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ABSTRACT

The notion of topological objects in hadronic physics is

discussed, with emphasis on the role of the Wess-Zumino term and

induced transmutation of quantum numbers in chiral bag- models.

Some applications to nuclear systems are given.

1. INTRODUCTION

Topological concepts have played a very important role in

various branches of physics and are becoming an invaluable tool in

condensed matter physics and particle physics. To cite a few

fashionable domains, string theories rely heavily on topology and

recently a viable mechanism for high-T superconductivity has been

based on the property of topological solitons (specifically

skyroions). In this lecture, I will discuss a few cases where

topological concepts turn out to give deep insight into some physical

processes and to make some exciting predictions in strongly

interacting systems.

The role of topology in hadronic systems is much less clear

than in other areas of physics (this is mainly due to the fact that it

has been much less studied) and somewhat obscured by the strong

interactions that are hard to put under systematic control. But as I

will argue, there are some fascinating aspects in hadronic systems
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that may be interpreted elegantly if topological concepts are invoked.

In the first lecture (Section 2), I discuss how chiral bags

embody the quantum anomalies contained in the Wess-Zumino term, and

hence are consistent with what is expected at low energies of QCD. In

the second lecture (Section 3). the phenomenon of transmutation of

spin-statistics is discussed, with emphasis on low-energy hadronic

systems. Some mathematical issues are mentioned in Section 4. The

overall structure of the lectures is highly qualitative (and

non-rigorous). Some of the references given treat the matter with much

more rigor. Here I focus on main ideas, although some of them are

somewhat speculative.

2. CHIRAL BAG AND THE WESS-ZUMINO TERM

In the skyrmion description of the hadrons1', baryons arise as

topological solitons in the chiral field U of Goldstone bosons. In

general, there would be no unique way to identify the topological

winding number with the baryon number and to connect it to anything

that has to do with QCD or any other fermion theories. The way the

skyrmion makes sense as a baryon in the sense of QCD comes about due

to the presence of the Wess-Zumino term 2 >. When one formally

integrates out the quarks and gluons from the generating functional

assuming that chiral SU(Nf)xSU(Nf) symmetry is realized in Goldstone

mode, there is a term called the Wess-Zumino term which though written

entirely in Goldstone fields encodes information on quarks and gluons,

dictates that the soliton in the U field be a fermion for winding-

number-odd integer, so a baryon with correct spin-statistics, correct

internal quantum numbers etc. One can interpret these also in terms of

Berry's phase3' which is found universally in other areas of physics.

In this part of the lecture, I discuss how the Wess-Zumino

term arises in the chiral bag model4' which we believe possesses many

qualitative features that model QCD in a wide range of kinematical

situations.

2.1. The bagged Wess-Zumino term

For definiteness, consider Nf= 3 consisting of u.d.s quarks.

(For Nf= 2, the Wess-Zumino term is absent, so although skyrmions

exist, their topological considerations require some subtle

arguments.) When the quarks are integrated out from the entire space.



the Wess-Zumino term (or more properly the Wess-Zumino-Witten action)

is of the form

B=VxS1X[O1I] (2.1)

where V is the 3~space volume, S1 compactified time and [0,1] the

extension needed to make the action local. The integral is defined on

a five-dimensional ball B whose boundary is the space-time volume VxS1.

Suppose now we have u,d,s quarks confined within a volume V

(which we will take to be spherical for simplicity) and we will assume

them to be all massless for the moment, leaving the consideration of

mass terms for later. The model we consider is as follows : inside the

bag, the quarks t|/ = IdI obey free Dirac equations ; outside the bag,

KV
2A-1T .

there is the Goldstone field U = exp i where IT1 are octet

Goldstone bosons which are massless within the assumption. We can

think of having massive vector mesons suitably introduced (say, via

hidden gauge symmetry strategy5 ' ), which would furnish short-distance

dynamics and hence stabilize the soliton. In this way, one would have,

in addition to the U field, a combination of vector fields V^ and A^.

For the moment let us imagine that we have integrated out the vector

fields as well, so that the dynamics in the meson sector is described

entirely by the U field, the degrees of freedom corresponding to the

integrated-out vectors appearing in higher derivatives in the U field.

What concerns us is a topological object and dynamical details do not

figure in the consideration.

