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1 . INTRODUCTION

There has been considerable interest recently in higher-dimensional

gravitational theories containing higher-derivative terms JL , An

important example is the field-theory l imit of the anomaly-free

superstring theory of Green and Schwarz [1] (see [2] for reviews),

currently regarded as the most fundamental theory of al l interactions.

In this case, the form of 3* is essentially fixed [3 ] , but

more general theories can be envisaged for which 2* is completely

arbitrary. I t is possible to construct models of super-exponential

inf lat ion, as discussed by Shafi and Wetterich [ 4 ] , and also by Pollock

15], hereafter called paper A. (Other aspects of these theories are

described in references [6 ] ) .

The reduction of the DC- 4 + N ) -dimensional theory (A25)

to a four-dimensional theory involves long calculations, the result of

which is expression (A32). The purpose of this paper is to furnish the

details of those calculations.

The starting point is expression (A25) for the action,

S - -flfc

is the determinant of the metric
A

. ft,
A CD

where Q

is the Riemann-Christoffel curvature tensor, RAB

n n * a

is the Ricci tensor, and K — K A is the Ricci scalar. The
r X 'J 5 h

parameters a , '* , •*, , ^ and

He write the metric in the form (A26),

are constants.
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where "LiA-31" ' i s r e l a t ed to the metric of four-dimensional

space-time, Q (*. ) describes the internal space, and the function

U.(pC ) is to be determined.

In order to perform the dimensional reduction, i t is convenient f i r s t
a.

to remove the X -dependence of the internal space by making the

conformal transformation

AB

A /

AB = e
,(*) 0

0
(3)

What we shall do is to substitute expressions (2) and (3) into the action

(1), discard a total divergence, make a further conformal transformation

3 i ion 1 ~ £ Q i l3 £- I and integrate over the internal space

<f (gc) t 0 obtain the reduced action. This integration

introduces the constants " » A , B( • "z , B and B >
which are defined as follows:

A -

B = 3,8^5,8, *

M4)
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The barred quantities refer to the space ^jat3- / . The analogous
if

convention is used for all th e metrics. ,

Concerning the choice of the conformal factor e. , we appear

to have some flexibility. If the radius of the internal space is fixed to

a constant value at high energy, then any identification £ ~ Ttu>

should be acceptable classically, for one will always obtain the

Einstein-Hilbert action at low energy. The simplest choice is to set the

coefficient of R equal to a constant, and this is what we shall

ultimately do, as in A.

Now, under the conformal transformation (3), the D -dimensional

Riemenn-Christoffel tensor transforms according to the formula given by

Wald [7], for example

-2
(5)

Successive contractions of expression (5) yield the transformation formulae

for (J.g and R , which read

(6)

(7)

respectively.

We shall use formulae (5)-(7) to conformally transform each of the

terms in the lagrangian (1).

*) ft
Our sign convention for

is the opposite of that used in [7].



2, THE TERM R.

Under the conformal transformation (3), the first term in the

lagrangian (1) is expressible as

we rewrite expression (10) as

r[AM .L
(H)

(8)

Using the relationship

(9)

it is possible to rewrite the last term in .Apression (8) as the sum

of a total divergence and a term proportional to (VlO

Discarding the total divergence, and integrating over the internal space,

we obtain the result

fj 6 . (10)

Next, we conformally transform the four-dimensional space-time,

writing

where Qi wi l l be identified with the physical space-time, and

the conformal factor VUO wi l l be fixed shortly. Using the

relationships

r* 4
-<l - e

(13)

-5-

in which a total divergence has again been discarded.

3. THE TERM £, R

Before choosing V , we must deal with the term in the

lagrangian (1) proportional to R .In the metric (3), this can

be written as

S\

Consider the term in Q|l

relationship

(15)

, which can be re-expressed via the

(16)

Substituting expression (16) into expression (15), discarding a total

divergence, and integrating over the internal space, we arrive at the

result

f; iu
(17)

I t is now necessary to apply the transformation (11) to the metric

. The corresponding expressions for K and VR are

f = (18)
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respectively. Substi tut ion of expressions (11), (12), (13), (18) and (19)

into expression (17) y ie lds the resul t

The terms involving a d'ATembertian operator can be re-expressed

via the relationships

* V. [

Substitution of expressions (21) and (22) into expression (20) yields

the result

B,e4 - *A

At this stage it helps to clarify the analysis if we combine

expressions (14) and (23), and obtain an expression for the first three

terms of the reduced lagrangian (1), which is

-7-

In order to progress further, we must determine the function

I t turns out (see below) that the other higher-derivative terms make no

contribution to the coefficient of R. • More precisely, there wi l l

be terms of order R^uJ , but they wi l l be regarded as contributions

ton \°~
to the kinetic term (w.) - they cannot be removed by any choice of

V . Therefore the coefficient X of R

identified from expression (24) as

(25)

can be

and setting jt = 1 thus leads to the solution

e =
I - 22Ac'

(26)

For super-exponential inflation [4,5] , we assume the slow-rolling

approximation, which requires that U.^> i , and hence that 2^(Ae 4 .

Equation (26) then reduces to

This approximation also just i f ies the neglect of the derivatives of u

-8-



and V of third and higher order. Note also that equation (27)

becomes exact when the internal space is Ricci flat, implying that

A = 0 , as in the Calabi-Yau compactification scheme [8] of the

heterotic superstring [9], although super-exponential inflation is not

then possible [5],

Substitution of equation (27) into expression (24) yields the

result

where the potential W * ) is defined is

Y(W= -Ac

<28)

(29)

When •<, =• V_> , then equation (27) again becomes exact, and the

coefficient of the kinetic term ( V I M in expression (28) reduces to

that given by Maeda [10],

4. THE TERM

The fourth term in the lagrangian (1) can be conformally transformed

using expressions (3) and (6) to yield the result

(30)

The terms involving double derivatives can be dealt with via the

relationships

-9-

31)

and

N*;

in the second of which we have used the contracted Bianchi identity

(33)

Substitution of expressions (31) and (32) into expression (30) and

integration over the internal space yields the result

04).

total divergences having been discarded.

