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Abstract 

We look for the critical dimensions of first-quantized parastrings by the 

covariant method and find apparent disagreement with previous 

light-cone results of Mansouri and coworkers. We offer a possible 

interpretation of the discrepancy. 
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Parastrings1-' are strings for which the quantum behaviour follows parastatis-

tics. In the first-quantized form of a conventional bosonic or spinning string, the 

string coordinates X^a.x) and M â.x) act as quantum fields in the (l+l)-dimension-

al space of the string world sheet'. By contrast, the coordinates XJa,x) and fyjo.x) 

in the parastring of order Q act as para-bose and para-fermi quantum fields of 

order Q, where Q=l corresponds to strings with conventional statistics. The 

world sheet coordinates (071) are still real parameters. An imponant feature of 

parastrings is that the extra quantum degrees of freedom used by the parastatistical 

behaviour result in a reduction in the critical dimension. In a number of separate 

papers (Refs 1,3, and 4) the critical dimension is derived for bosonic and spinning 

parastrings respectively in the light-cone gauge as 

(2(D-2)=24 (1) 

and 

Q(D-2) = S (2) 

Since 2 is a divisor of both 8 and 24, parastrings of both types in D=4 would 

therefore be consistent. It is important that these light-cone results be confirmed 

by a covariant calculation, especially in view of recent works where parastrings 

figure prominently5-6 

The light-cone parastring calculation of Mansouri and coworkers effectively 

considers the light-cone gauge action of a conventional string and follows the 

standard parastatistical quantisation of this action. This consists of allowing the 

quantum operators to obey trilinear parastatistical commutation relations, which 
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is all that is required to guarantee that Heisenberg's equations are satisfied. The 

trilinear relations can be ensured by the formulation of parafields in terms of 

"Green components" 

e (2) 
«=« 

where Q is the order of the parastaristics. For the para-Bose case, the x* obey 

bilinear canonical commutation relations for the same q and anticommute between 

different q. However it is important to note that the Hilbert space spanned by the 

parafields is smaller than that generated by the Green components regarded as 

individual quantum operators. 

For the covariant spinning parastring calculation, we also follow the standard 

parastatistical quantization procedure, and use the forms of the world-sheet 

energy-momentum and super-current which result from the (orthonormal gauge) 

action 

\ C ( i « "\ (3) 

where X and P̂ are parastatistical Lorentz D-vectors, para-Bose and para-Fermi 

respectively, and S is symmetrized with respect to parastatistical ordering in the 

usual fashion7 . Parastatistical objects are denoted with an underscore, and we 

assume that X and Y paracommute -i.e., in terms of Green components 

[X*,4"] = 0 W 

{X\T'} = 0, q*q' 
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The global world-sheet supersymmetry invariance of S is given by 

5 5 r t W = - i p ° d a X M e (5) 

where c and T anticommute like two ordinary Grassmann quantities and e and X 

commute. The non-para behaviour of e is a consequence of the fact that the 

world-sheet parameters o and t are not themselves parastatistical. 

In the notation of Green, Schwarz and Witten*. the relevant components of 

the world-sheet energy momentum and supercurrent are 

T..=djrdjc,+-*p&, 

where M' 

(6) 

and 

J. = lW£+ + d<ZX) 
(7) 

Define as usual 

Lm=- (Kdo{eim%. + e^naT__} 
71 Jo 

(8) 



and similarly for F or G, yielding for example for the Ramond sector (in terms of 

Green components) 

^-k.?J<-«4..:+("+y-)*-<:» :) (9) 

F. = Zi « . . < 1 0 ) 

Similar expressions apply for the NS sector and for parabosonic strings. The 

parabosonic result is consistent with the covariant parabosonic expression (3.41) 

of Ref. 1, when account is taken of the centre-of-mass restriction of those authors 

and the (now standard) simplifying definition 

0.^(00) f 

The center-of-mass restriction comprises a requirement that the cen-

ter-of-rrass coordinate of the string has non-zero components only in one Green 

component, and was introduced in order to force the low-energy behaviour of the 

string to be non-parastatistical. This restriction does not affect the calculation of 

the critical dimension, which is essentially a short distance phenomenon, and we 

do not include it here. 

In the normal fashion, the parastatistical oscillator ground state is defined by 

being annihilated by all the parastatistical oscillators <?.J:, for n>0, but we can 

work with the larger Hilbert space defined by the individual Green components, 

with ground state 
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o £ | 0 ; p > = 0 jn>\ 

<ClO;p> = p M | 0 ; p > 

provided that all obscrvables and excited states can be defined with the full 

parastatistical operators, without reference to individual Green components*. Both 

the condition for the existence of extra zero-norm states which signals the critical 

dimension and the Virasoro algebra itself satisfy this requirement. 

We find that the central term of the super-Virasoro algebra is simply the 

conventional NS-R result with the substitution 

D^QD (11) 

where Q is the order of the parastatistics of both ihe para-Bose and para-Fermi 

operators. 

