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ABSTRACT

The Thomas-Fermi model is used to calculate the equation of state of thermal polarized
neutron matter applying Seyler-Blanchard interaction. The resulting equation of state is stiff and
has a small dependence on both the temperature and the spin excess parameter. We expand the
Fermi integrals in powers of temperature up to second order to examine the Tz approximation for
neutron matter. It is found to be reliable up to T = 10 MeV. We also studied the ferromagnetic
transition in neutron matter. We found a ferromagnetic transition at density p ~ 2po- This fer-
romagnetic transition is found to have a small dependence on both the temperature and the spin
excess parameter. We also studied the dependence of the effective mass and the sound velocity for
polarized neutron matter on temperature.
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1. INTRODUCTION

Neutron matter is an idealized infinite homogeneous system of neutrons. At a given
density the properties of such a system, treated as a gas of interacting fermions, are obtained by the
nuclear neutron-neutron interation J ) . All the calculations of neutron matter 2>~IS> indicate that,
at zero pressure the neutron matter is not bound. Therefore, neutron matter can only exist under
pressure, and sufficient pressure exists only in neutron stars ^ . The matter of which real neutron
stars are composed is a very complicated substance 2 ) . However, in the region where neutron
star has density in the range of the normal nuclear matter density, neutron stars consist mainly of
neutrons with a small admixture of protons, electrons and muons.

The equilibrium states of the neutron star are determined by its equation of state (EOS).
Most of the studies of the EOS were done at zero temperature 3J>4) and few at finite temperature
5J~7). In the centre of supernovae at the point where the neutron star is formed, the temperature is
of the order of 10 MeV. This makes the study of thermal properties of neutron matter of interest.

Since the suggestion of Canuto and Chin8) i9) that, a neutron star may have a very intense
magnetic field and can emit radio energy with a rate and spectrum similar to those of pulsars, there
is a great interest to investigate the magnetic properties of neutron matter. A quantity which is
important in studying these properties is the magnetic susceptibility.

There are different theoretical models used to study the neutron matter, namely Brueck-

ner's theory, variational methods, relativistic mean field theory and the Thomas-Fermi model.

The Brueckner theory l o ' 'n) is an approximation for the many body system in which
the interaction between the particles is replaced by an expansion, the so-called reaction matrix
elements. This theory is developed mainly for Fermi systems and it does not work well at high
densities. All the calculations applying Bruecker's theory for the binding energy of neutron matter
at low densities 13) >I4), near and above the normal nuclear matter densityJ 5) >16> and at high densities
5) do not give any indication of a bound state and the resulting EOS is "soft". In most of the
calculations 16>-19> for the magnetic susceptibility, no evidence for a ferromagnetic transition has
been obtained. However, in some calculations 15)<20> the transition occurs at such high densities
that the theory is probably not applicable.

The variational method was applied to nuclear and neutron matter by Friedman and Pand-
haripande6), who suggested a method of lowest order constrained variation (LOCV). In this method
the calculations are done with a trial wave function to produce a correlated wave function and the
total energy of the system. The calculated EOS is "soft". Forseth and Ostgaard 21) used the LOCV
method to calculate the ferromagnetic transition applying hard and soft core potentials. They found
a ferromagnetic transition for the hard core potential at very high density (p & 30 po) and there
was no evidence for this transition at any density for the soft core potentials.

The relativistic mean field theory was applied to nuclear and neutron matter by Walecka
and Serot 2^~2V>. The model involves strong couplings and only minimal progress has been made



by writing down the field equation with no way to solve them. At high densities, the scalar and
vector field operators can be replaced by their expectation values which then serve as classical
condensed field in which the baryons move. This mean field theory (MFT) can be solved exactly.
Various classes of corrections and extensions to the MFT are examined 25)i26): exchange contribu-
tions and relativistic Hartree-Fock two baryons corrections. The resulting EOS of neutron matter
24)-26) i s

In the present work, we study the thermal and magnetic properties of polarized neutron
matter using Seyler-Blanchard interaction. In the following section (Section 2) the theory and
model applied are given. The results and discussion are presented in Section 3.

2. THEORY AND MODEL

2.1 Neutron matter at finite temperature

In our calculations we used the two body interaction of Seyler and Blanchard in its mod-
ified form for polarized nuclear matter 30):

-- ' /« / r?\
v(r,p) = - C r a —j~ l - ~ ) • (1)

r/a \ b2 /
For polarized neutron matter we have only two values for Cr3, the strength of the interaction param-

eter. Namely, Ce for the interaction between two neutrons with like spin and Cu for the interaction

between two neutrons with unlike spin.

