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PREFACE

This thesis contains a study of supersymmetric gauge theories in two and three

spacetime dimensions. Gauge theories play a prominent role in the theory of

elementary particles. Supersymmetric versions of gauge theories have many

interesting new features, such as cancellations of the ultraviolet infinities

that complicate ordinary gauge theories. While supersymmetric gauge theories

in less than four spacetime dimensions may not be directly relevant to

experimental physics, they are useful for trying out field theoretical methods

which ultimately will be applied to realistic models.

Chapter 1 is a general introduction. Here I treat all the aspects of

field theory that are necessary for later chapters. In Chapter 2 I formulate

supersymmeUy in two- and three-dimensional spacetime, and introduce

superfields and superspace techniques. Using these I construct a simple

Abelian supersymmetric gauge theory in two spacetime dimensions. This model,

the Schwinger model, is so interesting that I have devoted two complete

chapters to its study. Chapter 3 deals with general properties and a

perturbative analysis of the model. Chapter 4 contains a non-perturbative

analysis by means of Dyson-Schwinger equations. Historically, this is the part

that came first: in 1986, when I was interested in finding a supersymmetric

extension of the Salam-Delbourgo Gauge Technique. Formula (4.3.1) is the

expression I looked for. This formula has been applied with some success to

the supersymmetric Schwinger model (see Section 4.4). Chapter 5 is the latest

part in the historical development. There I investigate properties of

three-dimensional supersymmetric gauge theories. Chapter 6 is meant as a

bonus. The material presented there came into being in the Summer of 1987, in

search for a four-dimensional generalization of formula (4.3.1). I have given

a summary and some conclusions in Chapter 7. Technical details have been

gathered in two appendices.

I did this work as a "promovendus" in elementary particle physics at the

Institute for Theoretical Physics of the University of Groningen. I have aimed

at presenting my findings in a self-contained manner. The basic techniques are

explained in much detail. Throughout the thesis, small parts of the text are

indented. The subjects treated there are not in the main stream of the text



and may be skipped upon first reading.
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CHAPTER 1

INTRODUCTION

This chapter contains a selection of basic notions in quantum field theory. We

define the types of fields {scalars, spinors and vectors) that we use in later

chapters. We also treat various sorts of interactions between these fields. We

discuss the principles of symmetry and renormalization. Finally, we define

supersymmetry and consider some of its consequences in field theory.

1.1 Scalar and spinor fields

At present, quantum field theory provides us with the best available

understanding of elementary particle processes. It has resulted in models

whose physical parameter values agree astonishingly well with experiment. For

example, quantum electrodynamics (QED), the field theory of the

electromagnetic interaction, is among the best verified models in physics.

Other models, such as the Glashow-Weinberg-Salam (GWS) model, describing the

unification of weak and electromagnetic interactions, have not yet been tested

to such a high degree, though the GWS model led in 1983 to the discovery of

the W and Z bosons. The status of the field theory of strong interactions,

quantum chromodynamics (QCD), is less certain (e.g. the experimentally

observed confinement of quarks and gluons appears hard to prove within QCD),

but it is generally accepted as a correct model. Both the GWS model and QCD

are constructed along lines analogous to QED, which is perhaps the reason why

they are successful.

On the other hand, gravitational interactions have always been a nuisance

in quantum field theory. This is due to the self—referring structure of the

gravitational force: most field theories are based on a description of the

dynamics of fields defined on spacetime, whereas gravity is a manifestation of

the dynamics of spacetime itself. Through the years, several attempts have

been made to describe gravity within the context of quantum field theory. A

promising approach is based on the notion of supersymmetry. We will treat



supersymmetry and supersymmetric field theories in more detail in Section 1.6;

here it is sufficient to know that supersymmetry is essentially a symmetry

between bosons (particles with integer spin) and fermions (particles with

half-odd integer spin). Because this thesis is largely devoted to a study of

supersymmetric field theories, it is of importance that we first recapitulate

some elementary properties of bosons and fermions and their interactions.

A spinless particle (spin-0 boson) is represented in field theory by a

scalar field <p(x). Under a Lorentz transformation

x " = /!"„*" (1.1.1)

of the spacetime coordinates x^ (see Appendix A for notation and conventions),

a scalar field behaves as an invariant quantity:

</>•(*') « 0(x) . (1.1.2)

The equation of motion for a free scalar field of mass m is the Klein-Gordon

equation

(D + m2)<j>(x) = 0 ; (1.1.3)

it follows via the Euler-Lagrange equation

from the Lagrangian density

A free spin- ^ particle (spin- ^ fermion) cannot be represented by an ordinary

function of spacetime. Instead, it is described by a spinor field i>a(x), with

a spinor index a (see Appendix A). Under a Lorentz transformation (1.1.1) it

transforms according to

(1.1.6)



where

sab(A) = sab - (1-1.7)

if we choose the infinitesimal form

(1.1-8)

for the Lorentz transformation A (see e.g. [1], or any other textbook on field

theory). The Lagrangian density for a free spin- ^ field of mass m is

C(x) = (1.1.9)

and the equation of motion is the Dirac equation,

= 0 (1.1.10)

Though the physical world has four dimensions, it is sometimes important

to study field theories in d dimensions where d is not equal to four. In this

thesis we will study field theories in two and three dimensions, because they

are simpler than four-dimensional field theories. Many physical properties

depend on the dimension of spacetime. For example, the Coulomb potential,

which is the solution of the Poisson equation

V*/fr ) = (1.1.11)

rises linearly with r = | r \ in one space dimension, whereas in our world it

displays the famous 1/r behaviour of electrodynamics. Also the necessary

technical apparatus (e.g. y-matrix algebra) varies with the number of

dimensions.