The same result hold for the parabosonic case, which agrees with the 

covariant computation of the central term in ref 1. The Hilbert space of the 

covariant string theory in general contains negative-norm states, and if any of 

these states are in the physical subspace then the theory is inconsistent. So the 

requirement for a consistent dimension is that all the negative-norm states are 

unphysical and the physical Hilbert space has positive-definite norm. According 

to the conventional wisdom, the critical dimension is signalled by an explosion of 
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the number of zero-norm physical states, which indicates that the physical Hilbert 

space is "on the verge of developing ghosts"10. For our spinning covariant 

parastrings we find that this occurs when 

QD = 10 (12a) 

(12b) 

QD =26 

for spinning and parabosonic parastrings respectively, in disagreement with (1) 

and (2) (except for Q=l). In the conventional string (Q=l), these conditions do 

correspond to a theory which is free of negative-norm physical states, the 

spectrum-genetra'ing algebra being purely transverse and positive-definite. It 

remains to be shown that for Q>1 (e.g. Q=2 for our spinning parastring) there are 

no negative-norm physical states when (12) is satisfied. We have been unable to 

prove this, although it is perhaps cautionary to consider what happens in the 

covariant treatment of the Q-color string of ref. 1, which is obtained by replacing 

the Green components by Q-component color labels and conventional statistics. In 

this case the Virasoro algebra and the results (12) still apply, but when Q>1 there 

are negative-norm physical states, as is witnessed in the Q-color bosonic case by 

the state 

a°;|0;it> d3) 

(H = 0,<7 = l,/n = -1). This state has negative norm: for any value of the normal 

ordering constant a and a particular choice of kM, the state becomes physical and 
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has negative norm. For the same reason a conventional string in a spacetimc with 

more than one negative signature also has negative-norm physical states in all 

dimensions. 

Such a state given by (13) strictly speaking has no counterpart in the 

parastatistical case. Since we need to use a single Green component to describe it, 

it does not belong in the para-Hilbert space, so we cannot conclude in the 

parastring case that the inconsistency of the Q-color theory persists. What can be 

said with certainty is that the extra zero-norm states which normally signal the 

critical dimension in covariant treatments do not occur in the dimensions (1) and 

(2) given by the light-cone analysis. 

Two possible interpretations of this result present themselves. One possibili

ty, perhaps unlikely, is that the critical dimension of the covariant parastrings are 

in fact given by (1) and (2) but that the extra zero-norm states do not appear in 

these dimensions. Another possibility is that our parastatistical quantum theory (3) 

based on the coventional covariant string action is in fact distinct from the 

parastatistical quantum theory based on the conventional light-cone string action 

discussed by Mansouri and coworkers. Since the light-cone parastring theory has 

been shown to be Lorentz-invariant in the dimensions given by (1) and (2), it 

would seem from this argument that a corresponding covariant action should 

exist, but that it is not the naive covariant one. 

In support of this second interpretation we discuss the derivation of the 

light-cone gauge theory as a gauge-fixed version of the covariant theory. The 

action for a conventional (classical) bosonic string in flat space is 
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2 J U * ( H ) 

As a result of world-sheet reparamethzation invariance, the orthonormal gauge 

choice 

can be made. There is a residual invariance, expressed in world-sheet 

light-cone coordinates o*=z+a. o=i-oas 

o* -> a*(o*), a~ -> a~(o~) <15> 

which implies that t can be an arbitrary solution of 

Since in orthonormal gauge X also obeys 

we may set x to be any linear combination of the x*. For example, the proper time 

gauge is x°=x 

and the light-cone gauge is 
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r=p* t (16) 

In either gauge only one classical commuting degree of freedom is gauge 

fixed, and canonical quantization is then performed. 

In the case of para-bosonic strings, Ardalan, Mansouri et al. use the same 

symbolic form for the light-cone gauge: 

r = £ - T d7) 

taking the view that the gauge-fixing condition (16) for the conventional string 

action (14) may be substituted by (17) in the parastatistical case. That is, they 

quantize the light-cone theory according to parastatistics. If the covariant 

parastatistical quantum theory given by 

Z.KJ ( l g ) 

is equivalent, we would expect that the condition (17) could be justified from a 

quantum symmetry of (18). We argue further that the symmetry ought to exist in 

the pseudo-classical theory corresponding to (18), where the X become para-Bose 

numbers. In the path-integral view, the parastatistical quantum theory would be 

given by such an integration over para-Bose numbers". We question whether 

(pseudo-classically) (17) is a valid gauge choice arising from (18), since the gauge 

freedom , being a world-sheet symmetry, is unchanged and in the conventional 

case the light-cone gauge fixing (16) relies on the pseudo-classical type equiva-
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lence of x* and t. At least loosely speaking, one paraclassical degree of freedom of 

order Q is equivalent to Q classical degrees of freedom, and hence (17) has fixed 

the values of Q commuting degrees of freedom where the fixing of only one is 

justified from (18). It would seem that the correct covariant action corresponding 

to the light-cone parastring ought to contain a larger set of world-sheet invariances 

in order to accommodate (17). We conjecture that if paractatistics could somehow 

be introduced into the world sheet itself, so that (o,t) are no-longer real number 

parameters, the required invariance might arise. 

In summary, we have shown that the assumption that (3) is the covariant 

parastatistical quantum action for the parastrings of Mansouri and coworkers leads 

to a covariant computation for the critical dimensions which appears to be in 

conflict with the light-cone result given by (1) and (2). On the basis of an 

examination of how the parastring light-cone condition of Mansouri et.al. might 

be justified from an invariance of tiie covariant parastatistical quantum theory, we 

have argued that (3) is in fact not the appropriate covariant generalization of the 

light-cone theory, and that the correct covariant action has not yet been found. By 

analogy, it should be recalled that the light-cone action for the Grcen-Schwarz 

superstring was known long before its covariant version was found. 
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