
"Tho submntad mcnuacnpl hM b*an
autttorad by a contractor ol tha U.S.
Govarnmam under contract No. DE-
AC0S-840R21400 Accordingly, ttw U.S.
Government retama a nonexcfcaive,
royarly-rree hcenae lo pubtan a reproduce
the pubtahed form o( thn contribution. Of
atow others to do 50 for U S Govammam

Semiclassical eigenenergies in the wake purpo**s

of fast ions in solids

Jorg Mullcr, Joachim Burgdorfer and Donald W. Noid

Department of Physics, University of Tennessee, Knoxville, TN 37996-1200

and

Oak Ridge National Laboratory, Oak Ridge, TN 37831-6377
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We compare the semiclassical and quantum mechanical eigenen- DE9 0 012292
ergies of an electron in the wake of a fast, highly charged ion
traversing a solid. The classical dynamics of this system shows

a transition from regular to chaotic motion as a function of the

binding energy. This transition can also be seen in the quantal

spectra. We find evidence for a connection between bifurcation of

tori and disorder in the energy level sequences.

I. THE WAKE POTENTIAL

The interaction of fast charged particles with an electron gas causes a coherent

electron displacement. This picture of a strongly anisotropic distribution of the

dynamical screening charge dates back to Bohr1 who referred to this phenomenon

as "wake" behind the charged particle. An explicit expression for the wake was

first given by Neufeld and Ritchie2. The "wake" shows a series of domains with

alternately enhanced and depleted electron density relative to the mean density of

the medium. Accordingly, the electrostatic potential ("wake potential") exhibits

in addition to a monotonic decay as a function of distance an oscillatory feature:

domains of enhancement create regions of negative electric potential whereas den-

sity depletion gives rise to a positive potential. Neelavathi, Ritchie, and Brandt3

have shown that bound states of "wake-riding" electrons do exist near the minima

of the oscillatory wake potential. Most calculations to date have been performed

only for the ground state4"7. Recent theoretical studies 8>9 pertaining to experi-

ments concerning the antiproton transmission through foils10 have indicated the

importance of excited states in the wake. It has been found that the observation

of "wake-riding" electrons as a distinct peak in the forward electron emission spec-

trum appears feasible, if at all, only if contributions from excited states are taken

into account.
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For excited states the approximation of the wake potential in terms of an

anisotropic harmonic oscillator breaks down. For higher lying states the system is

anharmonic and non-separable. This problem provides therefore an opportunity

to study the quantum dynamics of a simple non-separable system with two degrees

of freedom whose classical counterpart possesses a divided phase space of regular

and chaotic motion n . The Hamiltonian is given by

= j + Vwake(p,z) (1)

where Vwake is the wake potential (Fig. 1), which is in linear approximation given

by

Vwake(z,p) = A-
TTVp

J0(pK) exp
(2)
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Fig. 1 Wake potential of 5 i 6 + in Al, calculated in plasmon-pole approximation at
fp = 1 a.u..



The speed of the projectile is denoted by up and its charge by Q,z and p are

cylindrical coordinates in the frame of the projectile k is the wave number and

K — (k2 — T-) . For the dielectric function e(fc,u) we chose the plasmon pole

approximation2'11. Using this approximation the integral over w can be performed,

but the potential is still given in terms of a one-dimensional numerical integral.

The Hamiltonian possesses rotation symmetry about the beam (i) axis. The

angular momentum operator Lz with exact quantum number m is therefore con-

served. Eq.(l) constitutes a time-independent Hamiltonian system with two de-

grees of freedom. The problem resembles the frequently studied problem of hy-

drogen in a strong magnetic field with the important difference that parity is not

conserved since the Vwake is not invariant under the transformation z —» —z.

H. SEMICLASSICAL QUANTIZATION

In the following we consider an electron in the first trough of the wake behind

the projectile. Application of semiclassical quantization to this problem is ex-

pected to be quite accurate for two reasons: For low-lying states, where in general

semiclassical methods yield poor results, the problem is near-harmonic. Due to

correspondence identities semiclassical eigenvalues are exact in the harmonic limit.

