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ABSTRACT

Extensions of the Virasorn algebra are constructed as Poisson brackets of higher spin
fields which appear as coefficient fields in certain covariant derivative operators of order N. These
differential operators are consturcted sous to be covariant under reparametrizations on fields of def-
inite conformal dimension. Factorization of such an AMh order operator in terms of first order op-
erators, together with the inclusion of a spin one [/(1) current, is shown to lead to a two-parameter
1^-algebra. One of these parameters plays the role of interpolating between W-algebras based on
different Lie algebras of the same rank.
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Two dimensional theories with higher spin fields have recently been in-
troduced as interesting extensions of conformal field theories possessing a
larger symmetry [1,2,3]. Such theories model certain statistical systems in
two dimensions, besides being interesting field theories in their own right.
The higher spin fields in these theories obey a Poisson algebra among them-
selves, with the Virasoro algebra corresponding to the subalgebra of the
spin-two field(the energy momentum tensor) with itself. The full algebra is
in genera! not a Lie algebra, but rather is quadratic in the fields and their
derivatives. It is important to have a better understanding of the algebraic
structure of auch algebras. Such operators also arise in nonperturbative two
dimensional gravity theories, as recent studies have shown [10,11]. With
this motivation, we present in this letter a classical algebraic treatment
based on the possibility of describing higher spin fields as coefficients of
certain covariant differential operators.

In the next section, we shall review the construction of covariant
differential operators of arbitrary order that was given in ref.(5|. These
operators act on fields of definite conformal dimension to produce fields
that are also covariant. The existence of an algebra among the fields in
such operators follows from the fact that these operators, viewed as Lax
operators, possess a Hamiltonian structure, as was shown by Gelfand and
Dickii [7]. This algebra is consistent with the transformations of the fields
only if the differential operator we started with is covariant. In section 3, it
is shown that an arbitrary covariant differential operator admits a unique
factorization in terms of first order covariant operators constructed from
scalar fields, and we explore the relationship between these scalar fields
and the higher spin fields. The vanishing of the spin one current in the
covariant differential operator is shown to lead to a non-diagonal Poisson
bracket among the scalar fields. These scalar fields are the ones that are
used in the construction of the SL[N) W-algebra given in ref.(4]. In this
case the spin-two field in the covariant operator is itself the generator of
reparametrizations. Allowing for the existence of the spin one current leads
to an algebra with a modified stress tensor whose central charge is labeled
by two parameters. If a Lie algebra with rank equal to the number of free
scalar fields JV is chosen, the W-algebra describes a Toda field theory [3|
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based on that Lie algebra for particular values of one of the parameters
in the central charge. Changing this parameter therefore corresponds to
'flowing' between different Toda field theories. In the last section we end
with our conclusions.

2 Construction of covariant derivative oper-
ators

An arbitrary analytic conformal field t(z) of conformai dimension w trans-
forms covariantly under a reparametrization z —* z as

or, for an infinitesimal reparametrization

S = z + tf(z), (2)

6,e = e{z) - i(z) = €(fe> + wf'e) (3)

where the prime denotes derivative with respect to the argument. Dropping
the parameter e, this can also be written as

6f4> = f4>' + wf (4)

with 0 =log e. This defines a scalar field with an anomalous transfor-
mation law. If B{z) is a field of weight w, then dB/dz is not always a
covariant quantity. To get a quantity which transforms covariantly, define
the operator [5]

D s I + *M W
such that DB has weight (w + 1); then we can find the transformation of
the field A(z) by requiring that

6,{DB) = et(^

which gives us

6,A = {A1 + f'A - wf. (7)

So we see that A transforms tike the derivative <j>> of an anomalous scalar
field. Let us call u> here the weight parameter of the operator D. This kind

* • * •

of scalar field can therefore be thought of as a connection field in the space
of conformal transformations.

