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ABSTRACT

A new semiclassical and stochastic model of spin diffusion is used to obtain
numerical predictions for depolarization enhancement due to beam energy spread. It
confirms the results of previous models for the synchrotron sidebands of isolated spin
resonances. A satisfactory agreement is obtained with the width of a synchrotron
satellite observed at SPEAR. For HERA and LEP, at ZQ energy, the depolarization
enhancement is of the order of a few units and increases very rapidly with the energy
spread. Large reduction of polarization degree is expected in these rings.

1. INTRODUCTION

The depolarization enhancement due to the beam energy spread is the main
worry about the possibility to obtain a high degree of polarization in very high-energy
electron storage rings.

In LEP, beam energy spread increases quadratically with energy and reaches a
r.m.s. value of about 33 MeV at 46.5 GeV. Dedicated wigglers, proposed to reduce
polarization time, would increase more the energy spread to about 83 MeV. On the other
hand, the spacing between spin résonantes stays constant with energy and each
particular type of resonance occurs repeatedly with a 440 MeV separation. The distance
from the operating energy to the nearest resonance can never be larger than about
100 MeV.

Electrons with sufficiently large energy deviation, i.e. with large synchrotron
amplitude, may then approach a resonance energy, even if the mean energy of the
beam is set as far as possible from nearby spin resonances. Larger depolarization than
expected in a linear approximation of small-amplitude oscillations can then occur.

However, the picture of a particle approaching a resonance is not very consistent
as it mixes the time domain and the frequency domain. A more correct method to study
the effect of energy spread is to consider the frequency modulation of spin precession
produced by the synchrotron oscillations, as the precession frequency, measured by the
spin tune v, oscillates proportionally to the particle energy. This effect is similar to the
well-known frequency modulation in RF waves. It leads to the appearance of satellite



sidebands about the central line in the frequency spectrum. Similarly, for the spin
motion, synchrotron satellites are generated about every spin resonance. These
satellite resonances are regularly spaced by the synchrotron tune Q8. When the energy
spread is sufficiently large, involving large synchrotron amplitudes, these satellites
become wide and strong. Depolarization is enhanced everywhere in energy.

Already, at 3.7 GeV, in SPEAR, synchrotron satellites of the v = 3 + Qx radial
betatron resonance, have been experimentally observed'* I The second-order and
third-order satellites, v = 3 + Qx ± Qs and v = 3 + Qx ± 2QS respectively, are clearly seen
on figure 1, although the r.m.s. value of the energy spread is only about
3MeV.
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Fig. 1. Measured relative polarization (Po = 92.4 %) versus beam energy in SPEAR' '
Resonant spin tune values are indicated above the figure,
in particular the synchrotron satellites of the v = 3 + Qx resonance.

A quantitative estimate of the depolarization enhancement was first obtained by
Ya. Derbenev, A. Kondratonko and A. Skrinski'2'. Their result has been rederived
by C. Biscari et al '3' for synchrotron resonances and by K. Yokoya'4' for synchrotron

and betatron resonances. More recently, S. Mane'5' has found some corrections to
apply to the Yokoya calculation for a betatron resonance and has shown the
equivalence with the formalism'6' of the code SMILE that he has developed to obtain
numerical estimates at higher orders. All these semiclassical models tend to
calculate, by a perturbation method, incorporating the higher-order effects of energy



spread, the change yân/ây of a quasi-stationary direction n when a photon is emitted by
an electron.

The n direction is defined for each point in the phase space of particle
oscillations : n is the time-independent solution of the BMT differential equation for
the spin motion, corresponding to the fields encountered by a particle with betatron and
synchrotron oscillations represented by the considered phase space point.

When a photon is emitted, neglecting electron recoil and spin flip, the spin di-
rection does not change, but the particle oscillations are modified and the n direction
jumps proportionally to ydn/dy and to the energy jump dy/y. Relatively to the n di-
rection there is a diffusion of the spin direction. Then the reduction in equilibrium
polarization is assumed to be given mainly by the statistical average of (ydn/dy)2, over
photon emissions and over amplitudes of particle oscillations. The correctness of this
assumption relies on the stability of the trajectories during times sufficiently long to
consider spin diffusion as a slow and adiabatic process. However, trajectories are
mixed by the random photon emissions and the memory of initial conditions is lost
after a few damping times of oscillations, i.e. on a time scale much shorter than the
expected depolarization time.

