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ABSTRACT

Contrary to what is slated in the Newtonian dynamics, rotation of a reference frame is

not sufficient for the occurrence of the centrifugal force. Instead, the necessary and sufficient con-

dition is a motion along a path different from that of a photon trajectory in space. This calls for a

rather fundamental change in understanding of the very nature of the centrifugal force. It also has

important practical physical consequences: in a strong gravitational field, where light trajectories

are substantially curved, centrifugal force is much weaker than the Newtonian theory predicts. In

addition, when there are closed (circular) photon trajectories in space, the centrifugal force may

reverse its direction - it attracts towards the rotation axis!

The weakening of the centrifugal force in strong gravitational fields and the reversal of
its direction in the neighbourhood of close photon trajectories in space fully and clearly explain
puzzling examples of counter intuitive behaviour of dynamical effects of rotation found previously
by several authors: e.g. reversal of the cllipticity behaviour of the relativistic Maclaurin spheroids
(Chandrasekhar and Miller, 1974), reversal of the viscous torque action (Anderson and Lemos,
1988), or the fact that rotation increases internal pressure of a sufficiently compact star (Abramow-
icz and Wagoner, 1974).

Weakening of the centrifugal force implies thut rotating neutron stars are less oblate (and
probably more stable) lhan the Newtonian theory predicts. This is important for the recently dis-
cussed question of how fast can pulsars spin.
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This is a written version of my lecture given at the Summer Workshop on Particle Physics and
Cosmology (July, 1989, Trieste). The lecture was repeated at ICTP Colloquia (November, 1989,
Trieste) and Relativity Seminar at Max-Planck-Insiitul (December, 1989. Garching).
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1. T w o concepts of the centrifugal force

Definition of the centrifugal force may be based on two concepts: one which stresses
rotation of a reference frame and another one which stresses motion along a curved path
in space. Let us explain this in Newtonian dynamics which assumes Euclidean geometry
of space. According to the first concept, if the angular velocity of the rotating frame,
measured with respect to the global rest frame,1 is O, and the distance of a particle (with
mass m) from the axis of rotation of the frame is r, then the centrifugal force acting on
this particle (in the rotating frame) is given by

C=mOx(rxn). (1.1)

Let r = |r| be proper circumferential radii of the circles which the particle and points in
its neighborhood make in the global rest frame as they move due to the rotation of the
rotating frame. The unit vector q which is normal to the circle made by the particle can
be denned by

q = V r . (1.2)

The vector q points outside the centre of the circle. Because the speed of the particle mea-
sured in the global rest frame is v — r|O|, one can express the formula for the centrifugal
force in the form

C = mft'rq = m—q. (1.3)

The second concept of the centrifugal force uses a generalization of (1.3) to motion
along a non-circular trajectory. Any non-circular trajectory may be considered as being
composed from innnitesimallr short circular fragments and a sequence of instantaneously
corotating reference framtl can be associated with a particle's motion. The instantaneously
corotating frames are defined, for a given trajectory x = x(S) and motion along it v = »(S),
with the help of the Frenet triad, i.e. three mutually orthogonal unit vectors: the tangent
vector T, first normal A, and the second normal A. (Here S is the length measured along
the trajectory.) The vectors T, A and A are given by1

dx

dS* dV
(1.4)

(1.5)

1 The problem of what determines the global rest frame (absolute space itself?, all of
the matter in the Universe?) has been discussed by Berkeley, Newton, Leibnitz, Mach,
Einstein and others and is still disputed - see e.g. Sciaina, 1959 for a historical account
of this discussion and an explanation of the modern understanding of the problem. In
Section 2 a purely experimental definition of the global rest frame is proposed.

s Our sign convention for the vector A, with the minus sign in (15), is the most nat-
ural one for discussing the centrifugal force. Please note, however, that according to the
standard definition in differential geometry X has the opposite sign.



(1.6)

Here V is the covariant space derivative, "R. is called the geodesic curvature radius (1/7? is
called the first curvature) and S is called the torsion (or second curvature). The vectors
r, A, and A obey orthogonality relations,

r=AxA, A = A = Axr. (1.7)

The lines with zero curvature, 1/71 = 0, are the geodesic (geometrically straight)
lines in space. I shall denote them by Lfn. The optically ttraight lines in space coincide
with light rays (photon trajectories). I shall denote them by Lop%. The gyroacopicatty
ttraight lines in space will be denoted by LnT and defined by the condition that a spin of
a gyroscope initially tangent to such a line remains tangent to it when the gyroscope is
moved with an arbitrary (in particular non constant) speed along the line. In Newtonian
dynamics the three kinds of straight lines coincide, and therefore they can be denoted by
I lie same symbol Lf.

^ Lopt — ^ Lo

The reference frame instantaneously corotating with the particle is defined in terms
of the angular velocity of the frame O and the displacement r of the particle from the
instantaneous rotation axis,

r = *A. (1.10)

From formula (1.1), definition of the instantaneously corotating reference frame (1.8), (1.9)
and the Frenet formulae (1.4), (1.5), (1.6) one gets

C = m — A . (1-11)

Formulae (1.3) and (1.11) summarize the two concepts of the centrifugal force. I will
call (1.3) the Newton and (1.11) the Huygeni concept of the centrifugal force.3 According

3 The very concept of the centrifugal force was introduced by Isaac Newton in Principia.
Newton strongly stressed the rote of the rotation of the reference frame with respect to
the absolute space (global rest frame). This is quite obvious in hie famous discussion of
the experiment with a rotating pail of water (see e.g. Weinberg, 1972). Christian Huygens
derived (in a special case) a formula equivalent to (1-11) and published it in 1673 in his
book Horologium Oscitlatorium. He was studying pendulum clocks, and in particular a
question of how changing length of the pendulum affects the period of the clock. Therefore,
although he was not using the concept of the centrifugal force, he in a sense anticipated
the role of the curvature radius (which was in his case equivalent to non-fixed pendulum
length). In its time the Huygens formula was considered to be an important contribution
to science. Newton used it in several arguments in Principia, published 14 years after the
publication of Horologium (see e.g. Cohen 1980).