Dimensional analysis of a d-dimensional field theoretical model starts

with the observation that the action

S = {ddxC(x) (1.1.12)

is dimensionless, and, consequently, that C[x) has dimension d. With



'dimension" we mean "mass dimension"; in units where ft = c = 1 this means that

x*1 has dimension - 1 and d^ dimension + 1. From (1.1.5) and (1.1.9) it follows

that

dim [4>] = rf/2 - 1 , (1.1.13a)

dim [i>] = (d - l)/2 . (1.1.13b)

This result is important in the construction of interactions between fields.

All physical processes are determined by the underlying interactions. The

description of any interaction between particles involves at least three

particle states. In the language of quantum field theory this is expressed by

the fact that potentials are products of three or more fields. The simplest

interacting quantum field theory is the 03-theory, with Lagrangian density

Here A is called the coupling constant. 03-theory represents a sick model

however, because the potential is unbounded from below. A scalar model without

this shortcoming is 04-theory, with interaction Lagrangian

From (1.1.13a) it follows that A is dimensionless in 4 dimensions. In general,

coupling constants with negative mass dimension cause renormalization problems

(see Section 1.4), so in four dimensions it is not interesting to consider

potentials with still higher powers of 0. In two dimensions however, <j> is

dimensionless and therefore any power of <p can be used to construct

interaction potentials. As an example we mention the sine-Gordon model,

governed by the Lagrangian density

£SG = - 2^(n + ™2)<t> - /^2(cos 4> - i) . (1.1.16)

Here /x has the dimension of a mass.

So far, fundamental scalar particles have not been detected in

experiments. Therefore, it may be more interesting physically to consider



interactions involving fermions, e.g. spin- i particles. In two dimensions tne

Gross-Neveu model, defined by

(1.1.17)

is a well-defined model, but in more than two dimensions it would lead to a

negative-dimensional coupling constant g. The famous Yukawa-type interactions,

with

£y,.-n( = 9(W)0 , (1.1.18)

would be more realistic in this sense, for even in four dimensions g would

have a non-negative dimension. The Yukawa potential is also interesting

because it represents an interaction between different types of fields. Still,

all of the interactions mentioned so far are less interesting than the gauge

interactions that govern the fundamental electroweak and strong forces. Gauge

interactions will be treated in the next section.

Fundamental in quantum field theory is the concept of symmetry. The

Lagrangian density (1.1.9) is invariant under spacetime-independent phase

rotations

ip -* v' = e~ieAf . (1.1.19)

A similar invariance holds for the Lagrangian density

£ = - 0*(O + m2)<p (1.1.20)

of a complex scalar field. According to Noether's theorem, any continuous

symmetry implies the conservation of an associated current. In the present

case of phase rotations the particle number is conserved. Symmetries help to

find the conserved quantities of a model.

Neither (1.1.9) nor (1.1.20) is invariant under spacetime-dependent phase

rotations. However, the symmetry can be restored if one introduces an

additional field with exactly prescribed transformation properties. Such an

additional field is called a gauge field; the interactions with this field are

the gauge interactions mentioned before. In this way symmetry dictates how



particles interact.

Th---.-- r̂  aany types of symmetry appearing in quantum field theory, e.g.

parity, lime reflection, rotation symmetry, Lorentz symmetry, chiral symmetry,

gauge symmetry, supersyrametry, and so on. They can be local or global, gauge

or non-gauge, broken or unbroken, exact or approximate, internal or external.

In this thesis we will mainly concentrate on exact and unbroken gauge

symmetries and supersymmetries.

To conclude this section, we want to devote a few words to the subject of

quantization. So far our considerations have been purely classical, except for

the use of the notion of spin. Field quantization is second quantization. A

quantum field can be viewed as an infinite collection of harmonic oscillators.

Take a neutral scalar field in 4 dimensions as an example. It can be written

in terms of creation and annihilation operators a*(k) and a(k), one for each

momentum k (see [1]):

a*(k)e-ikx] , (1.1.21)
{2tr)32u>k

where u>t = ( | ^ | 2 + m2)*, which is positive by definition. The momentum

canonically conjugate to 4>(x) is

• <L1-22>

Now the canonical equal-time commutation rule

[<t>(x), dQ<p(x')]6(x0 - xi) = iS*(x - x') (1.1.23)

holds if one chooses the harmonic oscillator commutators

[a{k), a+(k')] = (27r)32wfc6
3(fc - k') , (1.1.24a)

[a(k), a(k')] = [a+{k), a*{k')] = 0 . (1.1.24b)

The Hamiltonian H takes the form



f
Uia*(k)a[k) , (1.1.25)

}(2ir)32u>k

and a number operator A' that commutes with // is

Nik) = ^ — a+(k)a(k) . (1.1.26)

For fermions a similar canonical quantization procedure exists [1]. An

entirely different strategy to quantize fields is Feynman's path integral

method. We will try to avoid this method here because it is technically rather

involved and a little off the main stream of this thesis. The interested

reader can find more details on path integral quantization in almost any

textbook on elementary particle theory.

1.2 Gauge fields

The Lagrangian density (1.1.9) for free spin- -= particles is not invariant

under local, i.e., spacetime-dependent phase rotations. Rather, it changes

according to

6C = v(x)(e9A(x))Q[x) • (1-2.1)

We can compensate for this change if we introduce an additional field J4M(X

with transformation property

*„ -• yi; = i4M + dpA . (1.2.2)

The Lagrangian density

C = v ( i ? - e A - m)it> (1.2.3)

is then invariant under the combined gauge transformations (1.1.19) and

(1.2.2). The field A^x) is a vector field, with free Lagrangian density



C = - i f

where

is the field strength. It describes a spin- 1 particle, specifically the

photon. The free Lagrangian density (1.2.4) has been chosen such that it is

invariant under the transformation (1.2.2) (in fact, F^v is itself invariant).

A mass term of the type

is excluded if we wish to retain the symmetry, because it is not invariant.

This reflects the well-established fact that photons are massless.

