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ABSTRACT

In this letter we introduce a model of interacting string in which the usual ideal gas ap-
proximations are not made. The model h constructed in analogy with nucleation models, the for-
mation of droplets in a supersaturate gas. We consider the strings to be interacting and their number
not fixed. The equilibrium configuration is the one for which the time derivatives of the number of
strings in the various energies vanishes. We evaluate numerically the equilibrium configurations
for various values of the energy density. We find that at a density of order one in planck units there
is a sharp transition, from a 'gas' phase in which there are many strings, all in the massless or first
few excited states, to a 'liquid' phase in which all strings have coalesced into one (or few) highly
excited string.
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One of the most interesting peculiarities of string theory is its exponentially
growing density of states, which in turn causes the impossibility to define the
canonical ensemble at temperature larger than Tu = -fa [l]. At this temperature
in fact the partition function Z diverges, this is a phenomenon common to all
type of strings (bosonic, supersymmetric, heterotic). This has led people to
consider Tg as the limiting temperature of the Universe, or as the indication
of a phase transition (2,3). On the other side it is quite possible that problems
lie in the concept of thermal reservoir itself, which, while being essential for the
use of the canonical ensemble, is not a natural concept at the beginning of the
universe, where these considerations acquire physical relevance. The use of the
more fundamental microcanonica] ensemble improves matter somewhat (5,4,6).
However, as long as we rely on the thermodynamical methods, which neglect
the significance of the interactions, we can not get any further information on
physics beyond the Hagedom transition.

Among the drawbacks of both approaches above, is the fact that the strings
are considered not interacting (except for the interaction necessary to reach
equilibrium), an ideal gas with a fixed number of particles. A condition quite
unlikely to have been fulfilled at the beginning of the universe. In fact it is not
even clear if equilibrium would be 'a reasonable assumption. In this paper we
would like to propose a model for the behaviour of strings at high density where
the interaction is taken into account, and the number of strings is allowed to
vary. From the rather well known laws for the interaction of strings we will
establish the energy (and number of strings) distribution as a function of the
density. The model we propose is a string adaptation of the nucleation model
[7], the study of the phenomenon of formation of droplets in a supersaturate gas,
in this analogy the various size droplets will correspond to'string with various
masses (excitation numbers). In the following we will consider only bosonic
non tachyonic states, e.g. super or heterotic strings ignoring fermions or bosonic
strings ignoring the tachyon instability, we do not expect that the introduction
of fermions would modify radically our model.

Our main idea is the following, let us take an ensemble of strings at finite
density, and consider their interaction, some strings will decay, thus creating
strings with smaller masses, while inelastic scattering (recombination) will create
higher mass states. Consider the total energy of the system E divided into m
bins of equal size AE = E/m, with Ei approximatively the energy of the t"1

T T



bin. Call Ni the number of strings with energy in the «** bin, BO that,

The approximation will of course improve as m increases. Another important
quantity is the energy distribution, represented by e<, the fraction of the energy
carried by strings with energy in the i'* bin:

m

E ^ = i • (2)E fi

As we are considering our strings to be interacting, JV< (and «j) will change in
time. Let us first consider the change of Ni in time, t. Four terms will contribute
to time derivative N< in our model:

Ni = —X^Nj »some strings will decay with decay rate A,-

; = i

•some will come into bin i from bin j as
decay product, with By branching ratio

•some will recombine, thus filling out of the
?h bin

•some will come into bin i from lower bins
as product of recombinations .

(3)

In the above, A, is the average decay rate for a string in bin i, <pt,j the total cross
section (recombination rate) for two string in bins i and j , and Bti the branching
ratio for the decay of a string in bin j into strings in bin i and (j -- «'). Notice
that in (3) we have considered only processes of the kind (i) (j) <—• (»' + j) and
not, for example (»') (1) *—• i which, due to the finiteness of the bins, are in
principle also possible. Of course when m is large those processes will not be a
dominant contribution, moreover they are irrelevant when we consider Ci instead
of JV,-. We have also ignored four or more bodies reactions, they are taken partly
into account as two step on shell processes however.

