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Abstract 

It is demonstrated that potentials with quaternionic parts 

are not allowed in the Dirac equation for quaternionic fields in the 

case of unitary source-free scattering. When recent non-

relativistic results are considered, this result casts doubt on the 

existence of simple experimental tests of Quaternionic Quantum 

Mechanics. 



Some attention has teen paid to non-relativistic 

Quaternionic QuantUin Mechanics (QQM). It has been found that 

some interesting effects occur when quaternion-valued potentials 

are present in the Schrodinger equation for quaternionic fields. 

Specifically, we write the potential in the form 

V(x) = V0(x) 4 iVi(x) + jV2(x) + kV3(x) , (1) 

where the units i, j and k satisfy the quaternionic algebra i 2 = j 2 = 

k 2 = -1, ij = k = -ji and cyclic. AdlerO) has shown that if V2(x) and 

V3(x) are linearly independent functions, then time-reversal 

violating effects may be present in the scattering S-matrix. A 

model of CP non-conservation in K-meson decays due to the 

presence of V2(x) and V3(x) terms in the K mass matrix has been 

constructed, also by Adler.(2) It has also recently been shown that 

a necessary condition for inversion of reflection to give a 

reflection coefficient which differs in magnitude is the existence of 

a spatially varying phase difference between V2(x) and V3(x).(3) 

It is thus obviously important as far as possible 

experimental tests of QQM versus the standard complex theory 

are concerned to examine possible restrictions on the values of 

potentials which appear in the theory. It is the purpose of this 

note to show that considerations of the relativistic theory impose 

severe restrictions on the potentials appearing therein, and hence 

on the non-relativistic limit of QQM. 

We begin with the Dirac equation 

- , 7 = H ¥ (2) 



with H now anti-Hermitian (ie W = - H). (A slight variant of the 

above, due to Rotelli(4) has appeared recently. A discussion of the 

work in this paper as it pertains to Rotelli's formalism will be 

postponed until later.) The free Hamiltonian takes the form 

H = - i ( a . P + p m ), (3) 

then anti-hermiticity follows if a and P are hermitian and at most 

complex. Unlike Rotelli, who uses a 2 x 2 quaternionic 
representation of a and P, we will stay with the usual 4 x 4 

(complex) Dirac matrices. We also take the standard definitions of 

the operators P^ ( 5), 

PoV = i — , P V = - i V V . (4) 

Introducing the gamma matrices in the standard way via 
the definitions y° = p and y = P a , which satisfiy the usual Dirac 

algebra, we can write the free particle equation in the form: 

7^ dp v = -imv . (5) 

with the adjoint equation 

d^vil1 - m \j?i . (6) 

The adjoint spinor \j/ is defined as per usual by y = ytyo # Note that 

the ordering of the product on the right-hand side of (6) is 



important. Also, the spinor \}/ is in general allowed to be 

quaternion valued, which leads to a "doubling" of solutions*6*7) 

and has been used by Adler in a novel formulation of QED.(5) 

Multiplying (5) by y from the left, and (6) by \y from the 

right, then adding the resulting equations gives the usual 

conserved current 

auVY^¥ = 0. (7) 

We now turn to the case of the Dirac particle interacting with a 

potential, which may be quaternion valued. We will deal with 

scattering problems with no source terms, hence we require a 

conserved current in (7). 

For simplicity, first consider a potential which transforms as 

a Lorentz scalar. Intoducing the potential S(x,t) into the 

Hamiltonian we find 

H = - i ( o c . P + p m + pS(x,t) ). (8) 

Anti-hermiticity of H then implies that 

ipS(x,t) = [S(x/)]*pi t (9) 

where the star represents quatcrnionic conjugation. This equation 

is representation dependent unless S(x,t) is real. To see this, 

consider a representation where P is real (for instance the Dirac or 

Chiral representations*8)), which leads to (9) becoming iS(x,t) = 

[S(x,t)]*i, which implies that the i component of S must vanish, but 



the j and k components are allowed. This is the same as the 

restriction on potentials in the non-relativistic theory^ 1 -4) 

However, if we consider a representation in which (3 is pure i-

imaginary, then (9) becomes S(x,t) = [S(x,t)]* , which implies that S 

is real. Clearly, if S is real (9) is always satisfied, and we argue 

that this is the only physically allowed potential, since the physics 

must be independent of the representation. As a consistency 

check, working through the derivation leading to equation (7) 

again, this time with the potential S included, one finds 

dnV7^V = V { i S - p S * p i } y , 

which is satisfied whenever (9) is. 

We now turn to the more interesting case of the interaction 

with a four-potential. We assume the minimal substitution P^ —> 

Pji - e An is the correct prescription in the quaternionic theoryW. 

In this case 

H = H f r c e + e i a . P - e i A 0 . (10) 

Anti-hermiticity implies that iA 0 = A<* i and ioc . A = A*, a i . The 

first condition is satisfied if the i-component of A 0 vanishes, A 0 = 

Aoo + jA 0 2 + kA 03 , but the other is representation dependent. 

Again the only representation independent three-potential A 

which satisfies this requirement is real. To maintain this condition 

under Lorentz transformations we require A 0 to be real as well, 

otherwise quaternionic parts of A 0 will mix into A. Thus we are 

not allowed to have any quatcrnionic parts in the four-potential. 



Again, with real potentials, there is no problem with the current 

conservation condition: 

3)iV7^V = eij/ { Y*1 i A^ -7° A^ iy 0 - ^ } y . 

This situation is somewhat worrying regarding the non-relativistic 

theory, which must emerge in the appropriate limit of the Dirac 

theory. The Schodinger equation takes the form( 1 4 ) 

(-i ^2 + V(x)) ¥(x) = ¥(x) i E, (11) 

where H*(x) is the quaternion valued wave function, V(x) is a 

quaternion valued potential and E is the real energy. If we use the 

symplectic representation of quaternions to write all of our 

equations in terms of complex numbers. We write 

V(x) = i (Va(x) + j Vp(x)) and M'(x) = ^ 0 ( x ) + j Tp(x), (12) 

with Vp , Y a and *Fp complex, and V a real, by unitarity. The 

Schrodinger equation (11) may now be written as a pair of 

coupled complex equations for the symplectic components: 

d 2 

( - ^ 2 + V a ) Y a - V j T p = EM'„, (13a) 

d 2 

( d ^ 2 " V « ) M / I 1 " V P V F a = E M ' P ' ( 1 3 b ) 

If the j and k part of the potential, Vp , is vanishing, then the 

quaternionic part of the wave function *Fp completely decouples 

from the complex part MV and hence cannot modify the results of 



complex quantum mechanics. Clearly this is somewhat alarming 

regarding the possibility of observing effects due to QQM. 

In passing, we note that the same conclusion applies to the 

Formulation of the Dirac problem by Rotelli. Briefly, the 

hermiticity conditions in this formulation become y° S = S*y° for 
the Lorentz scalar potential and A 0 = A£ , a . A = A* . a for the 

four-potential. Again the only representation independent 

solution which is consistent with Lorentz invariance is for the 

potentials to be real. 

In conclusion, we have argued from unitarity that the 

potentials appearing in the Dirac equation for quaternions must 

not have any j and k components if the physics is to be 

representation independent. This causes the quaternionic part of 

the wavefunction to decouple in the non-relativistic limit, which 

raises questions regarding the possibility of observable effects 

from QQM. 
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