The way the chiral bag is constructed immediately suggests

that the meson sector carries an incomplete Kess-Zumino term

f
JVxS1X[O1]

iN_
- _ . _ _ . - (2-2)

.1]

where V is the volume (outside) occupied by the meson. Label the

complementary volume occupied by the quark bag by V, such that the

total volume V = V + V.

Since (2.2) is an incomplete piece of the Wess-Zumino term



(2.1) and since the Wess-Zumino term, as a whole, governs the

consistency of the theory, there must be a contribution coming from

the quark-bag in V which completes eq.(2.2). Does the model so defined

have this feature ? If not, the model should be thrown away : it will

be inconsistent. If so, how ? Put in differently, how do the quarks

know that they have to supply the missing piece in a very precise

way ? This question was answered in the case of the baryon number in

variety of ways "' but not for all other quantum numbers. I will now

argue that chirally invariant bag boundary cond: fcions assure that the

bag provides

(2.3)

This was first established in (1+1)-dimensional systems7' but it is

now known that in (3+1)-dimensional chiral bags, exactly the same

result is obtained 8'. It is a bit more cumbersome to work out the

(3+1)-dimensional case, so let me sketch the reasoning using the

(1+1)-dimensional chiral bag : the argument goes through in exactly

the same way for (3+1)-dimensional chiral bags.

In (1+1) dimensions, the action corresponding to eq.(2.2) is

f_
JVxS1X[O1

PV = 21K |_ . d3x £-« Tt(L4L11I*) (2.4)
• 1J

with

H1= g ^ g . g = exp^ivpiFe) , e = eaTa

(1* are the generators of some group, say SU(2)) and K = N0/24"It
2 (Nc =

number of "colors"). Equation (2.4) is written in Euclidean space

(rather than Kinkowski used above). We will now sketch the procedure

to derive the corresponding quantity in the complementary (fermion)

space V. Let me note that in (l+l)-dimensions F^1 = Vl4w, which appears

in the chiral field g.

To show that the quark-bag contributes the complementary piece

of the Wess-Zumino term, I will follow the method of Palomir,

Huschietti and Santangelo9* which is more elegant than that of ref-7-

We are interested in the functional integral
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1SE (2.5)

where SE is the Euclidean action of the model

SE = f d:x * eT5* i-r.3 eT5* * + | f dxx W (2.6)

In writing (2.6), we have first set -ivfir 6 E 0 and a chiral rotation

is made so as to make the surface term (i.e. the second term of (2.6))

"untwisted". As it stands <> is defined inside V whereas in standard

chiral bag models, it is defined only in V and 9V. From ref.7, this

can be justified for the Wess-Zumino term. One can perhaps do it more

correctly by suitably introducing a surface 6-function as in ref.7 ; I

will ignore this subtlety here. Let us consider the differential

operator D

D^ = e*5* i-Y.3 e*5* * in V (2.7)

(l--r.n)il/ = 0 on 3V (2.8)

where n^ is the outward (space-like) normal to the "surface" dV. Now

develop tjf in eigenfunctions of D and «1» in eigenfunctions of D* which

constitute a biorthogonal basis of Hilbert space. Then formally

r[«f] = -InZ = -In det D = -Tr InD .

To evaluate this, it is convenient to introduce an operator DT which
depends on parameter T e [0,1]

Dx̂ / = e^S* i-Y.S e^S* * (2.9)

with v|/ subject to the boundary condition (2.8).

Then

IT*] = JJ drr<[«] (2.10)
with

r'[«] = - - T r InD . (2.11)
dr

As it stands, eq.(2.11) is not well-defined and needs to be
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regularized. I can use the heat-kernel regularization

(2.12)I /dDT
d2x tri—- D;1

O ldT

r'[*]reg= - UM lim d*x t r ^ — D ; 1 e T (x,y)
fi—»v e—o

where the trace tr runs over Lorentz and group indices. (The limit

fi —» V with fi c V is made to avoid possible singularities on dV.)