to Newton's concept, rotation of the reference frame, f> j£ 0, is both sufficient and necessary
for the action of the centrifugal force (in this very frame) on a particle not located on the
frame's rotation axis:

{C ± 0} •«=* {ft jt 0} and { r ^ 0 } . (1.12)

According to Huygens' concept, the particle's motion with a non-zero speed, v ^ 0, along
a non-straight line in space is both sufficient and necessary for the action of the centrifugal
force (in the frame instantaneously corotating with the particle),

{C ? 0} <=*> {U ^ oo} and {v ^ 0} . (1.13)

For a steady circular motion the (global) rotating frame from (1.3) is identical, at
each moment, with the instantaneously corotating frame used in (1.11). In addition, in
Euclidean geometry, the proper circumferential radius of a circle is the same as its geodesic
curvature radius,

r=Tl, (1.14a)

and the vectors q and A, defined by formulae (1-2) and (1.5) are identical,

q = A . (1.14*)

Thus, in any dynamical theory which assumes Euclidean geometry of space, formulae (1.3)
and (1.11) arc exactly equivalent and with them the two concepts of the centrifugal force
are exactly equivalent too.

In non-Euclidean geometries the proper circumferential radius of a circle4 is different,
in general, from its geodesic curvature radius, r ^t 71. For example, in the non-Euclidean
geometry on the two dimensional surface of a sphere with the radius Ra < oo, the great
circles are geodetic circlet, i.e. geodesic lines Ll<o with circular shapes. They have "R - oo.
However, their proper circumferential radii are all equal r = Ra < oc. Therefore, r. # R.

General relativity not only predicts existence in space geodesic circles Cs,o, but also
optical circles Coft Mid gyroscopic circles Cttr, i.e. circular lines Lori and Ll)r in space.
Let us consider, as an example, the three-dimensional space of the static Einstein universe.
It can be represented in four-dimensional, Euclidean space as a three-dimensional "surface"
of a hypersphere (with radius fio). It is obvious that all the geodesic lines in this space
are circles with the proper circumferential radius Rv. It is also obvious (from symmetry)
that light rays coincide with the geodesic circles and that these circles are gyroscopically
straight. Thus, in the space of the static Einstein universe the three kinds of "straight"
circles coincide, and can be denoted by one symbol Ci>,

(1.15)

4 For simplicity I will consider here only axially symmetric spaces. In such spaces
"circles" coincide with the trajectories of the Killing vector £' which generates the axial
symmetry. The proper circumferential radius of a circle is defined by r = f lf, aud the
vector g by formula (1.2) where V is the covariant derivative in space. The vector tangent
to a circle r is given by T1 = £l/r. From this and the Frenel formulae (1.5), (1.6) one
defines A and 7?.



I shall show in the next Section that according to general relativity these three kinds of
circle* always coincide in three dimensional spaces of static spacetimes. The circles Co
have 1/72 - 0 and oo £ r ^ 0. I shall call them the minimal tirc.tr:

Let us consider a space which admits minimal circles Ca. Let us assume thai the
geometry of space does not change in time. This i« enough to introduce a global rest
frame for this space. Let us now consider a particular minimal circle Co in the global rest
frame. We may always arrange a rotating reference frame in such a way that a particle
with a fixed position in the rotating frame will move in the global rest frame along the
minimal circle C9. According to the Newton concept [cf. (1.3) and (1.12)] there should
be a centrifugal force acting on the particle in the rotating frame, while according to the
Huygens concept \cf. (1.3) and (1.13)] there should be no such force. This contradiction
proves that these two concepts are physically different in dynamical theories which admit
non-Euclidean geometry of space. Thus, they cannot both be correct. The question of
which concept of the centrifugal force is, in fact, correct has an exact physical meaning.
The answer does not depend on a definition (which may be arbitrary), but should be
decided by an experiment.

The experiment may be performed in the following way. Let us prepare a ring made
of some strong material. The proper circumferential radius of the ring equals Ro, There is
a test particle with the mass m attached by a spring to the ring. The spring has the proper
length £(, and £B < RQ, AS there may be forces different from that of the centrifugal force
which act on the particle when the ring rotates, there is no a priori obvious way to connect
the tension in the spring X (which is, of course, directly measurable) to the strength of
the centrifugal force C = |C|. One can experimentally determine the function T = 7(it2)
by measuring the tension of the spring for many different rotational speeds of the ring.
By v2 we denote the square of the speed of the particle, experimentally measured in the
global rest frame. Although, as we hare already pointed out, there is no way to connect
the tension of the spring and the centrifugal force, the difference in tension induced by
different speeds of rotation equals, according to both concepts, to the difference of the
centrifugal force (with minus sign),

(1.16)

Integration of (1.16) gives the experimental prescription of how to measure the strength
of the centrifugal force:

C("l) = " l (JS)*'*- (1>17)

The choice of the integration constant in (1.17) assures that there is no centrifugal force
when there is no rotation of the reference frame. (However, in general, T ^ 0 for v = 0.)
The derivative K = —dT/dv3 is a key quantity in our discussion. It equals

X _ _ (0Z.\ = / 1 / r according to the Newton concept
\3v* } ( . I / I according to the Huygens concept (1.18)

Let us now prepare a ring identical with a particular minimal circle Ca. From the
formulae (1.16) and (1.18) it follows that according to the Newton concept the tension
in the spring T dott depend on the rotational speed v of the ring (i.e. K ^ 0), while
according to the Huygens concept it doe> nol, (i.e. K = 0). However, because K is
experimentally measurable, the question whether A' = 0 or A" 7̂  0 at a minimal circle Co
may be experimentally verified. Thus, one can experimentally determine which of the two
concepts of centrifugal force is physically correct. In the next Section I will formally prove
that the general theory of relativity predicts K = 0 at a geodesic circle, and therefore it
agrees with the Huygens, but not with the Newton, concept of the centrifugal force.

2. Centrifugal force in general relativity
I assume that all the spacetimes considered here are italic and axially symmetric.

