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Abstract

We present the results of testing a previously presented
algorithm for three-dimensional image reconstruction that uses
all gamma-ray coincidence events detected by a PET volume-
imaging scanner. By using two iterations of an analytic filter-
backprojection method, the algorithm is not constrained by
the requirement of a spatially invariant detector point spread
function, which limits normal analytic techniques. Removing
this constraint allows the incorporation of all detected events,
regardless of orientation, which improves the statistical quality
of the final reconstructed image.

Introduction

In a previous paper1 we outlined an algorithm for direct
three-dimensional image reconstruction that uses all detected
events from a positron volumetric imaging (PVI)2 scanner. A
PVI scanner, unlike conventional ring tomographs, does not
have interslice septa to prevent the detection of cross-plane
events, which greatly increases the sensitivity of the scanner.
This paper presents the results of testing the algorithm with
Monte Carlo generated data and does not consider the effect of
attenuation or increased scatter fraction.2

In direct three-dimensional image reconstruction , projec-
tion data that has been acquired in three dimensions is used
to reconstruct a three-dimensional picture of an object. Such
direct reconstruction contrasts with the more common indirect
method of using a stacked set of parallel two-dimensional re-
constructed images to build up a three-dimensional picture.

Over the last decade, several algorithms for direct three-
dimensional image reconstruction have been developed. These
algorithms can be divided into three categories: analytic, itera-
tive, and series methods. The latter two methods have the ad-
vantage of being able to incorporate a priori knowledge or take
advantage of symmetries in the object being reconstructed. The
major drawback of these methods is the relatively large amount
of computing power needed to perform a direct reconstruction.

It is possible to further divide analytic direct three-dimen-
sional image reconstruction methods into two classes: nor-
mal direct methods, which are subject to the constraints of
shift-invariance as described below, and extended direct meth
ods, which are not. Normal direct methods, such as those de-
veloped by Orlov,3 Pelc,'1, Colsher,5 Schorr et al.,e and our
earlier work,7'" are based on extezision? to three dimensions
of the well-understood case of analytic two-dimensional image
reconstruction.9 The main difference between two-dimensional
and three-dimensional analytic image reconstruction is that
the complete set of projections needed to reconstruct a two-
dimensional image is also two dimensional, whereas a com-
plete set of projections for a three-dimensional object is four-
dimensional, and thus can contain redundant information. This
type of four-dimensional projection is characteristic of volume-
imaging scanners.

A PVI scanner can be formed by either removing the in-
terslice septa from a conventional multi-ring tomograph,10 or
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by using large area position sensitive detectors.11 ls Either
method results in a scanner that can detect cross-plane gamma
ray events, which are often treated as redundant data. The
advantage to using as much of the redundant data as possi-
ble is that the signal-to-noise ratio depends on event statistics,
and the accuracy of the reconstructed image improves with the
number of events incorporated into the projections. Normal di-
rect methods take advantage of the extra information and use
some of the cross-plane events to improve the signal-to-noise ra-
tio. None of these earlier methods, however, can use all of the
data measured by a PVI scanner because of the requirements
of shift-invariance.

The Shift-invariance Constraint

A common thread among the direct analytic three-dimen-
sional algorithms cited above is the use of the Fourier-convolu-
tion theorem to invert the following linear equation.

where /(x) is the original three-dimensional density function
that is to be recovered, g{x) is the three-dimensional backpro-
jection of the measured projections, and /i(x, x') is the point
spread function (PSF) of the detector system. The function
h(\, x') is the response of the detector at x to a point source lo-
cated at x'. If /i(x, x') has the form h(|x—x'|), then the response
of the detector system is said to be spatially shift-invariant, that
is the detectors response, at x, only depends on the distance
from the source at x', and not on the spatial location of x.

Figure 1 shows a cross section of a detector in the shape
of a hollow sphere of radius Ro that is truncated at the top and
the bottom. Also shown is a spherical object of radius Ro that
contains the density function /(x) such that /(x) = 0 for | x |>
Ro. A point source located at the centre of the object will have
more detected coincidence events than a point source located
at the top of the object because of the difference in subtended
detector solid angle. Consequently, the apparent brightness of a
point source depends on its position, thus making the detector
response spatially variant.
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Fig. 1. Cross section of a detector and an object being scanned, show-
ing the polar angle 0 of a gamma-ray event and the FOV denned by
RD, RO, and xl>.