Working out (2.12) requires quite a bit of work, but it has been done

before (in the case of no boundaries) in the context of nonabelian

gauge theories on compactified two-dimensional space-time and it gives

the standard Wess-Zumino-Witten action10'. We can just take over from

there. The only subtlety is the surface term corresponding to the

boundary conditions eq. (2.8) ; however as explicitly shown in ref.7.

it can be demonstrated also in eq. (2.12) that the surface terms

cancel identically. I will skip the rather technical details and go

directly to the result. The imaginary part of r[<t>] is the relevant

part of the Wess-Zumino term

r^z =•• 2i»c f d3x « ^ « T r C L ^ L j (2.13)
1

f
JVxS1X[O,!]

so the total Wess-Zumino term is the sum of eqs.(2.4) and (2.13) which

is rwz"

2.2. Physical interpretation

Equation (2.3) encodes information on the quarks confined

within the volume V subject to the chirally-invariant confinement

boundary condition. Let us consider a bag of radius R ^ O . At the

surface, the chiral field has a certain value. Let it be a map, namely

the hedgehog type

»•<»> • (-V Ï)
e8

which in SU(2) subspace is a map from an S3 (when R3 is compactified)
into flavor SU(2) which is topologically S3. The boundary condition



-i-r.mjr = U5»tf on dV (2.15)
with

diag fe

can be considered to provide an external field with which the quarks

couple. Considered as an isolated system, separate from the soliton

sector, the quark-bag system has a quantum anomaly which can be seen

as follows. Let us "untwist" the boundary condition (2.15) by the

chiral rotation

N5 . J 5 W .
 <2'16)

Then eq.(2.15) becomes

-iT.n»|/ = «If on 3V

but there is a price to pay in the equation of motion for the quark

0 (2.17)where

B1x = j T5Na11N
+ . (2.18)

B1J, in eq.(2.l8) can be considered as an "induced" axial gauge field.

It is well-known that in the presence of an axial gauge field,

eq.(2.17) has an "infinite hotel" phenomenon11' in that the vacuum

fluctuation (i.e. Dirac sea) makes the vector charge non-conserved.

This is the well-known baryon charge leakage from a confining bag

discovered in ref.6. A similar thing happens in other systems such as

axion strings12, a universal phenomenon due to anomaly.

One rather surprising thing that happens in a situation like

this is that the size of the system - in our case the bag radius -

cannot be measured. Whether it is an axion string or a

monopole-fermion system or a chiral bag, all measurable quantities are

(nearly) independent of the size. So far we have been focusing on the

isolated system of quarks in an external (gauge) field. The total

system including the mesonic sector is an anomaly-free system.

Therefore whatever baryon charge that leaks out must be recovered in

the meson sector. This is exactly what happens in the chiral bag model
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as explicitly verified by many authors13'. A precise statement on this

phenomenon is that the baryon charge is a topological invariant which

incidentally can be obtained in other ways without resorting to the

Wess-Zumino term. The Wess-Zumino term, however, encodes topological

invariants as weli as many others.

What about other quantum numbers, such as spin, isospin,

hypercharge etc.? If the baryon charge is fractionized in the model,

so must these others be. To see this, it is convenient to look

explicitly at the properties of the quarks subject to the boundary

condition, instead of "integrating out" to give the Wess-Zumino term.

This is the standard chiral bag strategy. It is a simple matter to

follow how the valence quarks in the bag behave in the presence of the

external field 98, but what we have learned in recent years is that

the vacuum has to be considered also. This is a Casimir problem. How

this problem is handled can be summarized as follows1*'. Given the

solutions of the Dirac equation with bag boundary conditions, one sums

the matrix elements of relevant operators of the valence and sea quark

orbits, suitably regularized and infinities subtracted. The baryon

charge calculation goes through straightforwardly without ambiguity

(remember it is a topological invariant) and gives (for, say, 8 = 1

systems)

B1 = 1 - - [9s-sin9scoseB],

Bv = £ [es-sin9scos9s] . <2-19)

B̂ +Bj, = 1 . G9= G(R)

where (as before) V is the volume occupied by the quarks and V by the

soliton (meson).

The spin, isospin, hypercharge etc. do not come out from

topological considerations in this scheme. To get them out, we have to

collective-quantize the theory. Introduce A{t) 6 SU(3).

* ~* A(t)<" * (2 201
U0 -. A{t)U0(r)A(t)

+ . " '

The A(t) are dynamical variables, corresponding to quantizing

the zero modes associated with (rigid) rotation by a constant

A e SU(3). When eq.(2.20) is substituted into the chiral bag



Lagrangian, the mesonic part contributes a term

where

Af(t)30A(t) = -iq.A, and the quark part

SL = — Bv q8 • (2.22)
2\[J *

Since B- + Bv = 1, the sum of (2.21) and (2.22) i s

8 (2.23)

and this term provides the Wess-Zumino constraint on the "right"

hypercharge VR (the usual hyper-charge is the left one)

YR!physical>= !physical) . (2.24)

Because of this, the space of collective coordinates is SU(3)/U(1)Y
rather than SU(3) and hence seven dimensional.