The equations of motion that follow from (1.2.4) are the Maxwell

equations

(gi*vO - d*d'r)Av(x) = 0 . (1.2.7)

Quantization should proceed in a way analogous to scalar fields.

Unfortunately, things are not that simple. The problem is that the momentum

conjugate to A0(x) vanishes, as can be shown by direct calculation. A rather

simple way out of this problem is to add a term to the Lagrangian density

(1.2.4), such that n°(x) does not vanish anymore. In the most elementary

treatment (1.2.4) is replaced by

The new term in (1.2.8) is not invariant under the gauge transformation

(1.2.2): it is a covariant gauge breaking or gauge fixing term. The parameter

a is called a covariant gauge parameter. If we choose (1.2.8) as the

Lagrangian density for the photon field, covariant quantization becomes a

straightforward procedure.

The equation of motion for A^x) that follows from (1.2.8) is



(g^G + i ^ d»d")Av{x) = 0 . (1.2.9)

The parameter a can be chosen at will. The choice a = 0 is called the Landau

gauge, and a = 1 is the Feynman gauge, to mention two famous gauges. In the

Feynman gauge the equation of motion reduces to

n y * ) = o , (1.2.10)

i.e., each component of the photon field obeys a massless Klein-Gordon

equation.

The introduction of the photon field was motivated by the demand of

invariance of a free fermionic Lagrangian density under the transformation

(1.1.19). This transformation is of the form

tji -* i/}' = Uf (1.2.11)

where V is an element of the group U(l). As this is an Abelian group, the

gauge transformations (1.1.19) and (1.2.2) are called Abelian gauge

transformations and the photon field is an Abelian vector field. More

generally we can consider the situation where U is an element of a non-

Abelian group, e.g. SU(Af). In that case there are N species of fennion fields

that transform according to

%'i -*• Vi — UIJ4'J • (1.2.12)

To make the free Lagrangian density

(1.2.13)

invariant under local gauge transformations, we are forced to introduce a

non-Abelian, N x N matrix gauge field. This matrix gauge field can be expanded

as a linear combination of the generators 7'' of the group:

• V * ) = ^ W 7 < i • ( L 2 - 1 4 )

To find the non-Abelian field strength tensor, consider first the operator



identity in the case of the Abelian gauge theory,

ieFp, = [D^Dv] , (1.2.15)

where

Z)M = 0M + ieA^ (1.2.16)

is the gauge covariant derivative that effectively replaces the derivative d^

in (1.2.3). Identity (1.2.15) can be viewed as the definition of the field

strength tensor, also in the non-Abelian case. From (1.2.15) and (1.2.16) we

obtain, for non-Abelian groups:

Ftu.ix) = dpAyix) - d^x) + i</[,yx)A(*)] ; (1.2.17)

where we have replaced e by the non-Abelian coupling constant g. The

Lagrangian density for non-Abelian gauge fields reads:

£ = t i | - ̂ F " " j . (1.2.18)

It is invariant under the non-Abelian gauge transformations

A^ -* AM' = UA^U-1 + ^(dflW-1 , (1.2.19)

or, in tenns of the field strength:

V •* F»v = VF,J}'1 • (1.2.20)

The trace in this Yang-Mills Lagrangian density can be performed with the help

of the identities

, (1.2.21)

where f*^ are the structure constants of the group, and

10



= ffi . (1.2.22)

The Yang-Mills Lagrangian density (1.2.18) contains terms with products of

three and four gluon fields A^x). Consequently Yang-Mills theory is a, highly

non-trivial, self-interacting quantum field theory.

Quantization starts as in the Abelian vector theory. We can add a

covariant gauge fixing term to the Lagrangian density. However, this is not

the end of the story. To remove the redundant degrees of freedom that are a

consequence of gauge invariance, we also have to introduce a set of unphysical

ghost fields that couple to the gauge fields. The ghost fields are scalar

fields, but with Fermi statistics. The whole procedure, first formulated by

Faddeev and Popov, is rather involved. Therefore we shall not give it

explicitly, but refer the reader to the literature, e.g. [1]. The result of

the Faddeev-Popov procedure is that the Yang-Mills Lagrangian density has to

be supplemented with the ghost Lagrangian density

Cgh = - ?(#>• - f>*3M* - f^Apnc' , (1.2.23)

where c* and c* are anticommuting scalar fields. Needless to say, Yang- Mills

theory is a very complicated field theory, the properties of which are far

from fully understood.

1.3 Gauge theories

The Lagrangian densities (1-2.4) and (1.2.18) define gauge theories. It is

believed that gauge theories are a correct way to describe physical reality.

However, (1.2.4) and (1.2.18) are too simple in this respect, because photons

are not free particles (they interact with electrically charged particles) and

gluons do not only interact with themselves, but also with quarks, the

constituents of nuclear matter. To incorporate the interactions between

photons and electrons (and positrons), we add (1-2.3) to (1.2.4). The

resulting Lagrangian density is that of quantum electrodynamics (QED):

CQED = - ^ V " + *<** - e4 - m)i> . (1.3.1)



It is invariant under the combined gauge transformations (1.1.19) and (1.2.2).

The equations of motion for A^ and V a r e :

(1.3.2a)

QED is the prototype gauge theory. It is a simple theory, and there is

overwhelming experimental evidence that four-dimensional QED is the correct

description of electromagnetic interactions. For example, the gyromagnetic

ratio

— + 0(e") (1.3.3)

for the electron, calculated in QED, agrees with the experimental value up to

seven significant digits [2]! The experimental success of QED has inspired the

construction of more gauge theories to describe the other fundamental forces.

In the early seventies it was realized that the strong nuclear force could

probably be interpreted via non-Abelian gauge interactions between quarks and

gluons [3]. The gauge group is the famous colour group SU(3) and the

Lagrangian density for this theory, called quantum chromodynamics (QCD),

reads:

(1.3.4)

where / and J can take the values 1, 2 or 3. In (1.3.4) F^ is the non-

Abelian field strength defined in (1.2.17).

