
• • - > - - - Z IC/90/22

INTERNATIONAL CENTRE FOR

THEORETICAL PHYSICS

INTERNATIONAL
ATOMIC ENERGY

AGENCY

UNITED NATIONS
EDUCATIONAL,

SCIENTIFIC
AND CULTURAL
ORGANIZATION

INTRODUCTORY LECTURES

ON CONFORMAL FIELD THEORY AND STRINGS

S. Randjbar-Daemi

and

J. Strathdee

T T T T





IC/90/22

International Atomic Energy Agency

and

United Nations Educational Scientific and Cultural Organization

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

INTRODUCTORY LECTURES ON CONFORMAL FIELD THEORY AND STRINGS*

S. Randjbar-Daemi and J. Strathdee

International Centre for Theoretical Physics, Trieste, Italy.

MIRAMARE - TRIESTE

January 1990

To appear in the Proceedings of the 1989 Summer School on High Energy Physics and Cosmology,

held at the ICTP, 18 June - 28 July, 1989.

The aim of these lectures is to provide an introduction to a first quantized formulation of
string theory. This amounts to developing a consistent set of prescriptions for the perturbative com-
putation of on-shell string amplitudes. The principal tool in this development is 2-dimensional con-
formal field theory on oriented manifolds of finite genus without boundaries (we treat only closed
strings). This class of theory is much simpler than '(-dimensional quantum gravity with which it
has many similarities. The geometry is not dynamical in this case, and the matter fields are not
sensitive to local features of the geometry but only to global properties which can be characterized
by a finite set of parameters (moduli). This can be formulated as field theory on a Riemann surface.
We specialize mainly to free field theories for which the quantization problem can be completely
solved by elementary means. An introduction to the general case will be given in Lectures II and
III where the algebraic approach is discussed.

The mathematics of Riemann surfaces is a well developed subject whose formalism is
reviewed along with some of the principal theorems in Lecture IV.

Physical string states are realized in the Hilbert space of a conformal field theory by the
action of so-called "vertex operators" on the field theory vacuum state. Correlation functions of
these vertex operators serve as ingredients for the computation of string amplitudes. They are to
be integrated so as to include the contributions of all conformally inequivalent geometries, and
a further manipulation (the GSO projection) is to be performed. These steps are to be regarded
as part of the string prescription. They are introduced ad hoc to meet invariance and unitarity
requirements. However, in these introductory lectures we give a description only of the integration
over geometries (Lecture VII). The GSO projection, and related questions of modular invariance
and unitarity are beyond the scope of these lectures and will not be discussed.
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I. CONFORMAL GEOMETRY AND FIELDS

1.1 Introduction

The space of one-string states will be embedded in the Hilbert space of a field theory
defined over a 2-dimensional "spacetime". Since we are going to treat closed string, this spacetirne,
or world sheet, is assumed to have cylindrical topology. The space-sections are circles, Multistring
states and the interactions of strings are to be represented by generalized Feynman graphs in which
the lines are replaced by cylinders. Vertices become junctions of cylinders and cease to be localized:
the graph becomes a smooth 2-dimensional manifold.

The space of string states must support the action of the Lorentz group in order that the
theory can have a physical spacetime interpretation in four (or more) dimensions. In particular this
means that the 2-dimensional field theory must include a set of four or more scalars which are to
be interpreted as spacetime coordinates and which comprise a vector of the Lorentz group. Since
the Lorentz group is not compact, the vector representation is not unitary and this implies that the
Hilbert space of the 2-dimensional theory will contain states of negative norm (ghosts). S uch states
must be prevented from entering the spectrum of string states if the theory is to be unitary. It turns
out that such a decoupling can be achieved if the 2-dimensional theory is "conformal".

Conformal field theories are characterized as those which possess a symmetric, conserved
and traceless stress tensor. Equivalently, such theories support the action of a group of gauge trans-
formations which include the general coordinate transformations (diffeomorphisms) and local scale
transformations (Weyl rcscalings). It is not always possible to provide a Lagrangian formulation of
conformal field theories but we shall restrict our considerations to those which can be so expressed.
The more general algebraic formulation will be developed in Lectures II and HI.

Because of the central importance given to global features of the 2-dimensional space-
time, or world sheet, in describing the interactions of strings, it is essential to adopt an Euclidean
formulation. The world sheet is provided with a geometry of Euclidean signature. The introduc-
tion of a metric allows an explicitly reparametrization and scale-invariant action functional to be
defined. However, the metric tensor is not a dynamical variable as it would be in four dimensional
gravity theory. This is because all 2-dimensional geometries are conformally flat. It is the non-
geometrical, or "matter", fields that are dynamically significant in these theories. The propagation
of these fields is not sensitive to the local details of the geometry but only to its "conformal class", a
global concept. Field theories with this property are said to be "conformal". The conformal classes
of Riemannian geometries are abstracted as "Riemann surfaces", and conformal field theories are
to be seen as theories defined on Riemann surfaces. (The representation of a Riemann surface by a
particular Riemannian geometry from the class of equivalent ones can be useful, however. Func-
tional derivatives with respect to the metric tensor can be used to obtain matrix elements of the stress
tensor and these are important in the study of modular properties of amplitudes, for example.)

World sheet supersymmetry is needed for the decoupling of Lorentz ghosts associated
with fermions on the world sheet. This is achieved by requiring the 2-dimcnsional field theory to

be one of the conformal supergravity theories, i.e. a theory defined on supeT Riemann surfaces.

In the following sections we describe world sheet geometry and the characterization of
matter fields (Sec. 1.2). Conformal coordinates and the conformal gauge are introduced in Sec. 1.3
and the classical stress tensor is defined in Sec. 1.4. Quantization on the cylindrical world sheet is
discussed in Sec. 1.5. Supergeometry is introduced in Sec. 1.6.

1.2 World sheet geometry

Let the world sheet be a 2-dimensional Riemannian manifold with the line element,
ds2 = gmndxmdocn, in some coordinates. It is useful to have also a set of local frames, or zweibein
e± = cLrme*. Because the group of frame rotations, 5 0 ( 2 ) , has only 1-dimensional, complex,
irreducible representations, it is natural to choose zweibein components so as to diagonalize the
action of this group,

± ± (2.1)

where t(x) is real. The components of the metric tensor are given in terms of the zweibein com-
ponents by

9™ = ««<£ + e~e* (2.2)

The torsion-free spin connection is given by

(2.3)

and responds to the frame rotation (2.1) according to

h>± —* ((J± + d±t) exp(±i() (2.4)

(The zweibein is used to transform tensors from coordinate basis to frame basis in the usual way,
wm = e°mutt andwo = e™wra, where e™ is the inverse of ej,, a - ±.)

By means of the spin connection (2.3) it is possible to construct a differential operator
which is covariant with respect to coordinate reparametrizations and frame rotations. This much
is quite familiar in the context of general relativity. For conformal theory, however, a further el-
ement is needed: covariance with respect to local rescalings, or Weyl transformations, sm n —>
gmn exp (— 2 r ) , with real r( x). On the zweibein and connection the action of the combined Weyl
and frame rotation groups is given by

T



(2 .5)*

Tensors and spinors on the world sheet are characterized by a pair of (real) weights,

(X, X). No generality is lost by considering only scalars with respect to reparametrizations. The

Weyl and frame groups act on these fields according to

w fc UT-Mr+it)4i(r—it) (*) £\

Because of the peculiar response of the Riemannian connections (2,5), it is possible to define a co-
variant derivative of the tensor H* only if one or other (or both) of the weights vanishes. Specifically,
we have

if X = 0

if X = 0 (2.7)

and there are no other possibilities. If "F is of type (X, 0) then it is easy to verify that V_*P is

a tensor of type (X, 1). Likewise if "F is of type (0,X) then V+*F is of type (1 ,X) . The scalar

density ^/g = det e"m is of type ( — 1 , - 1 ) . These rules are easily applied in the construction of

invariant action functionals. For example, from the pair of tensor fields

fl~(X,0) and C ~ ( l - X , 0 )

it is possible to construct the invariant

(2.8)

(2.9)

Such so-called "chiral" systems play a very important role in the formulation of string theories.

* In a coordinate basis the spin connection transforms according to

wm - . « , + 3mt + Jld»T

where the tensor / ^ is defined by

where e'" is the permutation symbol. The tensor J satisfies the identity J2 = - 1 and defines the

complex structure of the manifold - a topic to be discussed in Lecture IV.

Finally, we remark that it is common to take the weight combinations, X + X and X - X,

known as the scaling dimension and spin, respectively. The spin is always required to be an integer

or half-integer in local conformal field theories.

1.3 Conformal gauge

In two dimensions the line element is always conformally flat. This means that by an

appropriate choice of coordinaates in some neighbourhood it can be brought to the form, ds2 =

p(dx2 + dy2), where the scale factor p{x, y) is real and positive. By introducing the complex

coordinates,
i + tji . . x — iy

and
V2

one obtains the line element

In effect the non-vanishing components of the metric tensor are given by

(3.1)

(3.2)

(3-3)

(Many authors choose not to include the factor \j\fl in (3.1) so that p is replaced by p/2 in (3.2)

and (3.3).) In these coordinates the only non-vanishing components of the connection are r / , =

dtlnp and PA = d-c£np. The Riemann tensor has only one independent component, proportional

to the curvature scalar,

ddl> (3.4)

We shall use the phrase, "conformal gauge", to indicate a particular restriction on the

zweibein components, viz.
eJ = eJ = 0 (3.5)

The associated coordinate basis components of the spin connection (2.3) are given by

w. = -id,tnti and ws = idjlne*. The conformal gauge conditions (3.5) are preserved by the

action of the Weyl and frame groups (2,5) and also by the holomorphic reparametrizations, z —»

z' = / ( z ) , where 9i/(z) = 0. Under this group the scale factor transforms according to

•P' = pe

It follows that, in any open neighbourhood, coordinates can be chosen such that p = 1, i.e. the

scale factor can be "gauged away". Indeed, the same is true of the zweibein components for which

we can take e* = e j = 1. Equivalently, these components can be removed from any conformal

invariant matter action functional by a redefinition of fields. Thus, if ¥ is a reparametnzation scalar

which transforms under the Weyl and frame groups according to (2.6), then the redefined field.



will be neutral with respect to the latter groups but will be a tensor with respect to holomorphic
reparametrizations,

It is said to be a conformal tensor of type (X, X).

In the case of the chiral system (2.8) the redefinitions

6 = (< ) A B and c = ( e J ) 1 " i C

lead to a simplification of the action function (2.9) which becomes

S = ̂  ( d1 zbd-,c

(3.6)

(3.7)

The explicit dependence on zweibein fields is entirely removed. This is a characteristic feature of
conformal field theories.

1.4 The stress tensor

It may be asked whether there is any point in having a metric on the world sheet since it
can be transformed away in the conformal gauge, that is, since it is effectively a redundant variable.
The answer is that it is not essential to carry this variable but it can be useful. This is particularly
true in considerations involving the stress tensor. The stress tensor can be defined as the operator
which determines response to infinitesimal variations in geometry,

(4.1)

For example (2.9) exhibits the following dependence on the frame components

= ^ jd2Xy/ge1(\BdmC-{\ -\)dmBC)

after substituting the expression (2.3) for the spin connection, integrating by parts and discarding
a boundary term to eliminate the derivatives of the zweibein. On taking the functional derivative
with respect to e and using the equations of motion, V_fl = V_C = 0, the only surviving stress
component, according to the definition (4.1), is

-\BV+C + (1 - X) V+BC

8

(4.2)

In conformal gauge we can make the redefinitions (3.6) to obtain the coordinate basis component

r» = -X69,c+(l-X)a,6c (4.3)

In practice, having obtained formulae like (4.3) one can discard the metrical baggage
and regard the world sheet as a set of overlapping neighbourhoods with holomorphic transition
functions (Lecture IV). The appropriate form of the action functional in this approach is the metric
independent (3.7).

Other contributions to the stress tensor are obtained in a similar fashion. Thus, suppose
we have fields with the following weight assignments

4 ~ (0 ,0 )

fc~(X,0),

i ~ ( 0 , X ) ,

• ( 1 - X , C

. ( o , i - ;

for which the action functional takes the form

Then the stress components are given by

bdz

(4.4)

(4.5)

(4.6)
1

Tgg = (d**^) — \boiC +• ( 1 — X) 3ibc

These components are conformal tensors of type (2,0), (1,1) and (0,2), respectively.

1.5 Quantization on the cylinder

To gain some understanding of the nature of the spectrum of string states it is necessary
firstly to examine the quantization of free fields on a 2-dimensional cylindrical spacetime. Let
the points of the cylinder be parametrized by the time and space coordinates, t and 6, respectively
where - co < t < oo and 0 <; 9 < 2TT, The behaviour of conformal fields on this manifold will
not depend on the metric so we are free to choose a convenient one,

= -dt2 + de2 (5.1)

However, the Euclidean formulation will prove to be very important for the analysis of manifolds
of higher genus and we therefore replace the Lorentzian cylinder by a Euclidean one. The latter is
obtained by analytic continuation in the time parameter to pure imaginary values,

t = - I T

r T



where T is real. For the Euclidean theory the most convenient parametrization is through the com-
plex variable

z = e " « = e'<'+il> (5.2)

A finite portion of the Euclidean cylinder, given by TI < T < TI is thereby mapped to an annulus
in the ^-plane,

e" < \z\ < e*

The flat Euclidean line element is given by *

da2 = di2 + dS2 dzdz

\A2

The most important of the conformal free fields is the real scalar and we consider its
quantization first. For the Lorentzian line element (5.1) the scalar action takes the form

S = ^ J dtde«dt<t>)2 - (de<t>)2)

Canonical quantization of this system leads to the commutation rules

(5.3)

(5.4)

The choice of the numerical factor 1 /8 ?r in (5.3) is a matter of convention. It yields a convenient
normalization for the 2-point function to be obtained in the following. The equation of motion,
(df — dg) 4> - 0. 's solved by the Fourier series,

which becomes, after continuation to imaginary values oft,

*, z) = q -

Since the Lorentzian field <j>{t, 9) is taken to be real (hermitian) for real t, it follows that the oper-
ators q and p are hermitian and, for n ^ 0, the hermitian conjugates are given by

= a_B,
s + = a_fl

(5.6)

In the limit T) —> — oo, 7i —> oo this annulus approximates to the entire plane with the points
z = 0 and z - oo removed. This "punctured" plane is conformal to a punctured sphere. To see
this, replace the flat geometry, da2 = dzdz\z\-2, by (for example) a constant curvature geometry,
ds2 = 2dzdz( 1 + ^f-l^l1)"2. which represents a sphere of area A in stereographic coordinates.
The punctures, z = 0 and z - oo, correspond to north and south poles.

10
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It is often convenient to define the operators ao and ao by

Q0 = 3*0 = P (5.7)

The operator valued coefficients in the expansion (5.5) satisfy commutation rules which follow
from (5.4). The non-vanishing commutators are

[an, (5.8)

The operators which generate infinitesimal translations in the coordinates t and 8 are
given, according to (5.4) by

#=- ! - fd6«dt<t>)2

9TT J

4jr J

respectively. They are independent oft. The combinations

1 v ^

(5.9)

(5.10)

and

(5.10')

are better accomodated to the complex coordinates, z and z. From (5.2), (5.4), (5.9), (5.10) and

(5.10') it is simple to verify

(5.11)

The sums (5.10) and (5.1&) conceal an operator ordering ambiguity which must be re-
solved. We can do this in the following way. Firstly, observe that we are interested in realizations
of the operator algebra in which Lo and Lo are non-negative (this corresponds to the "causal-
ity" requirement J? > \P\). Since [Lo,an] = -norn we can meet the positivity requirement by
constructing a Fock space on the vacuum |0 > characterized by

an |0 >= aB|0 >= 0 for n > 0 (5.12)

11



and, at the same time, demand that this vacuum be annihilated by Lo and Lo. All states in the Fock
space, apart from the vacuum, will then carry positive values of Lo and Lo. All such states are
generated by application of creation operators, an and a,,, n < 0 to the momentum carrying states

| fc>=e l t ' | 0> (5.13)

where k is real. The operator «'** shifts the momentum, p —• p + k. Since Lo and Lo annihilate
the vacuum, they are "normal ordered" and it follows from (5,7), (5.10) and (5.101) that

(5.14)

Applying the operators an or aH with n < 0 will increase the values of Lo or Lo by integer steps.