In linear approximation, as used in the Chao's formalism!'] for instance, spin
motion is a linear superimposition of perturbations, each one corresponding to the
trajectory initiated by a single photon emission. Spin diffusion is the incoherent sum
of the jumps (ydn/dy)2 produced by each emitted photon. The equilibrium polarization is
just given by the statistical average of (ydn/dy)2 over the photon energy spectrum and
over emission points along the ring circumference.

When oscillation amplitudes cannot be considered as very small, for instance
in the case of large energy spread, the linear approximation of spin motion is no more
valid. Time correlation between spin perturbations produced by different photon
emissions become important and the validity of the assumption made in the preceding
models is not guaranteed.

The author'^l has recently developed a new semiclassical and stochastic model
of spin diffusion and depolarization enhancement that takes care of time correlation
effects due to successive photon emissions and that does not rely on a similar
assumption. However, the results of this new model coincide with those of the preceding
models, justifying the assumption, at least when spin resonances can be considered as
isolated, such that interference effects can be neglected.

2. A SEMICLASSICAL AND STOCHASTIC MODEL OF SPIN DIFFUSION

The model is briefly sketched here with emphasis on its present limitations. A
more detailed description is given in ' 8I

The spin-orbit coupling is responsible of a spin random walk as random photon
emissions excite betatron and synchrotron oscillations. If the beam was initially
polarized, its polarization would decay with a characteristic time Td. This spin
diffusion competes with the Sokolov-Ternov polarizing effect, that has a characteristic



time Tp, The equilibrium degree of polarization P is lower than the maximum P0

allowed by this effect :

P.-ÎÎ-

The spin random walk is a gaussian stochastic process as correlation times, i.e.
the oscillation damping- times, are much longer than the average interval between
successive photon emissions.

In order to calculate the spin diffusion characteristic time tj , one considers a
stored beam, assumed to be initially polarized, and one ignores the Sokolov-Ternov
effect, assuming no spin-flip asymmetry in synchrotron radiation.

The evolution of an electron spin component Sn along a particular direction n is
expressed at any order in spin motion as a time-ordered integral over a product of spin
perturbations 5 i at different times and orthogonal to n :

S»W = Xl" 1 ) J * i f <*2- • • f dt2p[ «1« i) • û>lft2)J[ outta) • wx«4)J- • •[ Old2P-i) •

The direction n is the same for all particles whatever are their oscillations and
chosen to be the periodic solution of the BMT equation attached to the closed orbit, as the
direction of the equilibrium polarization cannot deviate very much from n. Then the
time evolution of beam polarization is obtained by taking the statistical average of this
spin component:

P (O= £(-lff *
p=0 op=0

where the complex number % represents the orthogonal perturbation O)1 in an appro-
priate reference frame.

The obtained expression involves multi-time correlation functions of the spin
perturbations. Formally, for a gaussian process, all these functions can be expressed
in terms of the two-time correlation function which is enough to calculate the
polarization evolution.

From this general expression, the depolarization rate Td"' is obtained using :

which allows to only extract the long-time exponential decay behaviour of polarization
due to spin diffusion.



vector S 1 that rotates in the plane orthogonal to n. The S 1 precession is a stochastic
perturbation, due to synchrotron and betatron motion, that bends the spin away from the
equilibrium direction n and that is responsible for a spin resonance when W1 precesses
about n at the same frequency as the spin. Now, the perturbation aff of the precession
about n is a stochastic modulation. Only the synchrotron contribution to it is
considered here in order to account for the effect of the energy spread and to obtain the
synchrotron sidebands of the spin resonances.

The spin precession S 1 is only calculated to the first order of the perturbation
while the precession modulation aff is treated at all orders of perturbation, but in a
smooth approximation, in order to obtain the full spectrum of synchrotron satellites.
For simplicity, synchrotron radiation is assumed to be uniformly emitted all around
the ring circumference.

The betatron and synchrotron oscillations are assumed to be linear. In
particular non-linear effects due to sextupoles are neglected. This assumption allows
to separate the contributions of different spin resonances, either of betatron or of
synchrotron type, and to give the depolarization rate of an isolated resonance,
neglecting interference effects with other resonances, although they can significantly
modify numerical predictions in practical cases.