It is possible to impose shift-invariance on such a detec-
tor by rejecting any gamma-ray events that reach the detector
with a polar angle of 6 less than the angle 8^, which is a
function of i/>, Ro, and Ro as Bhown. With this constraint, a
point source appears equally bright everywhere within the field
of view (FOV) denned by #„!„. The limiting angle is given by

ii. = T/2 - 4' + arcsin(RO/RD) • (1)

For V — 10° to 20°, the minimum detected event angle is ap-
proximately 6 = 7r/2 — ip, but for any object of non-zero size
the minimum usable event angle $„„„ is larger than the mini-
mum detection angle of ir/2 - *l>- In the geometries typical of
most PET scanners, the object dimensions exceed the axial ex-
tent of the detector. In this case Ro —* Hosing in Eq. (1) so
that 8min -* 90°. The resulting set of usable data is the same
as that incorporated in indirect three-dimensional reconstruc-
tion where the three-dimensional image is approximated by a
stack of slices. Thus the normal analytic three-dimensional al-
gorithms cited above do not offer any improvement in statistics.
To improve the statistics by using more, or all, of the redun-
dant projection data it is necessary to somehow circumvent the
requirement of shift-invariance.

Previous Work

In the last five years other extended direct analytic meth-
ods have been demonstrated by Cho et a/.,16 Defrise ti a/.,17

and Clack et ai.18

The first extended direct algorithm was developed for
a truncated spherical detector by Cho et a/.16 and is based
on an extension of the true three-dimensional reconstruction
(TTR).19 Cho et at. used their TTR algorithm to reconstruct
two or more images using different values of B^, where the
image is reconstructed within each FOV denned by the corre-
sponding value of flmin. The filter used for a given 2d projection
is a composite of the Id filters that would be used to reconstruct
the 2d image slices sampled by the given projection. A recon-
struction within a given FOV is scaled and inserted inside the
next larger FOV, which has a smaller value of flmin- The smaller
the FOV the better the statistics of the reconstruction since
more cross-plane rays can be used. It is a consequence of the
form of the 2d composite filter that the image reconstruction
is correct within each FOV.

The approach taken by Defrise et a/.17 is to use several dif-
ferent values of #„!„ to subdivide the backprojected (i.e. unfil-
tered) image. An initial low-statistics reconstructed image, with
a large value of fl^n, is inverse-filtered to estimate the backpro-
jection (unfiltered image) for a new, slightly smaller, value of
Ojnin. The centre region of this estimate can then be replaced
with the same region of the backprojection of the measured
data, also using the new value of O^n- By iterating this process
with a smaller value of 8^ each time, most of the cross-plane
data can be incorporated into the final reconstructed image.

Clack et a/.18 have recently demonstrated a single-pass
technique bailed on the decomposition of the three-dimensional
reconstruction into sets of two-dimensional reconstructions. The
technique utilizes two pairs of opposed parallel 'virtual' semi-
infinite detector planes. If an event that is detected by the
physical scanner intersects a pair of virtual detector planes,
it is used in a two-dimensional image reconstruction as if the
virtual detector formed the actual scanner. The algorithm is
similar to that of the TTR algorithm,19 but does not combine

one-dimensional reconstruction filters into a two-dimensional
composite filter. This makes the algorithm capable of incorpo-
rating shift-variant data in one pass. By describing a cylindrical
detector as two pairs of virtual detectors that are rotated by
90° from each other to form an open-ended box, approximately
90% of the measured data can be used.

Description of Algorithm

The new algorithm, which is the subject of this article,
employs two passes of an analytic filtered backprojection (FBP)
reconstruction method. In normal three-dimensional FBP algo-
rithms,*'5'7'8 the coincidence events are grouped into two-dimen-
sional projection planes, where each projection value is an inte-
gral of f(x) along a line perpendicular to the projection plane.
The projections are filtered to pre-compensate for the backpro-
jection process,10 and the resulting filtered projections are then
backprojected at appropriate angles into a three-dimensional
reconstruction volume to form the final image.

The normal FBP algorithm makes use of the Fourier-
convolution theorem during the filtering operation. This in-
vokes the constraint of shift-invariance, which can be inter-
preted to mean that only those projection planes on which the
projection of the entire object is 'visible' can be used. For pro-
jection planes inclined at smaller and larger polar angles, i.e.,
with ir/2 - \l> < 6 < 8^, or TT/2 + tfi > 8 > ir - 9 ^ , as
illustrated in Figs. 2(a) and 2(b), there are regions of missing
projection data. Figure 2(a) is a cross-sectional view of a detec-
tor and a projection plane with polar angle smaller than 8^^.
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Fig. 2. The geometry of a projection plane with missing data, (a) a
cross-sectional view of a detector and a projection plane; (b) a normal
view of the same projection plane.



