
JHt90A#&' 

3? 

The Australian National University 
Research School of Physical Sciences 

OSCILLATING MAGNETIC ISLANDS 
IN A ROTATING PLASMA 

BLPttnon and A. Bondeaon 

ANU-PBL-TP90/1 . 

January1990 

Plasma Research 
Laboratory 

The Australian National University GPO Box 4 Canberra 2601 



1 

OSCILLATING MAGNETIC ISLANDS 
IN A ROTATING PLASMA 

BLPenson 
IViliiiiliiifiiitafTTMiniiitkaTniiiikiMiiinaaiiwIliiwMiifiiFiilMMnkiiji. 

Besoawili School of Physical Sciences, Hie Australian National 
University, GPO Box 4, Canberra ACT 2G01, Australia 

and 

ABondeson 
Centre oteBechercfaesenPhysiqnedesPlasmaayAssodanonEuwto 

QwflWrnttnn fliiiisfi, Ktoln Polytrrhniqno Ftidrrnlp dp TfntanMl 91 A%T 
des Bains, CH-1007 T mauamn, Switzerland 

Abstract: The nonlinear evolution of tearing modes in the presence of 
sheared mass flow is studied as an initial value problem. Under certain 
conditions, when the mode is driven unstable primarily by the mass flow, 
the nonlinear evolution leads to a dynamic state in which the size and 
shape of the magnetic islands is oscillatory. 
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I. Introduction 
Resistive magnetohydrodynamic (MHD) activity is observed in many 
different contexts, ranging from solar flares to the maintenance of field 
reversal in reversed field pinches or anomalous current penetration and 
major disruption in tokamaks. In these applications, the S-number (ratio 
of resistive to Alfven time-scales) is generally large, and the dynamics of 
linear resistive modes is concentrated to a thin resistive layer1. As a 
consequence, the evolution of the mode becomes nonlinear at very small 
perturbation amplitude. Rutherford2 analysed the nonlinear evolution of 
the tearing mode and found that when the width of the magnetic island 
exceeds the linear layer width, the growth of the mode slows down from 
exponential to algebraic in time. Perhaps more important is the fact that 
while in the linear phase, the growth rate y scales as the resistivity i\ to 
the 3/5 power, the nonlinear growth occurs at a much slower rate 
proportional to the resistivity (dw/dt« 1.66 TJA', where w is the island 
width and the jump in the logarithmic derivative A' is evaluated at the 
boundaries of the island2 3). The primary assumption in Rutherford's 
theory is that the plasma inertia becomes negligible in the nonlinear 
phase. This is a valid approximation for the standard "constant-y" 
tearing mode1, but it is well known that inertia cannot be neglected in the 
nonlinear evolution of the resistive kink mode4*6. In this paper, we 
discuss a case where inertia plays a decisive role for the nonlinear 
evolution, namely, the nonlinear dynamics of resistive tearing modes in 
equilibria with non-uniform mass flow. We show that, when the flow is 
sufficiently strong, the nonlinear evolution of the tearing mode can lead to 
oscillatory behaviour, which is clearly distinct from the essentially 
monotonic growth occurring for static equilbria2'3. The crucial effect, 
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introduced by the non-uniform background flow, is that the nonlinear, 
convective part of the plasma inertia becomes large as the island grows, 
and this inertial force is only partly balanced by the magnetic torque. 

The linear theory of the tearing mode has been studied by several 
authors 7' 1 0 . The regime, in which we find oscillatory nonlinear 
behaviour, is when the tearing mode is driven unstable primarily by the 
shear flow and A' is numerically small. When A' is small and negative, 
the tearing mode can be linearly destabilised by flow inside the resistive 
layer, and the nonlinear evolution of this instability leads to oscillatory 
behaviour. Linear theory9 also shows that the flow driven instability is 
stabilized by a sufficient perpendicular viscosity. The oscillatory 
nonlinear behaviour discussed in this paper only occurs when the 
viscosity is sufficiently small. The remainder of the paper is organized as 
follows: In the next section the model and the numerical set ups are 
presented and in Sec. Ill the influence of a shear flows on the nonlinear 
evolution of tearing modes is considered for modes unstable in the 
flowless limit. In Sec. IV we consider the flow driven case in some detail. 
The dynamics of the oscillating islands are presented and a comparison 
of the magnetic signals with experimental observations is made. Finally 
our results are summarized in Sec. V. 