Following the model developed by Abd-Alla et al. 30) for nuclear matter, the single

particle potential for polarized neutron matter of spin (s) and momentum (p) is

v°s+p2v'3 (2)

where

«! = + Au &;5/2/3/2U<)] - 47ra3(Ce p. + Cu py) (3)

and

' 2 p 3 + A»ps<) (4)

where s( s') refer to a neutron state with spin up (down) or down (up),

IaiVa) are the Fermi integrals,

and 6, = £S.



The energy per neutron is given by

The entropy of neutron matter in this model30) is:

The free energy per neutron (F = E — TS) for homogeneous neutron matter is

^) (2 mv\

Comparing Eq.(7) with the thermodynamic identity

we get for the pressure

2.2 Neutron matter at zero temperature

Expanding the Fermi integrals to a first order in temperature 3 1 \ the energy per neutron
(Eq.(5)) is written as:

2
where

• ) , (10)

(
U - C e ) (11)( 3 7 r p ) +

o m y n

^0) is the volume energy term and E^ is the spin symmetry energy term. Here x is assumed to

be small, so that terms containing higher powers than x1 are neglected.

The pressure at zero temperature (P = p21^) is

3(°) -I- _T 2 p(° ) (\T\
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where

J£ ^ e + CJ - a3* pHC, + CJ (13)

and

P ) | ^ a 2 V / 3 ^ ^ s V / 3 S ^ - . C i ) . (14)

and Pj°* represent the volume and symmetry pressure respectively.

The sound velocity in neutron matter is calculated using the relation35)

1/2

This gives

where

vi0) = (v™ + j S v^y (16)

*4°} = TIT V*W* + ^ (37r2p)5/3(Ce + C.) - 2a37rp(Ce + C.) (17)

and

,(0) = n ^ « V ' P J. cx«r*- n\*rsar}t _ cu) + 4o"i*7rp(Cu - Ve) (18)

The magnetic susceptibility in x2 approximation (Eq.(9)) is found to be 19):

where pn is the neutron magnetic moment

It is more convenient to introduce the ratio of xM t° the magnetic susceptibility of the
Fermi gas xF of non interacting neutrons 19):

is the Fermi energy of unpolarized neutron matter. Thus, we can write:

Using Eq.(ll) this gives

- i 87rmop 2mo3
 / , _2_x i /3 / ^ /-t v

jTS— Ĉ-« - 2Ce) + — ^ - (iir p) ' (Gu - Ce)



It was shown that K ) , apart from the neutron interaction contribution to the magnetic
susceptibility, there is an additional contribution coming from the magnetic polarizability Bn of
each individual neutron. This contribution gives an additional amount

X . = Pn P • (22)

The total magnetic susceptibility of the system is obtained by adding the intrinsic contribution of

the magnetic polarizability (Eq.(22)) to the interaction contribution. We have the ratio

X
XF_

«. A. in ,

- l
XF_

- l

where

X. 2 fio /?„

2.3 Degenerate Fermi gas of neutron matter

(23)

(24)

Since the temperature inside neutron stars is less than 1 MeV, it is legal to expand the
Fermi integrals in powers of temperature up to second order. This gives 30^ the free energy as

F/N = Fv + ~ x2 Fx

where

and

The pressure in the T2 approximation is

-2/3

I
2

= Pv+~x2 Px

where

and

Px _ p(0) _

This gives for the velocity of sound

* 2 P ) 1 / 3 .

(25)

(26)

(27)

(28)

(29)

(30)

V3 = (31)



where

and

The interaction part of the magnetic susceptibility using the T2 approximation is

2rn
Till \ ,^ • 7 . _ i / i —4/3nJ1^-^/^ ,,-4/3 / o . v

7 r ) p • ( 3 4 )

3. RESULTS AND DISCUSSION

3.1 T analytical calculations

In Fig.l, the energy per neutron at zero temperature (Eq.(5)) is plotted as a function of
density. Results of previous calculations 5>>6>>7> are shown in the same fugure. The figure shows
that the various neutron matter EOS results do not differ significantly at low densities (p < po).
This is due to the fact that28), the different models apply different interactions whose parameters
are adjusted more or less to give the ground state nuclear matter properties. One does not expect
the same features at larger densities and/or higher temperatures. The resulting EOS is either stiff or
soft. This may depend upon how large is the value of the attractive terms compared to that of the
repulsive terms. It is clear, from Eq.(lO), that the presence of the term proportional to p 5 / 2 with
a positive sign tends to increase the energy rapidly as the density increases and the resulting EOS
is stiff. However, the application of the same Seyler-Blanchard interaction to nuclear matter32)

yields a soft EOS. This is due to the weights of the repulsive and attractive terms in every system.
In nuclear matter system, the repulsive term (its coefficient) is very small compared to the attractive
term while in neutron matter system the two terms are comparable. A similar behaviour has been
recently noticed by Cooperstein 29).