This means that there exist two Killing vector fields in these spacetimes: the timelike
Killing vector Jjni which haa open trajectories (which are hypersurface orthogonal), and
the spacetike Killing vector {„, which has closed trajectories. The two Killing vectors are
orthogonal, and they commute:*

= 0 =

= 0,

= 0,

Consider now static obtervert whose four velocities are

(2.1a)

(2.16)

(2.1c)

(2.W)

(2.2)

These observers, and the global rest frame established by them can be determined experi-
mentally. Consider a family of observers in space (with or without gravity). Each observer
is equipped with a test rocket engine, a clock (all clocks are identical), a radar which uses'
a standard frequency VQ, and three theodolites with a gyroscopically guided, mutually or-
thogonal axis. Each observer constantly measures distances to all the other observers by a
radar time delay technique. He also constantly measures (using theodolites) the locations
of all the other observers in his celestial sphere and he constantly monitors the strength
and direction of the thrust of his rocket engine. Suppose, that by changing the direction
and strength of thrust of their rockets the observers can achieve a situation in which all

5 According to the spacelike signature (—(- + + ) adopted here, timelike vectors have
negative, and spacelike vectors have positive lengths. The Greek letter indices run through
0,1,2,3 and refer to the spacetime, while the Latin ones run through 1,2,3 and refer to
space. The covariant derivative in the spacetime is denoted by VQ and the scalar product
of two vectors x" and ya by (xy) = xaya. Round brackets denote symmetrization and
square brackets antisymmetrisaiion, 2x(a£) — xa$ -rxpa', ^x\afi] — ' a j — xpa. In the units
adopted here speed of light and gravitational are c = I = G.



their measurements (distances, directions, thrust, thrust direction) do not depend anymore
on time measured by their clocks and that in addition for each pair of the observers (A,B)
the path of the light signal from A to B is identical with the path from B to A. This
statement is obviously experimentally verifiable. If such a situation is possible, then the
•pacetime is italic, i.e. it obeys conditions (2.1), and the observers themselves are italic
observers, i.e. their four velocities are given by (2.2).

The clocks of the static observers show each observer's proper time r - they tick at
the moments 77„) = T(0) + ndr, where T(0) is an arbitrary constant and can be changed by
setting the clock's hand to a different position, and dr is connected to the clock's internal
speed. The clocks can be synchronized in such a way that they will show the global time t.
Let us chose an observer A and use his dock as the master clock for all the other observers.
A particular observer B synchronises his clock with A by the following experimental pro-
cedure. First, B measures in his own reference frame the observed frequency i>' of the
radar of A. Then he tunes the internal mechanism of his clock in such a way, that his
clock ticks in the time intervals dt = £*/"*• The value of the constant c* is agreed by all
the observers (and connected to the units of time - e.g. seconds - they decided to use).
The light travel time l^g between A and B is half of the experimentally measured round
travel time IBAB- When B obtervet that the master clock shows a moment <0, he sets his
clock to show the moment t = tt + tAB. The time t experimentally denned this way obeys

na = Vat - gltS'a, glt = (2.3)

The space at the moment t = (' is denned as the set of spacetime locations of the
static observers whose clocks show the moment t*. The metric of the space can also be
experimentally defined. Consider two infiniteaimally close observers A and B. The distance
dlAB between these observers is given by the difference dlAB in the global time ( between
the moment of sending the signal by the observer A and the moment of receiving it by the
observer B,

dl = di. (2.4)

Note that dt = dtAB = dtBA- In the units in which the light speed c ^ 1, the right hand
side of (2.4) should be multiplied by c.

From the experimental definition it follows that the metric of the three dimensional
space go, is given, in terms of the spacetime metric gap, by

In addition we have

9ik = -

ds* =

dP = gilldxidxk.

(2.5)

(2.6)

(2.7)

The experimentally defined geometry of space, go,, is based on the most natural
definition of distance: the distance between two points in space is measured by the radar

•""•*" ' "" i

technique. Therefore, it has a unique physical, as well as formal geometrical, meaning. The
geometry go, was introduced by Abramowicz, Carter and Lasota (1983), who called it the
optical reference geometry* because the geodesic lines L>te coincide in it with the light
rays Lopt in it. This can easily be seen from the Fermat principle7 which states that in
static space times, tight move* between two fixed points in space on a trajectory for which
the travel time t is a minimum. On the spacetime path of a light ray it is d.t~ — 0 and
therefore [cf. equation (2.6)}

dt* = dP. (2.8)

According to the Fermat principle it is

(2.9)

where the integral is taken between two fixed points on a given photon trajectory. From
the two last formulae it follows that along a photon trajectory Lopt the length is also

= 0 , (2.10)

i.e. that light trajectories in space Lopl are geodesic lines Lfta in the optical reference
geometry.

The global time t and the optical reference geometry go, define together the global
rest frame in space. The optical reference geometry is obviously time independent. It is
also axialiy symmetric - one can check that the vector

is a Killing vector in the geometry go,, i.e. it obeys the Killing equation,

V(^k) = 0, (2.12)

where V, is the covariant derivative in the geometry s,t. The trajectories of the Killing
vector C define circles in space. The circles have proper circumferential radii

(2.13)

" This has. nothing in common with several "optical geometries" or "optical coordi-
nates" discussed previously in a different context - see e.g. Synge 1960, or more recently
Trautman 1984, and Robinson and Trautman 1986. Using the name "optical geometry"
for different and unrelated concepts is already a tradition in general relativity: see, for
example, the footnote on page 86 of Synge's (1960) text book which explains how the
"optical coordinates" defined in his book differ from those used earlier by Temple (1938).

7 The relativistic Fermat principle was found by Weyl (1917) for static space times.
It is explained in most of the relativity textbooks - e.g. Landau and Lifshitz (1975). A
generalization of it to stationary, but nonstatic space time was found by Quan (1962).
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(The symmetry axis itself is characterized by f = 0.) When a particle moves along such a
circle iu space its four-velocity in tpace time equals

»- = A(n" + ftr )•

ft is the "orbital" angular velocity of the particle and A is the "redshift factor",

(2-14)

The speed of the particle v measured in the optical reference geometry equals

(2-16)

where v = ilf is the " Lorentz " speed of the particle (0 < v1 < 1) and 7 is the Lorentz
gamma factor.

