backups have to be made on

magnetic tape in order to make disk-space available during

execution. When data from the tape is required later it is not

available as easily as it would have been had the data been

present on disk.

Very few of the terminals connected to the ND support

graphics. In order to see the program output in graphical form

during execution one has to wait until a graphic terminal is

to run the program. The alternative is to save the

data and process it later. On-line graphic output, if

e, saves time if the user finds the results unsatisfactory

-.id terminates the program. In the latter case several hours are

wusted before the finding out that the results are useless.

Users are advised that programs which take up several hours

.f CPU time should be run us batch jobs. These jobs have the

lowest priority in the daytime, preference being given to terminal

j:.bs. Hence a long duration program submitted as a batch job

during the day has little chance of terminating within a

reasonable time. If the same program is executed as a terminal

j.jb the user faces charges of "hogging" the terminal.

System crashes sometimes occur due to a variety of

circumstances which are unknown to the user.

In contrast, a slower but single-user system like the PC has

its own advantages. One is assured that there is ac other program
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with a higher priority in the execution queue. Execution times are

constant, hence one. can plan a schedule of work for the day

knowing the number of program-runs which can be made.

On the average, the hard disk offers more storage space, with

potentially infinite capacity available externally on floppies.

Backups, also on floppies, are made and accessed easily. A power

failure represents the only unforeseen circumstance leading to a

program terminating ahead of time, and even this can be avoided

with the help of an uninterruptible power supply.

Simultaneous text and graphics output is available

on-screen, together with colour capability. Though colour is a

cosmetic feature, it leads to a better representation of graphs

and other plots which are essential outputs of any program.

The slower execution speed and smaller available run-time

memory means that every trick has to learnt and used in order to

make programs run faster and occupy less memory space . If and

when the work has to be implemented on a bigger system, as is

inevitable when simulating more complex phenomena, the efficient

programming practices learnt help in creating better code.

A benchmarking of the execution times of the ND and the 8 Mhz

8088-8087 based PC has shown the ND to be about 33 times faster2.

This applies to identical FORTRAN programs compiled using

Fortran-500 on the ND and Profort on the PC. However a task

written in C-language and compiled using TurboC generally runs

faster than the same task programmed in FORTRAN with Profort as

the compiler. Hence, the validity of comparisons between machines
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is a debatable matter, given the fact that we have two languages,

and three compilers. running on two machines under different

operating systems.

Before using a PC, the user is generally concerned with three

things. Firstly, is the run-time memory adequate? Secondly, is

adequate dir.V. apace for data storage) available? And thirdly, douw

the program terminate within a reasonable time? The answer to the

first question depends on the particular problem being tackled,

and, in our opinion, is in the affirmative for a large class of

problems, of which the two-dimensional electrostatic plasma is an

example. The answer to the second question has been discussed

above. As for the last, it is a well known thumb rule that the CPU

spends 95% of the its time in executing 5% of the program code. By

identifying this crucial 5% which takes up the major share of

execution time, it is possible through choice of programming

language and careful optimisation to make programs run faster on

the PC.

Our experience demonstrates that the 8088-8087 based PC-XT

which is presently under-used in most places, can be utilised for

carrying out computational tasks which previously were dor»e only

with the help of larger computers. The use of 80286 or 80386 based

PC's running at higher clock speeds means that more complex

problems can be solved in a reasonable time; and with the

availability of plug-in co-processor boards it is possible for

an 80386 based PC to equal the execution speed of the ND.
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APPENDIX B

F i g u r e s

Page 54, Fig 4.1:

Energy plotted against time for the Two-stream instability. The

curves are shown displaced for clarity.

Page 55, Fig 4.2:

The velocity spread, Av , plotted against time for both stream 1

amd stream 2 and both velocity components in each stream.

The ringing seen just after saturation is not predicted by linear

theory.

Page 56, Fig 5.1:

Snapshots of particle positions taken at (clockwise from top

left) timestep 110, 150, 190, 230 and 270. The structure of the

first mode is clearly visible in step 190.

Page 57, Fig 5.2:

Equipotential contours at timestep 190. The numbers are arbitrary,

but scaled to the actual values. The structure of the contours

reflects the snapshot seen in Fig 5.1.
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Fig 3.1s The computational box.
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"ig 3.2" The 'domain' of mesh point POJ) Is the shaded region,

Solid lines are mesh cell boundaries, dashed lines are mesh

domain boundaries.
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Sx = x-lAx

5y = y-jAy

PCtJ+D

Fig 3.3' Co-ordinates of a particle at GKx,y> relative to the

mesh point POJ).

PCl+lJ)

6

Fig 3A> Bilinear weighting. The fraction of charge assigned to

mesh point PCi+1,j+1) Is proportional to the shaded region D.
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\- ig 3.5i Area weighting. A rectangular cloud with centre a t Q<x,y)

.ontr lbutes t o nesh point PO,J) charge proportional t o the shaded

area which overlaps the domain of the point.

El

Fig 3.6' Field interpolation. E3 Is obtained from El and E2,

E6 is obtained from E4 and E5, and EO Is obtained from E3

and E6. Area weighting or bilinear weighting is equivalent t o

this but simpler and f a s t e r t o compute.
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particle velocities &o>var>ced at thes» t««es

t-At t+At

particle positions advanced at these tines

Fig 3.7i The Leap Frog Algorithn. Particle positions and

velocities are advanced at different tines due to the tine-centred

nature of the difference equations of notion.
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