In Fig.2, we present the free energy per neutron (Eq.(7)) together with the soft EOS of
Friedman and Pandharipande (FP) 6). It is noticed that the deviations between the stiff EOS in the
present work (PW) and the soft one (FP) increases with the density for p > 0 . 1 . This expected
behaviour is partly due to the difference in the entropy in the two models, as shown in Fig.3.

In Fig.4, the pressure of neutron matter (Eq.(8)) using our stiff EOS (PW) is compared
to the results of the relativistic stiff EOS of Weber and Weigel 7 ), the soft EOS of FP 6) and the
soft EOS of Ramadan et at. (RA) 27J. Since the pressure is related to the slope of the energy per
neutron, it reflects the same behaviour as the EOS. The effect of temperature on the pressure is
shown in Fig.5. It is noticed that the temperature has a small effect on pressure and there is no
evidence for the liquid-gas phase transition that was found in nuclear matter 30>. Up to now, none



of the previous calculations of neutron matter gives any liquid-gas phase transition except in the
relativistic calculations of Weber and Weigel ^ , where they obtained a phase transition using the
MFT and this phase transition was removed when HF calculations were applied. Since the phase
transition may be accompanied by a large density fluctuations, the MFT is insufficient for a full
description of phase transition ^ . One may also notice that the slope of the pressure-density curve
is very steep. This implies a very small compressibility i.e. the neutron matter can exist only in the
gaseous phase.

The calculated effective mass ratio ^ for neutron matter is shown in Fig.6, compared

with the previous calculations. We can write for the effective mass ratio

m3 2 m .

m 7 = + ~#~ >
or simply

m „ 2 m 2TTO3/

The appearance of the coefficient of the attractive term in the second part of the above equation
may reflect the fact that: the soft EOS gives larger values from *£• than that of the stiff EOS. This
fact is quite clear from Fig.6. The effective mass of the neutron, in the present model, is found
to be independent of the spin. Also, the effect of temperature on the effective mass is found to be
negligible. Such negligible effect of temperature has been noticed by FP 6).

3.2 T2 approximation

The volume term of the free energy per neutron (Eq.(26)) is presented in Fig.7 at different
temperatures. It is noticed that the dependence of the free energy on temperature decreases with
increasing density. The volume pressure isotherms (Eq.(28)) are presented in Fig.8. Again, a small
temperature dependence is obtained and this dependence decreases with increasing density.

The total pressure of polarized neutron matter (Eq.(27)) is presented in Fig.9 at constant
temperature (T = 10 MeV) for different values of the spin excess parameter x. We notice that: at
low densities (p & po) the pressure is independent of x and there is a small decreasing dependence
at high densities (p > p0) • It is a point of interest to examine the validity of the T2 approximation
applied in neutron matter calculation. In Fig. 10, we plot the pressure of unpolarized neutron matter
using T2 approximation and T analytical at constant temperature (T = 20 MeV). It is clear that
there is a very small positive deviation for T2 approximation at small densities (p Ss po) and this
deviation is removed at higher densities (p > po)- At temperature T < 15 MeV no difference
between the two calculations have been noticed.

Fig. 11 is the same as Fig. 10 for the free energy per neutron at different temperatures

T = 6,10,20 MeV. It is noticed that there is no significant difference between T analytical and

T1 approximation for temperatures T < 10 MeV. The large difference between the calculations

with T analytical and T2 approximation for the free energy at larger temperatures does not show up
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in the pressure calculations. Therefore, the test of Tz approximation is more clear in comparing the

free energy. Thus, we may conclude that the T2 approximation gives the same results for neutron
matter as the T analytical up to temperatures T = 10 MeV.

3.3 The magnetic susceptibility

The magnetic susceptibility of a system characterizes the response of the system to a
magnetic field. It gives a measure of the energy required to produce a net spin alignment in a
direction given by the field. The condition *£• = 0 gives the onset of ferromagnetic transition.

Eq.(21) shows that at large densities the term containing p is the dominant term and it has
a negative sign. Therefore, in the present calculations there should be a ferromagnetic transition.
This has been noticed before by Vidaurre et al. M ) for skyrme interactions.

Fig. 12 shows the ratio -^ as a function of density at zero temperature compared with

other results having the same behaviour 32) >33). It is clear that we obtained a ferromagnetic transition

at density p = 0.35 / m ~ 3 .

Fig. 13 shows the effect of temperature on the ratio ^£~. One may notice that there is a
small dependence on the density at the onset of ferromagnetic transition with increasing temper-
atures. We have found also that the ratio ^£-) and the ferromagnetic transition have a negligible
dependence on the spin excess parameter.