IL The model 
The nonlinear simulations presented are based on the straight 

cylinder reduced magnetohydrodynamic equations11 
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* J (D=B*Vj+Wi© 
(1) 

^ = B-V(HiJ+E7Xt) 
* . (2) 

where y is the flux function, 

A A 

is the magnetic field, $ is the stream function, 

a> = -V^$ a n d j - - V 1 y (4) 

are the z-components of the vorticity and current respectively, E z is the 
externally applied electric field , and V i 5 V - z d/dz. The mass density 
has been assumed constant, the length scale has been normalized to the 
minor radius, and the timescale to the AlrV6n time in the z-component of 
the field B z . 

The code used to solve the reduced MHD equations is a non
symmetrical version of that used in Ref. 12. It uses finite differences in r 
and Fourier expansion in the poloidal and toroidal directions. It is based 
on semi-implicit algorithms where evolution of the equilibrium is done 
explicitly. The radial grid with 220 grid points has been non-uniformly 
distributed with a concentration of grid points around the resonant 
magnetic surface. In presence of equilibrium flows the solutions of Eqs.(l) 
and (2) can no longer be symmetric, and y and $ are hence expanded as 
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exp<im6 - inz/R) instead of the standard sine and cosine expansions. 

The temperature is assumed constant in time, and we consider modes 

with constant helicities, m/n=2. 

The cylindrically symmetric boundary is assumed to have the 
A A 

properties of a perfectly conducting rigid wall. That is, B-r = 0 and » r = 0 
at the plasma boundary. The magnetic field equilibrium is given by the 
parametrization of the safety factor q = rBg/RIL in the simple standard 
form 

The equilibrium current profiles are then specified by the three 
parameters: qQ and q a , the safety factor at the centre and boundary 
respectively, and X. There is no source for the flow within the reduce 
MHD model and the rotational flow is therefore simply introduced in the 
initial conditions and thereafter evolved selfconsistently. The background 
current is held constant in time, by slowly adjusting the external electric 
field. For all the simulations presented in this paper the Lundquist 
number S, the ratio of resistive timescale to ideal timescale, is 10 in the 

-9 centre of the cylinder, and the viscosity v * 10 

IE. Equilibria unstable in the flowkss limit 
In this section we consider the effect of shear flows on the 

nonlinear state? of the magnetic islands for equilibria unstable in the 
flowless limit. Under certain conditions, when the equilibria are close to 
marginal stability in the flow less limit, the nonlinear state is oscillatory 
and the saturated island size is not well defined. In such cases we will 



take the maximum island width as the measure of the island si'•» Fig.la 
shows the saturated width of the ms2/n=l island versus qQ for different 
values of the shear flow parameter r' = <Kk-v y9r , where the derivative is 

A A 

to be taken at the resonant magnetic surface, and k = mAO-n/Rz is the 
wave vector of the mode. The marks represents the simulation results, 
and results from simulations with the same shear flow parameter have 
been connected with straight lines. The equilibrium q-profiles are given by 
Eq. (5) with q a = 4.2, and X = 3.5. In Fig.lb is similarly plotted the island 
width versus the shear flow parameter r' for different values of qQ. 
Results from simulations with the same qQ have been connected with 
straight tines. Weak shear flows affect the island sizes considerably for 
equilibria close to marginal stability. However, for equilibria more 
unstable in the static limit the saturated island sizes are less affected by a 
small flow. As an example of the equilibria used in these simulations 
Fig.2 show the equilibrium profiles in the initial stage of the simulations 

-2 for a case with qQ =1.1 and r' = 0.5x10 . As is shown from Fig.la small 
equilibrium shear flows have the strongest effect on the magnetic islands 
for equilibria close to marginal stability. These equilibria are of particular 
interest since in most experimental situations the plasma has a tendency 
to avoid very unstable configurations. From Fig.lb we observe that large 
flows have a stabilizing effect on the mode for all qQ, This occurs when the 
shear flow and the poloidal Alfven velocity become comparable at the 
resonant surface. This is in qualitative agreement with linear 
calculations of Einaudi and Rubini13 and with more resent analytical 
results of Chen and Morrison10. However, these results should be 
regarded with some caution since the large flow limit is outside the 
region of validity for the incompressible model used here and in Refs. 10 
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and 13. A compressible ideal calculation for cylindrical plasma and the 
corresponding long-thin ordering is given in Ref. 14. 

