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Abstract 

A diagram technique to calculate the higher order Bose-Einstein correlations is formu
lated. This technique is appILd to derive explicit expressions for the n-pion correlation 
functions for n = 2,3,4 and 5, and numerical predictions are given. In a comparison 
with the AFS and NA23 data on two-pion and tree-pion Bose-Einstein correlations good 
agreement is obtained. 
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1 Introduction 
The experimental and theoretical study of Bose-Einstein correlations (BEC) [1] in high 
energy collisions and heavy ion collisions continues to be a topic of great interest. In a 
similar way as in astronomy, where intensity interferometry has been used to determine 
the radii of stellar objects [2], measurements of the correlations of two or more identical 
pions (or kaons etc.) provide information about the size and time scales of the regions 
where these particles are produced [3,4]. The most recent experiments on two-pion and 
three-pion BEC [6-8] have had good statistics and have allowed a detailed study of the 
bunching effect. 

Concerning multiplicity distributions, there is a close interrelation between quantum 
optics (QO) and hadron physics [9,10] (see [11] for a review) which is particularly im
portant for hadron interferometry. The QO approach has led to the correct treatment 
of particle emission from partially coherent sources [12-16], and provides a suitable and 
convenient framework (see e.g. [17]) for the calculation of the higher order BEC. Measure
ment of the three or more particle BEC are, therefore, a necessary test of the underlying 
idea, and will also enable one to clarify which further corrections (Coulomb interactions, 
final state interactions etc.) have to be applied, thus providing a more accurate deter
mination of the coherence properties and space-time structure of the interaction region. 
Experiments in progress will accumulate high statistics (for example, the NA27 Collabo
ration will have 490 k events [18]) so that four-pion interferometry appears to be feasible. 

A straightforward calculation of the higher order BEC functions along conventional 
lines [13-16] becomes too complicated. In the present paper we shall therefore outline 
a simple diagrammatical method for the calculation of the higher order BEC functions, 
making use >f techniques well-known in QO [9,17,19]. In this way we shall give explicit 
expressions for the third, fourth and fifth order BEC functions. After a comparison with 
the experimental results of the AFS [5] and NA23 [7] Collaborations we shall present 
numerical predictions for the higher order BEC. 

2 Diagram Technique and Second and Third Order 
BEC 

According to [14], the number of it~ pairs N^2~\ relative to the number of uncorrected 
pion pairs (NBG), as a function of the relative pion momentum, q2

2 = —(pi - PT)2, is 
given by 

N(2-)/NBG = j + 2 p ( 1 _ p ) I { q 2 j ) K ( q 2 u ) + p2j^q22) ( , j 

Here the coherence parameter p is defined as 

P = K / , ) / ( n ) , (n) = (nc) + {ncfi) (2) 

where (n c^) and (n c) are the average numbers of chaotically and coherently produced 
pions, respectively. Evidently, for p = 0 (complete coherence) no bunching effect appears. 
The functions l(q2

2) and K(q2

2) describe the geometric structure of the source. Assuming 
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the coherent source as pointlike and a Gaussian form for the chaotic source, they are very 
well approximated by [14] 

* ( & ) « 1 , (3«) 
/ («&)* exp{-r 2
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2

2 } (36) 

with r being the extension parameter of the source. In this way we obtain from eq. (1) 

N(*-)/NBG = ! + 2p(l - p ) e x p { - r 2

9

2

2 } + p 2 e x p { - 2 r 2

g

2

2 } . (4) 

In order to generalize eq. (4) for the case of multipion interferometry we shall rely on 
an expression from QO [10,17] for the factorial moments 

F^ = („(„ - 1) . . . ( ,»- fc + l)) = k\AkLk(-K\2/A), (5) 

which has already been used in [9,19]. Here (...) denotes the ensemble average and L^ is 
the normalized Laguerre polynomial. The quantities A and |£| 2 are related to the chaotic 
and coherent components of the pion field and shall be specified below. Specializing for 
k — 1,2,3 we obtain from eq. (5) 

<n) = .4+|C| 2 , (6«) 

(n(n - 1)> = (A + ICI2)2 + (A2 + 2A\C\2), (66) 
(n(n - l)(n - 2)) = (A+ |C|2)3 + 3(A + |<| 2)(A 2 + 2*|C|8) + 2(A2 + ZA\Q2). (6c) 

As the next step we shall make use of the diagrammatic method introduced in [14] in order 
to facilitate the symmetrization of the identical bosons. In this way the two-boson BEC 
function is represented by the two graphs in Fig. 1, the lines marked with x indicating 
the exchange of the two bosons. The first term in eq. (6b) corresponds to diagram la 
and the second term in eq. (6b) corresponds to diagram lb. Thus we can formulate the 
following rules for these diagrams: 

(I) Every uncrossed line in a diagram contributes a factor (n) (= A + |£|2) to the 
corresponding term. 