An important consideration in the quantization of scalar fields is the nature of the "target
space", i.e. the space in which q takes its values. It is usually assumed to be continuous, either the
real line or a circle of radius R. In the former case the conjugate momentum is continuous but in
the latter it is quantized. Thus, if wave functional are to exhibit the periodicity,
< q\ >=< q + 2nR\ >, it follows that (5.13) makes sense only if exp( 2 iri Rk) = 1, i.e. if fcisan
integer multiple of 1 JR. The parameter A has an unambiguous meaning because the scale of the
field is fixed by the commutation rule (5.4).

To conclude this examination of the quantization of the free scalar field on cylindrical
spacetime we consider the 2-point function for the field

In the Euclidean formulation the 2-point function depends on the concept of "radial ordering". It
is defined by

>= -

where 6 is the usual step function. On using the vacuum conditions (5.12) and their hermitian
conjugates, < 0 \ata = 0 for n < 0, it follows that

= -8( kl - M)
n>0

12

(5.15)

Observe that the radial ordering prescription is vital to the convergence of the expansions appearing
in this derivation although the final result does not depend on the choice of coordinate origin. Using

these methods it is possible to prove

< <(>(z,z)<l>{to,ib) >= — tv\z — rup + regular terms (5.16)

but the regular terms are metric dependent, in general. A more efficient method for obtaining the
2-point function will be discussed in Lecture V where the higher genus world sheet is considered.

The next simplest quantum mechanical system is the chiral pair of free fermions b and c
which are tensors of type (X, 0) and (1 - A, 0), respectively, with \ an integer or half integer. The
action is given by (2.7) in conformal gauge. To quantize this system we write

6(z) =e-iXit*r>l(t,6)

c(z) = e-'(1-W(+s>c(t,0) (5.17)

where i = ei(t+*'. The action then takes the form

S=^- f dt<Wb(dt-de)c

and we can treat the Lorentzian case by taking the time parameter, i, to be real. On the Lorentzian
cylinder the field operators 6 and c are real (hermitian). Canonical quantization gives the non-
vanishing anticommutator

0') (5.18)

The equations of motion are solved by Fourier expansion,

where b* = &_„ and cj = c_». The non-vanishing anti-commutator (5.18) gives

The Euclidean expansions corresponding to (5.19) take the form

(5-19)

(5-20)

For integer \ fields are required to be single valued which means that n ranges over the integers.
On the other hand, for half-integer X it is usual to distinguish two cases: either n is integral so that

13
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b and c are double valued (R sector) or n is half integral so that these fields are single valued (N5
sector). Both sectors are needed in the construction of models which include target space fermions
(Further varieties of multivalued, or "twisted", sectors may be needed when the target space is an
orbifold.)

The operators Lg and Lo can be denned as in the scalar case. One finds

to = y^nc_ntn

Lo=O

where again there is an ordering ambiguity.

(5.22)

The anticommutation rules (5.20) generate an infinite dimensional Clifford algebra which
can be realized in a Fock space. Requiring that La be non-negative would give a possible criterion
for the Fock vacuum. However, there is another consideration which overrides this simple criterion,
viz. the states 6( z) |0 > and c( z) |0 > should be regular at 2 = 0 if there are no other fields in
the neighbourhood. This is a particular instance of the requirement that correlators of fields should
be regular everywhere except where two fields are made to coincide. Hence, if no other field is
located at z = 0 then the expansions (5.21) imply the vacuum conditions

feB|0 > = 0 , n+ \ > 0

Cn|0>=0, n + l - A > 0 (5 23)

It follows that the Fock space may contain a finite dimensional subspace in which La is negative.
(In the case of chiral bosons such as the \ = 3/2 system of superghosts, it turns out that La is
not bounded below - a feature which gives rise to many interesting complications in the theory of
superstrings.) The conditions (5.23) serve to define the Fock vacuum for integer A and for the NS
sector in the case of half-integer A. In these cases we obtain, for 2 A — 1 < 0,

and,for2A-l > 0,

<0\b(z)c(w)\0

<0\b(z)c(w)\0 >•

_l_(i)l-2

r -L(Si)

M<
M
M

21-1 1*1 > M
I*KM

(5.24)

These expressions are not independent of the choice of coordinate origin, except for A = j . The
chiral 2-point functions for A J y are not invariantly defined although the residue of the pole
at z = w is indeed invariant. (In Lecture VI it will be argued that the invariantly defined chiral
correlation functions generally involve unequal numbers of b's and c's. See formula (VI.3.1).)
Treatment of the R sector is qualitatively different because the ground state in this sector is not the
vacuum. Instead one should think of the points z = 0 and z = oo as the sites where "spin fields"
are located. These fields, acting on the vacuum create the R sector ground state. The resulting
2-point function is singular at z = 0 and z = oo,

< 6 U ) c ( u , ) > f l = _ i _ i . / y i + V ^ ) (5.25)
z — w2 \y w V z J

14

1.6 Supergeometry

For theories of spinning string it is essential to have local supersymmetry on the world
sheet. It is needed in order to decouple the negative metric ghosts which are generated by the
time-like component of the world sheet fermion, i/i*1. One is therefore led to the consideration of
conformal supergravities in two dimensions. Such theories, like the ordinary conformal gravity
theories which they generalize, turn out to describe systems of matter fields whose dynamics is not
sensitive to local details of the geometry - in this case what may be called the "super geometry".
What is relevant to these systems is the superconformal class of the geoemtry. Such classes are
called "super Riemann surfaces". They are characterized by a set of moduli, some of which are
anticommuting numbers (odd Grassman numbers).

It is possible to give a superspace description of theories with local conformal supersym-
metry but here we shall sketch only a restricted scheme using component fields. A super-geometry
can be specified by the usual zweibein, e±( a), together with some gravitino fields, x( at). The latter
can be represented in the simplest case - (1 ,0 ) supergravity, the only one we shall consider - by
a single field of type ( - y, 1) in the notation of Sec. 2. The infinitesimal transformations of local
(1,0) supersymmetry are given by

where £ in an odd parameter. Using this invariance it is possible to choose gauges in which x = 0
everywhere. The option of choosing x = 0 is a manifestation of the insensitivity of superconformal
theories to the local supergeometry. It is an extension of the conformal option, e+ = dz, e~ = dz,
discussed previously. Although it is possible to gauge away the gravitino, one must not conclude
that the notion of supergeometry is empty [21]. To see this, it is enough to examine the functional
derivative, with respect to x, of some gauge invariant quantity, evaluated at x = 0. Such quantities
are generally non-vanishing and they can be of considerable interest in probing the structure of
super Riemann surfaces.

The prototypical functional derivative is the one obtained by varying x in t n e classical ac-
tion. It serves to define the supercurrent, J>( i ) , an operator whose correlation functions determine
the gravitino dependence of amplitudes in general. It is denned by

(6.2)

The supercurrent is a fcrmionic tensor of type (3/2,0) . We now derive the contributions to this

current from scalar and chiral supermultiplets.

The scalar supermultiplet comprises a pair of fields, the boson X of type (0,0) and the
fermion V> of type (1/2,0). With respect to the local supersymmetry, actually the remnant of this

15



symmetry that persists in the gauge x = 0 — these fields transform according to

SX • eV>

Sit = sd.X

and it is easily verified that the scalar action,

(6.3)

(6.4)

is invariant if the infinitesimal parameter, e is holomorphic, di£ = 0.

Chiral supermultiplets are obtained by adjoining to the chiral fcrmions, b and c, a pair of
chiral bosons, /? and 7, such that

6c = £7

~)d1£

(6.5)

The fermions, b and c are tensors of type (X,0) and (1 - X,0) respectively, as in Sec. 3. The
bosons, 0 and 7, are of type ( \ — \ , 0) and (§• - X, 0) respectively. (In string theories these fields
arise as reparametrization ghosts - to be discussed in Lecture VII - and require X = 2.) The action
functional for the chiral supermultiplets is

S(b,c,f),i) = ^ (6.6)

and is invariant under (6.5) if dt£ = 0.

By examining the response of (6.4) and (6.6) to an infinitesimal transformation in which
y 0, it is possible to identify the supercurrent,

6S-
2TV J

(6.7)

(This definition, which can be applied in the gauge x = 0. is equivalent to (6.2) because, according
to (6.1) an infinitesimal variation 6x = — djS is needed to restore the gauge condition, x - 0).
Hence the supercurrem is found,

= -fd.X + (6.8)

This operator, along with the bosonic Tlt and Ta, plays an important role in probing the structure
of the super Riemann surface that represents the world sheet. In the case of string theory these
operators are involved in the definition of on-shell physical states accessible to the string. The

16

space of such states is defined in part by the requirement that the matrix elements of the T's should
vanish there. It is this contraim that leads to the decoupling of negative metric ghosts.

We conclude with the action functional and currents for the heterotic string. This model
is the simplest superstring theory in that it is based on the smallest of the conformal supergravities.
It contains the following fields

supercoordinates X ^ (0 ,0 ) ^ = 0 , 1 9
f ~(1/2,0) "

internal coordinates X" ~(0,1/2) a = l , . . . , 3 2
reparametrization ghosts 6 ~(2,0)

c ~ ( - l , 0 )
b M0,2)
c ~ ( 0 , - l )

reparametrization superghosts /? ~(3 /2,0)
-y ~ ( - l / 2 , 0 )

of the indicated tensorial type. (It should be noted that 6 and c are not the complex conjugates of b
and c.) The action is

= ±- [ d?*( U
2tr J 2

+bdc

• ax + i
2

bdc)

2

(6.9)

and the currents are given by

-jdi>-i>- 2bdc - dbc - j

- j l • dl - 2'bBc-SbZ

(6.10)

17
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II. CONFORMAL FIELD THEORIES

2.1 Conformal symmetry

Conformal symmetry of two-dimensional geometry is a residual symmetry of
reparametrizations, tangent space rotations and Weyl rescallings. Two dimensional field theory un-
derlying the string theories must be formulated in a way which is compatible with this symmetry.
This naturally gives rise to the class of 2-dimensional conformal field theories. These theories also
govern the critical behaviour of 2-dimensional thermodynamics] systems near the transition points.
At such points the systems exhibit scale invariance which together with the Euclidean invariance of
the massless field theory describing them implies the existence of a conserved symmetric traceless
energy momentum tensor. This tensor generates the larger class of local conformal transformations
of the complex plane *. The first topic discussed in this lecture is the Waid identities governing the
invariance under local conformal transformations. This will naturally lead us to the operator prod-
uct expansion of the primary fields with the energy momentum tensor as well as to the notions of
descendent fields and conformal families. We shall then briefly discuss the representation theory of
the Virasoro algebra and in particular the so-called degenerate representations will be emphasized.

2.2 Ward identities

In Lecture I we saw that by multiplying with appropriate powers of zweibein we can
convert all 2-dimensional fields into reparametrization scalars. These fields will then have non-
trivial response to the tangent space rotations and the Weyl rescalings which is given in Eqs. (1.2.6).
Consider the infinitesimal transformations

6c* ef - (r (2.1a)

(2.16)

where —£*, r and t are the infinitesimal parameters of general coordinate, Weyl and tangent space
rotations respectively. The invariance of the action under (2.1) implies

(2.2a)

J ( (2.26)

(2.2c)

where T% is defined in (1.4.1) and e = det e°. If the equations of motion are satisfied, then f| = 0,
and T£ will be conserved, traceless and symmetric. We shall adopt a path integral approach and
study the consequence of Eq.(2.2) for the n-point functions.

Complex plane will always mean £= CU{oo} =
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It is convenient to use the conformal frames introduced in (1.3.5). If we also make a

redefinition
i> = ( e i ^ f e l ) 5 ^ (2.3)

then (2.2) assume the following simple form

(2.4O)

(2 46)

(2.4c)

{2 Ad)

where Ttz = e+T~, etc. Eqs. (2.4) indicate that if | | = 0, then T,t{Tu) is analytic (antianalytic)
andTiz = Tzi = 0. Already at this level we observe that the treatment of z and I dependences can
be disentangled. This is one of the principal reasons for the simplicity of 2-dimensional conformal
field theories.

To derive the quantum Ward identities consider

2TT
>=

«-s

After a functional integration by parts and discarding functional total derivatives we obtain

^(tui, i&i ) . . .0( «!„«>„) > (2.5)

—

This equation is the quantum analogue of classical equation B,TIZ = 0. It indicates that if z
approaches any of the points w\,... wn the correlator < T,,{z)$( w\ ,-wi) ... <t>(uin, wn) > will
develop simple and double poles. To see this pole structure make use of the identity

d-t
1

z — w

which follows from (1.5.16), to rewrite (2.5) as

= 27:62(2 -w)

(z — w\)2
< (j>(iui,wi) ...<j>(wn,wn) > + reg. terms (2.6)
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where we assumed ^ approaches tin and tui is well separated from u>2,... tun. The reg. terms
in (2.6) stands for all those dependencies which are annihilated by 3S. Eq.(2.6) indicates that as
2 -+ w we can make the following replacement

(2.7)

where ^(0)(w,tii) = X^(IP,U>) and0(-'>(w,ty) = dK<t>{iv,w). The operators #<-*>(in, w) for
fc > 2 generate the regular terms in (2.6). They are formally given by

4><--k\w,w) = <f ^.{z-iu)-l'+xT,.(z)<Kw,w) (2.8)

where cw encircles w in a counterclockwise sense.

If we multiply (2.7) by e( z) and integrate around a counter enclosing w we obtain

Here we assumed e( z) is an analytic function of z.

We can obtain similar equations for the correlators involving Tu. The analogue of (2.9a)
then will be

£ <& .

j^-Mz)Tn(z)4>(w,w) = i\da£(w) + e(w)de,)$(w,u>) (2.96)
On the other hand from (2.1) and (2.3) we can derive

W w , & ) = UXd^e" + ^flU) + (Xdas* + e*aw)U(w,iD) (2.10)

Comparison of (2.9) and (2.10) indicates that T,, and Tu generate correctly the analytic
rcparametrization. Thus there must be operators L, and Li such that

()

<l>(w,w) (2.11)

Similarly for Lt. The contour integral representation of the commutator is in agreement with the
radial quantization shceme introduced in Lecture I.

It is costumary to choose t = z*x. In this case L, is denoted as Ln. Then (2.11) can be
rewritten as

*A da)4>(w,ib) (2.12)
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Similar relation will be satisfied with Ln and X replaced by LB and X respectively. A field $ satis-
fying any one of the relations (2.9) to (2.12) (and the analogous relations when LB is replaced by
Ln) is called a primary (X, X) field.

The fields ^{-*' defined by (2.8) are called descendants of the primary <f>. Of course we
can construct the descendants of descendants, e.g.

Each primary 4> generates its own conformal family denoted by {<j>]. [<f>] is a set consisting of a
primary <j> together with all its descendants.

Unlike the primaries the transformation properties of the descendants are very compli-
cated. We shall not need them.

2.3 The correlators of the descendants

A primary completely characterizes its conformal family. In particular all the correlators
of the descendants can be obtained from those of the primaries. To see this consider the correlators
of 4><-~k\ viz.

