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Abstract 

The transformation properties of the bosonic string variables under the recently discovered 
abelizing operator are exhibited. The intimate relation of this operator to the light-cone gauge 
condition is illustrated for the classical string. As an application of the formalism, the derivation 
of the BRST cohomology by the method of Freeman and Olive is carried over to the abelized 
picture, where it takes i. particularly simple form. 
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1 Introduction 
In a recent publication [1], an operator was presented that carried over the conventional BRST 
charge for open bosonic strings into the "abelized" one. The notion of abelized quantities in 
string theory was introduced by Aratyn, Ingermanson and Niemi in a series of papers [2-7]. The 
original idea was to replace the Virasoro generators (defining the physical states classically and 
quantum mechanically) by a set of commuting objects, thereby "abelizing" the constraints of 
Lorentz-covariant string theory. By the introduction of the abelizing operator in Ref. [1], it was 
possiMe to translate any operator or state from the conventional picture into the abelized one 
by means of a unitary transformation in the open string Fock-space (including the ghost and 
anti-ghost variables). As a by-product, this provided a direct relation between the transverse 
elementary oscillators and the DDF-operators [8] which build up the complete space of physical 
states if D = 26. 

The presentation of the transformation properties of elementary Fock-space variables in 
Ref. [1] was rather incomplete. The first aim of the present paper is to fill this gap. When 
transforming the oscillators a„ M , c„ and c n into the abelized picture, we will encounter a set of 
operators Wmn which essentially agree with the so-called "vielbein" as introduced by Aratyn 
and Ingermanson [4]. The transformation of the complete string coordinates, such as X't(a, r ) , 
makes it necessary to invert a certain function on the world sheet (namely r —» TLghtconegauge 
on the a — J boundary) in a way accepta^'e for quantum mechanics. This problem is solved 
in terms of a well-defined Fock-space expression. Apart from some additional terms, the main 
effect of the abelization seems to be the insertion of a new operator-valued "time" coordinate 
instead of the old one r. 

As an illustration of how the abelizing transformation modifies the algebraic relations of 
string theory, we introduce the light-cone gauge condition to a classical string in the abelized 
picture. Whereas in the conventional picture the longitudinal components of the string oscilla
tions (i.e. those parallel to a prescribed lightlike vector fc** and the momentum p^) are determined 
by the transverse ones, in the abelized picture they turn out to vanish. This result agrees with 
the quantum BRST physical-state condition in the abelized picture when it is supplemented by 
an appropriate light-cone gauge condition within the covariant Fock-space (such a condition was 
given in Ref. [1]). There, one finds states built up only by the elementary transverse oscillators 
(as opposed to the DDF-operators in the conventional picture). 

Moreover, we show in the classical case that the non-abelian features of string theory are 
shifted into the definition of physically significant (or "measurable") quantities, whereas the 
abelized picture "by itself" is free of Virasoro structures. 

Finally, we review the derivation of the BRST cohomology in the abelized picture, thereby 
following a method analogous to the one presented by Freeman and Olive [9]. The central point 
for these authors was to show that the operator counting the number of non-transverse modes 
is the anticommutator of the BRST charge Q with another operator S. In the abelized picture, 
S takes a very simple form, and the analysis of the cohomology may be carried out practically 
without computation. 

The paper is organized as follows. In Sect. 2, we review some previous results and introduce 
the notation (thereby trying to be self-contained to a reasonable extent). Sects. 3 and 4 are 
devoted to the application of the unitary abelizing transformation to the elementary oscillators 
and to the full string coordinates. In Sect. 5, we carry out the analysis of the classical string 
in the light-cone gauge. After reviewing the BRST cohomology in Sect. 6, we close with some 
final remarks. 
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2 Notation and Review of Previous Results 

The basic quantities in the open string Fock-space are the bosonic, ghost and anti-ghost oscil
lators (including zero-modes) a n " (aQ» = p"), cn and cn (n 6 Z), subject to [10] 

K A a m " ] = n*n+m.o7r (2-1) 

{Cn.Cm} = *n+m,0 (2.2) 

and the (center of mass) space-t.;me coordinate xß conjugate to p„. The bosonic string coordinate 
in the covariant gauge is decomposed as 

XHJ, r) = X** + rp'* + i V] - O , " cos nae~inT (2.3) 

(a € [0, JT]), and one of the various ways to combine the ghosts into continuous coordinates is 
(cf. Refs. [1,10]) 