Figure 2(b) is a normal view of the same projection plane show-
ing the regions where projection data is missing. This renders
the projection data on the plane unusable in the normal FBP
algorithms-

The previous observation leads to the three steps of the
new algorithm.1 Firstly, a three-dimensional low-statistics im-
age is formed from the subset of projection data for which
flmin < S < ir - 9mui. (If image statistics did not cause noise
this would give an exact reconstruction in the case of ideal
data.) Secondly, this first image is then forward projected, or
re-projected, onto the regions of missing projection data in the
remaining subset of projection planes. The forward-projected
data does not supply any new information, but rather prepares
for the correct filtering of measured projection data for which
the projection direction is less than 9mia or greater than n —ffmm,
in order to improve the statistics of the reconstructed image.
Thirdly, the new set of projection data is filtered and backpro-
jected along with the original complete projections to form a
high-statistics, three-dimensional image, using the filter appro-
priate to the new value of #niui-

Implementation

The algorithm was tested using data generated by Monte
Carlo methods from a cylindrical Derenzo-type21 hot spot phan-
tom that was 12 cm in length and 10 cm in radius that was
divided lengthwise into six sectors. Each sector contained thin
cylinders, also 12 cm in length, of uniform activity, with the
centre-to-centre spacing of the sources equal to four times the
diameter of the sources in that sector. The source diameters
were chosen to be 2.5, 3, 3.5, 4, 5, and 6 mm in diameter. The
phantom cylinder was centred with its axis along the axis of
the detector, which is the z-axis in Fig. 1.

The detector was assumed to be a cylinder of radius R& =
20 cm and a height of 10 cm so that r/> cs 14° in Fig. 1. A total of
1.12 million events (= one full reel of magnetic tape) was gen-
erated, for a source that had no self-absorption or scatter, by a
microVAX-II computer. The events were binned into projection
planes that were then transferred to a VAX 8650 computer for
reconstruction. The projection planes were 24 x 12 cm in ex-
tent, binned into 100 x 50 square pixels, and were separated by
3° in both azimuthal and polar angle. The angular bin widths
were equal to the bin separations of 3°, and in 8 the bins were
centred at 78, 81, . . . , 99, and 102°, while in $ the bins were
centred at 0, 3, . . . , 174, and 177°. Since >p ~ 14°, there were 9
values of 8 (listed in Table I) and for each value of 8 there were
60 projection planes of differing <t>.

The reconstruction volume was 24 x 24 x 12 cm, com-
prised of 100 x 100 x 50 voxels, each a cube of side 2.4 mm. The
FBP method used the two-dimensional reconstruction filter due
to Colsher4 to filter each projection in Fourier space, followed
by a three-dimensional backprojection of the filtered projection
into the reconstruction volume. A Hamming window, with the
cutoff set to the Nyquist frequency, was applied to the recon-
struction niters prior to reconstruction. The Nyquist frequency
(determined by the choice of projection bin size) and the de-
tector cutoff angles (4m,,) were the only free parameters of the
filters.

During initial testing we found that it was necessary to
shift the average value of the low-statistics image by adding
a constant to each voxel. This allowed the forward-projected
data to be correctly scaled relative to the measured, partially
complete projections. The need for scaling is a consequence of

Table I. Number of detected events vs. 9 for a total of
1,121,836 events.

6 (deg)

78
81
84
87
90
93
96
99

102

No. of events

51,468
89,685

135,268
178,817
211,944
179,701
133,831
89,698
51,424

% of total

4.6
8.0

12.1
16.0
18.9
15.9
12.1
8.0
4.6

the finite size of the reconstruction volume and the indetermi-
nacy of the zero-frequency component of the filter. A similar
effect was noted by Defrise el oJ.17

Results

Table I lists the total number of events and the percentage
of the total counts as a function of 8. Because the axial extent
of the object (12 cm) exceeds the axial extent of the detector
(10 cm), Smin for reconstructing the low-statistics image is 90°.
That is, only the projection planes for 9 = 90° (±1.5°) satisfy
shift-invariance, so a normal direct method can use only 19%
of the measured data. This is similar to the amount of data
detected by a commercial ring tomograph with interslice septa.