To consider the influence of the shear flows on the time evolution of 
the modes Fig.3 shows the total mode energies for the m=2/h=l mode for 
four simulations with different shear flows. The q-profile is given by (5) 
with CJQ =0.93, q a = 4.2, and X=3.5. The simulations where made with the 
nine lowest modes with m/n=2. Curve a is for the flowless case. In this 
limit, the instability saturates with damped oscillations in the mode 
energies. In curve b a shear flow with r'= 0.05 has been introduced. The 
flow affects not only the linear growth rates, and the final energy levels of 
the modes, but also the qualitative nonlinear behaviour. Instead of the 
static monotone saturation observed for many equilibria, or the damped 
oscilations shown in curve a, the final state is one where the magnetic 
islands are oscillating in size. If the flow is increased further the final 
state may again have a static saturated non-oscillatory character which is 
ihown in curve c where the shear flow has been increased to r'= 0.27. The 
linear growth rates and saturation levels are increased further and the 
saturation level is non-oscillatory. If the flow is sufficiently large it starts 
to have an stabilizing influence on the mode. As an example curve d in 
Fig.3 shows the m»2/n=l mode for a simulation with r'=1.18. Observe 
that the linear growthrate as well as the saturation level are smaller than 
than the flow less case in curve a. 

Due to the large number of parameters a complete parameter span 
is not feasible. However, for the the cases shown in Fig. 3 with qQ =0.93, 
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ô  = 4.2, and X=3.5 the approximate region with a oscillatory nonlinear 
behaviour is 0.03Sr'S0.2 and the flow is linearity star ilizing for rTfcl.17. 

IV. The flow driven case 
From linear theory it is known that a poloidal shear flow may 

destabilize a stable tearing mode provided the fluid response is dominated 
by inertial rather than viscous forces9. In this section we consider the 
nonlinear evolution of such a case. The set-up is quite similar to the case 
discussed in the last section. The numerical experiment presented in the 
following was done with the three lowest modes with m/n=2. Further 
modes do not change de dynamics considerably. The q-profile is again 
given by Eq. (5), with qQ = 0.9, q a = 4.2 and X = 3.5. The linear shear flow 
parameter is r '=0.27. The equilibrium is stable in the static limit. 

Fig.4 shows the total (magnetic + kinetic) mode energies versus 
time. The nonlinear state is one of oscillating character with the 
magnetic and kinetic mode energies oscillating in phase. Thus, the 
oscillations do not simply pump the energy between the magnetic and 
kinetic contributions. Note that the m=4 and m=6 components vary 
almost in phase with respect to the m=2 component. This is natural since 
the higher components are nonlinearily driven by the fundamental m=2 
mode. Fig.5 shows the m=0/naO poloidal velocity and vorticity initially and 
at 100.000 time units. A flattening of the poloidal velocity profile is clearly 
seen in the region of the island and the vorticity is decreased in the 
vicinity of the resonant surface. While the back-reaction of the modes on 
the flow part of the equilibrium is clearly seen, no flattening of the current 
profile at the resonant surface is observed. 



9 

By numerical inspection we have analysed the nonlinear 
mechanism giving rise to the oscillations. The oscillations have been 
found to remain if the spectrum is limited to include the m=2/n=l and 
m=4/n=2 modes only. In the nonlinear oscillatory state 'here is almost 
balance between the convective derivative and the B - Vj term in the 
voracity equation (1). For the case described here the time derivative of the 
voracity resulting from the deviation from perfect balance is one order of 
magnitude smaller than the balancing terms involved. Thus, the 
important deviation from the static case treated by Rutheford is the 
convective inertia! force, which increases with island size if the 
background flow is nonuniform. 

In order to get an overview of the dynamics of the oscillations we 
consider the time evolution of the contour plots of the helical flux function 
associated with the q=2 surface, y^yf+t^-iyA, the stream function $ and 
the vorticity <D. In Fig.6 is shown the contours of y , , <|> and to at the 
different phases of the oscillation. The plots are shown in cartesian 
frames since this allow us to blow up a small region around the resonant 
magnetic surfaces where all the dynamics take place. In the contour plots 
of the vorticity regions with positive vorticity are shaded grey. 

Fig.6a, at 68.220 time units, shows the helical flux function when 
the island is in a state of growth. In c, at 70.200 the island size has 
reached its maximum and just started to decrease, which continues until 
around 71.100, shown in Fig.6d, where the island size is close to its 
minimum. l*he island then starts to grow again and at 71.640 time units, 



shown in e, it is dose to the initial state shown in Rg.6a.The process then 
repeats itself periodically. 