C(C,T) = c+(a,r) = £ c e - ' " " ^ (2.4) 
neZ 

C{O,T) = 6++(<r,r) = £ £»e-inl°+T). (2.5) 
r>eZ 

Moreover, we will need 

% r ) = « X ; - ^ - i n , ' + T ) . (2.6) 

Next we define some further quantities which will serve to write down the abelizing transfor
mation and their properties. Let 

^ = Ö E : an-m"OmM : = ^n + *n (2.7) 
m€Z 

be the bosonic Virasoro operators, Pn collecting all p^-dependent terms (Po = \p2i Pn = Pn<"nf' 
for n ̂  0), 

Cn= Y*m' Cn-mCm : (2.8) 
meZ 

and 
Jn = In - *n0 + C„ = P n + Tln. (2.9) 

These definitions enable us to write down the conventional BRST operator in the compact form 

Q = £ c_ n i / n . (2.10) 
n£Z 

In order to proceed, we must choose an arbitrary light-like vector kß (k2 = 0). The only 
requirement is that for any four-momentum appearing in a state under consideration we must 
have kßpß ^ 0 (which is just the condition p+ j& 0 in the usual light-cone gauge formulation). 
The projection orthogonal to kß and p" is given by 

/CD 
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(satisfying t<xvtV9 = £%, e% = D - 2, e""?„ = £"**„ = 0), where 

is formally light-like (p 2 = 0). The elementary longitudinal oscillator variables are now defined 
as 

c k x 

fcp 

i t . » | 2 1 3 ) 

and 
Pn = p > n " = P n + n£„P 0 (2-14) 

(n ^ Z). Then 
[•ffm^n] = "m+n,0 

(2.15) 

Further commutators (especially those involving 7£n from (2.9)) may be found in Ref. [1]. 
The above quantities have been used by Aratyn and Ingermanson to formulate a geometric 
approach which exhibits "hidden" abelian structures inside certain objects of string theory. Of 
major interest is their abelized BRST operator [6] 

QA = £ c_ n P n (2.16) 
ngZ 

which is nilpotent due to (2.15). 
The abelizing operator that has been presented in Ref. [I] is given by 

W = £ £-nfc„ = - W * (2.17) 
n€Z 

with Tln from (2.9). It contains the bosonic zero-mode xß only Lhrough the contribution 

Wb = fo^o = » p ( A ' - l ) , (2.18) 

where 
CO 

N = ^ ( O - n ^ O n ^ + nr.-nCn + nC.nCn) ( 2 . 1 9 ) 

n=l 

is the total level-operator. (2.18) shows that W changes the i-dependence (and hence the 
momentum) of states. Note however that N, kx, kp, p, and t<*u commute h each other and 
with W. 

The crucial property of W was shown to be, if D = ?6, which we assume from now on, 

ewQe~w = QA. (2.20) 

A seond interesting feature of W is that it relates the transverse DDF-operators [8] 
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with the elementary transverse oscillators 

un" = £ M , a n " (2.22) 

in a similar fashion: 
ewAn»e-w = u n " . (2.23) 

(Due to the properties of e"", An'' and u„" have only D - 2 independent components, which is 
the reason why they are often written as An

x and an

x.) As a consequence, a bosonic transverse 
DDF-state is in fact of the form 

|DDF) = e~wu^ « . . .u;_niB'»»e»'»*|0), (2.24) 

where the physical-state condition following from (2.16) enforces q2 = 0. This is precisely the 
physical content of bosonic open string theory in D = 26. More details concerning the states 
(2.24) and the physical-state condition are contained in Ref. [1]. 

The existence of the abelizing operator W may clarify and simplify some points in string 
theory. For example, once (2.20) is established, the nilpotency of Q in the critical dimension 
follows trivially. Another example - the great simplification in deriving the BRST cohomology 
which leads to the states (2.24) as the essential physical ones - will be carried out in Sect. 6. 

In order to have a definite notation, we define the transition of some operator F or state 
|fi) to the abelized picture by 

F = e~wFAe
w 

(2.25) 

\si) = e-w\nA). 
Such a unitary transformation is just the quantum analogue of a finite canonical ti ..nsformation 
within classical Hamiltonian mechanics. It does not change any physical contents, but (as we 
saw above) it may simplify things. Let us finally write down some more relations that have been 
derived in Ref. [1] 

e p,e-w=Plt-fp(Af-l) (2.26) 

ew{tif - \)e~w = P0 (2.27) 

where 

LT = \p2+M (2.28) 

is the "Hamiltonian" in the conventional picture (since it generates the r-evolution), and 

for n / 0 (recall [W,£0] = 0 for the n - 0 case) as a certain analogue to (2.23). 