The points w\,... wn, £ and t lie on the surface of a sphere. We can deform cz to encircle u>\,... u>n

instead of *. This enables us to write

where c^, is a small contour encircling the primary ^ . Now we may use (2.6) to read the pole
structure in (C - uy) as C, goes around wj. Using Cauchy's theorem we can then write

(3,3)

where

C-t = -

For a more general descendant 4>{-ki<—k*>(z,l) we can repeat the above steps £ times to obtain

< f ( n , f i ) . - A ( « « . , « ' . ) * ( ' * ' "**'(*, i) >=
uj) ...if)n(w»,ib,) > (3.5)

This result can be generalized to include the insertion of more than one descendant in a correlator.
Thus as far as the correlators are concerned we only need to know those of the primaries.

21
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2.4 The Virasoro algebra

Now we may ask if the operators L» form a closed algebra, i.e. if their commutator
closes. This can be answerd with the help of (2.12). To this end use (2.12) to calculate

(4.1)

(4.2)

where c( ra, m) is a c-number antisymmetric function of n and m. The commutator (4.2) can be
epxressed as an operator product expansion, analogous to the first equality in (2.12). If in this
equality we replace A( w, w) by T( w) and integrate over w we obtain

For the closure of the algebra it is then necessary to have *

2irt
(4.3)

The first term on the r.h.s. of (4.2) is obtained if we regard T{w) as a primary field of X = 2,
X = 0. The second term in (4.2) implies the existence of an additional term in the o.p.e. of T(z)

, viz.

T(z)T(w)
(Z-VJ) (z-to)*

(4.4)

where c is a constant. The structure of the last term is fixed by the requirement that it should be a
multiple of the identity operator (as demanded by (4.2)) and that it should have the correct scaling
dimension. If we substitute (4.4) in (4.3) and perform the integrals we obtain **

[Ln,lm] = (n-m)LBfm + -(n3 - (4.5)

Thus the function c( n, m) in (4.2) is determined up to a constant c. This constant is a characteristic
parameter of the Virasoro algebra (4.5). Note for n = 0 and ±1 the c-term is absent. In fact
Lo,L±i together with Lo, h±\ generate the global conformal automorphisms of the Riemann
sphere. The vector fields generating these transformations are given by e'_\ = 1, si = z, s\ = z1

together with the antiholomorphic ones ei , = 1, z% = z and £f = z2. These vector fields are
globally defined on the Riemann sphere as opposed to all other ^n which diverge either at z =
0 or z = co. Hence all other generators of the Virasoro algebra generate only local conformal
reparametrization of the coordinates.

Here it is assumed that the identity operator is the only operator which commutes with every primary
field.
A similar algebra is satisfied by Ln and [Ln,Lm] = 0 for all n and m.
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The global automorphisms of the Riemann sphere form a group isomorphic to SL(2, Q,
which acts as the group of fractional linear transformations, viz.

z -* z' = — — - a, b, c, deC ad-bc=l
cz + a.

Under (4.6) the transformation of a (\ , X) field assumes a more explicit form,

1 1
(*,*) = (*',*')

( M + d ) " {ci + d)2y

To close this section we notice that (2.12) or (4.3) is equivalent to the following expanion

(4.6)

(4.7)

(4.8)

2.5 Vacuum representation

To respect the symmetries (4.6) in the physical Hilbert space we shall asusme that there
exists an SL( 2 , 0 invariant vacuum state denoted by \Q > such that T(z)\0 > is regular at z = 0.
Then from (4.8) it follows that

L n | 0 > = 0 n>-\ (5.1)

Similar conditions must be satisfied with L, replaced by LB., viz.

1,40 > = 0 n > - l (5.2)

In particular |0 > is annihilated by the generators of SL(2,€) transformations, Lo, L±i and

The vectors of the form L-ni . . . !/_„, |0 > with n, > 2 will then span a vector space
on which the algebra (4.5) will be represented. Note that these vectors are eigenstates of LD corre-
sponding to the eigenvalue n\ + ... + vt-

We shall require T(z) to be a hermitian operator in the real plane spanned by (t,8)
coordinates as defined by (1.5.2). This hermin'city condition turns out to be expressible by

Li = L_n (5.3)

Thus, Lo, Li + L_i and i{L) - L_i) are hermitian operators. These operators together with
La,L\ + /_i andi(L) - L_i) generate the globally defined unitary representation of 5L(2 ,Q .
Let U represent a transformation of the kind (4.6) in the Hilbert space. The requirement of SL (2 , Q
invariance can be stated by rewriting (4.7) as

1

(cz + cQ" (ci + d)2'x
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Then because of

the correlation functions will satisfy

1 1

tr|o >= |o (5.5)

(5.6)

This equation is strong enough to fix the coordinate dependence of the 2- and the 3-point functions
completely. Consider for example a 2-point function. By translational invariance it can only be a
function of z\ — Z2, i.e.

>=f(z,-zuh-W (57)

Now consider a transformation of the form z —• £z and z -+ £r. The corresponding parameters
arc« = *'/*, d=£~l/2andc = 0=6 . Hence

Differentiate both sides of this equation w.r.t. £ and £ and then set £ = £ = 1. The resulting
differential equations can easily be solved to yield

fU\ -z2,zi -li) = const (i, _ (5 g

Next we consider an SL(2, C) transformation which leaves 21 - zi fixed. Such transformation
should satisfy

rf) = 1 = ( « j + d)(ci2 + d) (5.9)

The invariance under these transformations will imply that unless A i = A2 and)ii = X2 the function
/ should vanish. Thus

(5.10)

The constant on the r.h.s. of (5.10) is convention dependent.

By similar arguments we can determine the position dependence of the 3-point functions.
The answer is

(5.11)
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The "structure constants" C , ^ ^ together with the spectrum of conformal weights X and
X are the most important parameters defining a conformal field theory.

Eq.(5.10) can be invoked to find an appropriate notion of conjugation in the Hilbert space.
First we note from Eq.(2.12) that

Hence the state

(5.12)

(5.13)

is an eigenstate of Lo (Lo) corresponding to the eigenvalue X( \). If we set zi = zi - 0 in (5.10)
and multiply by z\Xl z\ ' we obtain

1 < ,Sz > = const 6*lXi6-M-Mh

W e shall define <X,\| b y

(5.14)

(5.15)

The vector so defined is an eigenstate of Lo and Lo and can be regarded as an out state. Recall
from Lecture I that 2 - t o o corresponds to r —> 00 in the Euclidean field theory defined on the
cylinder.

To see that the limiting process is necessary to produce an eigenstate of Lo, first perform
a change of variable w = \, to obtain

<t,(z,z)

Thus

On the other hand if we make a change of variable in (5.12) we obtain

Eqs. (5.16) and (5.17) with < 0|L0 = 0 indicate that

similar result holds for Lo and X.

(5.16)

(5.17)

(5.18)

Since Lo is a hermitian operator, its eigenvectors corresponding to different eigenvalues
will be orthogonal, i.e.

<X,X|V,X') = const SyySyy (5,19)
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2.6 Highest weight representations

The states |>,X > definedin (5.13) are called highest weight sates (h.w.s.) of the Virasoro

algebra. With every primary field we can associate a h.w.s. The most important properties of | AX >

are summarized in

L n | ) i , ) i > = L B | X , X > = 0 n > l (6.1)

t
ho\\,\;{ku...kl}l {*,,... **}>=(> + ^ *<>M ;{*i,-. •*:/}, {*,...**}> (6.2a)

i-i

t

i - l
Lo\\,\, {Jh,...

where all ki and ii are positive integers and

\\,h {ku...kt},{h,...~kt} >= L ^ , . . .L_ t l ...L_ l ( |X, (6.3)

The properties (6.1) and (6.2) can directly be checked with the help of the Virasoro algebra and the
definitions (5.13) and (6.3).

Given a h.w.s. we can construct a space spanned by the states (6.3). Such a space is
called a Verma modula based on the h.w.s. \\,\ >. It is a representation space of Virasoro x
Virasoro. For any state of the form (6.3) the integers J^J., Jfe, and £f- i it, are called the levels of
that state. Since Lo is hermitian the states at different levels will be orthogonal. Also the states in
two different Verma modules will be orthogonal. Thus we may write the following completeness
condition "

This completeness relation enables us to reduce the evaluation of any n-point function to that of
the structure constants in (5.11). To this end we shall first try to understand the states (6.3) better.
Consider £_t|X >. This state may be written as

(6.5a)

(6.56)

where (5.13) and (2.8) have been used. Thus (6.3) may be written as

The zero norm states will be discussed later. Also since the states on the same level are not or-
thonormal the dual vectors shuld be defined in terms of a metric. The bar on < | is a reminder of
this point.

26

Now consider a 4-point function and insert 1 as given by (6.4) *
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Each factor in (6.6) has the same structure as in (3.5). Thus

(6.6)

• £ _ ! , . . . ^ [ (6.7)

where £_t is given by (3.4) and £_-k is given by a similar formula. Eq, (6.7) indicates that a knowl-
edge of the spectrum of the conformal dimensions {XB, Xn} together with the structure constants
Cmjmjmj determines the 4-point functions completely. A similar argument can be applied to any
n-point function.

(6.7) also shows that (6.6) factorizes into sums of products of the functions of (X, z\,... n)
and functions of ( \ , "i\,... z<), i.e.

(6.8)

The conformal blocks Tj are in principle calculable from (6.7) although in practice this may not

be feasable. The blocks f; in general are not single valued functions, i.e. they have non-trivial

monodromies as ZJ goes around ZJ. However the 4-point function on the l.h.s. of (6.8) must be

single valued.

must be interpreted in a way similar to (5.15).
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in . UNITARY REPRESENTATIONS IN CFT

3.1 Introduction

In Lecture n we discussed the highest weight representations of conformal field theories
without particular emphasis on their unitarity. The aim of this lecture is to briefly discuss the
constraints which are imposed by unitarity requirement. We shall see that if c < 1 then a class of
models is singled out with the important property that for any given c there is only a finite number
of primary fields in the spectrum. These are called the minimal models.

The simplest of the minimal models is obtained for c = y, which describes the Ising
model at its critical point. This model alongside with the c = 1 model play crucial role in superstring
theories. We shall discuss the c = y minimal model in some detail and show that it is equivalent to
a theory of free fermion admitting two distinct sectors, i.e. the Neveu-Schwartz and the Ramond
sectors. However in order for the equivalence of the two descriptions to be fulfilled it is necessary
to project on states of a definite chirallty in the Ramond sector.

3.2 Zero norm states

By unitarity of a representation of the Virasoro algebra, we understand a positive defi-
nite inner product in the representation space relative to which the hermiticity condition (II.5.3) is
satisfied. The positivity of the inner product implies that for any vector |x > we must have

<xlx>>0

and that the equality in (2.1) holds only for |x >= 0.

(2.1)

Unitarity of the representation imposes severe restrictions on the values of the central
charge c and the conformal weights X. To study these constraints consider a highest weight state
|X >. For any n > 0 we can evaluate ||L_»|X > ||2, by simply using (II.4.5) and (TI.5.3)

||L_BjX ^-(n? - n) (2.2)

The positivity of the norm of L-\ |X > indicates that X > 0 and X = 0 only for the vacuum |0 >
(cf. II.5.1). Eq.(2.2) also indicates that if n is very large |[I,_B|X||2 will be positive only if c > 0.
If c = 0 we see from (2.2) that the vacuum representation is trivial, i.e. i,_B|0 >= 0 for all
n > 0. For a h.w.s. |X > consider a 2-dimensional subspace at level 2n spanned by L_2n|X >
and Ll n | X >. The determinant of the matrix of the inner products in this subspace is given by

det Mr||L_2n
(2.3)

For large enough nthis becomes negative unless X = 0. Hence the only positive norm representa-
tion with c = 0 is trivial and one-dimensional [18].
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From now on we shall assume c > 0. Our aim is to examine the linear independence of
the basis vectors

|N,X > = ! . _ , . . . L - * 1 X > m, . . .T* . . .>0 (2.4)

Spanning the space at level N = 5Zf-i "i- These vectors are eigensiates of the hermitian operator
LQ corresponding to the eigenvalue X + N. Hence

if (2.5)

We then restrict our attention to a fixed value of N, There are as many vectors for a fixed N as
the number of possibilities of partitioning N to a sum of positive integers. Denote this number by
F( JV). The issue of the positive definiteness of the norms reduces to examining the determinant
of the P(N) x P(N) matrix of the inner products of the vectors (2.4). This determinant is called
the Kac's determinant and is parametrized as

det MN(c,\) = (X - X P i , ) p ( A r - ' " ' (2.6)

where ajv is a positive constant independent of c and X, and p and q are positive integers. The
quantities XM in (2.6) are defined by

[ ( m + D p - m g ] 1 - 1
4ra(m+ 1)

where m is a solution of

m(m+ 1)

Note that in (2.8) m is allowed to assume complex values.

(2.7)

(2.8)

Kac's formula indicates that the zeroes of det MN(C, X) as a function of X are located at
XPr,( c). An examination of (2.7) and (2.8) shows that if c > 1, XPi, is either negative or complex.
Since the highest weight X in (2.6) is a non-negative variable we see that det Mn(c, X) has no
zeroes in the region c > 1. Furthermore by a little effort it can be seen that the highest power
of X in det MN(C, X) comes with positive coefficient. Thus for large values of X, the continuous
non-vanishing function det Mu (c, X) is positive. Hence it must be positive for all values of X. We
thus see that in the region c > 1, X > 0, the positivity of Kac's determinant imposes no restriction
on the allowed values of c and X.

The situation is completely different for the values of c < 1. In this region the authors
of [17] have shown that det MN(C, X) can be non-negative only if m in Eq.(2.8) assumes integer
values m = 3 , 4 , 5 , . . . The allowed values of X are given by (2.7) where the ranges of p and q
must be restricted by

1 < p < m 1 <q < p (2.9)

Thus for a given integer m the number of allowed highest weight vectors is finite and equals to
m(m-l)
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Eq. (2,6) indicates that in the Verma module based on the h.w.s. X = XPi9 the determinant
of the inner products at level N will have a zero of order P(N — pq). This zero corresponds to a
null vector at level p • q, i.e. a state |x > such that

(2.10a)

(2.106)

Such a vector will have zero norm and its appearance renders the representation reducible.
This is seen by noting that if |x > is a zero norm state at level N, then so is L_B |x > a t level N + n.
Therefore all states £,_„, ... L-^ |x >, n i . . . n« > 0, are zero norm. Thus starting from a zero
norm state it is impossible to arrive at a non-zero norm state by the action of the Virasoro generators.
Hence the subspace spanned by zero norm states errected on |x > will generate a subrepresentation.
To make the representation irreducible it is sufficient to set |x > together with all its descendants
to zero. This will also ensure the positive definiteness of the inner products.

The first few low lying states can be examined explicidy. At N = 1, there is only one
state given by b-\ |X >. For this to be zero norm we must have X = 0, in which case L_i |0 >
vanishes by SL( 2, Q invariance of |0 >.

At N = 2 there are two states L_2|X > and Li] |X >. Hence the most general zero norm
state may be written as

|X>=(L- i + aZ,i,)|X> (2.11)

where a is a constant. If |x > is zero norm so is L_i [x >• From ||L_ix||2 = 0 and||x||2 = 0 we
deduce respectively

(2.12)
2(2X + 1)

and

The two solutions of (2.13) for X are given by

±r V(e-25)(c-l)j

If we substitute for c from (2.8) we obtain

_ l

K~ 4
Aand

\ l m - 2
X_ = — -

(2.13)

(2.14)

(2.15)
m 4 m+ 1

It is easily seen from (2.7) that X+ = Xj.i andX_ = Xi^. (Although the (p,q) of Xihj is not contained
in the domain (2.9) we notice however from (2.7) that XPi, = Xm_Pjm+i_,. ThusXii2 = Xm_i,m-i-)
Hence the Verma module based on X+ or X_ will contain a zero norm state at level 2. These states
are given by
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We close this section with some commonly used nomenclature. Consider a Verma mod-
ule based on a h.w.s. |X >. If the module contains a null vector satisfying (2.10) it is called a
degenerate representation of the Virasoro algebra. The h.w.s. |X > and the primary field ^ gener-
ating it from the vacuum are also called degenerate. Thus, for the discrete m = 3 , 4 , 5 , . . . , all the
representations (2.7) are degenerate.