For high-lying state, i.e. for large quantum numbers, semiclassical mechanics is

expected to be quite accurate because there the short-wave length limit is approx-

imately reached. We expect therefore the semiclassical eigenvalues to smoothly

interpolate between these two regimes and to give reasonable eigenenergies over

a wide range of quantum numbers. Estimates for tunneling rates show that cou-

pling between different troughs can be neglected. The semiclassical quantization

for non-separable systems is based on the quantization condition12'13

j pdq = 2irh (n j + ^ ) (3)

where rij is the quantum number and a ; is the Maslov index. The latter is de-

termined by the number of encounters of the path c; with the caustics. The

topologically independent integration paths Cj need not to be actual trajectories.

Following Noid et al14'15 we chose closed curves of the Poincare surface of section.

By choosing two different surfaces of section we obtain two independent paths

and, generally, two independent quantization conditions. Choosing as surfaces

p = const and z — const., Eq (3) becomes
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where the Maslov index is 2 in each case.

In general those integrals will not give the desired actions

Sj = 2nh (nj + ^ J (5)

in terms of integral quantum numbers. For each trajectory we obtain instead two

real numbers n* and n* Since the energy E of the trajectory is also known, we

obtain the function E(n*, n*). Using the Sheppard method16 the eigenenergies e

can be interpolated from these "scattered quantum numbers" as

e = E(nz,np) (6)

where nx and np are constrained to be integers.

For higher energies tori break up to form chains of resonance islands in accor-

dance with the Poincare-Birkhoff theorem17. For an example of a quasiresonant

trajectory see Fig. 4a. If for a given island chain for a k : £ resonance the area of

the island on the Poincare surface exceeds nh this region of the phase space can

support one or more quantum states. The determination of the eigenenergies in

this case is different from the first case, since the integrals 4a and 4b are equal for

the resonances and yield only one quantization condition (e.g., nz). However, a

second one can be found18'19 by calculating the total phase integral (Eq.3) on the

curve Cj along one cycle of the trajectory and joining the ends on the Poincare

surface of section. This gives the condition

pdq = 2TTJV + irh(k + t) (7)

for an k : £ resonance, where N is an integer and the term nh(k + £) arises

because the trajectory touches the caustics 2(k + £) times during one cycle. For the

eigenenergies due to the resonances we identify the individual tori corresponding

to quantum numbers N and nz.



No closed curves exist for chaotic motion but the points lie dense in the

Poincare surface of section or portions thereof. In this regime the torus quan-

tization fails.

To obtain the missing eigenenergies which correspond to eigenstates localized

in the chaotic part of the classical phase space, we expand the Hamiltonian H

(see Eq.l) using eigenstates 4>n,,np,m of a three dimensional harmonic oscillator in

cylindrical coordinates and diagonalize the matrix < <)>n,,np,m\H\<j>n'M,n'/,m
l >•

Due to the cylindrical symmetry of H the z-component of the angular mo-

mentum m is a good quantum number. For the diagonalization we use 1500 basis

states <^n,,n,,m for each m. This method also provides a possibility to check the

accuracy of the semiclassical eigenenergies.

III. RESULTS

In the following numerical calculations we assume the projectile passing

through an electron gas characterized by parameters typical for Aluminum (elec-

tron density n, = 8.8 x 10~3a.u., plasmon damping constant 7 = 3 x 10~2a.«.).

The speed of the projectile is vp = 12.5 a.u. in line with our classical analysis11.

Use of linear response theory for the wake potential requires that ^ < 1 and

£• < 1. While the first inequality is well met for Alf ^ = 5 • 10~2J, the second

one is violated for high charges. Therefore the potential distribution cannot be

expected to be accurate, but should be considered as a model system which can

illustrate the complex dynamics of the problem.