The outstanding problem in QCD is to prove whether or not quarks and

gluons are permanently confined as a result of some very strong force ("glue")

between the particles. Free quarks and gluons have not been observed. This

fact is usually explained by the assumption of a linearly rising potential

between the quarks and gluons. Though from numerical calculations on a lattice

[4] there are indications that such a potential is indeed a solution of QCD,

an analytical proof of this statement is still lacking. Nevertheless, QCD is

12



the only serious candidate capable of explaining the properties of the strong

interactions.

QCD is not the only non-Abelian gauge theory that has a special status in

modern physics. The GWS model, which unifies the electromagnetic and weak

interactions in a single electroweak type of force, is also a non-Abelian

gauge theory, based on the group SU(2)®U(1) [5]. Furthermore, in all attempts

to unify the electroweak and strong interactions, a non-Abelian group is used

as a starting point. To be a serious candidate for unification, this group

should contain the direct product group SU(3)®SU(2)®U(1) of the strong and

electroweak interactions as a subgroup. Various groups, such as SU(5) and

SO(10), have been proposed, but all models based upon them arc speculative in

character.

In this thesis we will mainly concentrate en Abelian gauge theories,

especially supersymmetric ones. The only non-Abelian models we will consider

(in Section 5.3) are based on the group SU(Af), the group of all unitary AMV

matrices with determinant equal to one.

1.4 Perturbation theory

In QED a reliable method to calculate physical quantities, such as the

gyromagnetic ratio (1.3.3) for the electron, is perturbation theory. In

perturbation theory physical parameters are expressed as power series

expansions in e2, the square of the coupling constant. The first term in such

an expansion is trivial: it is proportional to e° and can be calculated from

the free equations of motion. The second term in the expansion, proportional

to e2, is a non-trivial correction due to quantum interactions. If the

coupling constant is small enough, the order-e2 corrections will be close to

the correct answer. For QED, the experimental value for the coupling constant

is

1 4 l
• •

and this is small enough for most practical purposes. In other theories, such

as QCD, the coupling constant a , = g2/4w can be very large (larger than 1); in

13



such cases first-order perturbation theory is inappropriate and one has to

rely on other (non-perturbative) methods for meaningful results.

It should be noted that even if the expansion parameter is
small, the perturbation series may diverge. This may even be
true for QED, despite the fact that the first few orders
of perturbative QED yield very accurate answers for
electromagnetic quantities. It cannot be excluded that QED, as
it now stands, is not completely consistent, but that power
series in a are nevertheless asymptotic within the context of a
deeper theory (see e.g. [1]).

An elegant way to formulate perturbation theory is by means of Feynman

diagrams. Feynman diagrams constitute a very economic bookkeeping system for

the calculation of perturbative quantum corrections. Any Feynman diagram

represents a contribution to some physical parameter of the model under

consideration. The mathematical formula represented by this Feynman diagram

can be recovered by the use of a set of Feynman rides.

The Feynman rules of a field theoretic model follow from the Lagrangian

density. The derivation of Feynman rules can be found in almost any textbook

on quantum field theory, e.g. [1]. Instead we will mention a few important

features of the construction of Feynman rules, using QED as an example. Its

Lagrangian density (1.3.1), augmented with the covariant gauge breaking term

in (1.2.8), contains the two independent fields f and A^. The propagation of

the field ip in free space is determined by the propagator S^x - y), which is

the Green's function of the free equation of motion of the spinor field:

(i*x - m)S{x - y) = 6d(x - y) . (1.4.2)

The causa/ solution of (1.4.2) can be written as a vacuum expectation value of

a time-ordered product of fields:

Sab(* - V) = - i<0\T{Qa(x)Qb(y)}\0> . (1.4.3)

Here we have defined' the time-ordered product for fermions by

14



- y0) - fb(y)ya(x)9{y0 - x0) , (1.4.4)

where 0 is the Heavyside step function. The minus sign in front of the second

term follows from the interchange of two fermionic operators. From the

oscillator representation of a fermion field (a formula analogous to (1.1.21))

it can be seen that the propagator S(x - y) describes the creation of a

spin- j particle at some spacetime point x, followed by the annihilation of

that particle at the spacetime point y.

Fey;iman diagram calculations are most easily performed in momentum space.

Fourier transformation of (1.4.2) yields the Feynman rule

S{p) = — , (1.4.5)
p-m

where we have defined the momentum space propagator by

S[p) = \ddxS(x)^x . (1.4.6)

The photon propagator D^x - y), defined by

* V * - y) = - i<0\T{All(x)Av(y)}\0> , (1.4.7)

where T now represents the bosonic time-ordered product (without relative

minus sign between both terms), can be treated in the same way. In a general

covariant gauge we find, in momentum space:

= - W» — ~ « — • (1-4-*)
Jfc=» \k2 k2 k2

The electrons and photons in QED interact via the Lagrangian density

, (1.4.9)

as can be seen from (1.3.1). In momentum space, the interaction vertex

corresponding to (1.4.9) reads:

15



(1.4.10)

In (1.4.10), p and p' are the momenta of the fermions that take part in the

interaction.

The Feynman rules of QED, and of a few other field theoretic models, are

summarized in Appendix B. There we also show the graphic notation of Feynman

rules. In our convention, whenever there is no confusion possible, gauge

particles are represented by wavy lines and matter particles by solid or

dotted lines.