The models associated with these representations contain a finite number of primary
fields. For that reason they are called minimal.

3.3 Differential equations for the n-point functions

We argued in the last section that in order to obtain irreducible representations the null
vectors must be set to zero. A null vector such as (2.16) is created from JO > by the action of a
linear combination of descendant fields. For instance (2.16) is given by

(3.1)

where ^-t is the primary field of conformal dimension X±. For definiteness consider an n-point
function containing <j>+, viz.

(3.2)

If we operate on this function with L _2 as defined by (II.3.4) and make use of (II.3.5) we
obtain

(3.3)

Nowif|x+ > in (3.1) is set to zero we can replace <^"~2)(0,0)|0 >in(3.3)by ^ ^ y ^ " 1 - ] ) | 0 >,
which in turn can be converted into derivatives w.r.t. WJ with the help of Eq.(11.3.4) viz.

2(2X+

3

2(2X++

Eqs.(3.3) and (3.4) imply a second order differential equation for the correlators (3.2). Similar

equations can be obtained for the w dependence.
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In general if we insert a primary field of conformal weight XPr, we can obtain a differential
equation of the maximum order of pij.

In principle one can think of constructing the rv-point functions by solving these equa-
tions. This has been earned out for the Ising model in [10].

3.4 The operator product expansion

The completeness assumption (II.6.4) can be restated in terms of the closure of the oper-
ator algebra. This simply means that if z\ -+ zj, then for any two operators in the model we can
write an expansion of the form

m

where Dn,vm are constants. Since the entire structure in a conformal field theory is determined
by the spectrum of the primaries, it is sufficient to assume that the fields on the l.h.s. of (4.1) are
primary. The sum on the r.h.s. can also be organized into sums over conformal families generated
by primaries. Thus the index m on the r.h.s. of (4.1) stands for a collection of indices. A more
explicit notation should read

where now m runs over the spectrum of the primaries, and ^L"*^"** stands for the descendants
of the primary ^m. The constants GS,*i'«* a r e "^ expressible in terms of c££']£K which in turn
equals to the structure constants Cn,« ™ . To see this multiply (4.2) with the primary ^t( ^3,23),
and take the matrix element between the vacuum states,

w
(4.3)

where we used the fact that only the conformal family of fa will contribute to the correlators on
the r.h.s. The matrix elements on the r.h.s. can be calculated. However in order to prove our claim
we only need to look at the limit z\ —* zi. The leading terms in (4.3) then yield

(4.4)

In fact (4.3) shows explicitly that all the coefficients entering the r.h.s. of (4.2) must be expressible

in terms of Cnmm, .
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A less detailed information than the complete list of structure constants Ci^'*, can be
obtained from the fusion rules. These rules determine the conformal families contained in the
decomposition of the product of two highest weight representations, viz.

K (4.5)

where N£v are non-negative integers counting the number of times a conformal family [ <j>m] can
appear on the r.h.s. of (4.2). These coefficients have been worked out for the minimal models and
can be found in [10]. In the sequel we shall only need the c = \ example which we give below.

The c = j model corresponds to m = 3 in (2.8) and thus admits three h.w. states

(j,0)

( —,0)

The fusion rules are [10]

These imply for example

x o = a

_

(4.6)

(4.7)

(4.8)

(4.9)

where . . . indicates positive powers of z\ - z2 • The fusion rules (4.7) imply that the structure
constants on the r.h.s. of (4.8) and (4.9) are non-zero.

3.5 The c = \ system

In this section we shall consider in some detail the c = \ minimal model. This model
is one of the basic building blocks of all superstring theories. Also when taken together with its
antiholomorphic part it describes the critical behaviour of the 2-dimensional Ising model.

The field content of the c = j - theory is given in (4.6). From the general formula (II.5.10)

we can write ,

z — w
where the constant in (II.5.10) has been normalized to - 1 . We can also fix the 4-point function

16 '
(5.2)
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with the help of (4.8) and (4.9). Firstly if w -» 0 we observe from (4.9) that

lo -
lo

(5.3)

Thus (5.2) is double valued w.r.t. u>. Similarly z = 0 is also a branch point. On the other hand
(4.8) indicates that as t —> w we must have

These properties fix (6.2) uniquely to be

16' >= -

(5.4)

(5.5)

Eq.(S.S) indicates that the presence of a generates a branch point in the dependence on the argument
of the 0 field. The position of the branch points are the arguments of the cr fields.

It is possible to describe all three highest weight representations of the c = j - system in
terms of two "different sectors" of the 0 field. To this end we first note from the analogue of (2.3)
written for L. i that L_i | j - >= £_i i£(0) |0 > is a zero norm state. If we set the corresponding
secondary field to zero we obtain

d£tf> = 0 (5.6)

Hence V> can be expanded in normal modes

(57)

In this expansion n assumes either integer or half-integer values depending on i/> (e2 *' 2) = — i>{z)
or ij>( e2***) = ij/( z) respectively. The double valued $ defines the Ramond sector and will even-
tually give rise to double valued correlation functions such as (5.2). The single valued 1/1 fields on
the other hand define the Neveu-Schwarz sector.

From (5.7) we can write

(5.8)

It is seen from (5.1) that ^i(z) is an anticommuting field. Then the usual contour deformation
arguments together with (5.1) imply that

{,bn it>m} = -6^no (5 9)

The N-S and Ramond algebras have different structures. Before we enter into a proper
treatment of their representations we discuss those features which are common to both of them.
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obtain
Firstly, if we apply Eqs. (11.2.12) to the field i> with \ = j and make use of (5.8) we

(5.10)

There is an explicit realization of La in terms of V>n which reproduces (5.10) . it is given by

The normal ordering sign :: is relevant only for Lo, in which the creation operators V ™ m u s t

placed to the left of ^in, n > 0. These operators result from the mode decomposition of

1 JLJ) (5.12)
2 *->» V ( z •

Now we turn to the discussion of the N.S. and the Ramond sectors,

a) N.S. sector

The index nin i(in assumes only half integers values.

The oscillator algebra (5.9) is represented in a vector space spanned by

V i - ^ - . - ^ I O > n , . . . n e > 0 (5.13)

where |0 > is defined by
>= 0 n > 0 (5.14)

Note that (5.14) and (5.11) can be used to show that |0 > is the SL(2,C) invariant
vacuum state of the Virasoro algebra, viz.

n > - 1 (5.15)

The state |0 > must then be identified with the vacuum representation (i.e. \ = 0) of the c = j
system.

Although all the vectors (5.13) are eigenvectors of Lo corresponding to the eigenvalue
£ ? . i "i1. °n 'y o n e amongst them, namely V—1/210 > is a highest weight state of the Virasoro
algebra generated by Lo, It is easy to see that

(5.16a)

(5.166)n > 0

Hence V>_i /210 > is the h.w. vector of the X = j representation in the c = j system. Note that
due to (5.14)

35



(5.17)

as it should be.

In this way, it is observed that twoout of the three h.w. representations of Virasoro algebra

of c = \ system reside in the N.S. sector of the free fermionic field ij>.

b) Ramond sector.

In this sector the index n on Vn assumes integer values. In particular there is a zero mode

li>o which by virtue of (5.9) satisfies V>o = ~\- Eq- (5-10) shows that [Lo,0o] = 0 . Hence the

eigenvalues of Lo are doubly degenerate.

Let \X > t be a ground state for the Ramond algebra, i.e.

Since {V*,,, ifo } = 0, the vector \\ >_ >+ will also satisfy

Next we note that by virtue of (5.11) \\ >k are also h.w. states of the Virasoro algebra, i.e.

(5.18)

(5.19)

(5.20)

(5.21)

Before detennining the value of > we use the mode decomposition (5.7) together with
(5.9) and (5.18, 19) to find the 2-point function

. OO - 1

where the first term on the r.h.s. is the contribution of the zero mode. The sum on the r.h.s. con-
verges to — 1 + f^x provided |*| > |wj. Hence

This result is identical to (5.5). It suggests that either \\ > t or |X >^ should be identified
with a(0) [0 >. The identification will make sense only if \ = ^.
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To evaluate \ we use the definition (5.12) together with (5.20) and (5.21) to write

j lim
•~VJ)2

Now if we substitute for the 2-point function on the r.h.s. from (5.22) we obtain the desired result

Finally we must look for a quantum number whose values distinguish | X > t from )>, >_.
Consider the fermion number operator ( - ) F , defined by the properties that a) (--)2F = 1 and b)
(—)Ftls(z) = -il>(z)(-)F. This latter property is equivalent to {(—)F,il>n} = 0 foralln's. In
particular (— ) F and iio form a Clifford algebra. We can choose |X >+ and \X >_ to diagonalize
( - ) ' ' , i.e.

(-)r\\>±=±\\>±

In order to complete the identification with c= \ system we simply discard the eigenstate |> >_
and the states built on it.
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IV. RIEMANN SURFACES

4.1 Introduction

In Lecture I we introduced local complex coordinates relative to which the metric as-
sumed a conformally flat form (1,3.2). Indeed in any even dimensional manifold it is possible to
pair up the real coordinates and build complex ones. The manifolds which admit complex structures
have the additional distinguishing property that the complex coordinates so obtained will transform
by holomorphic maps on the overlap of any two coordinate neighbourhoods. This means that the
coordinate transition functions will be holomorphic. A 2-dimensional orientable manifold always
admits complex structures and becomes a 1-dimensional complex manifold. A 1-dimensional
complex manifold is called a Riemann surface.

As we saw in Lecture I, on a Riemann surface any tensor field can be written in the form
of ifr( dz) x(dz) *, where 0( z, z) is in general a function of z and z and under a holomorphic change
of coordinates transforms according to

(1.1)

The spin X - X can only be integer or half integer. Since the Jacobian £ is holomorphic and
non-vanishing, the structure of the zeroes and poles of yj>(x,i) and V>'(*\5) will be identical.
This allows for an invariant classification of the tensor fields according to the number and order of
their zeroes and poles. In this lecture we shall study some classes of these tensor fields. We shall
concentrate on those ones which are of immediate relevance in string theory. These include the
holomorphic differentials of various orders and the objects built from them.

4.2 Holomorphic ^-differentials

If in (1.1) X = 0 and the functions qfr(i) are holomorphic i.e. di$ = 0, then we call the
invariantly defined object V>( t)dzx a holomorphic X-differential. For such a differential Eq.(l.l)
assumes a simpler form, viz.

dz>
(2.1)

where z = z(z') is a holomorphic coordinate transformation such that jp has neither zeroes nor
poles.

It is clear from (2.1) that the set of all holomorphic X-differemials on a given Riemann
surface form a complex vector space. A remarkable fact, which we shall establish explicitly for the
surfaces of genus zero and one, is that the dimension of this vector space is finite.

A surface of genus zero has the topology of S1 and can be obtained from C by adding the
point at infinity. We write it as t = CU{oo}. We can cover t. by two coordinate neighbourhoods
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U\ = Cand Uz = (C— {0 }) U {oo}. The coordinate function in U\ is the identity map, i.e. z <E U\
is associated with the coordinate z £ C, while for a point w £ [/i we associate the coordinate
z' = i . We also declare that .z'(oo) = 0. Thus in U\ n Ui we have *' = j . With this transition
function (2.1) becomes

Now if ̂  (z) represents a holomorphic X-differential in U\, it should admit a convergent
Taylor expansion around z = 0, viz.

(2.2)

Hence in U\ n Ui we must have

(2.3)

If $' represents our holomorphic differential in Ui it should admit an analytic continuation to z' =
0, corresponding to oo g Ui. (2.3) shows that this is impossible if X > 0, while for X < 0 we
must have

an = 0 Vn > - 2 X + 1

Thus for X < 0 only the coefficients a0, ot a_2x can be non-zero Hence for X < 0 the space
of holomorphic X-differentials on a genus zero Riemann surface has 1 — 2X complex dimensions.
In particular any holomorphic function (X = 0) must be a constant. Also, if X = - 1 the dimension
is 3. This corresponds to three zero modes of the ghost field c2 in the string theories.

Similar arguments can be applied to the genus one surfaces. Such surfaces have the
topology of a torus and can be represented as a quotient space C/r , where T is a lattice. The
coordinate transiton functions can be represented as

z' = z + ^ T g T (2.4)

Any function on C/P can be obtained from a F-periodic function on C i.e. a function
ip which satisfies

Vi€T (2.5)

In particular the components of a X-differential will satisfy (2.5). These components
then define a holomorphic function on T1. On the other hand according to a general theorem on
any compact complex manifold a holomorphic function is necessarily a constant. Thusi/i must be
a constant function. Hence the space of X-differentials on the genus one Riemann surfaces have
one complex dimension.

39



Unfortunately, when the genus i > 2 there is no elementary way of calculating these
dimensions. We must resort to the powerful Ricmann-Roch theorem to team about the dimensions
of the spaces of holomorphic differentials. This information has been summarized in Table 4,1.

genus

0

1
>2

conformal weight \

<o
> 1
all A

A < 0
A = 0
A = 1
\>l

complex dimension

1-2A
0
1
0
1

( 2 * - I X T - 1 )

Table 4,1 Complex dimension of the space of holomorphic A-differentials on a compact Riemann
surface of genus 7.

Of particular interest for string theories are the spaces of holomorphic A = — 1, 1, §• and
2 differentials.

4.3 The hyperelliptic case

In complex variable theory we encounter many-valued functions. These are functions
defined on t = C U{oo} with the property that when the variable moves around certain closed
curves (i.e. the curves which enclose branch points), upon returning to the original point the value
of the function changes.

Examples of such functions are obtained by solving an algetaic equation in two complex
variables, i.e./(w, 2) = 0, where / is a polynomial in z and w. If we solve this equation for w
as a function of z we will obtain multivalued functions. The curve in C? defined by / = 0 is an
example of a Riemann surface. This curve can locally be parametrized by a complex variable t and
single valued functions w = w(t) and z = z{t) such that f(w(t),z(i)) = 0 .

In this section we shall consider equations of the form

(3.1)

±\J(z-e\) . , . (2-e 2 7 + 2 ) (3.2)

where eit... e2^+2 are given, pairwise distinct complex numbers. If z goes around any one of et

once, either of the functions w defined by (3.2) will change sign. The original idea of Riemann
was to replace the z-plane by a modified domain on which the two functions in (3.2) collectively
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define an ordinary single valued function. To achieve this, one takes two copies of the 2-plane and
performs the following operations:

1) Map each copy of the z-plane stereographically on Sz.

2) cut I and H from t\ to e^.e-j to e* . . . e21^i t 0 e27+2

Here the + and — signs mark the edges of the same cut.

