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ABSTRACT

The members of the class of rotating universes considered

in the preceding paper and their antipodals, obtained by an inver-

sion of the vorticity of the matter, are indistinguishable by gra-

vitational observations. It is shown that massless neutrinos pro-

duced by weak interaction processes can be used as a probe to dis-

tinguish physically such antipodal universes. This is so because the

transformation of a universe into its antipodal is not a symmetry

of the system universe-plus-neutrinos of a given helicity.

Key-words: Neutrinos and rotating universes; Parity asymmetry;

Neutrinos in antipodal universes.
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1 INTRODUCTION

In a companion paper we have introduced on the group

manifolds S3xR and H3xR a two parameter family of left-invariant

gL and rigth-invariant gR metrics, and we have exhibited a co-

ordinate system where left-invariant metrics and right-invariant

metrics are connected by a coordinate inversion x •*•" x or

n ->•- n. We have denoted these universes antipodal. From the point

of view of pure gravitational interaction the two geometries

should be indistinguishable uniz&l improper transformations are ex-

cluded from the covariance group of gravitation theory (general

coordinate transformations).

The aim of the present note is to show that improper

transformations are no longer symmetries of the system when

we include neutrinos of a given helicity as test particles in

these universes. In other words the system universe-plus-neu-

trinos of a given helicity is not symmetric under the exchange

of g. and g . Therefore neutrinos could, be used as a probe to

distinguish antipodal universes physically. This idea is due to

the fact that - as prescribed by weak interaction processes -

a massless neutrino is an absolute left-handed screw and can

be used to define an absolute sense of rotation, about a given

direction. In our discussion we formulate Dirac's equation on

the space-times with left-invariant and right-invariant metrics

and a careful analysis of its transformation properties under

parity transformations is made. Our result follows immediately

from this analysis.
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2 DIRAC'S. EQUATION FOR NEUTRINOS AND INVARIANT MODES OF NEU-

TRINO FIELDS

Let us introduce neutrinos as test particles in these

antipodal universes. Neutrinos in interaction with gravitational

fields are described by spinor fields in the curved space-

tine. For a general review of spinors on a Riemannian space-

tine see Refs.[l,2]. Here we use four-component spinors from

the point of view of the tetrad formalism [̂ 3] . We choose a

tetrad field e (x) such that the line element is expressed
a

as M

nABe
AeB

 # (2.1)

where eA = e^'dx°. The neutrino wave function i|i provides a

spinorial representation of the local Lorentz group

(x)6B , (2.2)

with

L£ U ) t 1AB LP ( x )

Under (2.2)-(2.3) spinors ty transform as

(2.4)
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where the 4 x4 matrix S(x) must satisfy

(L"1)ABCX)YB = S W y V l x )

On the other hand spinors ty transform as scalar functions with

respect to general coordinate transformations of the space-time.

Dirac's equation for neutrinos coupled to gravitation is ex-

pressed as

" V* = ° * (2'5)

where the r. are the Fock-lvanenko coefficients |_6,7J] given
1 n A R C

by r = 7 e, . e , \ © ^ Y Y • Introducing a new parameter A,
A I \O) tig OvC/ \A)

and coordinates xa = (x,n,r,z) defined by

A = °
2 " g g , x - 6x

we< choose for the left- and right-invariant metrics (cf. Eq.

(2.16) of the preceding paper) the tetrad basis

e X

8 , ,
cVe2+*cosh2Ur/2)

62 - 0/2 dr

63 - dz ,

, dn (2.6)
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where gte =-1) = g_ and g(e = +1) = g.. The main advantage of
K u

the choice (2.6) is to have a tetrad basis e£A)(x) diagonal when

ever X =0. In the basis (2.6) the Fock-Ivanenko coefficients are

given by

e Ã 2 ( r ) Y V ,

eÃ2tr)Y
2Y° , (2.7)

r2 = ESA^ODYV , r3 = 0 ,

where the functions Ã\(r), i = 1,2,3 are given explicit ly in

Dirac's equation for neutrinos assume then the form

- A 1 ) Y ° Y 2 " eA2Y
2Y1>* . (2.8)

where, for the sake of notation simplicity, we have introduced

A. » Ã./e° ,
1 X (0)

P = e ej /e° . , Q - l/e° , (2.9)

M - e i ^ / e 0 , N - e* /e°
(0) u ; (0)
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The rsatrix (e* (x)) i s the inverse of (e C A ) (x) defined by (2.6)
CA) a

and the quantit ies (2.9) are functions of r only, and do not

depend on the parameter e

Let us r e s t r i c t our analys i s to the cases a2 >. 3 2 , for

the hyperbolic family. In other cases the analys i s s t i l l applies

for the regions of the space- t ines where the coordinate l i n e s

associated to the vector f i e l d s 3/3x and 3/3n have t ime-l ike and

space- l ike character, re spec t ive ly . Since the metrics g(e) admit

the Kil l ing vectors 3/3X» 3/3H and 3/3z we consider neutrino fields in

the invariant global modes £ lO,

C2.10)

where <fr (r) is a four-spinor depending on r only. These modes can

be interpreted ^0"J as energy - and momentum invariant modes with

energy eigenvalue E and momenta eigenvaluesk and v. For the

modes (2.10), equation (2.8) can be reexpressed as

(2.11)

where

H • {ÍY2Y°(A1-A3+N3/3r) - Y ° Y 1 teEP+kM) - iey 2 Y 1 A 2 + VQY°Y3) •
(2.12)