The first wake minimum is located at z0 = -175.4 where the p — pfi plane

of the Poincare section is located (Fig. 2a). For the z — pz plane (Fig. 2b)

we choose po = 0.0 a.u.. The Poincare section (Fig. 2b) displays points forming

closed lines at the border. These correspond to the line closest to the origin in

Fig. 2a. There the tori are still intact and torus quantization as discussed in

Section II can be applied. Moving towards the center of Fig. 2b we find island

chains consisting of 9 and 8 islands, which are generated by 1:9 and 1:8 resonances.

Further inward we cross a chaotic region. Chaos originates from overlapping 1:7,

1:6 and 1:5 resonances. Next we find a pronounced 1:4 resonance island chain,

which is sufficiently large to support quantum states. There the second method

discussed in Section II can be applied. Closest to the center we again find closed

curves corresponding to intact tori. The semiclassical energy levels belonging to

the Hilbert space with exact quantum number m = 0 for Q — 8 and Q = 16
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Fig. 2 Poincare surfaces of section for 22 trajectories (a)p — pp -plane at

z = 175.34a.u.; (b) z — pz -plane at p = Qa.u. for rn = 0 and E = —0.5342a.u.

which corresponds to an eigenenergy of a 1:4 resonance. The projectile is sulfur

(Q = 16) at Uj, = l?..5a.u.. The electron gas parameters n, = 8.8 • 10~3 a.u. and

7 = 3-10"2 a.u. correspond to Aluminum.



are shown in Fig. 3a and b. The level sequences were constructed out of 220

regular trajectories. The eigenenergies for the 1:4 resonance are obtained by one

trajectory each (see Fig. 4a).

Since torus quantization cannot give the eigenenergies of states corresponding

to the chaotic part of the classical phase space, we calculated those by matrix

diagonalization. These are shown for Q = 16 in Fig. 3b. They do not have

well defined quantum numbers nz or np. However, in order to plot them on the

same figure as the semiclassical eigenenergies, we assign each state an approximate

quantum number. They are determined by the exact quantum numbers of the basis

state which has the largest overlap with the calculated eigenstates.

Also the energy levels corresponding to the 1:4 resonance do not have exact

quantum numbers np and nz, they are placed at the nz of the level they "substi-

tute". For Q = 8 their quantum numbers are N — 17 and N ~ 18 and for Q = 16,

N starts from 24 (see Eq. 7). The second quantum number, either nz or np is 0

except for the "np = 5 sequence" for Q — 16, where it is 1.

Considering the existence of a divided phase space in the high energy region it

is quite remarkable that the harmonic-oscillator type level sequences continue well

into the high-energy region. Each sequence is characterized by a fixed value of the

quantum number np. For low-lying states the H.iniiltonian is given by harmonic

approximation

Ho 3 Vo + \ [p\ + pi + Jtf + uy + | ) (8)

with eigenenergies

E° = VQ+up(2np + \m\ + 1) + uz (nt + £) . (9)

From a fit of the potential surface V(p, z) to a paraboloid we obtain the oscil-

lator parameters u>p = 0.047 • Q J , ut = 0.0086 • Q* and Vo = 0.1275 • Q(in

a.u.). This agrees very well (within « 1%) with the energy level spacing and

position of the low-lying states determined by semiclassical quantization. Above

E > —0.06 • Q(in a.u.) the harmonic approximation breaks down. Non-linear ef-

fects manifest themselves in the n (or action) dependence of u, i.e. the spacings

are no longer equidistant. Nonetheless, ordered energy level sequences are easily

recognizable.
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Fig. 3 Semiclassical wake eigenenergies at m = for (a) 0 = 8 and (b) Q — 16. The

interpolated energies are denoted by (—) and the energy levels corresponding to

1:4 resonance by (+). In (b) we also show the quantum mechanical eigenenergics,

which are denoted by (*). The classification of the levels by nc and np is exactly

only possible for the interpolated levels (—). The energy levels corresponding to a