3 Transformation of the Elementary Oscillators 
In this section, we will present the transformation properties of all elementary variables an

ß, c n , 
c„ and x". In order to achieve both transitions from the conventional picture into the abelized 
one and vice versa, we choose a real number A (which will in fact be ±1 in later applications) 
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and consider the unitary operator exp(AW) instead of exp(W). Denoting by X? the string 
coordinate (2.3) with zero-modes extracted, 

X"(<7,r) = x'1 + r ^ + X . > , r ) , (3.1) 

from which 

^ . r + g + ^ . r - « £ « . « » . - . <3. 2 , 
we define the objects 

Wm„(A) = j T % exp (im(r + A g + A ^ ^ ) ) exp(-mr) (3.3) 

(m, R E Z ) which will appear in the transformation formulas below. Note that for A = 1, these 
are just the Fourier components of the "vertex operator" exp(tm kX(0, r)/kp) and hence agree 
with the "vielbein" considered by Aratyn and Ingermanson [4j. The Wmn(X) depend only on 
the commuting longitudinal quantities £„. Some of their algebraic properties are 

Wmn(\)< = W_m,_„(A) (3.4) 

Wmn(-X) = W_m,„_ 2 m(A) (3.5) 

Wmn(X) = Wjn.nfl(-^-) = Xmexp(-^-W)U-nexp(-^-W), (3.6) 
m — n n — m m — n 

the last identities being valid for m ̂  n. The "diagonal" elements satisfy 

[W,Wnn(\)] = 0 (3.7) 

Wnti(X) = Wu(Xn). (3.8) 
Relation (3.6) follows essentially from (2.29). Expanding (3.3) in terms of oscillators, one finds 

Wb»(A) = ton (3.9) 

and, in general, 

\2 2 
Wm n(A) = 0mn + Am^m_„ + —^- ^ i-q + Otf 3)- (3.10) 

,eZ 

Obviously, the ftrfector exp(iXmkx/kp) is contained in this expansion. The inverse of Wm n(A) 
is determined by the identity 

£ Wmn(X)e-*wWnp(-X)exw =-- 6mp (3.11) 
ngZ 

whose proof follows implicitly from the transformation formulas that we will write down in a 
moment. 

The evaluation of the transformation rule 

e-xwFcxw = F~X[W,F]+^[W,[W,F]}-... (3.12; 
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is in general not a simple task. In view of identities like (2.29), one may however guess the 
structure of the result and then compare it with (3.12) order by order in A, thereby making use 
of the recursive appearance of th terms (as it was done for (2.29) in Ref. [1]). Special care must 
be taken if central terms (as e.g. between the 7£m's) appear. Since the computations are quite 
lengthy, we will not display them here but only cite the results. To begin with, we consider the 
elementary oosonic oscillators. Defining 

^ / = a m " - Xmtnp» + A ^ £ m , (3.13) 
kp 

(hence K\0

ß = P*1 + ^jr(-Af- 1); cf. (2.26)), the desired transformation turns out to be 

e - w a m " e w = £ Wmn(\)KXn» = £ K^Wmn{\) (3.14) 
r»eZ neZ 

for all m £ Z. Note that this expression is not normal-ordered. Checking the second equality, 
one encounters the r-integral over the derivative of a periodic function (essentially the vertex 
operator), which clearly gives zero. We have even the stronger identity 

[/CA,", WW A)] = A(, - n)~Wmtq-n(\) (3.15) 

for all m,n,q G Z, which vanishes if q = n. Normal-ordering (3.14), one finds an additional 
contribution which enables us to write 

e - A % m " e w = £ : Wm n(A)(/CA n" + A W ~ & ) : . (3.16) 
»lz kp 

Here it is understood that $b (appearing in Wmn) stands always (i.e. for all n) to the left (or 
right) of p* as contained in tCn