3) Deform I and II to look like

. ^ e 2 . ^ e «

4) Past I and II in such a way that e< in I coincides with e; in n for» = 1,. . . 27 + 1 and
+ edges in I join the corresponding -edge in E. The result is
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I + I

Now if the variable z ranges over I + H instead of I or H we obtain a well defined holo-
morphic function tu satisfying

= (z -ex) . . . ( « - e 2 ^ 2 (3.3)

Note the number of handles is 7 and that for each handle we can draw two non-contractible
loops on the surface. These loops do not bound any piece of the surface. We shall denote them
0 1 . . . a., and 61 b^ and call them a "canonical basis" for H\ ("L^), where 1^ denotes the Rie-
mann surface. Hi (£,) is called the first homology group. It is a free abelian group generated by
2 7 basis a\,..., a r by ... 6 r

The variable x can be chosen as a local coordinate on H,. Consider the differential

1 Tf (3.4)

For all z f e;-, <f>k is obviously holomorphic and closed (i.e. d4> = 0). The points z = e;-,;' =
1, . . . , 2-7 + 2 are also non-singular points. To see this consider one of the point e;, say et and
perform a coordinate transformation in its vicinity. Set

Then

(3.5)

(3.6)

Thus as long as et i- tj,j = 2 , . . . 2 f+2 , the point« = e\ (orC = 0) is an ordinary regular point*.
Since we have assumed e\,... ei^+2 to be pairwise distinct, all the 7 differentials <j>k defined in

We assumed that the number of e,- is even. If this number is odd and equals to 27 + 1, then
e21+2 = 00 will also be a branch point like e i , . . . C21+i. By a change of variable z - » ( = ; w e
can treat it like the other points.
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(3.4) will be holomorphic. Indeed they form a basis of the 7-dimensional space of holomorphic
1-differentials on S,.

4.4 Period matrix, Jacobi map and ^-functions

From now on we shall represent £, as a sphere with 7 handles (c.f. Fig. 4.1 for 7 = 4)

Fig. 4.1 A surface of 7 = 4. The closed curves 0 1 , . . . , 04 ,61,.. . 64 represent a canonical basis

We shall also choose a canonical basis for H\ (H,). This is a set of 2f loops 01 , . . . â
b\,..., &., such that at intersects 6j only once for i = 1,. . . 7. There are no other intersections.

According to Table 4.1 on any H, the space of holomorphic 1 -differentials is 7-dimensional.
We choose a basis uii,... ,u7 for this space and normalzize them canonicalty, i.e.

We have no control over

*
Jll)

Ty =

ij= l,...-y (4.1)

(4.2)

However, it can be shown that the period matrix T<;- has two important properties:

2)

(4.3)

(4.4)

where a = (a\ , . . . o7) £ R 1 and in (4.4) the equality holds only for o = 0.

The properties (4.3) and (4.4) permit us to associate a 0-function with T. Let x € C and
define 8( x, T) by

^ ^ J (4.5)

where n is a 7-dimensional integer component vector, i.e. n £ TL"'. The positive definiteness of T
as expressed in (4.4) ensures the convergence of the sum in (4.5).
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Note that for a fixed r, 6 is a quasi periodic function of x. This means that

T) (4.6)

where rH and fare arbitrary vectors in 7L"1. The vectors of the form

•m + rq rA,q£7L^ (4.7)

define a lattice LT- This lattice is an abelian group and acts on C by translation.The space

Jac (1^) = C/LT (4.8)

is a torus called the Jacobi torus of E^. The relation with H, is through the period matrix r entering
the definition of LT. Eq.(4.6) indicates that the zeroes of 9 belong to / „

6-Sunctions can be used to construct multivalued objects on L,. The basic ingredient in
constructing such quantities is the so called Jacobi map which is defined by

= f (4.9)

where ft is a base point and uf = (wi , . . . u;,) is a canonical basis for the holomorphic 1-differentials.
The function 0: £ , —» C depends not only on Pb but also on the integration path. However due
to the normalization (4.1) and definition (4.2) under a change of the integration path, <p( P) change
by a point of Lr, i.e.

m+Tq (4.10)

where m and f e ffi7. Thus the function / : L, —» C denned by

) (4.11a)

has controllable ambiguity. In particular if the point P goes around a-cycles the function / does
not change, while in going around the bt cycles times, <pj(P) changes to pj(P) +rfiqi and hence
by virtue of (4.6) we obtain the following transformation for /

/(p) (4.116)

In Lecture III we introduced double valued fermion fields on genus zero surfaces. In L, we can
allow the fennions to be double valued around each of the a or 6 cycles. Thus with each canonical
basis of H\ (E,) we associate a collection of 2 7 sign factors

e3"0*, e2"A , - = l , . . . 7 (4,12a)

with on and/?,- independently taking the values 0, £. Each set of phases obtained in this way define
one possible spin structure on E,. There are I1'1 spin structures on a genus -7 Riemann surface.
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To accomodate double valued objects associated with the phase factors (4.12a) we intro-
duce 0-functions with characteristics

» 9{X + 0 + TO,T) exp 2iri - 3 T 5 + a • (x + 0)1 (4.126)

There are 2 2~ distinct theta functions, one for each spin structure. The spin structure
(a , /3) is called even or odd according to whether the associated 9-function is even or odd under
reflection of x.

<W)<-i?>T> = c->**'Va(*,T) t4.i3)
From (4.6) and (4.12b) we can also derive the following

exp _2 (4.14)

4.5 The prime form

An important multivalued object which we need in string theories is the prime form, it
is defined by

E(P,Q)~ v
L

M,nlL , ^ } P.QGZ, (5.1)

where #(5$ is any odd theta function and

1/2

(5.2)

The prime form has several important properties. Firstly it is clear from (5.2) that h(sg.(P)
is a holomorphic (£ , 0) form. Hence E{ P, Q) is a ( - \, 0) form w.r.t. both of its variables P and
Q. Secondly since S^fr is an odd function

E(P,P) =0 (5.3)

It can be shown that E(P, Q) has no other zeroes [14]. Finally E(P, Q) is independent
of the characteristics (<?,/?) entering the T.h.s. of (5.1).

The third derivative of E{ z, w) in the coincidence limit is one of the quantities which we
shall need in the next lectures. To study it we shall suppress the (5/?) and r dependence in (5.1)
and (5.2) and derive from (5.10),

dzhB
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*A-\ W((«) ^7»( i ) . If we take i -» w and use (5.2) and the fact that 9 is odd wewhere w •

obtain

By differentiating (5.4) w.r.t. z and letting * -»iu one obtains

The next term is slightly more complicated but in principle it is straightforward to calculate it. The
result is

2 ( a ? ( ^ ^ / ( 0 ) (5-5)

Hence the first two terms in the expansion of E(z,w) as z —»to read

E(i,iu) = (z-w) + — (*-w)39jl5(2,w)|,-«,+ ...

We would like to examine the transformation properties of (5.5). For convenience define u by

u = [dzf i (56)

With every coordinate neighbourhood (Ua, za) in IL, we can as sociate an object uo (za)

defined by (5.6). If Ua n Us is non-empty we can show by direct calculation from (5.6) that

u/*( «$)=*„(«„) +gt. (5.7)

where zB = zg{ zx) are the coordinate transition functions and gftk is proportional to the Schwarzian
derivative

(5.8)

Here J a ? stands for the Jacobian

dza
^ ~ in UanUfiazg

(5.9)

It be can be verified that ga0 = -g#a and that in the triple overlaps ga/) satisfy the cocycle condition,

i.e.

9lh-9ri + e« = 0 in U.nUfinU, (5.10)

Thus the collection {gafl; ^ : [ / , n [ / ^ C } defines a cohomology class, which by virtue of
(5.7) is trivial.
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Note that the transformation law (5.7) is of the same type as that of the energy momentum

tensor in a conformal field theory. In a confoimal field theory with a central charge c in its Virasoro

algebra the energy momentum tensor obeys the transformation law

where r n ( za) = Tzz( za) (dza)2 . Hence the collection

— Ua(za)
o

is a holomorphic quadratic differential. This shows that the space of all possible energy momentum
tensors in a Weyl invariantly regularized theory has the same "dimension" as the space of holo-
morphic quadratic differentials. From Table 4.1 we observe that this space has 3-7 — 3 complex
dimensions.
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V. QUANTIZATION ON HIGHER GENUS WORLD SHEETS

Since we are dealing only with free fields the quantization problem can be solved ex-
plicitly, even on world sheets of higher genus. The solutions, in the form of multiple correlation
functions and scattering amplitudes, will be expressed in terms of the fundamental quantities asso-
ciated with Riemann surfaces. These quantities are the Abelian differentials and the constructions
made from them including the Jacobi map (or Abelian integral), theta functions, prime form, etc.
Although they are not always realized in a completely explicit way, these quantities are well studied
in the mathematical literature and a great deal is known about them.

Most of the considerations to follow are in the classical regime since the fields are free
and we therefore need only the 2-point functions in order to construct the multiple correlators. This
is true up to an overall normalization of the correlators, a factor representing the vacuum fluctu-
ations, usually expressed as a functional determinant. This factor is a truly quantum mechanical
object. Its computation is subject to ultraviolet ambiguities and these give rise to the all-important
conformal anomalies to be considered in Lecture VI. Here we shall deal with those aspects which
are independent of the vacuum fluctuations.

It is convenient to construct generating functionals for the correlators of interest and to
use Euclidean path integrals for this purpose. The most important case is the real scalar which
takes its values on a circle of finite radius. Not only are such fields always involved in string
theory but also, through the mechanisms of holomorphic factorization and chiral bosonization, it
is possible to represent fields of any spin, including fermions, in terms of composites made from
these "compactified" scalar fields. We shall therefore consider the scalar case in some detail.

5.1 Path integral quantization and the generating functional

The real scalar is governed by the action functional

where the latter form obtains in conformal coordinates. The scalar generating functional is repre-
sented by the Euclidean path integral

Zin-[w>e-K*>*<f*«* (1.2)

where the external source /(x) is a scalar density or, in conformal coordinates, a tensor of type
(1,1). The functional derivatives of Z with respect to this current define the correlation functions
of the quantized scalar field. Derivatives with respect to the metric tensor, on which it depends
implicitly, define correlators of the stress tensor. The most interesting application of the generating
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functional is in defining correlators of the composite operators, exp ik<j>( i ) . These are obtained
not by functional differentiation, but by the substitution of a concentrated source,

_ *> (13)

As we shall see in the following, such singular current distributions are outside the domain over
which (1.2) is defined. To extend this domain it is necessary to adopt a regularization and subtrac-
tion prescription which effectively defines the normal ordered operators : exp ik(j>( x) :.

As an aid to interpret the integral (1,2), firstly for the uncompactified scalar, we suppose
that the general configuration can be represented by a mode expansion,

'«,( x) (1.4)

where the «,(x) comprise a complete set of real scalar functions. The "coordinates" <j>' should be
projected from 4>(z) by integration with the dual basis

where the u1 are scalar densities. We could, for example, choose the basis functions to be the eigen-
f unctions of the Laplace operator. Their duals would then be obtained from them by multiplication
with the metric density y/g. Whatever basis is chosen, we can interpret the path integral formally
as an integral over infinite dimensional Euclidean space

(1.5)

Although this is only formal it can be given a rigorous meaning when regularized and applied to
the Gaussian problem (1.2). It is clear, however, that a change of basis will affect the normalization
of (1.5). This normalization is not invariant but, on the other hand, normalization is not significant
except insofar as it depends on world sheet geometry. For example, if the metric dependent nor-
malized Laplacian eigenfuncdons are used, then the norm will depend explicitly on the scale factor.
In fact, as we shall see in the next lecture, the dependence on the metric scale factor,?, is governed
by the conformal anomaly and assumes a universal character. It disappears when the conformal
anomalies are compensated.

Now consider the compactified scalar. With the scalar taking its values on a circle it is
necessary to allow for configurations with "winding". In such configuations the value 4>(x) moves
around the circle a number of times as the point x, traverses a homotopically non-trivial closed path
on the world sheet. The space of field configurations is divided accordingly into disjoint sectors
parametrized by the winding numbers. The general configuration is assumed to be represented by
an extended mode expansion

<Kx) = <j,w(x) + Z^Ui(x) (1.6)
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where <t>v(.x) is a representative configuration from the winding sector, tu, and the u<(x) are the

same (unwound) basis functions as before. The precise characterization of the winding sectors will

be considered below.

It is always possible to choose the basis functions such that one of them, uo, is a constant.

This "zero-mode" plays a special role because the corresponding coordinate, ^° does not appear

in the action functional (1.1). Indeed, this action is invariant under the shift

where a is independent of x. The compactified coordinate, ^ ° , is required to take its values on a
circle,

although all other coordinates <f>', i ̂  0 , are valued on the real line exactly as in the uncompactified

case. In effect we are defining the compactified scalar field theory by the integration prescription

(1.7)

to be contrasted with the uncompactified case (1.5).

The generating functional (1.2) is evaluated most efficiently if the wound configurations,

<$>„,, used in (1.6) are required to minimize the classical action (1.1) in the respective sectors. Such

configurations can be thought of as instantons. The generating functional then factorizes

where the classical factor, Zc\, is given by the instanton sum,

(1.8)

_ * 1 7 *- (1.9)
Ul

The quantum factor 2U , represents the integration over mode coordinates. It takes the form

^^u — °v Jo H ^ e t Ao) * e J / > r ^ \ / ^1 jvJ)

The factor 6( Jo) results from integrating the zero mode coordinate </>° and its presence indicates
that Z,u must vanish unless Ia = 0 . The argument, Jo, is simply the total charge on the world
sheet,

h = [ d2xl(x)f
The factor (det &o)"'/2 represents the contribution of vacuum fluctuations. The notation det Ao is

meant to indicate the functional "determinant" of the Laplace operator. It depends on the confonnal

class of the world sheet geometry and also, because of the conformal anomaly, it may depend on
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the scale factor as well. It is independent of the source current. The last factor in (1.10) involves

a Green function associated with the Laplace operator. This function is real and symmetric with a

logarithmic singularity at x = x'.

5.2 The scalar Green's function

The scalar Green's function G{ i , i ' ) , is real and symmetric under the interchange x *-+

%'. It satisfies the Laplace equation except at x = x' where there is a logarithmic singularity. In

confonnal coordinates, which we employ henceforth,

d,d-,G{z,x') = - (2.1)

where p = j , ! is the scale factor and A is the corresponding total area of the world sheet. The

normalization of the delta function * is chosen so that, near z = z\

G{z,z') ~-en\z-z'\2 (2.2)

(For brevity of notation we are writing p{ z, z) = p( z), etc. The absence of explicit z-dependence

does not imply the vanishing of d-zp.)

By employing the Abelian differentials of the first kind, uji( z), j = 1,...f, which are

holomorphic and single valued tensors of type (1,0) defined over the entire world sheet, and their

integrals, the multivalued holomorphic functions (or Jacobi map),

= f dttulj(t) (2.3)

it is possible to give a fairly complete account of the Green's function on surfaces of genus f > 1.

(On the sphere, *y = 0, there are no Abelian differentials and the expression (2.2) becomes an exact

representation in stereographic coordinates.)

As discussed in Lecture IV, associated with every Riemann surface is a quantity, E( z, w)

called the prime form. This quantity is a bitensor of type ( - 1 / 2 , 0 ) at z and w. It is holomorphic

in both z and w, antisymmetric with respect to their interchange and non-vanishing everywhere

except at z - vi where it has a simple zero. Near z = wwt have

E(z,w) =z-w+ T(z - (2.4)

The coefficient £"'( z) is itself an interesting quantity. It can be expressed as a coincidence limit,

E"\z) = \im{.(dttnE(z,w))2 + dltnE{.z,w)) (2.5)

If we resolve z and z into real and imaginary components, z = z+ty, z = x — ij/thenci2* =

3t ™ T(^JC ^ *c\), dj = j ( 9 s + idy) and62(z) — y
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and it transforms like a tensor of type (2,0) except for an inhomogeneity which is related to the
conformal anomaly and will be considered in the next lecture.