The quantity f plays an essential role in our discussion. It was defined \cf. equation
(2.13)] as the proper circumferential radius of the circular trajectories of (axial) symmetry
in the optical reference geometry, but this definition does not fully reveal its important
geometrical and physical meaning. The geometrical importance of f follows from the fact
that the first normal (outside pointing) vector qa and the geodesic curvature radius 7J of
circles in space [cf. equation (2.13)| are both directly connected to f and its spacetime
gradient Vor. This is because Vjf = dr/dx' = Vjf and

—

Therefore, we can write

V Q f

(2.17)

(2.18)

These quantities appear in the formula for the acceleration, ap = v"Vavp, which in a
general circular motion [cf. equation (2.14)] equals

* 2
= r V , k (2.19)

The circular free photon orbit Copt is characterized by v"va = 0 and aa = 0 and
these two conditions can be summarized, making use of formulae (2.14), (2.18) (2.19), as
Vor = 0 or H = 00. Thus, in agreement with the Fermat principle, we have C'JCO = Copt.
I shall show that these two kinds of circles also coincide with the gyroscopic circles Cnr

by proving that the spin So of a gyroscope initially parallel to a circular photon path Capt,
remains parallel to it when the gyroscope is transported by any observer who moves along
Cpt with any velocity va given by (2.14). This is equivalent to sayiug thai the spin of the
gyroscope is always parallel to the Killing vector (", because the vector £° is itself parallel

to Copt. The spin of a gyroscope is Fermi-Walker transported along the trajectory (see
e.g. Synge, 1960). Thus, because S[o^ - 0, the point will be proved if we show that the
Killing vector ( a is Fermi-Walker transported along Copt or that

«aVa£fl = (v^a" - a&v")ia. (2.20)

on the circular photon orbit. Note, first of all, that from (2.19) it follows that a°£Q = 0.
The left-hand side of formula (2.20) is:

and the right-hand side is:

(r.h.s.) =

Thus, (l.h.s.) = (r.h.s.) and the result is proved: in the three dimensional space (optical
reference geometry) connected with a static spacetime, the geodesic, optical and gyroscopic
circles are equivalent. They correspond to the minimal circles Cg introduced before [<•/.
equation (1.15)]:

Cjeo = Copt = Cj|,P = Cf (2.21)

We now come to the main point of this paper. Consider a general, non-geodesic
{aa f. 0), circular motion of & particle described by formulae (2.14) and (2.19). Because
aa ^ 0, the particle needs a support of a real force TQ {eg, the tension of a spring or the
thrust of a rocket engine) in order to move along the circle:

Ta = Tqa =

From this it follows that

G

(2.22)

(2.23)

where G — q^Vpln \{i)*))\ does not depend on t'- Note, that on a minimal circle Co (for
which \j% — 0) th« derivative K equals

as2 n (2.24)

According to our discussion in the previous Section this means that only the Huygens
concept of the centrifugal force is compatible with general relativity.

Let us now formulate the main conclusion from the above discussion: The physically
correct relativistic formula for the centrifugal force in the global rotating reference frame
(or in a frame instantaneously corotating with the particle) reads:

v2

Ca=^,"o . (2.25)

10

T IT



All Hie quantities which appear in this formula were previously defined in terms of a
physical experiment.

I will now discuss some quite unexpected properties of the centrifugal force in a strong
gravitational field. The physical part of the discussion is based on four recent papers:
Abramowicz and Prasanna(l989), Abratnowicz and Miller (1989), Abramowicz (1989), and
Ahriuuowicz, Miller and Stuchlik (1990). Mathematical formalism for it was developed by
Abramowicz, Carter and Lasota (1988). The very counter-intuitive, indeed paradoxical,
behaviour of the centrifugal force in a strong gravitational field was first noticed (and
correctly explained in a particular case) by Abramowicz and Lasota (1974, 1986).

The energy £ = —T}"va, angular momentum C = {ava, and the specific angular
momentum, ( = CjE of a particle are constants of geodesic motion. The ratio of the
specific angular momentum to the angular velocity equals

- = f 3 . (2.26)

The surfaces l/U = const are called the von Zeipei cylinders* In Euclidean geometry the
von Zeipei cylinders are straight cylinders, coaxial with the axis of rotation. However, in
non-Euclidean spaces the von Zeipei cylinders may have non-cylindrical topology. This
can be seen from the following reasoning. Let us consider a motion of a photon in space
and denote by Va the component of the photon's velocity which is orthogonal to both t}a

and {„. Let V* = ~(vrf)(VV)/jCJ. Note, that V7 > 0. The equation of motion for a
photon can now be written as

V2 = * ~ V.//, (2.27)

where b = £/C = const is the impact parameter of the photon (b = oo for photons crossing
the rotation axis). The quantity

V.fJ = ™ (2.28)

is the effective potential for the photon motion. Circular photon orbits are located at the
extrema of the effective potential, VQVe// = 0. Local maxima of the effective potential
correspond to unstable, and local minima of the effective potential to stable circular orbits.
From (2.17) and (2.26) it follows that qa is a unit vector normal to the von Zeipei cylinders.
Because VaV,ff — -f~1Vaf, the vector qa is not defined at the circular photon orbit \cf.
equation (2.17)]:

0
9a = 5, (2.29)

This implies that the von Zeipei cylinders have critical circles there. Two types of the
critical circles are possible. At a critical circle of the saddle type a particular von Zeipei
cylinder intersects itself. Close to a critical circle of the centre type the von Zeipei cylinders
have toroidal topology. The critical circle is a limiting torus with the area of the cross

The von Zeipei cylinders were introduced by Abramowicz (1974). They are very
useful in studying properties of rotating fluid configurations (see, for example., Seguin
1975; Abramowicz, Jaroszyriski and Sikora 1978; Abramowicz 1982).
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section equal to zero. Because direction of the vector qa agrees with the direction of
the centrifugal force \cf. equation (2.25)], the centrifugal force always locally repulses from
unstable circular photon orbits and attracts to the stable circular orbit. Thus, in particular,
the centrifugal force may attract toward the axis of rotation! In addition, centrifugal force
does not act on particles which move along a circular photon orbit.