Our next task will be to calculate the coefficients K,<P.,} and B^. It is in
those coefficients that the physics of strings will enter with a predominant role.
For this we will make another approximation which will greatly simplify the
calculation. We will assume that most of the energy of the strings is in the form
of rest mass rather than kinetic energy:

where we are assuming that our energy unit AE is measured in the unit of
Planck mass and it is a dimensionless quantity. Under this assumption it is
easily seen that J8],

A, = s'JE, = g'iAE i / 1 , (5)

where g is the string coupling constant in d spatial dimensions. The decay rate
is proportional to the mass (energy) of the string, we wilt consider A] = 0 since
in our approximation strings in the first bin cannot decay anywhere else. As for
ij>ij, this is, in the average, the total un polarized cross section for the scattering
of two highly excited strings. We have considered this problem in a recent paper
[9] and found that

1 ir a AE2 JT , . .
**J ~ V 169 ' ' ~ ~V~169 t} (6)

Next we consider the branching ratio Bt]l it will be related to the density of
states for strings of mass m,p(m) = m"'*1"1'̂ "™, which in our approximation
becomes p(Ei) oc £f ( < 1 +V* £- ,

g.. = (7)

In the above a factor e't>A£"l-+1' cancels between numerator and denominator.
It may seem strange the fact that we have lost all dependence on 0H, and that
the exponential density no longer appears. Actually the exponential density
still plays a crucial role, albeit a hidden one. Without this exponential density,
eq.(6) would be very different, moreover it is again the exponential increase in
density which justifies our approximation for the dependence of decay rate and
cross section from the energies rather than masses.

The assumption in eq. (4) is justified by the analysis of the phase space
volume of a state with the total energy E, which is divided into rest mass m
and kinetic energy et, namely E2 = m2 + i\. The probability that this state
is realized is proportional to the phase space volume of this state and, in the
present case, it is a product of the mass density p{m) and the momentum phase-
space volume. Owing to a feature of string theories, the mass density increases
exponentially in mass, which makes the phase space volume of heavy states large
compared with a state with large kinetic energy and small mass. Therefore,
highly excited heavy states have much larger probabilities to be realized than
those with corresponding large kinetic energy. Therefore, among the strings with
energy E, states with E ~ m will dominate, this justifies the approximation (4).



Equation (3) now becomes:

Ni = g'AE

(8)

The system can be further simplified if one consider the quantity eit rescales
the time to r = gH&E, and consider a quantity which is proportional to the
energy density: A = xEjl&V, in this case

(9)

This system of equations is our model for the behaviour of interacting strings
at finite densities, in d spatial dimensions f. It is of course just a first approxi-
mation, and at the end we will comment on possible ways to improve it. In this
letter we will limit ourselves to the analysis of the the equilibrium distributions
of the system, that is the set of values for ct for which dci/dr vanishes. This
is done solving a system of m — 1 non linear algebraic equations (one less than
the number of bins because of the constraint eq. (2)). We have done this for a
variety of values of the density A and the number of spatial dimension d, here
we report on the three spatial dimensions case.

For A = 0, the low density limit, it is possible to see that there is one obvious
solution: ct = 1, Cj = 0 i ^ 1, that is all the strings are in the first bin, the
ground state and the first few excited levels. Conversely for A —• oo a solution
is cm = 1, c,- = 0 i' ^ m, in this case all the energy is in the last bin, this is the
configuration in which all the strings have coalesced into one.

The analysis of the results for a generic A is greatly helped by the definition,
out of the m dimensional vector c, of two quantities, N and F, which we will
analyse in detail. They are loosely related to the total number of string and the
fluctuations of the energy around the mean. They are defined as follows:

N = i
m

(10)

'The dependence on the number of spatial dimensions is contained in the level density p{m)
and the volume V. The contribution of compactified dimensions is assumed to be included in
the form of p(m).
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Figure 1: The number of strings as a function of A.

F =

\

^ - 1
y/< E1 > - < E >*

:: + •=•-!
(11)

We have normalized JV and F in such a way that N = 1, F = 0 for A = 0 and
JV = 0, F = 0 for A -• .oo, moreover F = 1 for a configuration e1=em. = |.This
to enable comparisons among different m's.

Since (9) is a system of nonlinear equations, it may happen that,for a given A:
i) there are'no equilibrium points, it) the system has only one equilibrium point,
til) the equilibrium pointa are more than one. Equilibrium points can in turn
b'e stable or unstable, there can be closed orbits and many more possibilities,
like strange attractors or chaotic motion. With the present form of the model
we haye always found only one solution, stable within our numerical accuracy,
but in many cases the equilibrium points are reached only after oscillations. We
will discuss the stability of the equilibrium points and the time evolution of c,
in a forthcoming longer paper (10].

The behaviour of N and F va. A for three spatial dimensions is summarized
in figures 1 and 2 for various values of m. Those figures (which could summarize
the main result of the model) show the presence of a discontinuity point at a
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Figure 2: The fluctuations of the energy as a function of A

value of A of order one. For smalt densities all strings are in the lowest bin,
in the massless or first few excited states. When the density A approaches a
value close to one, the quantity N abruptly goes to zero. It is very important
to notice that the step behaviour of figure 1 becomes sharper for m - n » . Due
to the numerical nature of our work, we are at the moment unable to Bay if the
configuration reaches a stable slope or an actual step. The behaviour of F in
figure 2 is analogous, F jumps from the 0 value (all strings in the first bin) to
values of order one (strings more or less equally distributed in the first and last
bina), to quickly become again small, this time with most of the energies in the
last bins. Figures 3 and 4 show some configurations for the whole of the vector
e for selected values of A.