(II) For a pair of lines with X, in the corresponding term we have to set 

A=p{n)exp{-r2q2

2} {la) 

|C|2 = ( l -p ) (n ) . (76) 

Exemplifying this once more for eq. (6b) we obtain (n)2 for the first term and 
p 2 (n) 2 exp{-2r 2

9

2

3 } +2p(l -p)(n) 2exp{-r 2(7 2

2} for the second term. With NBG = (n)2 

we see that in this way eq. (4) is rederived. In the case of more than two bosons the 
argument of the exponential in eq. (7a) will suitably be modified. 

The 3! = 6 diagrams which represent all possibilities of exchanging three identical 
bosons and which correspond to the three-pion BEC function are shown in Fig. 2. The 
first term of eq. (6c) corresponds to diagram 2a, the second term to diagrams 2b,c,d, and 
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the third term to diagrams 2e,f. It is now straightforward to apply the rules (1) and (II) 
to the diagrams in Fig. 2 and to derive the 3EC function for three negative pions in the 
symmetric configuration 

«12 = 923=931» a n d <?L=9?2 + 923+931' (8) 

where q2- = ~(Pi ~ pj)2- We obtain the following result: 

J V < 3 - > / t f M = l + 6 p ( l - p ) « p { - i r ^ 
(9) 

where now NBG = (n) 3 and we have modified eq. (7a) in an obvious way to 

A=p(n)exp{-l-r2Ql„}. (10) 

Comparison of eq. (6c) with the equation obtained by the conventional technique, eq. 
(16) of [14], also enables us to derive the BEC function when the pions are not in the 
kinematically symmetric configuration (i.e., q\2 ^ q]3 ^ q^): 

Ni*-)/NBG = j + 2 p ( 1 _ p)[eM_r2q22] + e xp{~r 2

9

2

3 } + exp{-r 2

9

2

3 }] 

+ p 2[exp{-2r 2

9 l

2

2} +exp{-2r 2

g

2 3} +exp{-2r 2 ^ 3 }] 
(ID 

+ 2p2(l - p)[exp{-r2(72

2 + <&)} + exp{-r 2(g 2

3 + <&)} 

+ exp{-r 2 ( 9 l

2

2 + q2

3)}\ + 2p 3[exp{-r 2( 9

2

2 + qj3 + q2

23)}]. 

Explicit expressions for the two-particle and three-particle BEC functions have also been 
written down in [20] * -

3 Fourth Order and Fifth Order BEC 
We shall now USJ the diagram technique formulated in trie previous section to deiive 
equations for the fourth and fifth order BEC. For k = 4 eq. (5) gives 

F<4) = (A + \C\2)4 + 6(A + \(;\2)2(A2 + 2A\C\2) + S(A + \(>\2)(A3 + ZA2\C\2) 
(12) 

+ 6(4 4 + 4/l3|C|2) + 3(/l2 + 2/iK| 2) 2. 

The diagrams corresponding to the symmetrization of 4 identical bosons are shown in Fig. 
3. Obviously there are altogether 4! = 24 diagrams which can be divided into 5 classes: 
One diagram of type 3a, 6 diagrams of type 3b, 8 diagrams of type 3c, G diagrams of type 

'Our result for the three-particle BEC function, eq. (11), disagrees with the corresponding expression 
given ineq. (18) of [20]. 
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3d and 3 diagrams of type 3e. The numerical coefficients in front of each term in eq. (12) 
are equal to the number of diagrams in the corresponding class. Introducing the variable 

Q\* = 9i2 + 9u + 9u + 923 + <& + &> (13) 

for the symmetric configuration q\2 = q*3 = . . . = q^, and applying the diagram rules (I) 
and (II), we obtain the 4-particle BEC function 

N«-)/N*c = l + 12p( l -p )ex P {- | r 2 g 4

2 „}+6p 2 (7 -8p + 2 p 2 ) e x P { - I r ^ i r } 

+ 4p 3(ll - 9p)exp{-ir 2 g 2 ,} + 9p<exp{-§r 2 gU 
(14) 

where NBa — (n) 4 has been used. 
Proceeding in a quite analogous way we also derive the 5-particle BEC function: 