This is schematically illustrated in Figure 1 for the Schwarzschild solution which
describes both the exterior and the interior (with constant density pa) of a spherical star
with gravitational radiua Ra and the radius Ro < (3/2)RQ. In Figure la the effective
potential V,// is shown. It has one maximum, corresponding to the familiar unstable
circular photon orbit outside the star si r = rt = (3/2)Ro- It also has one minimum
inside the star, corresponding to a stable circular orbit at r = rj. The part corresponding
to the interior of the star is shadowed. In Figure lb the equatorial section of the star is
shown. The section of the von Zeipei cylinders are circles (shown by broken lines). The
two critical circles are shown by the heavy lines - the inner circle (centre type) corresponds
to the stable circular photon orbit, the outer circle (saddle type) corresponds to unstable
circular photon orbit. The vector <ja ia shown by small arrows. Between the the two photon
orbits the centrifugal force attracts toward the rotation axis.

It Figure lc a meridian section of the star is shown. The von Zeipei cylinders are
represented by the heavy lines and the axis of rotation is shown by the straight vertical
line in the middle. There are two critical circles: one of the saddle type which corresponds
to the unstable photon orbit (shown by the open dot) and one of the centre type which
corresponds to the stable photon orbit (shown by the full dot). The equatorial plane is
shown by the horizontal broken line and the interior of the star is shadowed. The vector
qa is shown by small arrows. Note, that in the region between the two photon orbits the
centrifugal force attracts towards the axis of rotation!

In the Schwarzschild solution the radial coordinate r has a unique geometrical meaning
(and can be experimentally measured). In particular, the unit vector

Var
(2.30)

uniquely defines the outward radial direction. Consider now the equatorial plane of the
Schwarzschild solution. If (qq') = + 1 then the centrifugal force points away from the axis
of rotation, and if (qq') — — 1 then the centrifugal force points toward the rotation axis. On
the equatorial plane of the exterior Schwarzschild solution the scalar product {qq') equals,

(2.31)

and the geodesic curvature radius 7c of the circles r = const equals

(2.32)

12
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Figure la: Effective potential for photon motion in the equatorial plane of the Schwarz-
schild solution.

Figure lb: Equatorial section of the von Zeipel cylinders in the Schwarzschild solution.

Thus, for r = (3/2)/to we have H = oo and the centrifugal force vanishes there. For
RQ < r < (3/2}/to 'he centrifugal force attracts towards the rotation axis.

3. Strange effects of rotation in a strong gravitational field

The results presented in the previous Section, in particular the formula (2.25) for the
centrifugal force,

Ca = —£,, (3.1)

clearly explain examples of a very strange, strikingly counter-intuitive, effects of rotation
in a strong gravitational field which have been found (theoretically) by several authors.
There are two main points of this explanation: reversal of the direction of the centrifugal
force and other dynamical effects of rotation which occur at circular photon orbits [cf.
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Figure It; Meridian section of the von Zeipel cylinders in the Schwarzschild spacetimc.

equation (2.31)], and weakening of the circular force in a strong gravitational field \cf.
equation (2.32)].

Example 1 (Abramowict and Prasanna, 1989): Consider a test rocket engine with the
mass m moving with a constant speed v along a fixed circle with the radius r. The centre of
the circle is occupied by a static, spherical gravitating body with the gravitational radius
RG (Schwarzschild black hole, or a very compact neutron star). If the orbital speed of
the rocket is less than that which would correspond to the free (i.e. geodesic, Keplerian)
motion at this radius, then the rocket's engine must provide a steady push upward by
means of its thrust - otherwise the rocket would not stay on the orbit. The exact value
of the thrust T depends, for the fixed orbit, only on the orbital speed. Suppose that
the orbital speed was increased so that the rocket now moves faster, but still along the
same circle. Does this always correspond to a decrease of the thrust needed to keep the
rocket on this fixed orbit - as surely the Newtonian theory would predict? Although the
Newtonian prediction seems, at first glance, to be inevitable on the physical grounds, the
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correct answer which follows from general relativistic calculations is actually - no, it dots
not. When r < (3/2)WQ, then the thrust should be increased in order to keep the rocket
on its orbit - a faster rotation around the centre introduces a stronger attraction toward
the centre! This effect is fully explained by the reversal of the centrifugal force inside the
circular photon trajectory [c/. equation (2.31)).

Example t (Abramowicz and Lasota, 1974,1986): Consider many test rockets orbit-
ing the Schwarzschild black hole along a particular Circle r = (3/2)RQ with constant in
time, but different (for different rockets), orbital speeds. Does the thrust needed to keep
these rockets on this particular orbit depend on the orbital speed? The Newtonian theory
prompts the answer yet, but the correct (relativistic) answer is no, it does not. All the
rockets use the same thrust, T = mc*/6GM, in order to stay on this orbit - rotation
around the centre has no dynamical effect at all, centrifugal force is zero! This effect is
fully explained by the weakening of the centrifugal force [ef. formula (2.32)]. There is
also a purely physical argument (Abramowicz and Lasota 1974, 1986) which supports this
explanation.

Let us consider two test particles (both with the same mass m) on the circular photon
orbit r — (3/2)flo and two observers comoving with these particles: a static observer
A who stays at a fixed point of the orbit (his orbital speed is therefore t'x = 0) and an
observer B who moves around the orbit with constant in time orbital speed vB. In order
to support their motion, the observers A and B use rocket engines with thrusts TA and
TR. The gpacetime accelerations of the observers are a A and as- Because the observers
(and their rockets) have identical mass, it is:

^ = £ . (3.2)
OA OB

Suppose, that at some moment the static observer A points his telescope in the direc-
tion in which he sees the moving observer B, i.e. in the direction tangent to the circular
photon path. He then keeps this direction fixed in terms of the spin of a gyroscope attached
to his telescope. As the observer A is static, the gyroscope will always be tangent to the
circular photon path. This means, however, that observer A will actually see observer B
always at a fixed direction in the sky. He may also use a flash light. A signal sent by A
And reflected by B will be received by a gyroscopically guided telescope of the observer
A coming from the same direction in which it was sent. This is because both clockwise
and anticlockwise orbiting photons move along the same circle CV Furthermore, because
the orbital speed of B is constant in time, A will measure (by Doppler tracking) a con-
stant radial speed of the observer B. Therefore, observer A will conclude that in his own
reference frame, the transverse velocity of B is zero, and radial velocity of B is constant
in time. Thus, according to physical measurementi made by A the observer B appears to
move along a straight line with constant speed. This implies that the relative acceleration
between A and B, physically measured by A, is zero:

as ~ <M = 0. (3.3)