In addition, one must keep in mind that the depolarization enhancement is very
sensitive to the tails of the energy distribution since it results from the overlap between
these tails and the nearby spin resonances. Within the linear approximation of
synchrotron oscillations the tails are gaussian. On these grounds, it has been
proposed'3) to use non-linear wigglers to cut the tails and to reduce the depolarization
enhancement.

Finally, for either a radial (y = x) or a vertical (y = z) betatron spin resonance at
a spin tune vr = p ± Qy, the obtained analytical expression of the depolarization rate is :

where Ty, Ey, Jy are the damping time, the beam emittance and the partition number for
the y-type betatron oscillations respectively. J s and Q3 are the partition number and the
tune of synchrotron oscillations respectively.

The quantity d measures the width and the strength of the considered betatron
resonance. The difference 8 = v - vr measures the distance from the operating point to
the betatron resonance in spin tune units. The sum on the integer k is a sum of pole
terms (S + kQs)~

2 corresponding to synchrotron satellite resonances V= p ± Qy - kQs at
a distance 5 + kQs from the operating point.



The amplitude of the synchrotron satellites is governed by the argument x of the
modified Bessel functions Ik :

v q(E)
Q. E

where o(E)/E is the r.m.s. value of the beam energy spread. This parameter measures
the depth of the precession modulation and is known as the modulation index in
frequency modulated RF waves. It scales like E4, and its rapid increase with the
energy E explains why the energy spread effect becomes very severe at high energy.

At the limit of vanishing energy spread (x -> 0), the depolarization rate becomes :

- 1
x = 0 - Iy f

y —

in agreement with a first-order calculation as obtained with the Chao's formalism"!
for instance.

The equilibrium polarization can be written :

P=

This expression defines the enhancement factor C that takes account for the energy
spread effect :

The enhancement factor C is independent of the bctratron resonance- considered.
It mainly depends on the modulation index x and on the distance from the operating
point to the synchrotron satellites. It slightly depends on the ratio Js/Jy of the damping
partition numbers.

The expression of the enhancement factor for an isolated betatron resonance is
identical to the result of K. Yokoya'4', corrected by S. Mane'^, apart the presence in our
result of the additional term that is inversely proportional to 8 + kQs instead of the
square of it and that was neglected in their calculation. This term reduces the



enhancement factor, in particular for small Qs values. The reduction can reach a
factor 2 in the case of the HERA ring studied in section 3.

Similarly, for a doublet of synchrotron spin resonances at spin tunes vr = p - Q8,
and vr = p + Qs, with the same integer p, one obtains the enhancement factor :

1 I
J

that takes account for the energy spread effect and that is independent of the considered
synchrotron doublet. It includes all the synchrotron satellites with strengths that
depend on the modulation index x.

As has been shown by S. Mane'9', the enhancement factor for a synchrotron
doublet can be rewritten :

. / . _ + _ _ _ V 2 , c Ik

showing that the result of the stochastic model is identical to the result of the previous
models for an isolated synchrotron doublet, and justifying the assumption made on
ydn/dy in these models.

3. NUMERICAL ESTIMATES FOR HIGH-ENERGY STORAGE RINGS.

The SPEAR data (see fig. 1) only allow to compare the width of the betatron
resonance v = 3 + Qx to the width of its first satellite V= 3 + Qx - Qs. Defining the width
as the energy interval in which the polarization dogree P is less than 50 % of its
maximum P0 = 0.924, their widths are approximately in the ratio
6 MeV/1.7 MeV respectively. _

With v = 8.28, Qg= 0.0421 and-g— = 0.874 x 10;l, the modulation index x is 0.03.
The stochastic model leads to an expected width ratio of 4 in satisfactory agreement
with the observed widths of these two resonances.

The figure 2 shows a fit with the stochastic model that uses the above numerical
values and a strength of the betatron resonance adjusted to reproduce its 6 MeV width.
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Fig. 2. Comparison of the SPEAR data with the stochastic model (solid curve).

Now, the results of the stochastic model can be used to obtain numerical
predictions for the high-energy storage rings HERA and LEP.