As an exercise in Feynman diagram calculations, consider the Feynman graph

of fig. 1.1. It represents the first order perturbative quantum correction to

the (inverse) photon propagator in QED. According to the Feynman rules of

Appendix B, it stands for:

[
J(27T)«

tr - ieyv)
p-m

(1.4.11)

Evidently the vacuum polarization 11^ depends on the number d of spacetime

dimensions. Due to the simplicity of the y-matrix algebra in two dimensions,

it is particularly simple to evaluate if d = 2. The actual computation is

based on a few tricks, the details of which we will not give here. For the

moment it suffices to give the result for the case m = 0:

ifc2
(1.4.12)

This is an old and very famous result [6]. It can be reformulated as the

statement that the photon in QED in two dimensions is massive, with mass

V?
(1.4.13)

If the electron mass m is not equal to zero, it is not so easy to obtain a

well-defined, closed expression for the one-loop vacuum polarization. In

general, 11^ as calculated from (1.4.11) will be infinite. In such cases the
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p-k

Fig. 1.1: One-loop vacuum polarization in QED

integrals in the calculation have to be regularized to obtain a finite,

renormalized result for physical quantities such as the photon mass.

To illustrate the procedure, consider the d-dimensional integral

(2*)* [(P - q)2 - rn*}(q* - m2)
(1.4.14)

which typically arises in one-loop ca'cul.Vrions of e.g. particle masses. After

the angular integrations have been performed, the integrand of the remaining

g-integral behaves as g*1"5 for large q. Therefore the g-integral is

ultraviolet (large q) divergent in more ihan three dimensions (d>3). If we

calculate an observable in 4 dimensions however, the result must be finite.

The idea is then to compute (1.4.14) for those values of d for which the

integral exists, and subsequently to analytically continue the result to

d = 4. This process is called dimensional regularization [7]. It allows one to

isolate unambiguously the finite, measurable part of an infinite expression

calculated for an observable. This is called renormalization. For the integral

Id under consideration we may write (see e.g. [8]):

ld(P
2,m2,m2) = \dx - ^ 1 . (1.4.15)

J
o
 J(27r)d [ q * - 2 2 2

The momentum integral can now be evaluated and yields:
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1

dx[x(\ - x)p* - m>]*l™ . (1.4.16)

It is clear that Id diverges in the limit d -» 4. With

e = 4 - d (1.4.17)

we have

= | - 7 + 0(e) , (1.4.18)

where y = 0.577 is the Euler-Mascheroni constant. On the other hand, the

expansion of the integrand in (1.4.16) is of the type

A-''* = expf- llnJtj = 1 - |liu4 + O(ez) . (1.4.19)

From (1.4.18) and (1.4.19) we see that Id contains a finite part if d -»4,

because the e's cancel in the product of the first term of (1.4.18) and the

second term of (1.4.19). This provides an unambiguous way to find the correct

finite part, necessary for renormalization, in an otherwise infinite Feynman

integral.

In two dimensions ultraviolet divergences rarely occur. For example, in

two-dimensional massless QED the one—loop vacuum polarization (1.4.12) is

finite. The higher the number of spacetime dimensions is, the more frequently

ultraviolet infinite integrals will appear in Feynman diagrams. If the

dimension becomes very large, field theory models may even become

unrenormalizable, i.e., one may have too many infinite integrals to

regularize. An example of this situation is the Gross-Neveu model considered

in Section 1.1 (see (1.1.17)), which is renonnalizable in two dimensions, but

perturbatively unrenormalizable in more than two dimensions.

A large part of this thesis is devoted to models where scalar and spinor

fields couple to gauge fields, in two dimensions. We already presented in

(1.4.12) the one-loop vacuum polarization for photons that couple to spinor
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fields in two dimensions. In scalar electrodynamics, which describes the

interaction of spin zero scalar particles with photons, a similar one-loop

calculation can be performed. The two-dimensional case was treated in [9];

there we found that the one-loop vacuum polarization of the photon takes the

form:

tJfcV*-u\t2

k2

4m2-k2 | dx
2-k2 f ,4 J *(!-;x)k2~mx

(1.4.20)

The scalar case is evidently more complicated than the result obtained for

spinor QED. Moreover, the limit of massless scalar particles (m -> 0) in

(1.4.20) is ill-defined: it leads to a divergence in the second term. This is

a problem we will encounter frequently when studying theories with scalar

fields in two dimensions: massless scalar fields in two-dimensional spacetime

lead to incurable infrared (small momentum) divergences.

1.5 Non-perturbative physics

In the previous section we defined the photon and electron propagators (1.4.3)

and (1.4.7) in QED for free fields. We can, however, extend these definitions

to interacting fields. Also, it is possible, to define vacuum expectation

values of time-ordered products of more than two fields, and of different

types of fields. These vacuum expectation values are called n - point Green's

functions. The most general n—point Green's function in QED is of the form

(*!,...,*„) = ( - i)n-l<0\T{All(x1)...Al,(xm)Q(xm+1)...y(xn)}\0> . (1.5.1)

,x2) is equivalent to the full fermion propagator S{x1 - x2), whereas

the full photon propagator is represented by Gffl(xx,x2). In QED, another

important Green's function is the electron-positron-photon 3-point function

G£3'(*II*2>X3)J or, in momentum space F^p^p), where p and p are the fermion

momenta. Because of translation invariance there is momentum conservation, so

that the photon momentum k = p - p' is not an independent variable. The
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precise connection between G^3' and F^ is given by the formula

J(27T)d J
l S(pl)rv(p>,p)S(p)Dltv(p' - p) x

(27T)d

(1.5.2)

The three-point Green's function Fv is "dressed" with external propagators to

obtain the vacuum expectation value.

The classical equations of motion (1.3.2), together with the canonical

field commutators, lead to integral relations between the various Green's

functions. These are the well-known Dyson-Schwinger equations. In QED the

photon and electron propagators can be expressed in terms of the three-point

vertex function of (1.5.2). The Dyson-Schwinger equation for the photon

propagator reads, in momentum space:

! pa(k)D"v(k) , (1.5.3a)

where

^ p , p - k)S(p - k)} , (1.5.3b)
(2vr)d

which is called the full vacuum polarization tensor. For the electron

propagator, the momentum space Dyson-Schwinger equation is

S(p) = 5<°)(p) + S«>Hp)Z(p)S(p) , (1.5.4a)

with

E(p) = ie*\-S-E- 7ltS(p - k)Fv(p - k,p)D^(k) , (1.5.4b)
J ( 2 ) d

which is the full electron self-energy. The superscript zero in both (1.5.3)

and (1.5.4) indicates a free, or "bare" Green's function.