From this and (3.2) it follows that TA = TB = const, or that the thrust of the rockets
moving along the circular photon orbit has a fixed value T«: it does not depend on the
orbital speed.
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Example S (Chandrasekhar and Miller, 1974; Miller 1977): Maclaurin spheroids are
axially symmetric, stationary figures of equilibrium of a perfect (no dissipation), self-
gravitating, rigidly rotating fluid with constant density. They have oblate spheroidal shapes
(in the Newtonian theory exactly ellipsoidal) with the principal three axis zj = a, i2 —
b, x> = 6 (a < b), the dimensionless mean radius R = Habb)'ts]/Ra and ellipticity e = [{b-
a)/a\/\(cJ/GM3)2]. Newtonian theory predicts that in a sequence of Maclaurin spheroids
with fixed total mass M and total angular momentum J, ellipticity increases when the
mean radius decreases. However, according to an exact genera) relativistic calculation
performed by Chandrasekhar and Miller, when R < 2.5 ellipticity decrease! with decreasing
radius.*

Abramowicz and Miller (1989) demonstrated that this may be explained by the weak-
ening of the centrifugal force [cf. formula (3.32)]. They calculated the shapes of the rel-
ativistic Maclaurin spheroids in the Ccntrifvgally Corrected Newtonian (CCN) theory in
which the gravitational force Q is the same as in the Newtonian theory, but the centrifugal
force C is corrected according to (2.32):

SCCN — GN, CCCN = 11 — 1 (3.4)

The function e = e(R) computed with the CCN formalism (and shown in Figure 2) differs
by only a few percent from the same function computed by Chandrasekhar and Miller
(1974) who used the exact general relativistic formalism.

This may have a practical and important astrophysical application, connected with
recent discoveries of several millisecond pulsars and the discovery of a half-millisecond
pulsar in the Supernova SN 1987A (see e.g. Nakamura 1989 for references). The optical
variability with frequency 1968.629 Hz, discovered recently by Middleditch et al. (1989)
in the supernova 1987A, is generally interpreted as due to rotation of a neutron star. An
alternative possibility, that the reported frequency represents a radial oscillation of the
neutron star, seems to be less satisfactory because it is still unknown how the oscillations
of a neutron star translate into the optical pulses.

The most important and interesting implication of the discovery of this sub-millise-
cond pulsar is that the fast rotation of the SN 1987A pulsar gives severe constraints on the
equation of state at high, nuclear, densities (p > 1014 g/cm3). This is because the upper
limit set by gravity on the rotation of neutron stars is very sensitive to the equation of
state. For a given mass M the maximal possible angular velocity 0 of a rigidly rotating
star equals to the Keplerian frequency at the equatorial radius R of the star. The Keplerian
frequency is defined as the orbital frequency of a free test particle (moving along a circle)
and equals

9 Similarly to the above described behaviour and contrary to a prediction of the Newto-
nian theory, rotation increases internal pressure of a sufficiently compact, not necessarily
homogeneous, body having R < 1.25 (Abramowicz and Wagoner, 1974).
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Figure 2: Elh'pticity behaviour in relalivistic Maclaurin spheroids. (From Abramowicz
and Miller, 1989).

Since ft = 1.237 x lO4sec~' for the pulsar in SN 1987A, the mass and radius should satisfy

M > 1.15M© ( y
VlOkm/

(3.6)

Neutron star models constructed from equations of state that are stiff above nuclear density
have substantially larger radii than models constructed from toft equations of state. Thus,
the limiting frequency decreases (for a. given mass) with increasing stiffness of the equation
of state.

This is illustrated in Figure 3, where the lines labelled MF (mean Reid), TI (tensor
interaction) BJ (Bethe and Johnson), R (Reid potential) and ir (Reid potential with pion
condensation) represent computed non-rotating neutron star models with increasing soft-
ness of equation of state. Too soft equations of state are not consistent with the 1.44M©
mass of the non-rotating neutron star observed in the binary pulsar 1913+16- This is
indicated in Figure 3 by a horizontal Line labelled "1.44A-/0".

Tlie line labelled "Centrifugal Balance" corresponds to the condition (3.6) with mod-
els which are allowed located to the left of the line. One may expect (from Newtonian
theory) that close to this line the models become very oblate due to tlie strong effect of
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Figure 3: Constraints for equation of state from the pulsar in SN 1987A. (From Nakamura,
1989)

the centrifugal force. Therefore, the spherical models, assumed in the derivation of the
condition (3.6), are not adequate. One may approximate the shape of the configuration
in this cas« by the relativistic Roche model (Shapiro and Teukolsky, 1933) which assumes
that the equipressure surfaces (including the surface of the star) coincide with equipoten-
tial surfaces for rigidly rotating test fluid in the Schwarzschild geometry. From this model
one finds (Nakamura, 1989) that for the pulsar in SN1987A it must be

M
VlOkm/

(3.7)

This condition is marked in Figure 3 by the line labelled "Roche Model".
The conditions described above are based on approximations connected, in a sense,

with two extreme possibilities. Thus, it is quite obvious that the realistic condition will
be placed somewhere between them. As the Roche model condition (together with the
"1.44M©" one) is really restrictive - it leaves only one equation of state - it is important
to know how close the correct condition is to that given by the Roche model. In addition,
the only detailed stability analysis available to date (Lindbtom, 1986) was based in part
on Newtonian considerations (fully relativistic analysis is very difficult). According to
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Lindblom's analysis the shortest possible period of rotation is 0.6 millisecond, but it may be
that general reiativistic effects will change this result. The equilibrium and stability of the
rapidly rotating neutron stars can be studied in the CCN formalism which is much easier
than general relativity, but captures important physical properties of the balance between
the gravitational and centrifugal forces in rotating fluid conRgurations (weakening of the
centrifugal force). Note that the effect of the weakening of the centrifugal force correctly
described by the CCN formalism is not small: in the range of radii relevant for neutron
stars the value of ellipticity predicted by Newtonian theory differs from the predictions of
general relativity and CCN by about 50%.