The prime form is multivalued around b-cycles. Thus, if the argument is followed around
the cycle b}, then

"dz>
(2.6)

where z' and z cover the same point on the Riemann surface (for example, z' = e2tiz), and r is
the period matrix. It follows from (2.6) and analogous properties of the integrals (2.3) that the real
quantity

F(z,w) = |JE(jr,w)|2e-
2'(i«<')-w(<»))^1(t>2(»)-w(<")) (2.7)

is single valued, (here pi and TJ denote the imaginary parts of <p and r, respectively.) The quantity
F( z, w) is a bitensor of type ( - 1 / 2 , - 1 /2) at z and w. It is finite everywhere except at 2 = w
where it vanishes like \z - tu|2. It can be used to define the Green function

G{z,w) =-enF(z,w)

(2.8)

which can be shown to satisfy (2.1). The dependence of G on the scale factor p is explicit in (2.,8).

It is important to recognize that the bitensor F( z, w) is a conformal quantity - it depends only on

the conformal class of the geometry but not on p.

On substituting (2.8) into the expression (1.10) for the generating functional one finds

Ayi = o(Jo)(det Ac) ' e* J <•>>**/ (2.9)

The scale dependent parts of (2.8) are eliminated from the generating functional because of the
constraint,

fd2xI(x)=Io=O (2.10)

5.3 The soliton contribution

The soliton configurations, <£„, used in (1.6) are solutions of the Laplace equation with
specified winding charactistics. The winding can be specified relative to a canonical homology
basis, a set of contours a,), bj as discussed in Lecture IV. We replace the label, w, by the set of
integers (mj,nf),j = 1, . . . 7, and write the instanton explicitly in terms of the Abelian integral
(2.8) and its complex conjugate,

<fi{z)+c.c. (3.1)
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where matrix multiplication is understood (m and n are rows and ip is a column). Since <p is
holomorphic it is clear that (3.1) satisfies the classical equation of motion, didt^mn - 0. From the
multivalued properties of the integrals (2.3) it can be verified that 4>mrt is shifted by the amounts,
lifRnj and -2iFKm/, on going around the cycles a/ and bj respectively. This means that it is
winding around a circle of radius R and that the winding sectors ar indeed classified by the points
of the latticed 1 x 2E1.

On substituting the instantons (3.1) into the formula (1.9) for the classical part of the
generating functional we obtain the sum

m)

- itR(m + nf)T2"' H + TTR(m + nr) T£1 H)

where n is column vector defined by

n,= /d2zl(z)<pj{z)lj = 1,...7

(3.2)

(3.3)

The sum (3.2) can be arranged more suggestively by an application of the Poisson re-
summation identity. This identity may be expresssed in the form

V ^ e-*raW-ltn+2ir.JV

where m € Z 7 , N e C and M is a symmetric 7 x 7 matrix whose real part is positive definite.
Using this identity to transform the m summation in (3.2) leads to the result

(3.4)

(3.5)

-pit)

where I2 denotes the imaginary part of II and TR is a lattice defined by

TTtj R j - "̂ V ^

where m/ and n,- are integrers. This lattice is self dual and even in the Lorentzian sense, i.e.
p2 - p2 = 2mn € 2 Z . (It is also invariant with respect to the replacement, R —* 2/R).

The form (3.4) of the classical factor plays an important role in the phenomenon of "holo-
morphic factorization". Thus, it comes about when (3.4) is combined with the quantum factor (2.9)
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m m- • iu.W!

that the anholomorphic dependence (on 75 and Ha) is cancelled. In part this depends on a factor-
ization property of the functional determinant of the Laplacian, viz.

dct 7iIdet Sb|2 (3.6)

which we shall consider in the next lecture. There it will be argued that the "chiral" determinant,
det §0. is holomorphic in the complex parameters {such as T) that characterize the conformal class
of the world sheet. In addition, we use the formulae (2.7) for F(z, w) to write (2.9) in the farm

Zv = «(Jo)(det A0)-i/

Combining (3.4), (3.6) and (3.7) we obtain

Z = ( y ) - ^ 2 | det S

(3.7)

I J# tS«r;(.)<n|EU,n.)f rtio) (3.8)

When I(z) is replaced by the sum of delta functions (1.3) then each term in the lattice sum factorizes
into holomorphic and antiholomorphic pieces. The sum is infinite, of course, but a remarkable
simplification arises whenever R2 is a rational number. In such cases the lattice sum in (3.8)
reduces to a finite sum involving theta functions.

Suppose R2 /2 = a/b where a and 6 are coprime integers. Then it can be shown that the
lattice sum takes the form

(3.9)

where oij,0j and fi;-, j = 1,. . . 7, are fractions ranging over finite sets of values defined by

no, = 0 , l , . . . , o - 1; b/3j = O,l,...b-l; 26, = 0,1 (3.10)

and the theta functions themselves are defined by the infinite sums

They are counted among the fundamental quantities associated with Riemann surfaces and there is
an extensive mathematical literature concerned with their properties.

The radius R is a significant parameter even though it does not appear in the classical
action (1.1). Different values of R characterize different quantum theories (apart from the equiva-
lence R ~ 2 jR). Of particular importance is the case R = 1 which is closely related to fermions
on the world sheet. In this case the right hand side of (3.9) becomes

(3.11)
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and the characteristics fy, 6;- = 0,1 /2 correspond to the spin structures of the fermions.

5.4 Unregularized correlators

Having introduced the components of the generating functional we now consider its ap-
plication to the evaluation of the correlation functions

=< n :

On substituting the concentrated source (1.3) into the expression (2.9) we obtain

but this is unsatisfactory because F(z,z) = 0. This indicates the need for a normal ordering
prescription. We shall consider this question more carefully in the next lecture but here we shall
simply discard the factors with r = a in (4.2) and interpret the result as the correlator (4.1) for the
uncompactified case

5 2 1 / 2 l l z , ) ^ - (4.3)
Since we know that F( z, w) transform s as a bitensor of type ( - \, — $) at z and •m, we can deduce
(using the condition 53 /cT = 0) that the normal ordered operator,: exp ikij>{ z) : denned by this
prescription is a tensor of type (k2 j"l, k2 /2).

For the compactified theory the parameter k is necessarily quantized in units of 1 /R and
the result (4.3) must be multiplied by the classical contribution. The classical factor is given by the
lattice sum (3.4). Equivalently, we can use the result (3.8) for the complete generating functional
with J given by (1.3) and n by (3.3),

II,- =

For the case R = 1 we replace the lattice sum, using (3.11) to obtain

(4.4)

0,6 ° r<3

where fy and 6j,j = 1 , . . . T take the values 0 ,1 /2 . We thus have the result that the correlator
(4.1) is expressed as a sum over spin structures (0,6) in which each term is the squared magnitude
of a quantity which itself can be interpreted as the correlator of a product of fields of tensorial
type (JtJ/2,0). In particular for k r = ± 1 , these are the two coponents of a Dirac fermion. This
phenomenon, whereby fermion amplitudes are obtained from a scalar theory is known as chiral
bosonization *.

The mechanism can be generalized by the introduction of a so-called "background charge" pro-
portional to the world sheet curvature density so as to obtain correlators for the chiral be systems
described in Lecture I. It can also yield expressions for the "conformal blocks" which are the in-
gredients of correlation functions in a more general class of interacting conformal field theories.
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VI. THE CONFORMAL ANOMALY

Our purpose here is to consider the vacuum fluctuations of the free conformal field the-
ories introduced in Lecture I. The ultraviolet divergence problem is a relatively mild one in 2 -
dimensional spacetime, being confined to the vacuum expectation value of the stress tensor and
the normalization of various composite (vertex) operators that play a role in string theory. In or-
der to treat these divergences it is necessary to adopt a scheme for regularizing the short distance
singularities and a prescription for making subtractions. It is a fact that symmetry preserving reg-
ularization schemes are not generally available here. This means that some symmetry - regarding
either reparametrizations or Weyl transformations - must be sacrificed in regularizing the theory.
An associated phenomenon, as we know from experience with gauge theories, is the possible oc-
currence of anomalous symmetry breaking in the renormalized theory. The anomalous breakdown
of conformal symmetry in the most elementary free field theories such as the real scalar or the
chiral fermion theories is a matter of fundamental importance. To avoid it, i.e. to maintain con-
formal invariance in the quantized theory, it is necessary to combine the elementary theories into
systems where the anomalies are compensated. This is accomplished in various ways. For exam-
ple, systems comprising 26 real scalars or 10 real scalars and 10 Majorana spinors (together with
the attendant Faddeev Popov ghosts) are well known anomaly free string theories.

In the following we consider the regularization of composite operators and their correla-
tors. The vacuum stress, in particular, will be examined. This leads to the isolation of the conformal
anomaly. Chiral determinants, representing the vacuum fluctuations of fennions are carriers of the
anomaly, which manifests itself in the failure of reparemetrization invariance and, in particular,
the non tensor behaviour of the functional derivative, 6/Sg". The Laplacian determinant, repre-
senting the vacuum fluctuations of a scalar field can be expressed in terms of chiral determinants
(see Eq.(V.3.6)). It also carries the anomaly, therefore, but in this case, by means of a finite renor-
malization, reparametrization invariance can be restored at the price of introducing metric scale
dependence (see Eq. (3.10) below). We begin with the real scalar.

6.1 Regularization of composite operators

There arc many ways tt> impose an ultraviolet cut-off in quantum field theory. For the
case at hand the problem is very simple because there are no interactions. Our problem is to regu-
larize just two types of composite operator, the stress tensor,

term, for example \(z - w)~z, has been subtracted,

and the vertex operators of which the simplest is

V* = exp ik<p

(1.1)

(1.2)

A commonly used way to treat the first of these is by the method of point splitting. This defines the

renormalized stress as the limit, w —> z, of a bilocal quantity, — \dt4>dw^>, from which a singular

However, this method is not so convenient for the vertex operator and so we use another formulation
which applies uniformly to all composite operators. Our scheme of choice is to replace the Green's
function by a regularized version.

From the previous discussion (Sec. V.4) it is clear that the crucial quantity is the conformal
bitensor F( z, w) defined in Eq.(V.2.7). This quantity vanishes like \z - w\2 at z = w. The Green's
function (V.2.8) is singular there like —£nF. To regularize G we must "remove" the zero from F.
We do this by defining a regularized version.

F,{z,w) = F(z,w)-
d(z,w)2 (13)

where e2 is small, real and positive and d{ z, tu)2 is a smooth real and non-negative quantity that
vanishes like \z — u>|2 at z = in. For d » e we have Fc sa F. Outside of a small neighbourhood
around z = w the regularized function approximates the unregularized one. Only the short distance
properties of the theory are affected. In particular, the coincidence limit is finite,

F,(z,z)~e2 >0

The precise form of this limit depends on the choice of distance measure, d(z, w) and herein lies
the genesis of the conformal anomaly. Firstly, it is clear that the bitensor property of F( z, w) with
respect to holomorphic reparametrizations will be lost in Ff(z, w) unless d{z, tn) is ascalar. But
the only scalar measure of distance on the world sheet is the metrical one,

d{z,w)
• / ; •

(1.4)

where the integration path is a geodesic. This makes essential use of the scale factor p . If we employ
the distance function (1.4) in (1.3) then the Weyl invariance is broken explicitly in the regularized
theory, although reparametrization invariance is maintained. In this case the coincidence limit
becomes,

Fl(z,z) = £
2p(z)~l , (1.5)

an equation which is indeed compatible with the tensor character of Fc and p .

Alternatively, we can ensure Weyl invariance in the regularized theory by adopting a
metric independent distance measure,
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d!(z,iv) = \z — w\
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This measure is not reparametrization invariant - it is necessarily denned relative to some coordi-
nate system. With this choice the coincidence limit becomes

FAz,z)=e1 (1.5')

Let us now apply these two schemes to the problem of renormalizing the vacuum stress.
Firstly, we define the regularized vacuum stress by point splitting in conjunction with the regular-
ization(1.3)

< TM > , = - - lim < d,Sda6 >,

= r-lim dAZnFt(z,w)

•* 1

+ — lim 9,£

where we have used the expresions (V.2.8) for G and (V.2.7) for F. Next, using the short distance
expansion (V.2.4) of the prime form this reduces, in the limit £ —» 0, to

<TZZ >= -JU
2 - I lim d.

2 w-j
(1.6)

6 2 w-j \\z — IDP

(We are requiring that the quantities, iff, d.d1 and d^, vanish in the coincidence limit.) The last
term in (1.6) is finite and can be computed explicitly. One finds

~I«™ ' ^"li-wl2 = | o * * (1.7)

where the evaluations (1.7) and (1.7') correspond, respectively, to the measures (1.4) and (1.4').
We thus have two expressions for the vacuum stress associated with the real scalar: the Weyl
invariant,

< T,t >w~ ——w(z)Tf1ur(i) E"'(z) (1.8)
2 6

and the reparametrization covariant

T,. >cou=< T,. >w + ^ - (1-9)

They are related by a finite renormalization. Their difference can be expressed as a functional
derivative

• T,x >w—T=T~T:SL (1-10)

where the functional SL has neither reparametrization nor Weyl invariance. It is given, in general
coordinates, by

(1.11)
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where R denotes the curvature scalar. The role of the functional, St. is to define the relationship
between correlators which are renormalized according to the two schemes,

Z(l)ml = Z(I)we~Sl-w (1.12)

The covariantly defined correlators depend on the scale factor through the functional SL- This
implies a non-vanishing vacuum expectation value for the trace of the stress tensor,

The covariant conservation law takes the form

v/90""lVm < T« >= d-, < T., >m +pd,(p~l < Tti >».) - 0

The Weyl invariant stress is also conserved.

Let us next consider the renormalization of the vertex operator (1.2). We can follow
the procedure begun in Sec.V.4 by removing the regularized factors F £ (z r , z r )^^ to define the
correlators of normal ordered vertex operators, viz.

o) f-
1 /2nF'U'*•>**• (1.13)

This expression has a well denned limit, e ->0 , and it implies the prescription

e)-*VV**<*>) (1.14)

If the covariant scheme (1.5) is adopted then we see that the renoimalized operator is a tensor of

type(fc 2 /2 ,J t 2 /2) ,
: e1**" := piz)"1'2 l i V

If the scalar takes its values on the unit circle (R = 1) then, because of holomorphic factorization
we can express the normal ordered vertex in terms of Dirac fermions,

: e*(l> := b(z)l(z) and : e-'*
(l> := c(z)c(z)

where 6 and c are of type (j-, 0) while 6 and c are independent fields of type ( 0, \) *

Such simulations of chiral fermions by scalars compactified on the unit circle can be generalized by
introducing a "background charge". This means adding the term (— Q/4w) d^d^np to the source
(V.1.3). The dependence on p of the correlators is modified accordingly and gives rise naturally to
the ordering prescription

e—0

WithQ = 2 X - 1 it follows that fr~ (> ,0) , l ~ ( 0 , X ) , c ~ (1 - \,0) andc ~ (0 ,1 - \).
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6.2 Stress tensor and central charge

Correlators involving the stress tensor carry information about the dependence of ampli-
tudes on world sheet geometry. Recall that the classical stress tensor is defined by the functional
derivative

T
1 _
inn "~ j —

4TT SS

= -fimnS (2.1)

where the symbol 6mB is a convenient notation for the differential operator *. In the quantized
theories the stress tensor is inserted into a correlator of any sort by taking its functional derivative,

(2.2)

where the dots denote other fields.

The conservation of stress, d-,T,, = 0, and the vanishing trace condition, Tti = 0,
associated, respectively, with reparametrization invariance and Weyl invariance, are expressed as
usual through Ward identities. These can be derived by the standard techniques of gauge theory.
In conformal coordinates they assume a relatively simple form. To illustrate, suppose \j>(z) is a
tensor field of type (\ , \). Then the Ward identities take the form

da -.. >=
... >=

corresponding to reparametrization invariance, and

(2.3)

.>=0 (2.4)

from Weyl invariance. On the right hand side of (2.3) there is a contribution, indicated by dots,
from each field in the correlator.