The Dyson-Schwinger equations are a complicated set of coupled non-linear
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integral equations. In general, it is impossible to obtain an exact solution

of these equations because they constitute an open-ended set. For example, in

both (1.5.3) and (1.5.4) the vertex function F^ appears; this three-point

function in turn obeys its own Dyson-Schwinger equation, which involves

four-point vertex functions, and so on. Therefore one does not attempt to find

the complete solution of these equations; instead one tries to find

approximate solutions for certain n-point functions, by making Ansatze for the

remaining n-point functions. In QED this procedure usually amounts to finding

approximate solutions for the photon and electron propagators in a momentum

region of interest. To obtain a manageable set of integral equations one

approximates the vertex function F^p^p) by a simple, known expression.

The simplest approximation for T^ exists in the replacement by its bare

value -yy This is known as the Johnson-Baker-Willey approximation [10]. A

serious disadvantage of this approximation is its lack of gauge covariance.

Within any method of approximation, gauge invariance should be respected. In

terms of Green's functions this means that at any stage of the calculation

they should obey the Ward identities. Ward identities are relations between

Green's functions that are a direct consequence of gauge invariance. The

simplest example of a Ward identity in QED is the identity which states that

the vacuum polarization II ̂ (k) is transverse:

(*) = 0 . (1.5.5)

Thus the vacuum polarization has the general structure

W d-5-6)

A more sophisticated Ward identity is

p , p - k)S(p -k)= S ( p - fc) - S(p) ; (1.5.7)

it expresses the longitudinal part of the three-point vertex function as a

difference of electron propagators. It is especially this Ward identity that

is important to us, because it provides a means of short-circuiting the
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Dyson-Schwinger equations for the photon and electron propagators in QED. A

derivation of (1.5.5) and (1.5.7) can be found in [1], where functional

methods have been used to obtain both identities. From (1.5.7) it is easy to

see that the Johnson-Baker-Willey approximation is in general inconsistent

with gauge invariance, except when the full electron propagator is equal to

the bare one. This last situation is of course not to be expected in a fully

interacting quantum theory.

In 1963, Salam [11] invented a technique to approximate the full vertex

function F^ in a gauge covariant fashion. This method was further developed by

Salam and Delbourgo [12] and by Delbourgo [13,14], and is called the

Salam - Delbourgo method or Gauge Technique. For QED, the method is based on the

Ward identity (1.5.7), together with the Kall6n-Lehmanr spectral

representation

00

•J'S(p) = \du I2Z1 (1.5.8)
jft-w+te sgn(w)

for the electron propagator. (For a derivation of (1.5.8), see e.g. [15]).

Salam observed that the Ward identity (1.5.7) allows one to express the

longitudinal part of T^ as a linear function of the spectral function p(u):

- k) = rfw p(w)— r,, —— ,
J p-u p-tt-u

- k)S(p - k) = rfw p ( w ) — r,, — — , (1.5.9)
J p-u p-tt-

where the ie-prescription is understood in both denominators. It follows from

direct substitution that (1.5.9) indeed satisfies the Ward identity (1.5.7).

Apart from being gauge invariant, a great advantage of (1.5.9) is that its use

converts the intrinsically non-linear Dyson-Schwinger equation (1.5.4) to a

linear equation for the spectral function p{u>). In most cases, this linear

equation is not difficult to solve.

The major disadvantage of the Ansatz (1.5.9) is that it leaves the

transverse part of F^ completely undetennined. Any function F^ of the type

22



\p"F(p2,k2) (1.5.10)

can be added to the right-handed side of (1.5.9) without violating the Ward

identity. On the other hand, in the infrared limit (the limit of small k) the

Ansatz (1.5.9) turns into an exact solution of the differential version of the

Ward identity:

S(p)r^p,p)S(p) = - -^S(p) . (1.5.11)
dpi1

The Salam-Delbourgo method is therefore a reliable approximation method in the

infrared momentum region.

It should be mentioned that application of the Salam-Delbourgo Gauge

Technique to the electron propagator Dyson-Schwinger equation is an

intrinsically non-perturbative procedure. There is no reference to the

perturbative series expansion whatsoever. The reason is that gauge invariance,

and therefore Ward identities too, hold non-perturbatively. Moreover, the

Dyson-Schwinger equations of a quantum field theory are non-perturbative

equations: they are an integral representation of the quantum mechanical

equations of motion. Thus the Gauge Technique, applied to Dyson-Schwinger

equations in quantum gauge theories, could be a powerful means to obtain

information about phenomena, such as quark confinement in QCD, that cannot be

traced back to perturbative origins.

Through the years, the Gauge Technique has borne the brunt of much

scepticism. For example, it has not been proven that the Gauge Technique can

play a significant role in the description of non-perturbative confinement in

QCD or Yang-Mills theory [16,17]. There are even indications that in

non-Abelian gauge theories, in non-covariant axial gauges, it is precisely the

transverse part of the vertex functions that determines the behaviour of e.g.

the gluon propagator [18]. By construction, the Gauge Technique is incapable

of examining this proposal. On the other hand, the Gauge Technique has also

led to some successes. For example, the ultraviolet behaviour of the electron

propagator in QED was correctly determined [13] using the Salam-Delbourgo

method. Also, the complete non-perturbative solution of the Dyson-Schwinger

equations in two-dimensional massless QED (the Schwinger model) by means of
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the Gauge Technique was an important achievement [19]. In fact, it was this

solution of the Schwinger model that motivated us to find solutions for the

propagators of the supersymmetric extension of the Schwinger model. Chapters 3

and 4 of this thesis will be devoted to this study. However, before describing

the supersymmetric Schwinger model, we will first introduce and explain the

phenomenon of supersymmetry in quantum field theory. This we do in the next

section, and more extensively in Chapter 2.