H can be identified with the Hamiltonian operator, acting on the

space of neutrino wave functions(2.10), in the sense that the

time development of any operator acting on the space of neutrino

functions (2.10) is proportional to the commutator of H and the
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operator. Since y5 commutes with H we choose from (5.10) simul

taneous eigenstates of II and ys, namely

H*(r,L) = E*(r,L) ,

(2.13)

Y54>(r,L) = L*(r,L) ,

with L2 =1. The operator y5 is proportional to the helicity o-

perator for neutrinos Ql2^ , in the local Lorentz frame de-

termined by (5.6), and the eigenvalue L is associated to the

helicity of the neutrino field.

3 SYMMETRY TRANSFORMATIONS OF THE SYSTEM NEUTRINO-UNIVERSE.

PARITY AND ASYMMETRIES

To begin with, let us define a synmetry transformation of a

system from the point of view of passive and active transformations:

we say that a coordinate transformation (patoivv transformation)

is a symmetry of the system if there exists a corresponding ac-

tive transformation of the system into another system equivalent

to it Q.3] . In the present case the passive transformation n-»-n

(or x -*~x) is a symmetry of the gravitational field (as far as

pure gravitational interaction is concerned) in the sense that

it is equivalent to inverting the rotation of the universe. Indeed,

as shown in the Appendix of the preceding paper, the solutions

gL and g can be interpreted as describing universes whose

matter content has opposite vorticities relative .to the local
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coropass of inertia (the axes of the compass of inertia being

determined, for instance, by gyroscopes) and are indistinguishable

in the context of gravitational interaction only.

Let us consider now the neutrino fields

• (E,k,v,L) = •Cr,L)e~iExe'ikrVivz (2.14)

eigenstates of energy E, momenta k and v, and helicity L in the

space-times of (2.6). On the system un-cvcue with geometxy g_ =

g(e =-1) plui ntmtKi.no& let us perform the following active

(physical) transformations P:

(i) inversion cf the rotation of the matter content of the uni-

verse (cf. Appendix of the preceding paper) ;

(ii) inversion of the momentum of neutrinos/ associated to the

Killing symmetry 3/3 n.

In Dirac's equation for g the effect of inverting the
K

rotation i s obtained making e =+ 1 in (2.11)-(2.12), which cor-

responds to transforming the metric gR into the metric g (as a l -

ready discussed gR and g describe universes with opposite vor-

ticity).On the other hand, the inversion of the momentum of neu-

trinos is obtained by the substi tution k -*-k in (2.12). The r e -

sulting Dirac's equation after the operations P i s given by

+N3/3r) + Y ^ 1 (-EP +kM) - i A ^ Y 1 +

1) (2.15)
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The new spinor • *(LI) is related to $ (L) (cf. (2.12) for e =-1)

by

• V(L',k) = Y^lLf-k) (2.16)

Since Y 1 anticommutes with yS/the neutrino states •I(LI) and

•(L) have opposite helicity. Therefore,the physical operations

consisting in inverting the momentum k of neutrinos and the

rotation of the matter of the universe (transforming g into

g and vice-versa) also transform neutrino states 4» (L) in g into

neutrino states with opposite helicity in g . These active
I*

transformations correspond to the passive transformation n *-n

over the system universe with metric g or g plus neutrinos.
J-» K

If neutrinos in each of these universes can have both types of he-

licity, the transformation is a symmetry of the system universe-

plus-neutrinos, and the universes with metric g. and g are phy-

sically indistinguishable. If however neutrinos are assumed to

have only one type of helicity (as prescribed by weak interac-

tions experiments) the transformations discussed above are no

longer a symmetry of the system. Indeed the configuration g.

plus left-handed neutrinos is transformed under the active

transformations P,into the configuration g plus right-handed

neutrinos, which is forbidden. The systems g, plus left-handed

neutrinos and g plus left-handed neutrinos are therefore dis-

tinguishable. Of course a passive (coordinate transformation)

n -•-n is a mere change of labels and can always be performed

(even in the presence of weak interactions processes). It cor-

responds just to changing conventions as,for instance/the de-
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finition of the signal of the neutrino helicity, and does not

produce any physically distinct situation.

We must finally remark that, although the hyperbolic class

of metrics with a2 < 82 are solutions of Einstein-Cartan theory

only Ql4 J , the preceding analysis is also valid in this case because

it can be easily verified that the Fock-Ivanenko coefficients calculated

for these cases in the context of Einstein-Cartan theory

differ from (2.7) by constant terms added to Ã.(r) only, cor-

responding to the associated torsion fields of the solutions.

5 CONCLUSIONS

In the present paper we have shown that neutrino can be

used to distinguish physically the antipodal universes. We de-

fine active transformations corresponding to the passive opera

tion of coordinate inversion and show that these active trans-

formations are not .a symmetry of the system universe-plus-left-

handed neutrinos (neutrinos considered as test particles)

because a universe with metric g. plus neutrinos of a given

helicity is related to a universe with metric g plus neutrinos

of opposite helicity* Weak interaction processes then allow

us to distinguish these universes physically.
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