ß. If one likes to give these identities a functional form analogous 
to (2.29), one may use 

neZ 

and its consequence 

£ e~inTJn = : ( i * ( 0 , - f - «7(0,r)C(0,r)- l ) : = J(r) (3.17) 

ngZ 

to rewrite (3.14) as 

£ e~inTTln = : Q * . ( 0 , r ) 2 - iC(0, r)C(0, r ) - l ) : = fc(r) (3.18) 

e-xwa ,exw_ / ' ' ^ „ „ L / ^ ^ ^ Ä l l i 

with (note that X" = p" + XÜ) 

Yf(r) = JP(0,r) + A f c X , ( 0 , r V + A^W(r) s £ e -
i B T / C A B " . (3.20) 

kp kp £ z 
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If one normal-orders the right-hand-side of (3.19), Y\ß(T) has to be supplemented by 
kß kX(0 T) 

—iA2m- —— (which is the functional representation of the supplementary term in (3.16)). 
kp kp 

Multiplying (3.14) by e"M, kß/kp and p M , one obtains the transformation laws for the trans
verse and the longitudinal oscillators 

e~xwum*em = £ W m n ( A K " (3-21) 
neZ 

(all operators in this expression commuting with each other), 

e-xwmime
xw = £ Wmn(\)n^n (3.22) 

n£Z 

which reduces to (2.29) after a partial integration, and 

e-xwPme
xw = £ Wmn(X)[Pn + \Kn + (l- \)ntnPQ]. (3.23) 

n€Z 

For A = 1, (3.21) reproduces (2.23), and one recognizes Jn at the right-hand-side of (3.23), 
which may then be written in the functional language as 

e~w '-"-fs-O-^)™ 
(or, in a normal-ordered form with an additional contribution -imkX(0,T)/kp to J(r)). The 
use of (3.11) to invert (3.21) or (3.22) leads to the identical expression with A replaced by -A (or, 
likewise, (3.21) proves (3.11)). Setting m = 0 in (3.14), one recovers (2.26). The transformation 
of the bosonic zero-mode coordinate xM is easily computed as 

e-xwx*e*w r-. x» + >YJ-W ~ 1). (3.25) 

This completes the discussion of the elementary bosonic quantities. 
The corresponding rules for the ghosts and anti-ghosts are found to be 

e-xw mcme
xw = £ Wmn(X)nCn = ifj ~ e x P (im(r + A ^ + A ^ ^ ) ) C(0,r), 

(3.26) 

e-xweoexw = CQ + A £ n^ncn (3.27> 

and 

e~XWcme
xw = £ W™(^ = jf" £ «* ( W + ^ + * ^ ~ ^ ) C(0,r). (3.28) 

Setting m = 0 in the last equation, one finds c 0 to be invariant, which is due to [W,ö>] ~ 0 
(recall that CQ does not appear in W). Equipped with these relations, one may translate a lot 
of interesting quantities of string theory from one picture into the other. 



For completeness, we display the algebra between the quantities K\m

ß appearing in the 
transformation law of the bosonic oscillators, 

k" kß 

[/C>,m",ACAn"] = ATr«ACA i m + n

M 7 A n ^ . m + n " T - + "»*m+n,0^m'" ' ) ( 3 . 2 9 ) 

which is valid for all m , n £ Z and carries the essential features of the Virasoro algebra (after 
contraction with pßp») and of the elementary oscillator algebra (2.1) (after taking the trans, erse 
part or contracting with kßk„). 

4 Transformation of String Coordinates 

Let us now consider the string coordinates Jf*(<7,r), C(T,T) and C(<J,T) (or B(<T,T)) as a 
whole. Using the expansion (2.3), one should be able to transform X1* just by carrying out the 
appropriate summation over the rule (3.14). However, inserting the definition (3.3) ci Wmn, one 
encounters distributions under the r-integral. In view of this observation, we prefer to consider 
first the transform of the derivative (taken at the a = 0 boundary) 

e~xwXß{Q,T)exw = £ e-imTe-xwam"eXiV (4.1) 
meZ 

to find the formal result 

,2* 
/ dr'6{r' 
Jo fcp kp 

with Yx" from (3.20). Here, we have used the formula 

£ *••»» = 2tS(y). (4.3) 

In order to further evaluate (4.2), one has to solve the equation 

T + A * ? + i t r ~ = ( 4- 4 ) 

with respect to r'. Note that in the case A = 1, this equation reads kX(0,TJ)/kp - T, the 
left-hand-side just being the time-coordinate of the respective boundary point in the light-cone 
gauge. Rewriting (4.4) as 