The quantization procedure turns out to be15) quite analogous

to "cranking" in i.uclear physics. These "non-topological" quantum

numbers can then be expressed in terms of various inertia parameters,

which are then partitioned in a prescribed way due to the Wess-Zumino

term. This is worked out in detail for the SU(3) case in ref.16. Lots

of amusing results are obtained in the model, physical meaning of

which has not yet been fully sorted out. Let me mention just one

example : spin fractionization. In this picture, for a reasonable

range of bag radius, a lot more spin is lodged in the soliton cloud

than in the quarks. For instance, for 8S= tr/2 ("magic angle") which

some people favor for the nucléon at which half of the baryon charge

is lodged in the quarks and the other half in the soliton, only Ik %

of the nucléon spin is lodged in the quark bag, the rest being in the

soliton. This might have some relevance to the mystery of missing spin

in the proton apparently observed in EMC experiments17'.

2.3. "Seeing" the Kess-Zunino
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I discuss here a few cases where the Wess-Zumino term makes a

startling prediction in a context rather unexpected by particle

physicists. I will talk about two cases : one in nuclear exchange

currents, another in hyperon structure and strange hadronic matter.

2.3.1. Exchange currents

The first case, by now well-publicized, is the isoscalar

exchange current in the deuteron obtained by Nyman and Riska18. (I

discussed this several times before in schools and conferences and I

do so again here, because I believe that there is more to it than what

might appear to be, particularly in view of more recent mathematical

developments by Manton and others that I will mention later.)

Consider the Wess-Zumino term defined in the full space,

eq.(2.1). It has flavor SU(3)xSU(3) symmetry, which can be partly

gauged (i.e. a U(I)) to introduce electromagnetism. Encoding axial

anomalies correctly, it correctly describes

n° -» 2"r (2.25)

which is understood in QCD in terms of the Adler-Bell-Jackiw triangle

diagrams. Suppose one wishes to introduce the "strong" vector mesons

P,u, ...into Fj1J2. The main reason for doing this is to apply to nuclear

systems where one needs more than just low-energy theorems : the

vector mesons are known to simulate short-wavelength physics, the

wavelength characterized by m^1 (where mv is the vector mass £ 1 GeV).

One consistent way to introduce the "strong" vector mesons is to use

the strategy of hidden gauge symmetry5' which is consistent with QCD.

In terms of such rwz, the process (2.25) can be described by the

"vector-dominated" form

-n°—> p u — 2y . (2.26)

The result is identical at low-energy, the amplitude being

proportional to N0. Now the key point of Nyman and Riska is that when

an isoscalar photon probes the deuteron, the same upw vertex appears,

with the IT and P being absorbed by the nucléons and the to being

converted to the photon. If the "photon" carries large Momentum, the IT

and p will couple to the nucléons with form factors. This is nicely

(in principle) taken into account in the skyrmion framework. An ideal
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thing would be to develop a fully consistent scheme to calculate B = 2

skyrmions, in which case everything will fall out naturally, only to

be compared with experiments. We are not there yet. So they do the

next best thing. They assume the product ansatz for the chiral field

U, suitably collective-quantize and extract an effective two-body

operator which when sandwiched with "realistic" wave functions

obtained elsewhere gives the desired matrix element of the exchange

current operator. This sounds somewhat non-selfconsistent, and it

probably is. But it is the procedure found to be highly successful in

standard meson-exchange current calculations based on current algebra

(soft-pion theorems).

In my opinion, the Nyman-Riska result is highly significant

for the following reasons. First it is very likely that the isoscalar

electromagnetic response is nearly entirely given by the Wess-Zumino

term; possible higher derivative terms or massive vector mesons in the

anomalous part of the Lagrangian are expected to be unimportant, and

furthermore it may be protected by non-renormalizability theorems

(just as the triangle diagram anomaly is.)

The second reason is related to a possible explanation of why

the short-distance defect of the product ansatz may not be relevant.