The Ward identities (2.3) imply that the correlator < T^uiiiz)... > is meromorphic in
w. More precisely, it is holomorphic everywhere on the world sheet except for points where other
fields are located. At such points it has specified singularities determined by the tensorial type of
the field located there. In particular, near w = z we have

... >= +reg.

In cases where the metrical dependence is expressed in terms of the zweibein, the components of
Smn are given, in conformal coordinates, by the formulae

i —, 6n = 2<—,

evaluated at e~ = ej = 0 and e^ = ej — y/p.
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... >=

The regular parts indicated here depend on the dynamical particulars of the theory whereas the
singular parts, it must be emphasized, are determined quite generally by kinematics. An equivalent
expression of this fact is contained in the formula which describes the response of the correlator
< 1/1(2)... > to the infinitesimal holomorphic reparametrization, z —> z —

6 • • • > =

(2.6)

where the w and w contours enclose the singular points, w = z and Ci = z.

Since the correlators of a conformal field theory are to be obtained, as illustrated in Lec-
ture V, in terms of the fundamental conformal quantities such as the Abelian differentials, w ,̂ and
the prime form, E( z, w), it may be expected that the geometry dependence of these quantities is
subject to appropriate Ward identities. For example, i ^ u j U ) must be holomorphic in w except
for a dipole of unit residue at w = z while 8s^Ui(z) is holomorphic everywhere in w. Together
with the normalization conditions satisfied by t*ii(z) this is enough to give

(2.7)

(2.8)

6finuWi(z) = 0

The scale independence of conformal quantities like u,-( z) is expressed by

8ve,Ui{z) = 0

These formulae will be refcred to in the next section.

We must now address the question of how the conformal anomaly affects the Ward iden-
tities. According to the discussion of the last section the renormalized correlators generally include
an anomalous factor representing the contribution of vacuum fluctuations. The anomaly manifests
itself as scale dependence in the vacuum stress < Tmn >«* or as coordinate system dependence in
< Tmn >w- Lrt us consider the latter quantity. In the case of the real scalar the component TtI is
given by (1.8) and it is certainly not covariant. Using the expression (V.2.5) for E'"(z) it can be
shown that, in response to an infinitesimal holomorphic reparametrization,

S < Tt. T,. >w +j^d (2.9)

The inhomogeneous term here indicates that <TIC >„, is not a tensor of type (2,0) as it should be
in a covariant theory. On comparing (2.9) with (2.6) we find

>W= (w — z)* (til — z) w — z
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The anomaly presents itself as a pole of order 4 in the stress correlator. The value of the residue, j ,

is characteristic of the real scalar theory. In general this residue is denoted f where c is called the

central charge because of its role in the Virasoro algebra (Lecture II). It is an important and useful

parameter in the classification of conformal field theories.

It is easy to compute the central charge for the conformal free fields discussed in these

lectures. One needs formulae for the stress tensor- (1.1) for the real scalar, or (1.4.3) for the chiral

fermions - together with the short distance behaviour of the Green's functions. One finds

{'•:2 ( 6 X 2 - 6 X + 1 ) ,
real scalar
chiral fermions

(2.11)

Since the vacuum fluctuations of these theories can be represented as functional determi-

nants, it is useful to associate the conformal anomalies, and the central charges which measure their

strength, with these determinants. This will be discussed in the following section. Here we remark

only that in systems comprising several fields, the determinant factors aie multiplied. The various

contributions to vacuum stress are therefore additive and the same is true of central charges. It is

possible to construct anomaly free theories by combining scalar and chiral systems such that the

total central charge vanishes. Of particular relevance to the anomaly free string theories are the

chiral systems with X = 0 , £ , | for which (2.11) gives c = - 2 , 1, -11 and-26 respectively *.

The other stress component, Ta, is an independent operator with its associated vacuum

value and ventral charge, c. The values taken by this parameter are given by (2.11) with X replaced

by A. Anomaly free string theories must satisfy c = c = 0.

6.3 Determinants

The vacuum contributions of free fields can be expressed in terms of functional deter-

minants. These are determinants of the scalar Laplacian, Ao, in the case of the scalar and of the

Dirac operators, d, and 9j, in the case of fermions. An important formula referred to in Lecture V,

Eq.(V.3.6), which relates det Ao to the X = 0 chiral determinant, det 3b, will be examined here al-

though we shall not derive it. Formulae exist, moreover, which give the chiral determinants in terms

of theta functions. But they are rather cumbersome and will not be considered here. Our puropse is

only to make some remarks concerning these determinants as they arise in the correiators of chiral

fermions.

The correlators of the b-c systems can be derived from a generating functional as was

done for the scalar. Attention must be paid to the zero modes, holomorphic tensors of type (X, 0)

The fennionic central charge represents the contribution of a pair of independent fields, b{ z) and

c( z) of type (X, 0) and (1 — X, 0), respectively. For X = i this describes the Dirac fermion for

which c = 1. This can be thought of as the contribution of two Majorana fermions, each satisfying

b(z) = c(z) and giving c = y.
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or (1 — X, 0). In order to absorb these it is necessary for the correlator to include sufficient numbers

of b and c fields, and the numbers of 6's and c's must satisfy the index condition

# 6 - # C = ( 2 X - 1 ) ( T - 1 )

= I (3.1)

where 7 is the genus of the world sheet. The numbers of zero modes, holomorphic tensors of type

( X, 0) or (1 - X, 0) are given in general by the Riemann-Roch theorem. For T > 2 and X > 1

there are no zero modes in c, and the simplest nor>-vanishing correlator is given by

<&(*,)...&(*,) > = f(dbdc)b(.zx)...b(z,)e-s

(3.2)

where u<( t), i = 1 , . . . / are linearly independent holomorphic (X, 0) tensors. The factor, det dx,

represents the vacuum contribution and it depends on the world sheet geometry. This dependence is

generally anomalous in that it is not covariantly defined. Furthermore, there is no preferred choice

of basis for the holomorphic tensoTS, tti(z). It follows that the functional determinant, det d\,

which appears in (3.2) is necessarily defined relative to some basis. A linear transformation of the

basis

is accompanied by a rescaling of the determinant

det 5), -

thereby maintaining the basis independence of correlators.

Because the form of the classical action,/ bde, is symmetric under the interchange, b <-•

c, and because the central charge (2.11) is invariant with respect to X -^ 1 - X, it makes sense to

define the chiral determinant for X < 0 by

det Bx = det 8i->, (3.3)

For X = 1 there is one zero mode in c and -7 zero modes in b, and the simplest non-vanishing

correlator is given by

>=det (3.4)

For the holomorphic (1,0) tensors in this formula we have chosen the Abelian differentials, u,-( z).

This choice proves useful for the relation (V.3.6) connecting det do to det Ao.

If X is a half integer then we allow the fields to be either single or double valued and it is

necessary to specify a spin structure. The determinants depend on this structure. Also, the numbers
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of zero modes depend on spin structure. For example, in the case \ = y there is one zero mode
each in b and c if the spin structure is odd, and none if it is even.

Higher order correlators involve the Green's function, G( z, u>), for the chiral fields. This
quantity, representing the contraction < i( z) c( w) > is a bitensor of type (X, 0) at z and (1 - \, 0)
at vi. Apart from the contribution of zero modes it is holomorphic except at z = w where thee is a
simple pole of unit residue. The zero modes cause some departures from this structure and there are
alternative ways to determine their contribution, but this ambiguity does not affect the correlators
which must satisfy (3.1) and which are given schematically for X > 1, for example, by

>=detSj,i:(±) (3.5)

where the summation, runs over all partitions of z's and tu's necessary to ensure antisymmetry
under odd permutations of z\, zz ... and, separately, v>\,vii... Zero mode ambiguities in G will
drop out of (3.5) because of the antisymmetrization.

Formulae of the type (3.5) can be used together with the formula (1.4.3) for T,t to obtain
the action of the differential operator £„, defined by (2.1), on det Bx- This involves the short dis-
tance behaviour of G{ z, u/). A particularly important example of this procedure is the application
to the X = 1 (or X = 0) chiral system where G = d,£nE( z, m). The result is

do - 0 (3.6)

where E"'(z) is the same quantity that appears in the scalar field vacuum stress (1.8). Since this
quantity does not transform like a tensor of type (2,0) it follows that det 5b is anomalous. Indeed
one finds

S(St,£ndet do) = (.e(z)d, + 2&£(*))£ndet do - T ^ E ( Z ) (3.7)
o

corresponding to the holomorphic reparametrization z —* z — z. It follows that det Bo contributes
to the central charges (c, E) = {-2,0). This agrees with the general results (2.11) which can now
be read as a measure of the anomaly carried by det 5\ :

det Bx contributes c = -2(6A2 - 6 A + 1 ) and c-0

det dx contributes c = 0 and c = -2(6> 2 - 6X + 1)

Note in particular, the anomaly free combinations

det (3.8)
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which are found in the bosonic and heterotic string models. The bosonic model will be discussed

in Lecture VII.

We come finally to the determinant of the scalar Laplacian. We use the Weyl invariant
vacuum stress (1.8). Since the scalar correlators arc proportional to (det Ao)"'/2 it follows that

(3.9)

and, since det Ao should be real, &n is given by the complex conjugate of (3.9). In order to compare
these expressions with (3.6) and its complex conjugate we need the formulae

6UT<J = 0 (3.10)

where Tyj is the period matrix. These formulae can be deduced from (2.7) with help of (V.2.6).
Finally, using (3.6) and (3.10) we can integrate (3.10) to obtain

(det = det (3.11)

an important relation which we have already referred to in Lecture V.

The chiral determinant det do is annihilated by Bu according to (3.6). This means that
it is holomorphic in the complex parameters (moduli) that characterize the world sheet. The Weyl
invariant determinant of the scalar Laplacian therefore undergoes holomorphic factorization. This
is not true of the covariantly defined determinant given by

(det = (det AoJ (3.12)

which depends explicitly on the scale factor, p. For the anomaly free combinations of scalars and
chiral fermions, however, the offending terms are cancelled and the factorization is effective.
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VII. THE FADDEEV POPOV MECHANISM

Up to this point we have been discussing conformal field theories on a fixed Riemann
surface, their gauge symmetries, quantization and renormalization. As we remarked at the begin-
ning, these theories are of interest in the formulation of string theory because the physical states of
the string are contained in the Hilbert space of the field theory *. String amplitudes will be obtained
from the correlation functions of certain conformal theories (the anomaly free ones) by performing
an "integration" over a collection of Riemann surfaces. Our purpose in this lecture is to define this
integration and, in particular, to deal with the associated problems of gauge fixing.

7.1 Integration over geometries

Recall that the Riemann surface can be abstracted as a class of Riemannian geometries
that are conformally equivalent. The world sheet is a manifold with a complex structure and a ge-
ometry. We are interested in dynamical systems, the matter fields, that are sensitive to the complex
structure but not to the local features of the geometry. This is implemented by imposing invariance
with respect to general coordinate transformations and Weyl transformations. The problem is to
arrive at a sensible prescription for integrating over the space of equivalence classes.

In principle it must always be possible to choose a representative geometry from each
conformal class. For example, we can choose a constant curvature geometry by requiring that the
Ricci scalar take one of the values 1,0 or — 1 (depending on topology) everywhere on the manifold.
The classes are generally parametrized by a set of complex moduli, m*. (The space of moduli or,
more precisely, its covering space is itself a manifold with a complex structure **.) Let the chosen
representative of the class, m, be characterized, relative to a coordinate covering of the manifold, by
the zweibein components eJ (x, m). Given any other geometry, ej( x), it must be possible to find
a conformal transformation, il, which takes it into one of the representatives, i.e. which enables
one to express e*(x) in the form

e ; ( x ) = e ; ( x , m ) n (1.1)

For manifolds of genus 7 > 2 the transformation Q is unique. For the sphere (7 = 0) and torus
(7 = 1) it is not unique but, instead, is defined up to "conformal isometries". In these cases
there can be two distinct maps, I2i, and ftj, both of which take the given frame into the same
representative and this means that the product Q^Clj leaves e(m) invariant. Such isometries
must be allowed for in defining the integral over geometries.

Conformal field theories also play a fundamental role in the description of critical phenomena in
statistical systems but we shall not be concerned with this topic.
For Riemann surfaces of genus 7 > 2 the space of moduli has complex dimension 3 ( 7 - 1) • For
7 = 1 it has one complex dimension. For 7 = 0 there is only one class, the Riemann sphere, and
hence no modulus.
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In a formal sense the integration over geometries can be represented by a path integral
over the four real, or two complex, components of the zweibein [21],

(tie) F(e) (1.2)

where the integrand F( e) is constructed from correlators of the underlying conformal field theory.
We postpone the discussion of how this integrand is defined. For the present we need only to require
that it be a conformal invariant functional of the geometry,

(1.3)

As it stands, the formal integral (1.2) is divergent. To obtain a meaningful expression we
must remove an infinite factor corresponding to the "volume" of the conformal group. This is a
familiar manipulation in gauge theories and is achieved by the prescription of Faddeev and Popov.
The central feature of the Faddeev Popov construction as applied to the problem at hand is a change
of integration variables from e to Cl and m. This is effected by the formal insertion

1 = A(e) /"(<££!) f dm S(e - e(m)Q) (1.4)

where /(d£l) denotes invariant integration over the group of reparametrizations and Weyl trans-
formations, and the integrand is a delta functional. The invariant functional A (e) is determined by
(1.4). This representation of the Faddeev Popov factor A (e) is meaningful to the extent that, for
any configuration e, there must exist points (Q, m) in the integration domain at which the delta
functional has support. For genus 7 > 2 the support is an isolated point because Eq.(l.l) can be
solved uniquely for 12 and m. Otherwise there are conformal isometries and the prescription (1.4)
must be refined. We defer consideration of the cases 7 = 0,1 to section 4.

Insert the identity (1.4) in the integrand of (1.2) and reverse the order of integration. Then,
because of the invariance of A and F, it becomes possible to discard the volume factor due to the
integration of ii. One arrives at the formula,

• /
(1.5)

an integral over the conformal classes, which has a better chance of being convergent. It is an
ordinary, finite dimensional integral over the space of moduli. As it happens, the integrand of (1.5)
is generally obtained as a function of the Teichsmuller parameters, coordinates in the covering
manifold of the moduli space. It is necessary to verify that this integrand is invariant with respect
to the covering transformations, i.e. that it is "molular invariant". It is also necessary to prove that
(1.5) is independent of the choice of coordinates in moduli space - i.e. that the integrand transforms
as a density with respect to Teichsmuller reparametrizations.
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7.2 The Faddeev Popov determinant

The invariant functional, A (e), defined for 7 ;> 2 by (1.4), being the Jacobian of a
transformation, can be represented as a determinant Equivalenily, it can be related to the vacuum
fluctuations of a system of chiral fermions, the Faddeev Popov ghost fields. To arrive at this it will
be sufficient to consider the infinitesimal neighbourhood of the point at which the delta functional
in (1.4) has its support.

ing to
Infinitesimal transformations of the gauge group act on the zweibein components accord-

»t)e;

where -j/, r and t parametrize coordinate transformations, Weyl scalings and frame rotations,
respectively. To facilitate the evaluation of (1.4) we choose e = e(m0) and expand the argument
of the delta functional to first order in the small quantities p*, r, t and m* = m1 - roj (x =
1 , . . . , 6 (1 -1 ) ) .

9Bp*eJ - (r + it)et (2.1)

where the fields on the right-hand side are evaluated at mo, and ft = d/dmi. The integral be-
comes [21]

^)= ji^pdrdt) j dm&(t(m)a -e(m0)), (2.2)

where the integrand comprises four delta functional corresponding to the four (real) components
of e. Their arguments can be simplified by choosing a conformal frame,

e,{m0) = 0. (2.3)

However, it is necessary to retain the modular derivatives, ft ej and ft t~, which need not vanish
in the frame (2.3). Derivatives of the diagonal components, ft e* and ft e~, on the other hand, can
be absorbed by Weyl scalings and frame rotations. These can therefore be set to zero. With these
simplicarions (2.2) takes the form.