T =T-%~X~~W~ = /AT( >' ( 4 , 5 ) 

the inversion of (4.4) i.iay be denned by the infinite iteration 

r'= hr{hrUA-••))) = Hx{r) (4.6) 
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which gives rise to a well-defined expression in terms of the £„ and is thus acceptable for the Fock-
space formalism. Another way to compute H\(T) is to note that for sufficiently well-behaved 
functions g(r) 

9 

Hence, the equation 

is solved by 

r ' - j ( / ) = r (4.8) 

/='t£STf>1' ( 4 9 > 
(4.8) is of the type (4.4) if one sets g(r) - -XkXm{Q,r)/kp and replaces r by T - Xkx/kp. As 
a consequence, the solution for r' in (4.4) is given by 

H^ = T->TP + £0TMTTy.8W{ *F^J • ( 4 I 0 ) 

We see that H\(T) - T is periodic in r. Two identities that we will need later are provided by 

/ 2 * d r ( J J A ( r ) - r + A ^ ) = 0 (4.11) 
Jo kp 

and 
F % exp(-tn// A(r)) = An£_n (4.12) 

JO 2-* 
for n ^ 0. The original equation (4.4) may be rewritten as the identity 

Hx(r) + A - + A = r (4.13a) 

or, equivalently 
( l - A ) i / A ( r ) + A f c X ( y T ) ) = r (4.136) 

from which we infer (together with (4.11) or (4.12)) 

/- f r«W)). 0 ( 

Jo kp 
and, by differentiation, 

g ; ( l t l " * ' ' ' ' | ' . (4.15) 

For several purposes, r ' = H\(T) may be treated as a new "time" variable replacing r. Note 
however that it is an operator-valued object. 

We are now in position to continue the treatment of (4.2). The ^-function is rewritten as 

W.Wi(l + *kMg^\'\ (4,6, 
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and the r'-integration together with (4.15) leads to 

e'*w X»(Q,r)em' = ±Yx»(Hx{r)), (4.17) 

where it is understood that at the right-hand-side, HX(T) is always placed to the left of all other 
operators (cf. (3.20)) 

Yx»(Hx(r)) = £ ex?(-inHx(r))KXn^ (1.18) 
neZ 

or, equivalently, with the order of a//operators reversed. Equation (4.17) m?y be integrated, and 
we are left with D integration constants (which are in fact operators). Integration with respect 
to T and the use of (4.11) and (4.12) uniquely determine these constants. The final result reads 

e -xw 

(4.19) 

f ' ^ o ( ^ , n H l ( r ) - ^ n ) ^ " . 

Integrating with respect to r , one immediately confirms the rules (2.26) and (3.25). 
Contrr cting (4.19) with kjkp, we find 

c . „ y f c X . ( 0 , T ) c W = kX.{Q,Hx{r)) 
kp kp 

and 

Xe~xw ™£ll}ew = (1 + A)r - HX(T) (4.21) 
kp 

which becomes particularly simple for A = - 1 (i.e. for the transition from the conventional 
picture to the abelized one). It is interesting that - apart from additional terms - the transfor
mations seem to introduce HX(T) as a kind of new time parameter instead of r . This may also 
be illustrated by taking the transverse part of (4.19), 

e-xwe"kX"(0, r )exW = £ß

vX"(Q, Hx{r)) + const. (4.22) 

Contracting (4.19) with pß and setting A = 1, one again obtains an expression containing the 
operators Jn. Let us remark that in (4.19), the order of all operators may be reversed, as is 
clear from the analysis of Sect. 3 or may be inferred by just taking the hermitean adjoint. 

Treating the ghosts and anti-ghosts in a similar way, one finds 

e-xwC(Q,T)Sw = C(0,Hx(T)) (4.23) 

and 

e - ^ C ( 0 , T)e»v = ^ C ( 0 , HX(T)), (4.24) 

or, integrated 

e - ^ 5 ( 0 , r ) ^ = ( 7 / > ( r ) - r + A | ) c o - r » i : n ^ ( ^ - i n , / i ( T ) - A ^ n ) c n 

= B{0,HX{T)) + further ierms. 
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As a check of the integration constant, one may use (4.11) and (4.12) to integrate (4.25) and 
find zero on both sides. 

