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Abstract 

We investigate the BRST cohomology of compact Ue algebras. An anti-BRST operator 
drfferent trom the on* usually defined Is Introduced to construct a BRST invariant oparator W. tha 
zero-modes of which ara In one-to-one corraspondanco with tha BRST cohomology. Solutions to 
tha BRST cohomology conditions with different ghost numbar ara shown to exist, ad of which can 
be used to define a physical state space for a constrained quantum system. A connection with 
supersymmetric topological quantum theories ts observed. 
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The essential property of lupersymmetry, both in relativistic (1, 2) and 
non-relativistic [3, 4] applications, is that its generator can be considered as 
the square root of the Hamiltonian: 

{<?,<?'} = //, (i) 
where Q is the supercharge and H the Hamiltonian of the supersyrnmetric 
system, while the braces denote graded Poiston brackets in classical mechan
ics, or an anti-commutator in quantum mechanics. 

In this letter we show, that in a similar way the BUST operator1 [5, 6) 
ft may be viewed u the square root of an invariant operator W (the BHST-
extended quadratic Casimir) of a Lie algebra. As a result, the BRST «ho
mology is defined by the zero-modes of the operator W. 

Consider a compact Lie algebra Q with n generators G»,Ö « 1, ,.,,n: 

In addition, introduce a ghost system (c*,xö) with canonical brackets 

{<",**} = *?. 

The BRST operator is defined as 
* 

n-i-c + jeV/s/f.. 
This operator is nilpotent: 

ft* = 0. (2) 

It acts in the state space of the ghosts, which may be represented by all 
polynomials in the ghost variables c*: 

0-Etr«"-«"*i',U. (3) 
kmO K' 

*For reviews, •«« for example reti.[7].[U). 
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the states V>t*> of ghost number Jfc taking values in a representation space of 
GQ. The ghosts (c0,**) and the BRST operator are self-adjoint with respect 
to the indefinite inner product [12] 

However, there also exists a different positive definite inner product 

km&K' 

where "^ b the dual of ^ in the sense of the Hodge star operation, and V 
denotes the reversal of the order of the ghosts in V>> eq,(3). With respect to 
this inner product the ghost c* and its momentum *„ are mutually adjoint. 
As a result, the BRST operator is not self-adjoint with respect to this inner 
product, but we obtain instead 

n^cr*. + !»,*, /*c*. 

In this letter, we refer to ft* as the •nti-BRST operator, but we emphasise 
that it is not identical with the operator usually referred to by this name 
[13,10]. ft* is nUpotent as well: 

n« « 0. (4) 

Contrary to the standard anti-BRST operator [13], its bracket with U does 
not vanish. One finds 

{an*} = w, (5) 
where IV « G* + {ghost terms) is a BRST «nd anti-BRST invariant extension 
of the quadratic Canmir operator of the Lie algebra Q: 

iaw] = o, [n\w]«o. (6) 
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The full algebra defined by eqs.(2),(4)-(6) is referred to u the BRST Algebra. 
The analogy between eq,(5) and the supersymmetry algebra (1) ii obvious. 

Next we discuss the cohomology of fl. In phyiieal applications this eoho-
mology usually defines the physical states of a system subject to first-class 
constraints defining an algebra Q [14]([7]-[11]. In the present case these sys* 
terns are quantum gauge theories restricted to spatially constant configura
tions. The cohomology of 0 is defined as the set of equivalence classes of 
states which are BRST invariant and differ only by a BRST transformation: 

with 

0 ^ 0 ' 4* V>' = l/» + flx. 

where x i» arbitrary. This space is denoted by H(fl): 

H(Q) m KerSl/ImQ. 

BRST-in variant sUtes 0 are called BRST closed, and BRST transformed 
•tales, like fix, BRST exact. Every BRST-exact state is closed, but the 
inverse is not necessarily true, Non-zero elements of H{Ü) correspond to non
exact closed states. BRST-harmonic states are by definition BRST invariant 
and anti-BRST invariant. They correspond to zero-modes of W: 

n^-o, n^o, (7) 
implies 

H ^ - 0 . (8) 

The inverse is also true: rero-modes of W are BRST and anti-BRST invari
ant. To prove this, it suffices to observe that: 

showing that W is a positive definite operator and that it has a zero-mode 
only if conditions (7) are satisfied. 
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It is now possible to prove the following decomposition theorem3: 

Every state 0(c] can be decomposed into a BRST exact, on anti~BRST exact 
and a BRST harmonic state: 

^sw + nx + fi1^, (») 
where w is BRST harmonic. 

The decomposition theorem implies, that there is a one-to-one correspon
dence between the cohomology /f (ft) and the harmonic states. To see this, 
note that eq.(9) implies 

But then the condition of BRST invariance, fl^ — 0, leads to 

Hence the anti-BRST exact state ft* 4 must vanish, and 

^ = w + fix-

It follows, that any BRST closed state is equivalent to a BRST harmonic 
state modulo a BRST exact state. In the language of field theory this ex
pressed by the statement that one can always choose a gauge in which a 
BRST-tnvariant state is also anti-BRST invariant. 

Having established the decomposition theorem and the equivalence be
tween the BRST cohomology and the sero-modes of W, we can prove the 
following result: 

Alt BRST eokomoioay classes «re represented iy states V>[c] watch satisfy. 

<?.v[c] = 0, and cVo/?x-,v[c] = 0. (10) 

The proof of this statement is obtained by writing out IV: 

'The proof of this theorem is described elsewhere {25] 
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w = (n + n')' 

Being a turn of squares of hermitean operators, W can vanish only if the 
terms vanish separately as implied by eqs.(10). 

The first of the two conditions (10) states that the states 0 ( i ) must be 
^invariant (Q*singUts). The second condition reads in components: 

ƒ /* tf(fc) i . = 0 

where the square brackets denote complete anti-symmetrization over the en
closed indices. This equation states, that the zero-modes \M*} of ghost num
ber k are given by all invariant anti-symmetric tensors of rank fc, including 
the trivial ones with k = 0 or k m n. Note, that for semi-simple Lie algebras a 
non-trivial solution always exists for k m 3, in the form of states proportional 
to the structure constants: 

where x is *ny G-singlet. This follows from the Jacobi identity. Other solu
tions may exist, depending on the algebra. Thus we have established, that 
the BRST cohomology of semi-simple Lie algebras is non-trivial and that 
several copies of the physical Hilbert space of states may exist in BRST-
quantised gauge theories, differing only in the ghost number of the states. 

Finally, we return once more to the similarity between the BRST algebra 
(5) and supersymmetry, eq.(l). The analogy is complete for theories in which 
the Hamiltonian is equal to W. This is a consistent choice, since W is positive 
definite. However, for such theories the Hamiltonian is actually both BRST 
and anti-BRST exact: 

H = Wm{W}. (11) 

Hence the Hamiltonian is BRST-equivalent to zero, and no dynamics results 
for the physical states. This is precisely the situation one encounters in 
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topological field theories [16]. For the class of topological quantum theories 
(11) the full identification of BUST invariance with supersyrametry seems 
possible. Remarkably, reinterpreting the operator fl as the supercharge, the 
algebra (11) is precisely the algebra of the zero-modes of the constraints of a 
supergravity theory. Thus we establish a relation between supergravity and 
theories with local BRST invariance [17], 
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