The four-dimensional space-time 5i is now conformally
g

transformed via expressions (11)-(13), together with equation (27), so that

From expressions (35) and the transformation laws (6) and (7), with M =

and U. replaced by -^(N+2ji\ , we obtain the formulae

(36)

(37)

and
-10-
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(38)

The first and fifth terms on the right-hand side of equation (34)

can be expanded as

(39)

and

(40)

respectively. Hence, expression (34) now reads

The terms involving double derivatives can be dealt with via the

relationships analogous to (31) and (32). Discarding total divergences,

we obtain the expression

-11-
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5 . THE TERM ^ R A R C P R

From expression(5) for the conformal transformation of

i t is possible to construct the conformal transformation of the f i f t h

term in the lagrangian (1) ,

(43)

The second term in expression (43) can be simplified and expanded via the

relationship

(44)

Substituting expression (44) into expression (43), simplifying the terms

and integrating over the internal space, we obtain the result

,45)

Now we apply the conformal transformation (35) to the physical space-

time, and use the formulae (36)-{38), together with the transformation

law for .which reads

(46)
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The f i r s t term on the right-hand side of equation (45) can be expanded as

(47)

This leads to the formula
v A

e

(48)

6. THE DIHEUSIONALLY REDUCED ACTION

The effective four-dimensional lagrangian density JL is defined

from expression (1) as

' ' (49)

from the expressions (28), (42) and (48), we obtain the approximate formula

(A32),

(50)

- e

where the four-dimensional gravitational constant is G-PG and the

potential V(iO is given by the expression (A33)*'

%l - €. (2A-Ae +8e J.
•J-j „

The sign of the secondterm in expression (51) is erroneously qiven as
posit ive in A.

(51)
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Expression (50) is valid as long as the approximation (27) holds.

For further discussion, the reader is referred to paper A. Here, let

us note again that the coefficient of the cross term

vanishes if

=0 . (52)

This condition is satisfied automatically i f the theory is ghost-free, for

then the terms Ji. occur in the Gauss-Bonnet combination [11],

which means that

3, = £3 = - V 4 - . (53)

In the case of the superstring theory, i t should be remembered that the

term djK must be replaced by e 3? , where <}> is the

dilaton and n is known. Thus our results are only applicable then i f

the dilaton can be regarded as fixed (which is perhaps a reasonable assumption,

since one-loop corrections generate a potential Vftd [12]). Otherwise,

i t would be necessary to deal with this additional scalar f ie ld too, thus

complicating the analysis considerably.

ACKNOWLEDGMENTS

The author would like to thank Professor Abdus Salam, the

International Atomic Energy Agency and UNESCO for hospitality at the

International Centre for Theoretical Physics, Trieste, where this uork

was started. He would also like to thank Professor V. Radhakrishnan

and Professor J.V. Narlikar for hospitality and financial support at

the Raman Research Institute, Bangalore, and the Tata Institute of

Fundamental Research, fiombay, respectively. He also thanks the

Academy of Sciences of the USSR and the Royal Society of London for

financial support in Moscow under the terms of the Exchange Fellowship

Agreement.

-14-

r



REFERENCES

[I] M.B.Green and J.H.Schwarz, Phys.Lett.B149 (1984) 117.

[2] M.B.Green, J.H.Schwarz and E.Witten, "Superstring Theory", Vois.1 and 2

(Cambridge University Press, Cambridge, 1987).

[3] A.A.Tseyt l in, Phys.Lett.B176 (1986) 92; Nucl.Phys.B276 (1986) 391;

S.Oeser and A.N.Redl i ch , PhysJ.ett.B176 (1986) 350.

[4] q.Shafi and Wetterich, Phys.Lett.B152 (1985) 51j Nucl.Phys.B289 (1987) 787;

B297 (1988) 697;

C.Wetterich, Nucl.Phys.B252 (1985)309.

[5] M.D. Pollock, Nucl. Phys. B3O9 (1988) 513.

[6] M.D.Pollock, Phys.Lett.B185 (1987) 34; B214 (1988) 660(E); B215 (1988) 635;

M.D.Pollock and T.P.Singh, Class.Quantuni Grav. 6 (1989) 901.

[7] R.M.Wald, "General Relativity"(University of Chicago Press, 1984).

[8] P.Candelas, G.T.Horowitz,A.Strominger and E.Witten, Nucl.Phys.B258 (1985)

46.

[9] D.J.Gross,J.A.Harvey,E.Martinec and R.Rohm, Phys.Rev.Lett.54 (1985) 502;

Nucl.Phys.B256 (1985) 253; B267 (1986) 75.

[10] K.Haeda, Phys.Lett.B186 (1987) 33.

[II] B.Zwiebach,Phys.Lett.B156 (1985) 315;

B.Zumino, Phys.Rep.137 (1986) 109.

[12] C.G.Callan.C.Lovelace,C.R.Nappi and S.A.Yost,Phys.Lett.B206 (1988) 4 1 ;

S.R.Das and S.-J.Rey, Caltech/TIFR preprint CALT 68-1454/TIFR/TH/87-33

(1987).

-15-



T ~



Stampato in proprio nella tipografia

del Centro Internazionale di Fisica Teorica

11' '. ̂ w w - * * ! wns.\r T>- *-*Mimmia>& ' *•+'