Now this kind of covariant derivative operator can be generalized
to include terms with higher order derivatives. Such operators represent
the most general linear transformations that provide mappings between
covariant fields. So let us consider the operator

(8)
>=o

Requiring that this acts on covariant fields of weight w to give covariant
fields of weight [w + A), we can read off the transformations of the u's. We
find [5(

N

(9)6,ur = Tj*-r)«P - £ [C-j + wC?\r

where the Tj part indicates a transformation of conformal dimension (or
spin, since we are have analytic fields) y.

r,w»*= K+i/'u*. (10)

Here the quantities C™ are binomial coefficients and / '*' denotes the fc-th
derivative of / . We shall call such an operator w-covariant. So the u}'s
transform with spin (A — j), but they also have anomalous terms in their
transformations that depend on the 'lower spin' fields. They are therefore
not quite primary fields in the usual sense of the word. Notice that uN

transforms covariantly; we can, without loss of generality, set this coefficient
equal to one as we can always factor it out. Then the operator L raises
the conformal dimension of a dimension w field by ;V. The fields in this
operator can be taken to be all independent or they could be constructed
from a smaller set of fields. In fact one can construct such an operator from
just one field; in this case there is exactly one such operator at each order
N [6| that acts on covariant fields of weight (1 - N)j2.

The field uw_i now transforms like an anomalous U(l) current:

+ /'««-, - r

Further, u ^ . j transforms like an anomalous spin two field:

r,,, /N(N - l)(N -2) wN{N -

\ (i + 2 (12)



We note that if the spin one field vanishes, then UJV_2 transforms like a
covariant spin two field, except for a classical c-number anomaly, that is,
like a stress tensor. In this case, one can ask whether in fact u^_: can
be viewed as a stress tensor in the sense of generating reparamet mat ions
(defined as Poisson brackets with the u's) on all the u'a. This leads us
naturally to ask if such an algebra exists between all the u's.

The answer turns out to be yes, and in fact the algebra that arises
is the Gelfand-Dickii algebra that comes about from viewing L as a Lax
operator [7]. This is associated with the fact that it is possible to put
a Hamiltonian structure on such covariant operators; the existence of a
Hamiltonian operator in such cases leads to a natural way of writing a
non-linear evolution equation for such an operator. As an example of this
technique of generating Poisson brackets, we shall first look at the case of
the KdV equation ai.J its associated Lax operator. The KdV equation for
a function v.(y,t) is

9tu = (d\ + &udv)u (13)

This can be written as

where the prime denotes differentiation with respect to y and

(15)

V- (16)

Thus there are two ways of writing the KdV equation as an evolution
equation with a Hamiltonian. The second Hamiltonian structure turns out
to be the one with which a consistent non-trivial Poisson bracket algebra
can be defined. In fact the operator (|d3 + 2ud 4- u') plays the role of the
symplectic matrix in classical mechanics, where the equations of motion for
a set of phase space variables {Qi} are written as

Q' = D"W/ (17)

Here PtJ is simply the symplectic matrix of Poisson brackets. For the
infinite-dimensional case of the KdV equation, the associated Poisson bracket

«') 6{x - y) (18)

where the prime denotes derivative with respect to i . This Poisson bracket,
considered as a differential operator, is anti-self-adjoint, as it should be for
the infinite dimensional case.

The KdV equation can also be written in the form

with

and
P+ =

(19)

(20)

(21)

This form suggests a natural generalization to higher order operators L,
and there is a systematic procedure to arrive at the Poisson brackets for
a general L using the language of pseudo-differential operators. Below we
shall briefly sketch this method of writing the Poisson brackets. More de-
tails are given in refs.[2,7|. A general pseudo-differential operator is written
as

Jf = E *?• (22)

To see how the formal 'integration' operator £"' acts, consider the relation

fa = a£ + da (23)

valid for any function a. Acting with £"' from the left and from the right,
this gives

or1 = r'a + r'^r1 (24)

(25)

(26)

Integrating the second term by parts leads to the general expression

Then, given a differential operator whose coefficients also depend on a 'time'
variable (,

J T , BJV = 1 , (27)

an evolution equation for L is written as

d,I = [LX) + L - L(XL) +

5

(28)
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where
X = £ x0 + £ Xi + + 4 IJV-I . 1^9;

The ( + ) sign here indicates that only the pieces with positive powers of £
are to be picked up. The resulting equation for the u's can be written

j

Then the Q,,'s give the Poisson brackets of the u's, and the x's play the role
of functional derivatives of the Hamiltonian, so that