In general, maximum polarization should be obtained when the operating beam
energy is set such that the fractional part of the spin tune is half-integer. Then the
operating point is the most distant from any spin resonance. This spin tune value
should also be in the middle between two successive synchrotron satellites. This
requirement is fulfilled when the synchrotron tune Qs is the inverse of an odd integer
and when the betatron tunes Qx and Q2 are multiple of Qs. This tune setting is chosen
for the following numerical predictions.

Figure 3 shows the enhancement factor Cz for a vertical betatron resonance as
function of the fractional part of the spin tune in the case of HERA at a beam energy of
34.6 GeV. For an energy spread ,-, = 1.2 x 10~:t, the modulation index is x = 3.17. The
peaks, where the enhancement factor becomes very large and the equilibrium
polarization very small, correspond to the synchrotron satellites with a fixed interval,
equal to Qs, between them.

Setting the beam energy such that the spin tune is always half-integer, one
obtains (Fig. 4) the variation of the enhancement factor Cz, for a vertical betratron
resonance, as well as Cx and Cs for a radial betatron resonance and a synchrotron
doublet respectively.



cz :
-.

100O1

ioo-

10-!

1-

I Qz +Qs +2Qs «

IIvil
I I I

I;AAAAA

!;
r

•

0 0.2 0.4 spin tune

Fig. 3. The enhancement factor C7. for a vertical betatron resonance versus the
fractional part of the spin tune in the case of HERA at 34.6 GeV.

The arrow shows the position of the resonance.

^ Q, = ̂ -=0.158 (modulo 1), j-= 2, ^ = 1.2x10*

32 34 E (GeV)

Fig. 4. The enhancement factors Cx,z,s versus beam energy in HERA.
Indicated values correspond to half-integer spin tunes.

Qx/Qx= 0.263/0.158(modulo 1), Qs = 0.053, ^ = 1.2 x lO"3 E(GeV)/34.6
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For LEP, the numerical predictions are given here for Q5 = 1/9, i.e. a relatively
targe synchrotron tune that minimizes the modulation index x and that is compatible
with the operation of dedicated wigglers. Then the vertical betatron tune is set to
Q2. = 2/9 and the radial betatron tune to Qx= 0.34, slightly different from 3/9 to avoid the
1/3 non-linear resonance of betatron motion. The partition number ratio is set at its
natural value JsZJx = 2.

The spin tune v = 104.5 corresponds to a center of mass energy close to the Z0 mass
energy.

Figure 5 shows the enhancement factor C of betatron and synchrotron resonances
for three modulation index values x = 0.446, 1.45 and 2.87, respectively corresponding
to energy spread values of 0.71 x 10~3 as natural, 1.28 x 10~:t as given by the emittance
and dispersion wigglers, and 1.8 x 10~s that new dedicated wigglers would give110'. The
C values for betatron resonances agree within a few percents with the values given by
the Yokoya's calculation141, corrected by S. Mane'51.

2.5

Fig. 5. The enhancement factor Cx,z,s versus the modulation index x in LEP,
for radial betatron, vertical betatron and synchrotron resonances
respectively.

Figures 6a, b and c show the variation of the relative degree of polarization PZP0

with the fractional part of the spin tune under the assumptions that only one spin
resonance is significant and that the strength of this isolated resonance can be reduced
such that the depolarization would only be 10% at v = 104.5 for very small energy
spread. The latter assumption is compatible with numerical simulations of
polarization optimization using special correction procedures"". The polarization
variation exhibits the occurrence of the synchrotron satellites and the depolarization
increase when dedicated wigglers are turned on.
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Fig. 6. Relative polarization degree
versus fractional part of the spin tune for
a) an isolated radial betatron resonance

(Qx = 0.34)
b) an isolated vertical resonance

(Qz = 2/9)
c) an isolated synchrotron doublet

(Q3 =1/9)
• 0.71 x 10~3 natural energy spread
• 1.80 x IO~3 natural energy spread

with dedicated wigglers.
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With these dedicated wigglers, at v = 104.5, the degree of polarization is only of
the order of 20-30% under the previous assumptions. It has not been tried to derive a
degree of polarization when several spin resonances are significant since the model
does not account for interference effects between them. One should keep in mind that
the stochastic model, in its present form, assumes a photon emission uniformly
distributed along the ring circumference whereas the dedicated wigglers would make
it very non-uniform.

Without wigglers, at v = 104.5, the enhancement factors are not too large and a
polarization of about 50% can reasonably be expected after optimization.
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