It is known that when two skyrmions are on top of each other, the

product ansatz has wrong symmetry, and hence wrong physics1^. But it

is clearly correct when two skyrmions are widely separated. Because of

the short-range anticorrelation between two nucléons, the wave

functions cut off the short-distance piece of the operator and hence

the wrong property of the product ansatz probably does not affect the

result as long as the ansatz is used in deriving effective operators.

One observes a similar situation in standard meson-exchange currents

dominated by soft pions even at large photon momentum q2 £ 30 fm'2.20'

Finally, the Nyman-Riska calculation works well to

q2 ~ 60 fm'2for the deuteron isoscalar magnetic form factors.

2.3-2. Strangeness in hadronic matter

The second case of the Wess-Zumino term at work is the role

that the vertex for

K*K" —• n*iriï° (2.27)

plays in the hyperon structure and strange hadronic matter. I discuss



some of these in my conference talk next week. The process (2.27) is

entirely given by the Wess-Zumino term. In fact, the amplitude is

8N
A(K*K" — -ir-ir-n0) = i e a ^ s <£ qpq°k§ (2.28)

where q1, i=+,-,o, is the four-momentum of IT1 , and k" that of K'. It
has been argued 21) that in soft-pion limit, this should be protected

by a topological quantization. This means even when the anomalous part

of the Lagrangian is modified by vector mesons and higher derivatives,

the amplitude (2.28) should not be modified. This is a strong

constraint on the structure of the hyperons as I shall new discuss.

I mentioned before that there are seven collective coordinates

in the SU(3) case. Three are in the isospin direction and four in the

strange direction. If one "rotates" in these seven collective

variables and treat the symmetry breaking as perturbation, the

spectroscopy of the octet and decuplet baryons is a disaster22' if one

is not willing to introduce a quark-bag. A chiral bag of radius £ 1 fm

does much better in the scheme16', suggesting a possible breakdown, in

the scheme, of the Cheshire Cat picture.

There is an alternative way of doing hyperons which works

surprisingly well and that is : while treating excitations in the

isospin by rotation, treat strangeness as a vibration. (The chiral

hyperbag l6' treats the quark sector in terms of quark-antiquark

excitations, so the strange channel is closer to vibration, rather

than rotation. This may be why it works.) In this scheme23-24', the

Wess-Zumino term provides not only constraints but also dynamical

effects in splitting S = +1 from S = -1 states. In quark models, an

S = +1 state corresponds to an "exotic", perhaps (q4 s) configuration

(q = u or d), not seen in low-energy excitations. In this

(Callan-Klebanov) scheme, they are split as

AE ~ 2X (2.29)

where A is a contribution from the Wess-Zumino term related to (2.27)

in the topologically non-trivial sector (the process (2.27) occurs in

the topologically trivial sector of the same Lagrangian). A mist be

sufficiently large to banish "exotics" from the low-energy sector.
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Closely related to this phenomenon is the s-quark content of the

proton ^plsslp) which figures importantly in kaon condensation in

nuclear matter at high density25'. It has been shown24' that

(plislp) £ — (2A)-1 (2.30)
\ / ms

(mK= '495 MeV, ms^ 175 MeV.) Thus a large UE, eq.(2.29), makes the

s-quark admixture to be small, about 3 % at most, compared with Z 20 %

that are obtained by some current algebra argument. This is an axample

of the subtle role of the Wess-Zumino term in an unexpected context.

3. TOPOLOGY-INDUCED TRANSMUTATIONS

One of the most remarkable aspects of the skyrmion picture is

the transmutation of spin-statistics due to a topologiçal soliton.

There are in the literature many instances where this phenomenon

occurs. In this second part of my talk, I would like to discuss a

couple of examples which I find most fascinating.

3.1. Condensed matter example : High-Tc superconductivity

It has been suggested26' that high-Tc superconductivity is

connected with some strange behavior of Heisenberg antiferromagnets

or of Hubbard model. A recent description of this phenomenon uses a

skyrmion picture in (2+1) dimensions27'28>. Whether or not the picture

is completely correct for the HTS phenomenon is not yet known, so I

shall not go into details of the physics (and it is not my job here to

talk about condensed matter either). I shall simply highlight the

similarity to the four-dimensional skyrmion that concerns us here.

The Lagrangian for the Heisenberg antiferromagnets can be

written as

L - ^

where "Y0 is a constant related to frustration, Z = (Z1, Z 2),

Z+Z = IZ11
2 +1Z2 1

2 = 1 and related to the antiferromagnetic field n(x)

as follows
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n = Z+CT Z .