1.6 Supersymmetry

Supersymmetry is a symmetry between bosons and fermions. A supersymmetry

transformation transforms states with integer spin into states with half-odd

integer spin and vice versa. Its first appearances in the physics literature

date back to 1971, in a paper by Gol'fand and Likhtman [20], and 1973, in a

paper by Akulov and Volkov [21]. Both papers remained almost

unnoticed. Supersymmetry in its currently accepted formulation was

rediscovered by Wess and Zumino [22]. They started from the following

Lagrangian density (in 4 spacetime dimensions) for a free complex scalar field

4>(x) = A(x) + iB{x) and a free Majorana spinor f(x):

i^ \ * (1.6.1)

They added to (1.6.1) a very particular interaction term, containing only one

independent, dimensionless, coupling constant g:

i W . (1.6.2)

This Lagrangian density describes the famous Wess-Zumino model. It is

invariant under the internal symmetry transformation

(x) , (1.6.3)

where 0 is a constant real parameter. The Lagrangian (1.6.1) + (1.6.2) also

has a supersymmetry defined by the transformations
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6A = etp , (1.6.4a)

SB = - ilY5^ , (1.6.4b)

Sip = - «"0(J4 - «y5fl)e - £(4 - i-fB)*e . (1.6.4c)

Here the parameter e of the transformation must be a Majorana spinor. The

transformations (1.6.4a) - (1.6.4c) explicitly show the feature of bosons and

fermions being transformed into each other.

A very interesting property of supersymmetry transformations follows from

the commutator of two such transformations. From (1.6.4a) - (1.6.4c) one finds

that, acting on the field A,

[«!, 62]A = - 2«e2y''e1a|1A . (1.6.5)

This is an infinitesimal translation over a distance aM = 2«i2y/1el on the

field A. The same result is valid for the fields B and ij>. Thus the commutator

of two supersymmetry transformations implies an infinitesimal translation.

Supersymmetry is therefore a spacetime symmetry. This striking result can be

made clear by a consideration of the algebra of the generators of spacetime

and supersymmetry transformations. These generators are given by the

corresponding Noether charges of the Lagrangian density (1.6.1)-(1.6.2). In

terms of the momentum operator P^, the angular momentum operator M^ and the

supersymmetry generator Q, (which is a spinor, because the parameter e is a

spinor) the algebra reads:

[*,un Qa)= ~ {f^Uh , (1.6-6*)

[PM, CJ - 0 , (1.6.6b)

{Qa, Qb} = - m^C)^ . (1.6.6c)

where C is the charge conjugation matrix. Thus the Poincare algebra of

translations and Lorentz transformations mixes with supersymmetry

transformations.

Supersymmetry has been formulated not only in the context of
field theory but in that of quantum mechanics as well. To grasp
the idea of a non-relativistic version of supersymmetry consider
a Hamiltonian H of a quantum mechanical system. If the system has
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a ground state the spectrum of H is bounded from below. Normalize
the energy eigenvalues in such a way that the ground state has
zero energy. The Hamiltonian H is then a positive operator that
can be written as the square of some operator Q:

H = Q2 .

Consider, for example, a one-dimensional system with spin:

Q = <73p + <TXX , p = - i fc .

The Hamiltonian of this system reads

H = (p2 + x2)l + a2 ;

it represents a harmonic oscillator plus a spin term, like an
electron in a magnetic field.
This Hamiltonian is the prototype of supersymmetric Hamiltonians
in field theory. Note that the defining relation of the
supersymmetry operator Q is analogous to the expression for the
anticommutator (1.6.6c) in quantum field theory.

The Wess-Zumino Lagrangian density (1.6.1) - (1.6.2) can be extended by

inclusion of mass terms for the fermionic and bosonic fields. It turns out

that the massive Wess-Zumino model is invariant under a (modified) set of

supersymmetry transformations only if the masses of fermions and bosons are

taken to be equal. Supersymmetry implies mass equalities for particles of

different spin. Experimentally such mass equalities have not yet been

observed. This fact implies that supersymmetry, if it exists in nature, must

be realized as a broken symmetry, or perhaps unbroken at presently

inaccessible energies.

However, mass equalities do not necessarily imply supersymmetry, e.g. the

photon and the neutrinos are not supersymmetry partners [23]. As another

example, consider scalar plus spinor QED with the same mass m for all matter

fields. The Lagrangian density

£

is not supersymmetric unless certain additional interaction terms are

included. In Chapter 3 we will see that in two spacetime dimensions (1.6.7)

can be made supersymmetric only if a Yukawa coupling between -I/J and 0 is
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present.

Supersymmetric quantum field theories have a number of interesting

features. For example, in the Wess-Zumino model, with its special mass and

coupling constant relations, there are remarkable cancellations of infinities

in the calculation of quantum corrections. As a result the Wess-Zumino model

has very simple renormalization properties. There is only one independent

renormalization constant, due to wave function renormalization. This is a

phenomenon which occurs in many supersymmetric field theories in four

spacetime dimensions [24].

In two and three spacetime dimensions such non-renormalization theorems

do not exist, or at least have not yet been discovered, in field theoretical

models having only one supersymmetry. A large part of this thesis is devoted

to a search for special conditions under which non-renormalization theorems do

appear in two and three dimensions. Results of this search can be found in

Chapters 3, 4, and 5.