= ft,-«{*-y). (31)

These Poisson brackets, considered as a matrix of differential operators, as
mentioned earlier, are anti-self-adjoint in the sense of differential operators,
so that

2V,=-P;1, (32)

The consistency of these brackets was shown by Gelfand and Dickey,
We note that the form of the transformations of the u's under reparametriza-
tions is fixed by consistency with the above Poisson algebra; in fact the u's
transform in exactly the manner required to make L a covariant deriva-
tive operator. Thus this Poisson bracket structure exists only for covariant
derivative operators. Further, if Ujy_i is zero, it exists only for tu-covariant
operators which have w = (1 - N)/2, where N is the order of L. In this case
the Meld u,v 2 is itself the generator of reparametrizations since it trans-
forms the right way, and this is also consistent with the Poisson algebra.
If u«-i # 0, then all m-covariant operators are allowed. In this case u#_j
itself is not the stress tensor and we need to modify it by adding terms
depending on u ^ j . All this will shortly become clear in the next section.

To demonstrate a little more explicitly how the above procedure
works, we obtain below the Poisson brackets associated with the Lax oper-
ator of the KdV equation. This operator, as we saw earlier, is

L=

We write

Then we find

d,L = + L- L{XL)+

(33)

(34)

(35)

« • < * * • • * • • • • * • •

Since there is no £ term on the left, it follows that we must have

dJx0 = 2dxx

which gives

d,u = (J-d* + 2nd + u') x0

so that we recover the Poisson bracket (18) that we had earlier.

(36)

(37)

For higher order operators L, this algebra has quadratic terms in the
fields and their derivatives. This is the classical version of the W-algebra
of the fields u,. These fields, as stated earlier, are not quite primary but
transform anomalously under reparametrizations. For instance, consider
the third order operator without a spin one current:

— e*. (38)

The Poisson brackets for the fields u0 and Ui are, as determined from the
above procedure,

u'o) 6(z - y)

u,d + u1,) 6{x - y )

= (-a* - t^d* - 2u\d - u'{ + 3u0d

= (d* + u i3 J + 3uo3 + u'o) S(x - y)

- y). (39)

It is obvious that u0 does not transform quite like a spin three field, but
has anomalous terms, as can be read off from the above Poisson brackets.
In fact we have

6,Ul = (u(, + 2Uld + 2d3) f (40)

and
SjVo = (v'o + 3u0a + u^2 + d*) f (41)

so that the combination
V ~ K - 2u0) (42)

transforms like a pure spin three field. Of course the Poisson brackets for
this field V can be written from above and this is the classical version
of Zamolodchikov's spin three W-algebra [1] given in ref.(2j. We remark
that the construction of completely covariant fields from the u's is not
straightforward for the general case of an N-th order operator. In general
one expects to have polynomials in the u's and their derivatives, and even



if such combinations can be formed, it is not clear if these will still remain
covariant upon quantization.

We give below eqn.(28) for the case of an JV-th order operator from
which the Poisson brackets can be extracted for the classical W algebra
containing fields from spin one to 'spin' N:

1 / > /, i H1 -^—' J -• ft —1+t — *
i=Ofc=O i^J

rl-2 a n -1 m+Jt—»

n - l n - 1 m+A-n+1

E r * *—s — s .-

Z^ Zv ^m-.+4-n
t = l tn-n-4 t=l
[«• I n n M n-l i n m-1 n-l n m-1 «

: E EE + EEEE+E E EEi=Q m=0 l=t r=0

m—1 m—1

+ E E E E --E E E E

E E + E E E E

+ E E + E E E

where
p. =

.V («)

(44)

The symbol (A:) in the summations above stands for the integer part of k;
similarly \k] stands for k if A; is integer, and for the integer part of k + 1 if
it is half-integer.