(When the gauge field A1x is eliminated from eq.(3-l), one obtains a

standard cr-model in (2+1) dimensions plus a three-derivative term from

the last term of eq.(3.1). Apparently it is not yet proven that the

ff-model does represent the Heisenberg antiferromagnetic system. Never

mind on this for our purpose.) The last term is called a Hopf term

which is a Chern-Simons term in three dimensions and bears a relation

to the Wess-Zumino term in (1+1) dimensions which is a

three-dimensional integral of the three-dimensional Chern-Simons

secondary topological invariant. It is a topological invariant29',

called Hopf invariant, for the mapping S3—» S2 (i.e. ̂ 3(S
2) = Z).

The Lagrangian (3.1), without the Hopf term, is just the CP1

model extensively studied before30'. In this model, the gauge field is

confined and only the n-field is observable. However, with the Hopf

term, the gauge field acquires a mass, so gets deconfined.

Furthermore, the skyrmion in the system (i.e. the soliton in the

ff-model) becomes a fermion. One can show this in varieties of ways.

For instance, one can use an argument analogous to that invoked with

the Wess-Zumino term 2^) or show explicitly that the Z quantum in the

background of the gauge field has a fermion propagator, due to the

Hopf term27'. Thus the magnon which behaves like a boson at large

momenta (i.e. no gauge field) becomes a fermion at small momenta. This

is a topology-induced transmutation of spin-statistics, which depends

on kinematical situations.

How superconductivity arises in this picture is described in

refs.27 and 28. The basic idea is that when a charge-carrying fermion

is bound to the neutral fermion (skyrmion), it becomes a charged boson

and superconductivity can arise when charged bosons are condensed. The

possibility of superconductivity without the Hopf term is also

discussed in ref.27.

3.2. Hadron example : strangeness

The skyrmion for baryons is a prime example for the

spin-statistics transmutation that everybody knows nowadays [see

ref.31 on this subject]. Here I would like to discuss something

different, a phenomenon which resembles the HTS in some sense but in a

somewhat more intricate way. The issue concerns the manifestation of



than in other areas of physics (this is mainly due to the fact that it

has been much less studied) and somewhat obscured by the strong

interactions that are hard to put under systematic control. But as I

will argue, there are some fascinating aspects in hadronic systems
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strangeness at high and low momenta in hadronic systems.

I believe that one can discuss the same phenomenon using the

chiral bag ' . Here I shall use the Callan-Klebanov model2^1 since

it seems to work well for the hyperon structure, and it has a very

similar structure to quark models.

The picture that emerges from recent studies is as follows.

First assume that the non-strange baryons can be well understood with

two-flavor (SU(2)) skyrmions. Assume now that strange baryons are

formed when one or more kaons, carrying strangeness, are bound to the

SU(2) solitons. Such a binding does occur between an S --1 kaon with

an SU(2) hedgehog, but not for S = +1 kaons. (The scheme would not

work if one tries to trap a kaon into a rotated skyrmion, i.e., N or

A, as Gerry Brown points out.) When a kaon is trapped in a soliton, it

undergoes a transmutation in spin and isospin.

3.2.1. Transmutation of quantum numbers

The above-stated strategy of introducing strangeness is

succinctly incorporated in the Callan-Klebanov ansatzz3> which differs

from the standard collective-coordinate one U0 (r) of eq.(2.1't) :

UCK(r,t) = N UK(r,t) N (3.2)
where

2V|2 f 0 0 r
K = exp x F 7 ~ ° ° K°

IK- K° 0

N = feiT.re(r>/2 0) = VJU
k o i/

This is a suitable way to couple kaons to the hedgehog which is

invariant under the simultaneous rotation of spin and isospin, i.e.,

A = J + I, In order to see what happens to the quantum numbers of the

kaon, the SU(2) soliton has to be rotated (or collective-quantized),

a(t) UCK a(t)
+ (3.3)

where
a(t) = fA(t) 0) , A(t) G SU{2) .

Equation (3.3) defines a general time-dependent configuration



For definiteness, consider Nf= 3 consisting of u.d.s quarks.

(For Nf= 2, the Wess-Zumino term is absent, so although skyrmions

exist, their topological considerations require some subtle

arguments.) When the quarks are integrated out from the entire space.