-y = J(d?pdr dt)JdmS[dAp'el) + p^e*. - (r + ft)*?] S[{d,pJ)e= + Wd,ej]

f) + p'dte= - (r -

The values of r and t, whose derivatives make no appearance here, are fixed by two of the delta
functionals. Eliminate these delta functional by integrating r and t. The remaining two can be
represented by functional Fourier integrals. We obtain

J= J(d2pd2q) j dm (2.4)
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where q and q are Fourier variables. The zweibein components can be largely eliminated from

this expression by converting to integration variables which are neutral with respect to r and t

transformations as discussed in Lecture 1 (OT, equivalently, by taking e* = e^ = 1). Define

b = e* q and c = p*

6 = e j 4 and c = p*.

Finally, in order to have an integral represenation for A (m) rather than 1 /A (m), it is necessary
to reverse the Grassraan type of all integration variables so that (2.4) becomes

A(m) = f(d2bd2 c) j dm f
where b( z), c ( « ) , . . . and m' are anticommuting. We have introduced the ( - 1 , 1 ) tensors

* = e ' d , . e i , i = l , . . . , 6 ( 7 - 1 )

(2.5)

(2.6)

and replace mo by m. The tensors (2.6) are known as Beltrami differentials and they play a fun-
damental role in the theory of Riemann surfaces. They are associated with infinitesimal variations
in the conformal classes.

It is known that Teichsmuller space itself has a complex structure so that the coordinates
may be taken in the paired form (m1,™1) with m' = (m')*,» = 1,...,3('7 - 1) and, in these
coordinates,

tij=0 = 7(. (2.7)

In such complex coordinates the expression (2.S) for A ( m) is easily seen to factorize,

A(m) = I f(dbdc) f dm exp f dzzb(,dIc+W Vi)

= | Udbdc) n (fc.vjexp f d2zbdic (2.8)

where (i,i>i) = fd2z bvi- The fermions 6(z) and c(,s) are tensors of type (2,0) and ( -1 ,0) ,
respectively and the integral (2.8) defines a chiral determinant. In the notation of (VI. 3.2),

(dbdc) n b(zi) eJ b9sC = det u*U>) det 1 (2.9)

where the(2,0) tensors u ' ( i ) , i = 1 3 ( 7 - 1), are holomorphic and linearly independent.
Thus, for the Faddeev Popov factor we have the determinant expression.

A(m) .u,) det d2 (2.10)

Since the differentials dm' Vj are invariant with respect to modular reparametrizations, it is clear
that (2.10) transforms as a density.
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7.3 The integrand

The integrand of formula (1.2) expresses the dynamics of the underlying conformal field
theory. It is obtained from the correlator of a set of vertex operators,

gN
Jd2Xi...d2xN (3.1)

where the operators are Weyl invariant scalar densities made from the independent fields of the
system. To enable us to interpret the string states as particles in D-dimensional spacetime it is nec-
essary that the system should include D world sheet scalars, X^i x), to play the role of spacetime
coordinates. In general the classical action for these scalars is adapted to the vacuum geometry of
the spacetime in which the particles propagate. By this we mean that it should include the term,

S(X) = ±Jd2x VS S™ dmX» (3.2)

where g^X) denotes the spacetime vacuum metric which must, of course, be distinguished from
the world sheet metric, gmn( %) - The spacetime coordinates are represented by the world sheet
scalar fields, JC(x) ,^ = 0 , l D - 1 and are to be distinguished from the world sheet coor-
dinates xm, m = 1,2. The spacetime metric should have Lorentzian signature, signifying that one
of the scalars, XQ, for example, must be a negative metric ghost. At the classical level the space-
time geometry is undetermined, but it can be argued that consistency at the quantum level imposes
constraints. It has been shown that anomaly cancellation in the tree approximation (-7 = 0) implies
that g^X) must satisfy Einstein's equations. However, this topic is still a developing one, the
contribution of f > 0 approximations is not welt understood, and we shall simply assume that
spacetime is flat, g^ = 7]^. The scalars X* are free fields in this case so that our earlier consid-
erations can be applied. {The conformal system may also include world sheet fermions and these
also will be assumed to be free.)

The coefficient p# in (3.1) is determined in terms of a new parameter, the string cou-
pling constant, g. We shall not discuss it here but it can be argued on the basis of unitarity, or the
factorizability on physical states of string amplitudes, that g^ ~ gN~2- (Another parameter, the
Planck length, K, is implicit in these theories. We have effectively adopted a system of units in
which n = 1 by treating X* as dimensionless fields.)

When g^iX) in (3.2) is replaced by the Minkowski metric, tfc,,, the action is invari-
ant with respect to inhomogeneous Lorentz transformations, X* —» A^X" + a*1, and it becomes
possible to define operators for the corresponding D-momentum and angular momentum. It then
follows that the composite operators : exp i k^X* : carry D-momentum, k^. With respect to the
world sheet holomorphic reparametrizations these operators are tensors of type (k1 / 2 , k2 /2) ac-
cording to the discussion of Lecture V. (Here, the Lorentz invariant inner product, k1 = rfk^ =
-fcjj + k2 + ...+• *£,_,, is indicated.) Since the vertex operators of (3.1) are scalar densities or, in
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conformal gauges, tensors of type (1,1), it follows that: exp ikX : can serve as a vertex operator
if k2 =2. What this means is that the spectrum of string states includes the states

|fc > = : exp ik • X : |0 > (3.3)

with k2 = 2. They are tachyons, the lowest states in an infinite series of excitations of the string.
Next come the massless tensor states.

exp ik • X : \Q

with k7 = 0, k*£p, = 0, k"^ = 0. (The conditions on the polarization tensor <,,„ are needed to
ensure the correct (1,1) behaviour of the normal ordered product.) Massive states, k2 < 0, are
similarly generated by the action of vertex operators containing more derivatives of X **. (It can
be verified that these states are annihilated by the Virasoro charge Ln and Ln with n > 0, while
Lo s i0 = 1, conditions which are equivalent to the requirement that the corresponding vertex
operators are tensors of the correct type.) In general it is necessary to use all matter fields of the
conformal system in order to construct a complete set of vertex operators - one for each state in
the spectrum.

The presence of a tachyon in the spectrum means, of course, that the purely scalar theory
(3.2) is not satsifactory. This difficulty is overcome in the supersymmetric models where the lowest
states are massless. In these theories the vertex operators involve the world sheet fermion fields
and it is necessary to sum over spin structures in order to achieve modular invariance. It turns out
that this summation effects a projection (the GSO projection) that effectively eliminates all vertex
operators carrying odd fermion number including, in particular, the tachyon.

We conclude with an illustration. The scattering amplitude for N tachyons is given by
the modular integral (1.5) with A(e) given by (2.10) and

n / d2zr:
r=l J

J d2zt... d2zN
,krk. (3.4)

for the case of D uncompactified scalars. The propagation factors are defined by (IV.2.7) and kr ks

denotes the Minkowskian product. For each compactified scalar it is necessary to modify (3.4) by
a replacement of the type

6(2A;t)(detAo)-1/I n

(3.5)

where the sum over characteristics (a,p), depending on the compactification radius, is a somewhat
involved technical matter. The expression (3.5) is schematic. In the case of the heterotic string,
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for example, there arc sixteen compactified scalars and only the holomorphic part of (3.5), corre-
sponding to "left movers", is retained. The phase relations between terms in the sum is delicate,
being determined by the requirement of modular invariance.

Anomaly compensation between the determinants det 92 in (2.10) and the power of
det do in (3,4) or (3.5) requires either D = 26 in the bosonic string or D = 10 in the case of
spinning string.

As it stands, the formula (3.4) applies only for 7 > 2. For 7 = 0,1 the presence of
conformal isometries necessitates some modifications to be considered in the following section,

7.4 Conformal isometries - sphere and torus

In the discussion of gauge fixing in Sec.l it was remarked that the gauge transformation
Q which takes a given geometry, e, into the class representative, e( m), is unique only for genus
7 > 2. This iii turn implied that the integral (1.4), defining the Faddeev Popov factor, has support
at an isolated point only for these cases. For 7 = 0 and 1, on the other hand, the integral has support
on a manifold of complex dimension 3 and 1, respectively. In these latter cases a refinement of the
prescription must be developed.

Firstly, in the case of the Riemann sphere (7 = 0) all geometries are conformally equiv-
alent. There is only one class and, therefore, no modulus. There are three independent isometries.
For example, if a constant curvature geometry is chosen and the sphere is mapped stereographically
to the complex plane, then the zweibein takes the form

2?I.M dz

where A is the total area. The north and south poles (say) are represented by z = 0 and z = 00,
respectively. The conformal isometries are given by the group of complex projecti ve transforma-
tions,

a _ az + b
z —• z — 7

cz + d

where ad - be = 1. The corresponding "conformal killing vectors" are ( -1 ,0) tensors with
component V* given as linear combinations of 1, z and z1. They are holomorphic on the entire
plane including the point at infinity.

Secondly, for the torus ( 7 = 1) the geometries belong to a set of classes parametrized by
one complex parameter, r. The torus can be represented by the complex plane with the identifica-
tions, z ~ z+ 1 ~ ^ + T and with the zweibein e+ = dz. The conformal isometry in this case is
just the translation, z —• za = z + a with complex a.

The integrand of (3.1), the correlator of a product of vertex operators, is defined relative
to some geometry, e, and it is covariant with respect to conformal transformations. In conformal
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coordinates this covariance is expressed by

where V° is defined by

dz V(z).

In the case of a conformal isometry we have e° = e and hence the symmetry

r I dzr
>.

(4.1)

(4.2)

(4.3)

This kind of symmetry causes (3.1) to diverge, it is necessary to factor out from (3.1) the "volume"
of the isometry group. Let us therefore return to the discussion of Sec. 1 and consider how to remove
this factor along with the other infinite quantity, / ( diJ).

Since there are three independent conformal isometries on the sphere we write (1.2) in
the form,

where

J (de)

= 9N I <&Zi, ...d1zN

The invariance (1.3) is now replaced by

,z3

(4.4)

(4.5)

(4.6)

according to (4.1) and (4.2). This means, in effect, that the dependence of F on z\, Z2, z% is deter-
mined by the isometry group since we can always find an isometry such that «p = ai,i = 1,2,3
with arbitrarily chosen points 01,02,03. Quite generally, given an arbitrary geometry on the sphere
and three points, z\,Z2,zi, it is possible to find a unique conformal transformation that reduces the
zweibein, e, to some standard form (the constant curvature e^, for example) and also maps z\,zi, 23
to 01, 02,03. We therefore choose to define the Faddeev Popov factor by the prescription

cg) (4.7)

where S2 denotes an ordinary 2-dimensional delta function. This integral has support at an isolated
point and, moreover,

(4.8)

Proceeding as in Sec.l, insert the identity (4.7) into the integrand of (4.4), reverse the
order of integration and use the invariance properties (4,6) and (4,8) to show that the integrand is
independent of £1. Discarding the integration over Q we arrive at the result,

A = A (a\, ai, 03 |e^) F(
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It remains to evaluate A .

The integral (4.7) can be treated in the same way as (2.2), taking z\ = a\,...,e =

and expanding Q around the identity, obtaining

j = f(d2pd2q) «2(p(oi)) fi2<p(<«2)) z(qdTp'e: + qd,pTe=-> (4.10)

In this case there is no modulus but the infinitesimal reparametrization, p* = p( z) is required to
vanish at the reference points, z = <M ,02,03. Again we can remove the zweibein dependence by
redefining the integration variables, b = e*q, p* = c, etc. Going over to anticommuting variables,
which means 62(p(*)) —* c(z)c(z), we find

A = I f(dbdc)c(<n)d.a2)c(a3) exp f d2z bd^c

det u'(a,') det i

where the u' arc holomorphic (—1,0) tensors, zero modes of dj. Since there are no moduli the
chiral determinant, det dM, is a constant and can be discarded. Choosing the zero modes, u =
1, u2 = z and u3 = z1 gives

A = (ai - 02X02 - 03X03 - o i ) | (4-11)

which is to be used in (4.9).

We now consider, very briefly, the torus for which there is one modulus and one conformal

isometry. In this case the Faddeev Popov factor is defined by

f(da) fd2r 6(e - e(r)a) - aa). (4.12)

The group integration has support at a single point because there is a unique transformation which
reduces an arbitrary zweibein, e, to the reference form, e(x), while at the same time mapping
an arbitrary point, z, to the reference point, a. After discarding the group integration the typical
amplitude is given by the modular integral,

(4.13)

>t

A =

: where F is defined by

F(zl\e)=gN fdzz2...d
2zN

The Faddeev Popov factor can itself be expressed as an integral over ghost fields,

A = I f(dbdc)da)(b,v) exp J h

W2,u) det9 2 |

( 4 . U )
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where u_i and «2 are holomorphic tensors of type (-1,0) and (2,0), respectively. On the torus
there is one of each. The notation (uj , v) indicates the inner product of U2 with the Beltrami
differential, v, corresponding to the modular parameter, T.

To conclude this sketch we indicate the structure of the zero and one loop scattering
amplitudes for N tachyons. Firstly, for 7 = 0, using stereographic coordinates on the complex
plane, we have the propagation function (IV.2.7), F(z, w) = \z - w\2 and the determinant,
det Ao = 1. With A(a) given by (4.II) and F(e) by (4.5) we obtain

f - z , ] 2 * ' ' • (4.16)

with zt = oj,i = 1,2,3 and Jfc2 = 2 , r = \,...,N. Analogous formulae for tree amplitudes

involving higher states can be obtained in principle.

Next, for the one loop amplitude ( 1 = 1) we quote, without proof, formulae for the

required factors. The prime form is expressed in terms of the odd Jacobi theta function

E(z,w) =
- W,T)

where the prime denotes a derivative with respect to the first argument. (We are using coordi-

nates for which the holomorphic Abelian differential is simply w(2) = l , i .e . <p(z) = z.) The

propagation function is given by

F(z,w) =

and the chiral determinants by

ff,(O,T)
(4.17)

det da = det d2 = i)2 (4.18)

where 17 denotes the Dedekind function. This function is defined by the infinite product

The holomorphic tensors u_i and 112 are mere constants in the coordinates used here and the Bel-
trami differential is normalized such that

(«2,i>) =r^'2. (4.19)

With these ingredients the Faddeev Popov factor (4.15) and scalar determinant (V.3.11) become

A(a)=ri-1 |r, |4

det Ao = 7i ITJI4 .
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The tachyon amplitude, given by (4,13) and (4.14) takes the form

gN \STT11 (TIM4HD+1

d2zz...d
2zN n (4.21)

with si = a;*? = 2 , r = 1, . . . , AT and F(* r ,z,) given by (4.17). The coordinates t, are integrated
over the torus, i.e. over one of the fundamental regions defined by the identifications, z ~ z + 1 ~
z + T. The modulus, T, is integrated over one of the fundamental regions in Teichsmuflcr space
defined by the action of the modular group,

ar+b
CT+ d

where o, . . . , d are integers satisfying ad - be = 1. The integrand of (4.21) is invariant with respect
to this group action. Indeed, the factors d^r/if ,TI|IJ|4 and F(z r ,z,) are separately invariant The
usual fundamental region is given by \Re r\ < ^, |T| > 1, n > 0.

Although we have not indicated its presence in (4.18), the chiral determinants are sub-
ject to the conformal anomaly. This implies that the product, det ~§t (det 5o)~D^2 is covariantly
defined and metric independent only for D = 26. Only for this case does (4.21) make sense.
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