3 Factorization of covariant differential op-
erators

It is possible to factorize an arbitrary AT-th order covariant differential op-
erator in terms of a sequence of first order operators which are also covari-
ant. These operators have weight parameters which increase sequentially
in steps of one, as one would expect intuitively. In fact if one just writes

down a factorization and demands that each factor be covariant, then this
factorization is unique. To see this, consider the case of a second order
operator

/•• = £J + " i £ + «o- (45)

Suppose this is w-covariant, that is, covariant on fields of weight w. Then
the fields transform as

= /uj, + 2/'u0 - iu/"Ul - wf"

Let us write the operator L in the factorized form

(46)

= e + wi+*i)c + (47)

This gives the u's in terms of the <j>'s. Now since we have assumed that the
factors of L are firf*, order covariant operators, <f>i and <j>i transform as

= I&-•unf-

Then we have

and

(49)

(so)

where the notation Tj was introduced earlier. Comparing these equations
with the eqns.(48) above for the transformations of the u's, we see that we
must have, for consistency, w2 = vi and Wj — 1 + tuj. It can be shown in a
straightforward way that the above argument generalizes for a general Af-th
order covariant derivative, so that the factorization in terms of first order
covariant derivatives always involves a set of anomalous scalar fields whose
weight parameters increase in steps of one sequentially. So at each stage
in the factorization, we have a first order covariant derivative acting on a
covariant field, and we can write for an TV-th order tu-covariant operator

£ = TT H~ (51)
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where the fields transform as

and In general

'N ~ "I"
1)/" (52)

M ; = / < + /'*; - (w + JV - j)f. (53)
This factorization in terms of first order operators is in fact the Miura trans-
formation [3,7,8] familiar from the theory of Lax operators. The Poisson
brackets for the u's are then just those induced from the Poisson brackets
for the fields < .̂ For the case when
independent and satisfy

which places the constraint

= 0, the fields <fi a r e n ° t all

= o

JV - j) = 0

(54)

(55)

on the parameter w, which tells us that m = (1 — N)j2. Note that it can
also be seen from the transformation of un-i that this must be true. This
also means that the Poisson brackets for the <p's are not diagonal(unless
some of them are negative), for that would be inconsistent with the above
constraint on the <f>'s. A consistent choice of Poisson brackets in this case
is

{*;(*)x*i(*)} = (*,--£)«(*-10 (56)
which is the one used in ref.[4|. So the operator L is only covariant on
fields of the above weight in this case; we shall call this value U>N. Then
L provides a mapping from fields of weight (1 — JV)/2 to fields of weight
(1 + JV)/2. Since uW-i = 0, uw_2 transforms like a stress tensor, and
the classical anomaly or central charge can be directly read off(up to a
normalization) from the transformation law eqn.(12). This central charge
is proportional to

_ _ \N(N - 1)(N -2) ^ J V ( J V - 1)
(57)

which reduces to JV(JV2 - 1)/12. We are also free to rescale z and factorize
L as

L =

(58)
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in which case the central charge acquires an additional factor of aj . The
W-algebra in this case can be quantized by quantizing the scalar fields <j>,,
as was done in ref.(4|. Quantization adds a term (N — 1) to the central
charge since there are JV — 1 independent scalar fields. There are JV — 1
Beldb U( with spins ranging from two to JV. The normal ordering of these
fields induces corrections to the various coefficients in the W-algebra; a
general method for calculating these new coefficients is not known to the
author.

We briefly mention that another way to see the equivalance between
the 4>'s and the u's is in terms of the gauge equivalance of differential
operators [2,8], Matrix NxN differential operators of the form

(59)

where

and
a = Si-tj for i > 2

(60)

(61)

with q{z) an upper triangular matrix are form-invariant under the trans-
formation L -» S~1CS, where S belongs to the upper triangular subgroup
of GL(N) with ones along the main diagonal. This gauge invariance can
be used, remarkably, to put q(z) in either of the forms

Qa = Siniii-i (62)

«> = M i - (63)
The restriction of this gauge invariance to SL[N) yields the tracelessness

condition
= 0 , (64)

which is the uw_i case considered above. The number of independent #'s

here is just the rank of SL(N), N - 1. This is the case treated in ref.[4].

Now we consider the case when u^_i f- 0. Now the <j>'s are all inde-

pendent fields. Also, tijv-j no longer transforms exactly like a stress tensor.