By analysing the contribution from the different terms in the 
vorticity equation (1) we find that the vorticity is generated mainly on the 
up-stream part of the inner separative (that is, on the inside of the 
magnetic island on the part of the separatrix where the radial component 
of flow is in the negative radial direction). As the island grows, the region 
of increased vorticity interacts with the equilibrium part of the flow and is 
convected down-stream. When the positive region of the vorticity enters 
the down-stream part of the separatrix this part of the vorticity tends to 
reduce the m=2 flow. The flow is then decreasing and in particular 
around the inner down-stream part of the separatrix. As a result the 
vortices pattern in the flow is tilted, with the inside part in the up-stream 
direction. This is clearly seen in the contour plots of the stream function 

During the phase of downstream convection of the region of positive 
vorticity, and the tilting of the vortices pattern, shown in the stream 
function plots, the size of the magnetic island is decreasing. When the 
island size is at its minimum around 71.100 time units, the region of 
positive vorticity is concentrated just inside the X-points. 

When the island starts growing again the region of positive vorticity 
is again affected by the flow and starts to move in the down-stream 
direction. As this happens the regions of positive vorticity becomes 
concentrated on the inside of the up-stream parts of the separatrix, the 
vorticity is then interacting favourable with the flow pattern and the 

http://Rg.6a.The
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vortices shown in the stream function contours are re-tilting. After this 
the process repeats itself throughout the simulation. 

In the simulation discussed above the equilibrium flow was chosen 
small around the rational magnetic surface. However, it is readily seen 
that we can add or subtract an arbitrary solid body rotation in Eqs. (1) and 
(2) without changing the dynamics. By adding a solid body rotation we 
simply get a contribution to the real part of the frequency. Although the 
addition of a solid solid body rotation have no effect on the dynamics 
within the frame of (1-2) it obviously influences the magnetic signal 
measuied at the edge. We might write the edge magnetic signal, at 0=x»0, 
associated with a certain m/h mode as 

^ = iBj cos(Qt+ C(t)l -(Q+ Qte j sin{ Ot+ Qt)} (6), 

where Q and £ are the frequency added by the solid body rotation and the 
phase of the mode in the limit of a pure shear flow at the resonant surface 
respectively. Although non trivially depending on the interaction with the 
other modes £ is in general small and does r -»•. affect the magnetic signal 
considerably. We observe that if the oscillations are not to big and the solid 
body rotation is not to small the sine- term dominates in Eq.(6) and the 
magnetic signal obtained at the edge is basically the high frequency 
component associated with the solid body rotation modulated by the slow 
frequency associated with the oscillation of the magnetic island. For 
reasonable rotation velocities this appears to be generic behaviour and it 
also the case in Fig.7, which shows the m»2/n*l and m*4/n»2 magnetic 
signals at the plasma boundary for the case shown in Fig.6. The 
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modulation of the signal is clearly seen as well as a phase shift between 
the n=l and n=2 signal. 

Oscillatory behaviour of magnetic signals has been observed in 
tokamak discharges, and may be due to flow driven resistive modes as 
discussed above. As an example Fig.ll shows the n=l and n=2 magnetic 
signals from shot 11041 from JET. Durir j the phase shown in Fig.ll the 

19 -3 electron density was roughly 3x10 m and q -6.5. The beating in the 
magnetic signals shown in Fig.ll may be interpreted as the result of a 
rotating magnetic island oscillating in size. It is interesting to note that 
there is a phase shift between the n=l and n=2 signals which is consist nt 
with the numerical simulations presented in this paper. 

If the initial shear flow is doubled the duration of the state with a 
purely oscillating island is limited and the island ceases to oscillate after 
a large but finite number of periods. The island then saturates on a level 
considerably larger than that of the previous oscillatory state. Fig.8 shows 
the total mode energies and the equilibrium kinetic energy versus time for 
this case. It is quite similar to that of Fig.6, the difference being that we 
have increased the initial shear flow from r'=0.27 to r'sO.54. As the island 
ceases to oscillate the interaction between the modes and the equilibrium 
flow increases and the modes are more effectively driven by the flow. This 
is seen in the change of slope of the equilibrium flow energy decrease. 
During this process the island size increases from 3 to 10 percent of the 
minor radius. The strong interaction between the flow and the modes and 
the lack of source for the flow within the frame of (1-2) leads to a decrease 
in the flow energy driving the modes and in time the island size starts to 
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decrease. Fig.9 shows the magnetic signal at the edge for this case. The 
magnetic signal is now strongly modulated. 