The effect of the intrinsic magnetic susceptibility (/3np) on the total magnetic suscep-
tibility (Eq.(23)) is shown in Fig. 14 for different values of /?n. In the same figure, the results of
Vidaurre et al. 26) are presented for comparison. It is noticed that, the intrinsic magnetic suscepti-
bility (/3np) has no effect on the onset of the ferromagnetic transition. This is because the intrinsic
magnetic susceptibility depends linearly on density and cannot produce by itself a ferromagnetic
transition 26).

3.4 Sound velocity

The sound velocity in symmetric neutron matter at zero temperature is shown in Fig. 15
together with the calculations of Nitsch 34) and Ramadan et al. 1T>. It is noticed that the sound
velocity reflects the stiffness or the softness of the EOS.

The effect of the spin excess parameter (x) on the sound velocity is shown in Fig.16.

It is noticed that for densities p > 0.1 / m ~ 3 the effect of increasing x is to decrease the sound

velocity and an opposite behaviour is found for smaller densities. In both cases, we have a small

spin effect on the sound velocity.

Fig. 17 shows the effect of temperature on the sound velocity. There is a small increasing
in the sound velocity with temperature (see Eq.(32)).



4. SUMMARY AND CONCLUSIONS

The TF model is used in studying thermal and magnetic properties of pure neutron mat-
ter applying the modified form of Seyler-Blanchard interaction. The resulting EOS is stiff. In a
previous calculation -30*, the EOS applying the same interaction to nuclear matter was soft and the
incompressibility Ko = 220 MeV. The authors believe that the type of EOS (soft or stiff) does
not depend strongly on the model used in calculation but this depends on the parameters of the
potential. These parameters govern the repulsive and the attractive terms in the EOS, which in tum
determine its behaviour at large densities.

We examined the validity of the T2 approximation in neutron matter calculations and it
was found to be reliable up to temperature T = 10 MeV. Since the neutron stars are cold ( f w l
MeV), it is sufficient to use this approximation in astrophysical applications. Results revealed the
occurrence of a ferromagnetic transition at density p = 0.35 fm~3. Such transition is found to be
almost independent of both temperatures and the spin excess parameter.

The behaviour of the sound velocity in neutron matter reflected the stiffness or the soft-
ness of the EOS. This velocity exhibits a small dependence on both temperature and the spin excess
parameter.
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FIGURE CAPTIONS

Fig.l The energy per neutron of neutron matter in the present work (PW). The results of rel-
ativistic Hartree-Fock (RBHF, HFI and HFII) of Weber and Weigel 7 ), Friedman and
Pandharipande (FP) and Cugnon et al. (Cu) are shown for comparison.

Fig.2 The free energy per neutron of neutron matter at different temperatures together with that
of Friedman and Pandharipande (FP).

Fig.3 The entropy of neutron matter at T = 6,20 MeV (PW) together with that of Friedman
and Pandharipande (FP).

Fig.4 The pressure of neutron matter at zero temperature in the present work (PW) together

with (FP), (HFI, HFII), and that of Ramadan et al. 27) (RA).

Fig.5 The pressure of neutron matter at T = 6,20 MeV together with (FP).

Fig.6 The effective mass for neutron matter together with previous calculations.

Fig.7 The free energy per neutron of unpolarized neutron matter in the T1 approximation at
T = 3,10,16 MeV.

Fig.8 The pressure of unpolarized neutron matter in the T1 approximation at T = 6,20 MeV.

Fig.9 The pressure of polarized neutron matter in the T2 approximation at T = 10 MeV for
different values of the spin excess parameter x.

Fig. 10 The pressure of neutron matter using T analytical and T2 approximation at T = 20 MeV.

Fig. 11 The free energy of neutron matter using T analytical and T2 approximation at T =
6,10,20 MeV.

Fig. 12 The ratio xF/Xu* in the present work (PW) compared with previous calculations MA33)

andBS 3 2 ) .

Fig. 13 The ration xe/x-m at T = 0 ,10 ,20 ,20 ,40 MeV.

Fig. 14 The ration x f / x a t ^ = 0 MeV for different values of Bn (see text) compared with the

results of Vidaurre et al a ) (VI).

Fig. 15 The velocity of sound in unpolarized neutron matter at zero temperature (PW). The results

of Ramadan et al. 21) (RA) and Nitsch 34) (NI) are shown for comparison.

Fig. 16 The velocity of sound in polarized neutron matter at T = 0 for different values of the
spin excess parameter x.

Fig. 17 The velocity of sound in unpolarized neutron matter (x = 0) at different temperature

(T = 0 ,20 MeV).
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Fig.l1 )= The energy per neutron of neutron matter in the present work
(PW).The results of relativistic Hartree Fock 1 RBHF & HFIand

HFII ) of Weber and Weigel( , Friedman and Pandhanpande

( FP) t and Cugnon et al ) [Cu ) are shown for comparison.
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3.6 ENTROPY OF
NEUTRON MATTER
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