The transformations for the full coordinates are achieved by recalling 

Xß{(r,T)=^[Xu(0,T + a) + X'l(0,T-o)] (4.26> 

C(<r,r) = C(0,r + <r) (4.27) 

C(ff,r)=C(0,T + <7) (4.28) 

B(CT,T) = B(Q,T + O). (4.29) 

5 Classical Strings in the Abelized Picture 

In order to clarify the significance of W, we consider the picture-changin? transformation for 
the case of a classical bosonic string in the covariant gauge (i.e. where the decomposition (2.3) 
is valid). Let us denote the classical values of the quantities carried by the string in the abelized 
picture by a hat, 

F = e"wFew. (5.1) 

The transition from F to F (and vice versa) may be interpreted as a canonical transformation, 
the (anti)commitators being replaced by (graded) Poisson brackets. Clearly, we can use the 
formulas derived in the foregoing sections. Thereby, the normal-ordering constants (which would 
carry an additional h in physical units) have to be omitted, e.g. the - 1 in (2.26), (3.17) and 
(3.18). If we specialize to a specific motion (or gauge) of a string, we have to take over the 
full transformation rule (which is an "off-shell" notion in the classical theory as well) and only 
afterwards specify to the values of the censtants xß, a n " , c„ and c„ which describe the motion. 

Let us now consider a string without classical ghost excitation, i.e. cn = c n = 0. From (3.26) 
- (3.28) we conclude that also c n = h, = 0, the remaining coordinates being X» and X* in the 
two pictures. 

As is well known, the string motion Xß(<r, T) is physical (i.e. extremizes the Nambu-Goto 
action [10]) if the classical "constraints" vanish, i.e. Ln — 0 for all n 6 Z. Note that in view of 
the vanishing ghosts, Jn = Ln. Hcce, equation (3.24) tells us that the string motion is physical 
if and only if Pn = 0 lor all n € Z (which is equivalent to Pn = 0 for all n e- N, due to (2.14)). 
In other words, the "abelized'' classical values Xß{a, r) - as given by (2.3) with constants f , 
ä„ M - satisfy pßän

ß = 0. This agrees with the quantum a'.alysis of the physical states in the 
abelized picture as given in Ref. [1], where the Virasoro conditions (Ln - &no)\il>) = 0 (n > 0) 
were replaced by Pn\t) - 0 (n > 0). 

If, on the other hand, the string coordinate X" is taken to be in the light-cone gauge [10], 

kX»{o,T) 
kp 

= r, (5.2) 

or, in other words £„ = 0 for all n € Z, the coordinate Xß must be in the light-cone gauge as 
well 

or i„ = 0 for all n € Z. This follows from (3.22) and [W,£Q] = 0. 
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If the string is physical and at the same time in the light-cone gauge, the constraints Ln = 0 
may be solved with respect to the remaining longitudinal modes to give 

P n ~ ~ö S w»-m"w'"c- ( 5- 4) 
m ez 

In the functional language, the dependence of the longitudinal modes on the transverse ones 
takes the form 

(5.5) 
i 
2 1 P*X* = —e^rx:+*:"*:"). 

In contrast, the coordinate X* in the abelizod picture is purely transverse (except for xM and 
p"). i.e. 

X»(O,T) = iß-tTf^ -f i £ - ^ n M cosn<re~inT (5.6) 

where the constants must satisfy Cin"p^ - Cj^k^ = kx - p2 ~ 0, but are otherwise irbitrary. 

The counterpart of (5.5) just reads p^X"* — PßX" = 0. The decomposition of XM(cr, T) contains 
in addition to the structure of (5.6) the non-zero >Vs from (5.4). Hence, the abelized picture 
has the property that the longitudinal oscillations of a string in the light-cone gauge are zero 
(rather than only being determined by the transverse ones). This also cgrees with the quantum 
case where the physical non-gauge states are built from the vacuum only by w- , / (cf. Ref. [1]). 

For completeness, we note that the connection between the classical variables for a physical 
string in the light cone gauge reads 

x" = x» (5.7) 

fr^fT+^M (5.8) 
kp 

<i n" = un" (5.9) 

and, from (5.8) and LQ = 0, pß = pß. 
One must of course bear in mind that Xß (and not X") measures the actual nosition of 

k" 
string points in Minkowski space. Also, the physical momentum is p*4 = p*4 - —M rather than 

kp 
p^. In other words, thtj string motion as considered by Üself (e.g. in order to count the degrees 
of freedom) looks simpler in the abelized picture. The true physical quantities are expressed by 
the abelized ones, but in a more complicated and non-Lorentz covariant way. This is precisely 
the point where the famous Virasoro generators (classical or quantum) reappear. 