From linear theory we know that in the fiowless limit y and $ are 
90° out of phase. In the presence of a sheared mass flow this is not 
generally true15. Fig.10 shows the phase between y and <> for the m=2/n=l 
mode just outside the rational surface. During the period of linear growth 
the phase is essentially constant at approximately -34°. As the size of the 
magnetic island starts to oscillate so does the phase between y and $. 
After a large number of periods the oscillations in the island size and the 
phase difference stops with y and $ in phase in most part of the plasma. 
However, as seen in Fig. 10, close to the resonant surface there is still a 
finite phase difference. The strong similarity with the behaviour of the 
mode energies shown in Fig.8 indicates that the oscillatory behaviour is 
strongly coupled to the phase between y and $. This seams to indicate 
that the nonlinear growth and decay of the magnetic island during the 
oscillatory phase is a result of the phase shift between y and <j>. However, 
the phase between y and 0 is nontrivially depending on the m*4/n&2 
mode. 

V. Conclusion 

In the presence of nonuniform equilibrium flow, the nonlinear 
growth of the tearing mode under certain conditions leads to a dynamic 
state in which the? shape and size of the magnetic islands oscillate in 
time. Such conditions occur when the tearing mode is driven unstable by 
the flow in the region of the resistive layer rather than by the global 
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current profile (i.e., when A' is small and negative) and when the 

viscosity is small enough. In these nonlinear oscillations, the convective 

inertial term pv.V© is non-negligible and is only partly balanced by the 

magnetic torque B.Vj. In the present paper, we have explored the 

dynamics of the flow-driven tearing modes numerically by time-

integration of the reduced-MHD equations. Oscillatory magnetic signals, 

similar to those found in our simulations, are observed in tokamaks. 
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Figure Captions 

Fig. 1 Saturated magnetic island widths versus (a) qQ for different 

values of r \ (b) r' for different values of qQ. In (a) marks from 

simulations with the same shear flow have been connected with straight 

lines. In (b) marks from simulations with the same qQ has been 
6 -9 

connected with straight lines. qa=4.2, X=3.5, S=10 , and v=10 are held 
fixed. 

Fig. 2 The equilibrium velocity profile and current profile in the initial 

stage of the simulation for a case with qQ =1.1 q a =4.2, X=3.5, and 

r'=0.5xl0*2. 

Fig. 3 Total mode energies for the m=2/h=l mode for three simulations 

with q0=0.93, qa=4.2, X=3.5, S=106, v=10-9, and (a) r'=0, (b) r'=0.05, (c) 

r'=0.27,and(d)r'=1.18. 

6 -9 
Fig. 4 Total mode energies versus time for a case with, S=10 and v=10 . 

The equilibrium with qQ =0.9, q a = 4.2, X - 3.5, and r '=0.27 is stable in the 

static limit. The nonlinear state is oscillatory. 

Fig. 5 The m=0/n=0 poloidal velocity and vorticity (a) initially and (b) at 
100.000 time units for the case shown in Fig. 4. The flattening in the 
poloidal velocity profile is clearly seen and the vorticity is decreased in the 
vicinity of the resonant surface. 

Fig. 6 Contours of (from top to bottom) y„, 0 and co for the case shown in 

Fig. 4 at (a) 68.220, (b) 69.300, (c) 70.200 (d) 71.100, and (e) 71,640 time 



17 

units. In the contour plots of the vorttdty regions with positive vorticity 
are shaded grey. 

Fig. 7 The m=2/n=l and m=4/n=2 magnetic signals at the plasma 
boundary for the case shown in Fig.4. The modulation of the signal is 
clearly seen as well as a phase shift between the n=l and n=2 signal. 

Fig. 8 Total mode energies (a) and the equilibrium kinetic energy (b) 
6 -9 

versus time for a case with S=10 and v=10 . The equilibrium with qQ =0.9, 
q^ = 4.2, X = 3.5, and r '=0.54 is stable in the static limit. 

Fig. 9 The m=2/n=l and m=4/n=2 magnetic signals at the plasma 
boundary for the case shown in Fig.8. The magnetic signal is strongly 
modulated. 

Fig. 10 The phase between y and $ at the resonant surface for the m=2/n=l 
mode as a function of time for the case shown in Fig.8. Observe the strong 
similarity with the behaviour of the mode energies. 

Fig.ll The n=l and n=2 magnetic signals from shot #11041 at JET. 
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