Example 4 (Abramowicz and Prasanna, 1988): The well-known Rayleigh criterion de
mauds (in the Newtonian theory) that the specific angular momentum /, corresponding
to orbits from a given continuous set, should increase with the orbital radius in order for
this set to be stable with respect to axially symmetric, local perturbations. However, in
the region r < (3/2)Ra around the Schwarzschild black hole, the Rayleigh criterion is
reversed: stable equilibria correspond to angular momentum decreasing outwards.

Abramowicz and Prasanna (1989) considered a collection of particles orbiting a centre
of Schwarzschild on circular orbits at the equatorial plane. The angular momentum distri-
bution for this collection is given by I = l{r). The equilibrium condition in the reference
frame instantaneously corot&ting with each particle (in the direction orthogonal to the
orbit) is given by

C(r,l2) + X(r) = 0. (3.8)

Here C is the centrifugal force and X(r) is the force which depends only on position but not
on angular momentum I or any other constants of motion. As the result of a displacement
of an element from r0 to r = r0 + Ar, there will be unbalanced radial force

•=[C<r,/')
ac di2

(3.9)

In a stable situation the unbalanced force brings the displaced element back towards the
equilibrium position,

AjFAr < 0. (3.10)

This is equivalent to the gener&h'zed RayUigh criterion of stability

8C dl2

In the familiar Newtonian situation dC/dl2 = r ' and therefore we recover the standard
form of the Rayleigh criterion: dl2/dr > 0. In the reiativistic case the stability criterion
reads

2r - 3fto dP
0 <312>

We see that for circular motion inside the circular photon orbit (r = ( 3 / 2 ) R Q ) the
Rayleigh criterion is reversed: for a stable configuration, tpecific angular momentum should
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decrease with increasing radius. This is obviously connected to the reversal of the dynam-
ical effects of rotation at the circular photon orbit \cf. equation (2.31)].

Example 5 (Anderson and Lemos, 1988): From the Newtonian theory of accretion
disks (eg- Lynden-Bell and Pringle, 1974) it follows that viscous stresses transport angu-
lar momentum outwards. However, close to the Schwarzschild black hole, r < (3/2)flo,
viscous stresses transport angular momentum inwards.

Abramowicz and Prasanna (1989) explained that this is due to the reversal of the
dynamical effects of rotation [cf. formula (2.31)]. They used the ft general formula which
describes the angular momentum flux through any spacelike surface 5:

j = Mt-Q. (3.13)

This formula is strictly valid in both the Newtonian theory and in general relativity. It
consists of two terms: the advective flux Ml and the viscous torque Q. The advective term
describes the angular momentum transport connected with the macroscopic flow of mat-
ter: M is the net rest m u i flux through the surface and / is the (average) specific angular
momentum of matter crossing the surface S. The viscous torque Q is connected with the
microscopic transport of angular momentum through the surface 5 in which there is no
mass net flow through the surface. The details of this microscopic transport are totally
ignored in the hydrodynamical, macroscopic, treatment. Instead, a purely phenomrno-
logical expression for the torque is assumed and it is the same for both Newtonian and
reiativistic hydrodynamics.1' The torque is non-zero only if non-zero shear oap is present
in the fluid:

j (3.14)

Here dSa is the oriented element of the surface S. In the present problem the surface S
is part of a spherical surface f = canst and therefore the vector dS" does not change its
sign anywhere in RQ < r < oo. Since the viscosity coefficient TJ is non-negative it follows
that the viscous torque Q reverses sign if and only if the vector CoflC changes sign. For
the circular motion (2.14) this vector can be written in the form (Koztowski, Jaroszynski
and Abramowicz, 1978):

(3.15a)

10 The formula (3.14) is assumed only for the Newtonian fluids, i.e. for gases and liquids
made up of "light" molecules - those of molecular weight less than about 1000. It cannot be
applied to fluids containing polymers, where molecular weights range from 10' to 10s and
molecules are made up of repeating chemical units. Both polymer solutions and undiluted
polymers ( "melts") are called non-Newtonian. Polymer fluid dynamics, very different from
ordinary hydrodynamics, was reviewed in a special issue of Physics Today, vol. 37, no. 1,
January 1934. Although our arguments cannot be applied to the non-Newtonian fluids,
the basic formula (3.13) on which these arguments are based is valid for both Newtonian
and non-Newtonian fluids.
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= -Om)(tt). (3.15t)

The case I = const is physically important and especially easy to treat - we now
assume this particular angular momentum distribution. From formula (3.15) we have, in
the case of Schwarzschild geometry,

(3,6,

This demonstrates that crap^p, and therefore also the viscous torque Q, change sign at
the circular photon orbit. For r < ['i/2)Rc the viscous torque transports the angular
momentum inward*. The physical reason for this is the ttvertal of the dynamical effects
of rotation [cf. equation (2.31)].
4. Non-static spacetiines

The discussion presented in the previous Section assumed strictly italic spacetime. In
a more general case of axially symmetric, stationary (but not necessarily static) spacetime
one has the two Killing vectors 17° and (™ which obey, as previously,

(4-la)

(4.16)

(4.1c)

(2.W)

When a particle has its angular velocity (with respect to stationary observers) fi =
its specific angular momentum is zero:

but in general the vector TJ" is not hypersurface orthogonal,

V|alfc| / 0,

and it is not orthogonal to the vector {",

, n - JJ
1 - Iter2'

(2.2)

For this reason observers rotating with angular velocity u> are called ZAMO i.e. Zero
Angular Momentum Observers (Bardeen, 1973). The quantities il and f in (2.2) have the
same meaning as before. The ZAMO observers define the local inert)al frame, while the
stationary observers \cj, formula (2.2)] define the global rest frame. Relative rotation of
these two frames (with angular velocity u>) is often called "dragging of inertia) frames".