1:4 resonance (+) are placed at the n, of the level they substitute, for their quan-

tum numbers see text. The quantum mechanical levels (*) have only approximate

quantum numbers (see text). The insert in (b) shows the energy difference AE

between two consecutive levels in a np-sequence (quantum mechanical calculation)

the numbers denote n r NOTE: Only the n,, = 4 and n̂ , = 5 sequences have



levels which .orrespond to a 1:4 resonance. There we see discontinuities at the 8'

interval (from n, = 7 to n, = 8) respectively at the 4"1 interval (from n. = 3 to

nx = 4), they are exactly where semiclassically the 1:4 resonance terminates the

n^-sequence.
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Fig. 4 a) Trajectory of a quasi 1:4 resonance at E = —0.5342 a.u. and m = 0.

Parameters for the wake are the same as in Fig. 2. Semiclassical quantization

of this trajectory leads to integer quantum number N = 25, n, = 0. Initial

conditions: z = 172.34a.u., pt = 0.36a.u., p = 2.32a.u., pp = 1.63a.u.

b) Probability distribution of finding an electron, which is in corresponding quan-

tum mechanical state (calculated using matrix diagonalization). The approximate

quantum numbers are n, = 9, np = 4. Contour lines in s' :ps of 1/1500.



At E as —0.035 • Q(in a.u.) we find the onset of widespread chaos, because

the 1:5 and 1:6 resonances begin to overlap. This causes the np = 1 and np = 2

(for Q = 16 also the np = 3) sequences to terminate. For Q = 8 the n̂ , = 3

and for Q = 16 the np = 4 and np = 5 sequences are terminated because of

the 1:4 resonance. The 1:4 resonance occupies the phasespace associated with the

missing levels of these np-sequences. The eigenenergies of the states corresponding

to the classical resonance islands do not coincide with the expected energies of the

ordered np-sequences.

This can be seen in the insert in Fig. 3b. Shown are the energy differences

AE(nz) = En,,nf — EnM-i,nf between two consecutive levels in a np-sequence.

We chose the quantum mechanical energies to avoid uncertainties related to the

different methods used for calculating the semiclassical eigenenergies. A disconti-

nuity can be seen where the 1:4 resonance terminates the np-sequence; this is for

np = 4 at the 8t>l interval (between nz = 7 to n r = 8) and for np — 5 at the

4=th interval (between nz = 3 and nz = 4).

Fig. 4 shows that for quantum mechanical states, corresponding to a 1 :

4 resonance, the wavefunction and thus the probability to find the electron is

scarred on the corresponding trajectory. So, despite the fact, that energy level

sequences characterized by fixed np are still recognizable, the wavefunction itself

has a more complicated structure. Wavefunctions with this m-shaped structure

can be found even for higher energies, where the islands of the 1 : 4 resonance

become smaller than irh. Finally, when the 1 : 4 resonance trajectory becomes

unstable (at E = 0.025 • Q'm a.u.) and bifurcates to a 1 : 8 resonance, this

structure disappears.

In general the agreement of the semiclassical and the full quantum mechanical

eigenenergies is very good, the semiclassical eigenenergies deviate on the average

by 2/1000 a.u. and are generally higher than the full quantum mechanical values.

As expected the nearest neighbor energy level statistics for Q = 16 is Pois-

sonian for the semiclassical eigenenergies, indicative of mostly quasi periodic

motion21. The nearest neighbor energy level statistics for the energy levels associ-

ated with the chaotic part of the classical phase space shows a Wigner distribution.

In summary, the semiclassical quantization of KAM tori using topologically

independent paths on Poincare surfaces of section permits the efficient calculation

of a large number of energy eigenvalues of wake-riding electron states. This method



allows the determination of the portion of the Hilbert space associated with the

regular portion of the classical phase space. We observe the transition from ordered

to disordered energy level sequences which is connected with torus bifurcation.

While this semiclassical method cannot yield all eigenvalues, it is from the

view point of the classical-quantum correspondence very useful in identifying and

classifying the fraction of energy levels associated with quasi-periodic motion.
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