At this stage, a discussion of the thermodynamical behaviour of our model is
in order. Let us first examine the smatt-A behaviour of the system. In the smalt
energy density region, the concept of a, string gas in thermal equilibrium seems
to be valid and the distribution of strings is given, to a good approximation, by
that of Maxwell-Boltzmann,

£» ~** P\Ei) e ' — e ^ "' ' an ' , (12)

where a is a constant, related to d. Fig, 3 is a logarithmic plot of c versus
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Figure 3: Some energy distributions for various values of the density in the low

density phase

the energy (bins), the fact that the behaviour is a straight line shows that the
equilibrium distributions of our system match with that of Maxwell-Boltzmann
quite well. Therefore, the slope of each configuration in Fig. 3 can be identified
with (0-0n) and we can immediately see that the specific heat is positive. As
is shown in Fig. 3, in the case of d - 3, the equilibrium configuration behaves
c, ~ exp(-a In*) at A - 0.545, where we can consider that the temperature of
the system reached the Hagedorn temperature. It is important to notice that
this value of A corresponds to the point where the curves in Fig. 1 and Fig. 2
have flex points. Next let us turn to the large-A behaviour of the system, in this
region the normal concept of thermal ensemble is not available anymore. The
curious, and suggestive, feature is that the exponential behaviour of eq. (12) still
seems to hold in the large-A region with (0 - 0H) < 0 (see Fig.4).

The above results are for three spatial dimensions. A more general and
detailed analysis is in currently in progress [10], but at the moment no qualitative
and very little quantitative differences have emerged for different some variants
of our model.

The picture that is suggested is the following, there are two phases of string
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Figure A: Some energy distributions for various values of the density in the high
density phase

theory, which in analogy with the original micleation theory we will call 'gas' and
'liquid* phases. In the gas phase, the strings are basically an ideal gas of massiess
particles (with possibly a few low level massive ones). At a critical density the
gas phase disappears to give rise to a liquid one, when all strings coalesce into an
unique string, and is possibly not even correct to talk of individual strings. The
result of this paper is the fact that the transition is a sharp one, happening at
a density of the order of unit plant k mass in planck volume. Thus the situation
seems to be suggesting a first order phase transition.

ThiB interpretation partly explains the problems with the microcanonical and
canonical ensembles mentioned at the beginning: there never be an equilibrium
of the system of strings with the large number of strings when the energy density
is sufficiently large, A > 1. There are either many particles in the first few
excited states, or very few strings in extremely excited states, for this situation
it is possible that the fundamental degree of freedom of the theory would have
to be changed. The physical picture of the universe in the liquid phase is still
very much hazy. There is also a fundamental problem. As is clear from the
above discussions, our model relies on the perturbative method (see eq.s (5),
(6)). This questions the validity of our model in the high energy density region.

At present we do not know how to improve this situation.

Strings are thought to contain gravity through the fact that the graviton is a
string in the massless state, but how would the world look in a situation in which
there are no gravitons? In |3] it was conjectured that the number of degrees of
freedom in the high temperature phase is much less than those in a normal field
theory, a property shared with topological field theories [11]. In the present
work, a tenuous similarity of the liquid phase with topological field theories lies
in the fact that there are no graviton and no lower-lying excitations, which means
that the corresponding components fields of the string field become classical, and
there are no fluctuations of those fields. Similarly not at all clear are connections
with other indications of a new phase of string theory, the behaviour of strings
at high energy (12] or of an infinite genus condensation in some two dimensional
discrete models [13].

The model presented here is of course just a firat step, and in its present form
is very much incomplete. Improvements, are possible and under investigation,
like the inclusion of fermionic states, of winding states in some compactified
directions or the making of the vectors N and c into matrices to take into
account separately rest mass and kinetic energies. We do not however feel that
fermions and kinetic energy will change the qualitative aspects, while it would
be very interesting to study winding states and verify the presence of duality
for the R —̂  1/S interchange [14]. Other aspects of the present model will be
presented in a future publication (10).

We would like to thank D. Amati, S. Yahikozawa, and G. Pastore for discus-
sions, and K. Hetler for help with the computing which went well beyond the
call of duty. We are also grateful to ICTP, IAEA and UNESCO for support.
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