Let us assume that w is a small quantity and let us keep in our discussion only linear
terms in <i. The formula for the velocity in circular motion is again given by formula
(2.14), but the acceleration formula (2.19) now reads:

1
(4.2)
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Here Tt and q$ are defined exactly the same way and by the same formulae as previously.
Orbital speed v is again given by

but now the "Lorentz" speed v a measured with respect to the locally non-rotating ob-
servers:

v = {il-w)f. (4.3)

Arguments similar to those discussed in the previous Section show that also for sta-
tionary (non-static) spacetimes, the centrifugal force should be identified with {v2/V.)qp.
The centrifugal force weakens in a strong gravitational field and it may attract to the axis
of rotation. However, presence of the frame dragging causes the closed photon trajecto-
ries to split: photons can move only in one direction along the trajectory. The frame
dragging introduces a new inertial force, tifV^i, which Abraniowicz, Carter and Lasota
(1983) identified with the Coriolis force. The cases of stationary and conformally stationary
spacetimes will be treated separately in a forthcoming publication.

5. Conclusions

A simple gtdanken experiment shows that a rather fundamental revision in under-
standing of the very nature of the centrifugal force is needed: A particle with a fixed
position in a reference frame rotating with respect to the global rest frame ("absolute
space") moves in the global rest frame along a circular path, C. According to the conven-
tional understanding of the centrifugal force (as Newton himself explained in Prineipia by
the famous experiment with a rotating pail of water) there will be centrifugal force acting
on the particle in the rotating frame. The faster the rotation of the frame is, the stronger
will be the centrifugal force. The centrifugal force always acts in the direction exactly
opposite to the centre of the circle C.

However, the result of this experiment in a strong gravitational field is different than
that predicted by the Newtonian theory. Centrifugal force acts on the particle in the
rotating reference frame if and only if the particle's path in the global rest frame C is not
identical with a photon trajectory. (General relativity predicts the existence of circular
photon trajectories in space.) Depending on the location of the circular path of the particle
with respect to circular photon trajectories, centrifugal force points either in the direction
opposite to the centre of rotation or in the direction to the centre - this means that the
centrifugal force in some situations attracts to the axis of rotation!

The possibility that the centrifugal force can reverse direction was first anticipated (on
physical grounds) by Abramowicz and Lasota (1974, 1986). We claimed in those papers
that on the circular photon path the centrifugal force should be zero. This was later
supported by a formal discussion in the paper by Abramowicz, Carter and Lasota (1988)-
Tlie explicit demonstration that the centrifugal force reverses its direction and attracts
matter towards the rotation axis was given by Abramowicz and Prasanna (1989).

I would like to thank many colleagues who have spent long hours discussing with me
the issues studied in this paper. First of all, I am indebted to Dennis Sciaina who helped
to clarify many of the ideas presented here and pointed out to me that a somewhat similar
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approach to forces and motion has previously been considered by Synge (1960). Without
his help this paper would not have been completed. Jerry Ostrikcr suggested examining
tbe relation between orbital speed and the real force, which became the main point of
the experimental definition of centrifugal force proposed in this paper. George Ellis, Jiri
Bicak, Jurgen Ehlers and Donald Lynden-Bell looked critically at the formal details of my
arguments. (Jurgen Ehlers, in addition, informed me about several relevant historical refer-
ences.) S. Cliandrasekhar, Roy Kerr, Arieh Konigl, Igor Novikov, Bohdsui Paczyiiski, Sterl
Phinney, Ivor Robinson, George Rybicki, Kip Thorne and Audrzej Trautman, suggested
some improvements in arguments and presentation. Antonio Lanza has checked some cal-
culations. Special thanks are due to Piotr Lasota (our 1974 paper started the whole issue!)
and to other colleagues who have collaborated with me on this subject: Brandon Carter,
A.R. Prasanna, John Miller, Bozena Muchotrzeb-Czerny and Zdenek Stuchlik.

23

REFERENCES

Abrarnowicz M.A., 1974, Acta A*tr., 24, 45.

Abramowicz M.A., 1982, Astrophys. J, 264 , 748.

Abrainowicz M.A., 1989, Mon. Not. R. astr. Soc., in press.

Abramowicz M.A., Carter B., and Lasota J .P . , 1988, Gen. Rtlat. Grav., 20, 1173.

Abramowicz M.A., Jaroszynski M. and Sikora M., 1978 Attr. Astrophys, 6 3 , 221.

Abramowicz M.A, and Lasota J . P . , 1974, Acta Phys. Polon., B 5 , 327.

Abramowicz M.A. and Lasota J . P . , 1986, -4m. J. Phys, 54, 936.

Abramowicz M.A. and Miller J.C., 1989, Mon. Not. R. attr. Soc. in press.

Abramowicz M.A., Miller J.C. and Stuchlik Z., 1990, in preparation.

Abramowicz M.A. and Prasanna A.R., 1989, Mon. Not. R. aitr. Soc., in press.

Abramowicz M.A. and Wagoner R.V., 1976, Attrophyt.J., 204, 896.

Anderson MR. and Lemos J.P.S., 1988, Mon. Not. R. attr. Soc., 233, 489.

Bardeen J.M., 1973, in Black Holes, ed. C. de Witt and B. de Witt, Gordon and Breach,

New York.

Chandrasekhar S. and Miller J . C , 1974, Mon. Not. R. attr. Soc., 167, 63.

Cohen B., 1980, The Newtonian Revolution, Cambridge University Press.

Landau L.D. and Lifshitz B.M., 1975, The Classical Theory of Fields (Fourth Revised

Edition), Pergamon Press, Oxford.

Lindblom L., 1986, Astrophys J., 303 , 146.

Lynden-Bell D. and Pringle J.E., 1974, Mon. Not. R. astr. Soc., 188, 603.

NakamuraT., 1989, Progr. Theor. Phys., 8 1 , 1038.

Middleditch J. et o/., 1989, IAU Girc. 4735.

Miller J . C , 1977, Mon. Not. R. astr. Soc., 179, 483.

Quan P.M., 1962, in Let Theories Relativistts de la Gravitation, Editions du CNRS, Paris.

Robinson I. and Trautman A., 1986, in Marcel Grossmann Meeting on General Relativity,



T "T"



Stampato in proprio nella tipografia

del Centro Internazionale di Fisica Teorica