The measured data for 8 = 90° was reconstructed into
a 3d image and two-dimensional slices of thickness one voxel
are shown in Figs. 3(a) and 3(b). Figure 4(a) shows the voxel
values along the line marked in Fig. 3(a), which passes at right
angles through the axes of four larger source cylinders (5 mm
diameter) and also through a set of six smaller sources (3.5 mm
diameter). Figure 4(b) shows the image values along the line
marked in Fig, 3(b), lying along the central axis of one of the
larger source cylinders.

The low-statistics image was used to fill in the missing
portions of the projections for 8 = 84, 87, 93, and 96°. The
projections for the four most extreme values of 9 in Table I
were not used since they each contain a small percentage of the
measured data and the same amount of reconstruction time is
needed for each value of 8. Including them did not noticeably
improve the appearance of the images. Omitting the extreme 9
values to save computer time, about 75% of the measured data
was used. Line profiles at the same locations as in Figs. 4(a)
and 4(b) are shown in Figs. 4(c) and 4(d).

The computer CPU time used for each phase of the ex-
tended reconstruction is listed in Table II. More than 90% of
the final reconstruction time was taken by the backprojection
step which included a bilinear interpolation of each filtered pro-
jection for each image voxel.

Discussion

The effect of using 4 times as many events in the recon-
structed image is apparent in the improved uniformity and res-
olution of the line profile shown in Fig. 4(c) as compared with
Fig. 4(a), and 4(d) compared with 4(b). No attempt was made
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Fig. 3. One-voxel-thick slices from the low-statistics image with the
data values represented by the density of points, (a) the central
transaxial slice, (b) a slice perpendicular to the transaxial slice along
the line marked in (a).

to optimize the image spatial resolution by reducing the projec-
tion bin size relative to the Hamming window cutoff frequency.
Rather the cutoff frequency was chosen to simulate a some-
what arbitrary 5 mm FWHM intrinsic detector resolution. The
projection bin size was in turn chosen to satisfy the Nyquist
sampling condition in relation to the selected cutoff frequency.
It is expected that better resolution would be obtained with a
still smaller projection bin size.

As shown in Table II, a total of 236 CPU minutes of VAX
8650 time was used in reconstruction, most of which were spent
performing backprojections or forward-projections. The recon-
struction time could be greatly reduced by using optimized
source code and consigning the back- and forward-projection
processes to hardware as suggested by Peters22 and Crawford
et a/.23

Table E. VAX 8650 CPU minutes used during reconstruc-
tion phases.

Phase Time (minutes)

Low-statistics reconstruction 31
Forward-projection of missing data 50
High-statistics reconstruction 155

We have not investigated the effect of re-projection and
repeated backprojection on image noise other than statistical
noise.

For the two iterations demonstrated, the second recon-
struction is a mixture of measured and forward-projected data.
The centre of the reconstructed image contains a larger per-
centage of measured data than the periphery so that the sta-
tistical noise varies as a function of radial position within the
image. The radial variation in SNR is unavoidable simply be-
cause more data is detected from the centre of the object than
from the periphery.
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Fig. 4. Image values along the lines marked in Figs. 3(a) and 3(b). (a) and (b) are from the low-statistics
image using 19% of the measured data, while (c) and (d) are from the high-statistics image using 75% of
the measured data.



Compared to the three other algorithms mentioned in
the 'Previous Work' section of this paper, our algorithm most
nearly resembles the Defrise et al.1T algorithm. Both algorithms
use a combination of measured and reconstructed image esti-
mates to improve the statistical accuracy of the central region
of a 3d image measured with a cylindrical (or equivalently a
truncated spherical) detector. In our algorithm filtering is done
before backprojection, whereas with Defrise et al. the order is
interchanged. At this time it is unfortunately not possible to
compare quality of the images produced by the algorithms be-
cause each has been tested only on simulated data generated
from different phantoms.

An advantage of the algorithm compared to the others18"18

is that, if region-of-interest (ROI) integration of the 3d image
is desired for a series of images, such as is often the case in
gated dynamic studies, it is possible to determine the ROI val-
ues by operating on the projections without performing the fi-
nal backprojection. This technique would be a straightforward
extension to three dimensions of the technique of Huesman14

in two dimensions. This would reduce the required computing
time for ROI's and also provide a method of accurately deter-
mining the statistical uncertainty ot the ROI values.
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