So we must find a modified stress tensor. Since we have JV independent

fields <£j, there is no constraint on the value of u». Let us therefore consider

11



a tovariant derivative that is covariant on fields of weight kwpj, where k is
arbitrary. Then L can be factorized, as before, in the form

-sGM {65)

with

+ f'v'i + +j- N)f". (66)

To see what the stress tensor looks like, we look at the Poisson brackets for
the operator

L = f2 + u,^ + u0 (67)

which has tujv-2 = ~ 1 / 2 and arbitrary k. The relevant Poisson brackets
are

{uo(z),uo(s,)} = (u'a + 2uo3 - « + 2u',9) - i ((uj)' + 2u\d) + 0 s) 6{x - y)

{u,(z),uo(j/)} = - (u,a + v,\ - d1) 6(x - y). (68)

Now we know what u0 transforms like under reparametrizations; it is

(69)

So we need some combination of uo and Ui whose Poisson bracket with
has this form. We find that the combination

satisfies

) \ 6{x

(70)

- y) (71)

which is the right transformation for u0. So we can identify T with the
stress tensor.

The form of the stress tensor for general N can also be arrived at
from the equations for UN-I and u^-i in terms of the ^>'s; these are

(72)
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Then it can be seen eithei from these expressions or directly From the
Poisson brackets that the combination

2U"
(73)

generates the reparametrizations for the scalar fields and is also the stress
tensor for the fields «,-.

With an additional factor of ao attached to d2, the classical central
charge for this stress tensor, as read off from its transformation, is

(74)
This can of course also be derived from the anomaly in T due to the 'back-
ground charge' second derivative terms in the <p's. This gives

(75)
>=o

which is the same as before. Upon quantization, each scalar field con-
tributes a one to the central charge, so that

= N (76)

This describes a two-parameter set of central charges. In ref.(3], the discrete
series of central charges corresponding to an arbitrary simply laced group
G was given by

C = JV|1 - Mfce + l)/r(r + 1)] (77)

where r runs over the positive integers, N is the rank of G and hc is its
Coxeter number. This gives the 'central charge for a Toda field theory
where the number of scalar fields N is the rank of G. So we see that
for particular values of fc, we recover the discrete series for the integrable
Toda field theories. These values of k are determined, for a\ of the form
- l / r ( r + 1), from the equation

ht(he + 1) = 6{N - 1)

In particular, we now have another description for the case of SU(N) in
terms of N — 1 independent scalar fields corresponding to the existence of

13
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a t/(l) current. Now the fiefds Ui have spins ranging from one to N — 1.
The value of k which gives the right discrete series is now different from
one; it can be determined from the above equation to be (for JV > 2)

k ~
N -2

(79)

Changing the value of k allows one to flow between the discrete series for
Toda field theories based on different simply laced algebras of the same
rank, so that particular values of k seem to pick out integrable theories.

4 Conclusions

We have seen how an algebraic structure can be associated with covari-
ant differential operators. These operators define the most general linear
transformations between covariant fields, and the higher spin fields in such
operators transform anomalously under reparametrizations. tt is quite re-
markable that the presence of a U(l) current in the algebra provides for
an interpolating parameter between the discrete series of Toda field the-
ories based on different Lie algebras of the same rank. In particular this
allows for a different representation of the SU{N) JV-algebra in terms of
N — 1 independent scalar fields. So there are two W-algebras associated
with SU(N), one containing fields with spins ranging from two to JV, and
the other with fields of spin ranging from one to JV - 1. Our treatment has
been mostly classical and it would be interesting to pursue a full quantum
treatment of these generalized conformal symmetries, especially in view of
the fact that it has recently been recognized that rational conformal field
theories away from criticality can be viewed as Toda field theories jfl|. The
appearance of covariant differential operators in recent studies of quantum
gravity in two dimensions [ 11 ] is rather intriguing and provides more food
for thought. The generalization of the construction of these extended con-
formal symmetries to the supersymmetric case using the super-covariant
differential operators of ref.[5] is also of interest. Various aspects of these
matters are currently under investigation and the results will be reported
elsewhere.
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