Nis-)/NBG = i + 2 0 p ( l - p ) e x p { - t L r 2 Q 2

T } + 10p2(13-18p + 6p 2 )exp{- i r 2 gL} 

+ 20p3(16 - 21p + 6p 2 )exp{-^r 2 gL} 

+ 5p4(53 - 44p)exp{- | r 2 Q 2 J + 44p 5exp{-±r 2QL}, 
(15) 

in the symmetric configuration with 

<& = «« + & + ••• + & . (16) 

One observes that in our formulae given above also the higher order BEC depend on two 
parameters, the extension of the source, r, and the coherence parameter, p. The reason 
is that the higher order BEC functions can be uniquely decomposed into products of 
second order coherence functions. The bunching effect increases with increasing order 
and is maximal for completely incoherent fields (p = 1), a feature also well-known in QO 
(see e.g. Fig. 4.12 of [17]). It should be noticed, however, that Coulomb interactions [6], 
final-state interactions [21], resonance effects etc. may influence the higher order BEC in a 
different way than the second order BEC. More experimental measurements of the second 
and higher order BEC and theoretical analyses are necessary to clarify these points. 

4 Numerical Predictions and Comparison with Ex
periment 

In Figs, 4a and b we show the experimental data of [5] for the two-pion and three-pion 
BEC together with our predictions, eqs. (4) and (9), with p = 0.37 and r = 1 fm. Similarly, 
Figs. 5a and b exhibit the data of [7] together with our predictions for p = 0.22, r = 1 fm. 
In the latter case we have also applied the normalization correction for the background 
distribution, NBG = <n)2(l + Sq2

u) and NBG = (n)3(l + \SQl„), 6 = 0.1, as outlined in 
[7], As one can see, we obtain fair agreement in both cases. 
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In the experimental papers [5] and [7] a better fit of the data was obtained when using 
a double Gaussian form. We want to point out that eq. (4) for the two-pion BEC already 
does contain two Gaussians, as needed. 

In Fig. 4c we give the numerical predictions for the four-pion BEC as following from 
eq. (14) for p = 0.37, r = 1 fm. This prediction should be checked by experiment. For 
completeness we also show the five-pion BEC (eq. (15), p = 0.37, r — 1 fm) in Fig. 4d, 
although it is clear that a measurement would demand a very accurate experiment with 
extremely good statistics. 

5 Concluding Remarks 
We have derived explicit expressions for the second, third, fourth and fifth order BEC by 
making use of the correspondence between the reduced factorial moments and Feynman-
like diagrams representing the symmetrization of identical bosons. The BEC functions 
depend on two parameters, t! e radius of the source, r, and the degree of coherence, p. 
For the two-pion and three-pion BEC we obtain fair agreement with the AFS and NA23 
data. We suggest measurements of the four-pion BEC as further tests of the present 
approach. In case of a discrepancy between theory and experiment this would indicate 
that final-state interactions are important. 
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Figure Captions 
Fig. 1: Diagrams for the second order BEC, the mark x indicating the exchange of 

identical bosons. 

Fig. 2: Diagrams for the third order BEC, the mark x indicating the exchange of iden
tical bosons. 

Fig. 3: Diagrams for the fourth order BEC (one example for each class), the mark x 
indicating boson exchange. (A.P.) denotes allowed permutations. Coefficients are 1, 
6, 8, 6 and 3 for diagrams a), b), c), d) and e), respectively. 

Fig. 4: a) AFS data [5] for the second order BEC vs. Q (= JQI*) compared with the 
predictions of eq. (4) for p = 0.37. r = 1 fm. In [5] an angular cut, 8 < 45° from 
the jet axis, for the second order BEC has been applied. 

b) AFS data [5] for the third order BEC vs. Q (= yQl*) compared with the 
prediction of eq. (9) for p = 0.37, r = 1 fm. 

c) Prediction for the fourth order BEC, eq. (14), for p = 0.37 and r = 1 fm, vs. Q 

(= J(K). 
d) Prediction for the fifth order BEC, eq. (15), for p = 0.37 and r = 1 fm, vs. Q 

Fig. 5: NA23 data [7] a) for the second order BEC vs. Q\r compared with the prediction 
of eq. (4), and 

b) for the third order BEC vs. Q\v compared with the prediction of eq. (9), for 
p = 0.22, r = 1 fm. 
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