The usual formulation of the light-cone gauge provides a definition of "longitudinal" which 
is different from the one we have used so far. T'.-.ere, the light-like vector k>* (which defines 
y4+ = kßA

ß foi any vector field) is supplemented by another one, say qß (q2 — 0), such that 
kq = - 1 and A~ = q^A", and any scalar product reads 

A„B"= -A+B~ -A~B+ + A{B\ (5.10) 

This would agree with our docomposition into longitudinal and transverse directions only if 
qß is given by -pß/kp. Usually however, </** is chosen as constant once and for all. In such a 
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formalism, the equations Pn = 0 may be solved to give 

- — ~i~j 
P ~ 2 p + P P 

&n- = - ^ p V (n ? 0) (5.12) 
p 

{here, we have already used a n* = an\ p* = p', p + = p + ) , which has to be contrasted with the 
solution of Ln = 0 in the conventional picture [10] 

p- = ^ p V + f>-n*«n*) (5.13) 

a " ' = 2pT E «n-m'aJ (n j« 0). (5.14) 

The relations (5.11) and (5.12) reflect the simple structure of the string motion in the abelized 
picture. Note that they display the transverse analogue of the operators Pn whereas (5.13) and 
(5.14) provide the transverse Virasoro generators. 

If one is interested in computing the true physical quantities (as measured in Minkowski 
space), one has to consider (5.13) and (5.14) which contain th_* typical structure of string 
theory (stemming from the conformal geometry of the world sheet). One may, for example, 
quantize the theory in the abelized picture (where the elementary operators actually coincide 
with the ones in the conventional picture). Checking the Lorentz-invariance, the well-known 
problemat''* r.orentz-generator M'~ is precisely the usual one (expressed by xß and a„ M as e.g. 
given i.« Ref. [10]). Hence, the equation (Af'~, AP~] = 0 leads to the identical computation as 
is usually done, implying D = 26 and unit intercept (which is introduced in (5.13) as ordering 
ambiguity constant). These considerations should have made clear where the essential non-
abelian structure of string thory has gone when one works in the abelized picture. In the 
covariant theory, the simple relation between conventional and abelized picture as displayed by 
(5.7) - (5.9) breaks down, and one is left with the full transformation laws highly non-linear in 
£ n , as derived in the two foregoing sections. However, the principle statement that the difficulties 
(and beauties) arising from the Virasoro algebra have been transferred into the definition of 
physically measurable quantities (as e.g. equation (2.26) for the momentum operator) remains 
true as well. As a consequence, some other features (as e.g. the nilpotency of Q or the derivation 
of the BRST cohomology) are free to become almost trivial in the abelized picture. 

6 Abelized BRST Cohomology 

In Ref. [1], an outline of how to derive the abelized BRST cohomology was given. Here, we 
present an even simpler procedure which is analogous to the one proposed by Freeman and 
Olive [9]. Let us first do the calculation completely within the abelized picture and then make 
contact with the quantities used in thp conventional picture. 

The operator 

^ = £u;_ n^„, (6.1) 
71 = 1 

(5.11) 
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counts the pure transverse modes contained in a general state 

c_. .. .c.». - .Z-t • • .P-k- • . « . „ / • • • . w - „ m - e * x | 0 ) . (6.2) 

Here, NA

T takes the value ni + . . . + nm. Due to (2.23), it is the abelized version of 

oo 

N» = Y,A-nßAnv (6.3) 
n=l 

which measures the number of DDF-modes in the conventional picture. Then 

^ = A t f - j V (6-4) 

counts (minus) all non-transverse modes. Inserting (2.19) and rf" from (2.11), we get 

00 

£A ~ £ "(£-n£n ~ i-nK ~ C-nCn ~ C_nC„). (6.5) 

Similarly, its conventional version £ counts the number of non-DDF-modes. 
So far we have only defined mode-oDerators. The crucial point is V^-M to compute the anti-

commutator between QA from (2.16) and 

s A = £ »*-»&• ( 6- 6) 
nez 

This is trivial and results into 
{QA,SA} = £ "(*-»& - C_„C„). (6.7) 

neZ 

In the case of negative n, we set 

P-„in - c_nc r e = (nP-n + cnc-„ (6.8) 

(the two c-numbers arising from the (anti)commutators cancel), and end up with 

{QA,SA) = £A> (6-9) 

This relation together with 
{QA,CO) = PO (6.10) 

completely determines the cohomology of QA- Let |ft) be an eigenstate of £A (otherwise one 
would split up \Sl) into such eigenstates and then perform the identical analysis). Let furthermore 
|ft) be BRST-physical, i.e. 