U(r,t) = a(t) U0(r)a(t)
 +

K(r,t) = A(t)E(r,t)

where

- fK*(£.t)
K(r,t) =

(K°(r.t)

Note that JC is now a kaon in the rest frame of the soliton. Under an

isospin rotation B, a and K transform as

so the field K has zero isospin, the isospin now being carried by

a(t). Under a spatial rotation St = e l a J ,

U0 -e
1"-'U 0 e-l«-> = e-'«-\ e^-* ( 3 < g )

K — e 1 * ' E = e"1** e1*-* K

which imply that a, K transform as

(3.7)

Hence A = J+I is the spin operator for E. It turns out23) that only

the A = 1/2 kaon state is bound (or trapped) by the soliton. Thus a

L = J = I , I = 1/2 kaon turns into a J = 1/2, I = O trapped kaon. One

can think of this effectively as a transmutation of spin and isospin.

The hedgehog being a topological object, the topology is essential for

obtaining the right quantum numbers in this scheme.

3.2.2. Trapped kaon and s quark

The trapped kaon in the rest frame of the soliton has spin

1/2, isospin zero as I showed above. Does it have a fermion

statistics ? The answer is no. It has to be quantized as a boson. This

means that the soliton should always be quantized as a fermion,

whether it has half-integer spin or integer spin (what about Lorentz

invariance in the latter case ?). Now if one wants to have S = -2,-3



complementary volume occupied by the quark bag by V, such that the

total volume V = V + V.
Since (2.2) is an incomplete piece of the Wess-Zumino term

baryons, one just adds more trapped kaons, treating them as bosons.

Then the mass formulas that come out resemble very much what one

obtains in quark models 23.2A)_ ^ mass formula treating them as

fermions would not resemble at all the quark model formula ! ) . Thus

the trapped kaon is very much like an s quark, but it is a boson. It

does not carry anv baryon charge, though it can induce baryon charge

density fluctuation32'. We may call it a "bosonic s quark".

At high momenta, strangeness is carried by a fermionic s quark

as quark models dictate and at low momenta, it Is carried by a trapped

kaon, which is a "bosonic s quark". This may be considered a sort of

transmutation of spin-statistics, analogous to that of magnons. This

change of "picture" can have consequences in hypernuclear physics.

Since the bosonic s quark is not affected by exclusion principle,

ISI > 3 systems might look quite different from quark-model

descriptions. Even for a system like j\He, the present picture seems to

differ considerably from quark models. In quark models, one can think

of six up quarks and six down quarks occupying S1^2 orbit, into which

one can still add an s quark from A. However one cannot put into this

orbit the ud quarks of A because of the exclusion principle. There is

no such problem in the present picture, provided one thinks of the

SU(2) soliton to be small. Furthermore bosons can condense, so one

would expect, at high nuclear matter density, kaon condensation which

might resemble the phenomenon discussed in ref.25. Work is in progress

on this subject and I hope to discuss it somewhere else.

H. FURTHER REMARKS

Perhaps one of the most significant physical implications of

topological considerations of the chiral bag is the phenomenon of

Cheshire Cat3 3': topology connects the soliton and quark sectors in

such a way that physics does not depend upon the location of the bag

boundary and hence the size R. This is exact in (1+1) dimensions (for

both abelian and nonabelian symmetry groups), but necessarily

approximate in (3+1) dimensions. If it were exact, no experiments

would distinguish the two descriptions. In nature, where the Cheshire

Cat principle must hold approximately, one expects the nature of

Cheshire Cat to depend on how dynamics is done. For instance, in the

standard collective-coordinate quantization, the Cheshire Cat property

breaks down (in a quantitative way) because of the s-quark mass



We are interested in the functional integral

13

terml6). On the other hand, if strangeness is treated à la Callan and

Klebanov in the soliton sector, a Cheshire Cat must be recovered,

although this has not yet been demonstrated.

Even if a Cheshire Cat holds at low energies or long

distances, would it make a physical sense at high energies or short

distances ? To be specific, does the skyrmion picture apply at short

distances or at high hadronic matter densities ? This question has

been recently examined in two-skyrmion interactions34' and in phase

transitions in hadronic matter at high density35*. We have no answer

yet, but it looks plausible that some qualitative features, depending

on global geometrical and topological structure of the relevant

manifold, can be studied in terms of skyrmions even in a regime which

one would think properly belongs to QCD. This is a whole new field,

which combines mathematics and nuclear physics.
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