0*1«) = 0 (6.11) 

and non-BRST-spurious, i.e. |fi) is not of the form QA\X)- Then apply (6.9) to \Sl) to conclude 

£A\Ü) = QASA\Ü). (6.12) 

Hence, if the eigenvalue is non-zero, |fl) is of trivial form which contradicts our assumption. As 
a consequence 

£A\Ü) = 0. (6.13) 
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This just means that \Q) is built up only by the transverse modes w_ n". Applying the same 
procedure to (6.10), we conclude in a similar way 

Po\n) = 0, (6.14) 

which is the counterpart of the usual mass-shell condition (and implies q2 = 0 if \fl) ~ e , , x ) . The 
vacuum upon which \Q) is built may be specified by an appropriate ghost number condition (see 
e.g. Ref. [11]) to be co|0). Of course, the resulting space of physical states (BRST equivalence 
classes) agrees with the standard results of string theory. Note how little computational effort 
was necessary to obtain this result. 

In the following we will show that the above procedure is precisely the obelized version of 
the computation performed by Freeman and Olive. These authors ha ue shown that 

{Q,S) = f. (6.15) 

for an operator S which reads in the notation used here 

5 = Y, *-m(A» - *m<)) (6.16) 
m€Z 

where 

These operators are related to € by 
OO 0 0 

S = (D0- l)(L0 - 1) + £ ( £ _ „ ! „ + Z_ n £„) - Y, n(cncn + c.ncn), (6.18) 
n=l n=l 

thus providing a generalization of the construction given by Brink and Olive [12] in the purely 
bosonic Fock-space (i.e. without ghosts). 

Translating S into the abelized picture, we use (4.20) and (3.28) to obtain 

Treating the ^-function in a way similar to that given in Sect. 4, one finds after some further 
manipulations 

e"Se-w = - fj dSkJ^llc(0,T) s Z • * - . £ . s SA. (6.20) 

Hence, the Freeman-Olive operator 5 is just the conventional version of the simp'e abelized 
quantity (6.6). Once (6.15) is established, the derivation of the BRST cohomology proceeds as 
in the abelized picture (6.11) - (6.13). 

Checking the relation inverse to (6.20), S - e~wSA^W'> one obtains as a by-product the 
closed representation 

3 , . . . v , - , / . . v , „ . v - l 
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as opposed to the functional form of S& as displayed in (6 20). 
A further application of the fact that £ is an anticommutator of Q with something was the 

construction of the projector onto the physical states [9,12] 

'•/SF*'-«"- ( 6 2 2 ) 

Using this representation together with (6.15), Freeman and Olive were able to give a simplified 
version of the no-ghost theorem [9] and of the evaluation of a typical trace in planar one-loop 
diagrams [13] (cf. also Ref. [14]). Although this point has not yet been studied in detail, it 
cannot be excluded that the procedure of abelization might as well be helpful in dealing with 
such aspects of (interacting) string theory. 

7 Conclusion 

The abelizing transformation generated by W directly exhibits the abelian structure inside 
certain string theory objects such as the URST and the DDF-operators or the Freeman-Olive 
operator S. From tne didactic point of view, a number of quantities may be definedby equations 
like (2.25), with FA very simple, the actual proofs of things like the nilpotency of Q becoming 
easier as compared to the usual didactic approaches. 

The essential non-abelian structures (mainly based upon the Virasoro algebra) re-enter when 
physically measurable quantities such as the momentum or the world-line of the a — 0 boundary 
in Minkowski space are considered. In other words, the Virasoro structure is essentially contained 
in the transformation ..nd hence in W itself. This is not necessarily a drawback for further fruitful 
applications of abelization to problems of string theory (especially those including interactions), 
because in the sense of (super) string theory as a unified quantum theory of all interactions, 
one is mainly interested in the momenta and particle types contained in the zero mass sector 
as measurable quantities (as opposed to the full Xti(a, r ) , as it might be suggested by the 
considerations of Sect. 5). Some very brief remarks dealing with string field theory and the 
intracting case have been made in Ref. [1]. These topics provide a wide field containing a lot of 
unanswered questions. 
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