Another very interesting aspect of supersymmetry is its relation
to gravity. If the supersymmetry parameter ea is taken to be
local, i.e., ^-dependent (eo = ea(x)), it follows from (1.6.5)
or from (1.6.6c) that the commutator of two local supersymmetry
transformations yields a local translation. But a local
translation is a general coordinate transformation, so the
commutator of two local supersymmetry transformations is a
general coordinate transformation. Thus local supersymmetry
includes gravity; the corresponding gauge theory of local
supersymmetry is therefore called supergravity. Local
supersymmetry is not the subject of this thesis; the reader
interested in supergravity may find more details in e.g. [25].
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CHAPTER 2

SUPERSYMMETRIC GAUGE THEORIES IN TWO AND THREE DIMENSIONS

We introduce the superfidd formulation of supersymmetric field theories in

two (and three) spacetime dimensions. We give examples of supersymmetric

models, both in superspace and in terms of component fields. We discuss

various aspects of superspace gauge theories.

2.1 Superspace and superfields

The most important message of Section 1.6 is that supersymmetry is related to

spacetime symmetries. For example, from (1.6.6) it follows that a

supersymmetry transformation is, loosely speaking, the square root of a

translation. It is for this reason that we expect that supersymmetry can be

described in a way analogous to spacetime symmetries. For example, a

translation over a distance aM generated by the momentum operator P^ acts on a

scalar field <j>(x) in the following way:

eiaPtt>(x)e-iaP = <t>(x + a) , (2.1.1)

or, equivalently:

- id^x) . (2.1.2)

For supersymmetry transformations analogous formulas should exist, and it is

the purpose of this section to find these expressions and use them to

formulate supersymmetry in an elegant way.

The supersymmetry parameter e defined in Section 1.6 is a spinor with

anticonunuting components eo. Thus supersymmetry demands some knowledge of

anticommuting numbers. An anticommnting or Grassmann number i? commutes with

ordinary numbers and anticommutes with Grassmann numbers. In particular, T)

anticommutes with itself so that
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,,2 = 0 . (2.1.3)

Therefore any function of rj has a power series expansion that terminates after

the second term:

f(T\) = a + bt} , (2.1.4)

where a and b are ordinary (non-Grassmann) parameters. For a function of two

Grassmann coordinates we have

and so on. Differentiation of Grassmann variables »/,-, i = 1,2, ..., is

usually defined by

i.e., the anticommuting differential operator is placed left of the variable

to be differentiated. Integration is defined in a translationally invariant

way:

jdr) f(i)) = jdrif(V + r)0) . (2.1.7)

From (2.1.7) it follows that

jdr, = 0 ; (2.1.8)

furthermore, we normalize Grassmann integration such that

jdri rt = 1 . (2.1.9)

With these definitions integration and differentiation of Grassmann variables

are equivalent operations.

We return now to supersymmetry. As it is related to spacetime symmetry,

its explicit formulation as such will depend on the number of spacetime
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dimensions. Because our main interest in this thesis lies in two-dimensional

supersymmetric field theory, we will only give here the two-dimensional

formalism involving anticommuting coordinates.

Spacetime can be extended to a superspace [26] in which supersymmetry

transformations are represented as coordinate transformations. In

two-dimensional superspace two Majorana spinor coordinates 9a (where a takes

the values 1 and 2) accompany the usual spacetime coordinates x^ with

\x = 0, 1. On the resulting enlarged space we can define functions of x and 9,

e.g. a scalar superfield 4>(x,0), and study the behaviour of these functions

under translations of superspace coordinates. The relevant part of the

two-dimensional supersymmetry algebra is:

^ ^ , (2.1.10a)

[P/» <2a] = 0 , (2.1.10b)

{Ga, Qb) = - 2(T"CW,, • (2-1-lOc)

The first of these equations, which states that Qa transforms as a spinor

under Lorentz transformations, is not important for our purpose. The remaining

part of the algebra can be realized on a scalar superfield in a way analogous

to (2.1.1):

e»o.p+iQ $(X,O) e-i*-P-~eQ = $(x + a - iejO, 0 + e) . (2.1.11)

Thus we see that a supersymmetry transformation generates a translation of the

anticommuting coordinates 9.

As a special case consider a pure supersymmetry transformation

eEQ $(x,0)e-E<2 = $(x - iey0, & + e) .

A supersymmetry transformation not merely generates a translation
of 6, but also a "genuine" translation of x. This follows from
the anticommutator in (2.1.10c), as can be seen from application
of the Baker-Campbell-Hausdorff formula

e^Ber* = B + [A,B] + | | - [J4,[J4,#]] + ...

Note however that iey^B are not ordinary real numbers because
e.g. («£•)iJ9)3 = 0 for any /x.
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For the special case with a,, = 0 and infinitesimal e (2.1.11) reduces to

0 #(*&) + #(»«)

which is the supersymmetry analogue of (2.1.2). A supersymmetry transfonnation

on a field is now defined by:

6(field) = [e<2, field] . (2.1.13)

From (2.1.2) and (2.1.12) it follows that the algebra of supertranslations

(i.e., translations and supersymmetry transformations) can be represented by

the operators

PM = i3M , (2.1.14a)

Q« = - — + i(T*0). 0 g • (2.1.14b)

It is interesting to see how the supersymmetry transformation (2.1.12)

transforms bosons and fermions into each other. In order to see this, consider

the scalar superfield ${x,8). Because it is a function of a Grassmann variable

6 with two independent components 0a it can be expanded in the power series

$(x,0) = A(x) + Vy(x) + ±B0F(x) . (2.1.15)

In this expansion A(x) is a scalar field defined on ordinary two-dimensional

spacetime. Likewise ip(x) is an ordinary Majorana spin-^ field and F(x) is

again a scalar field. The fields A, ip and F are called the component fields of

the scalar superfield; together they represent the scalar multiplet in two

dimensions. In terms of component fields, (2.1.12) is equivalent to

6A = ei> , (2.1.16a)

fy = {i$A + F)e , (2.1.16b)

6F = ie9y> . (2.1.16c)

We see from (2.1.16) that the supersymmetry operator (2.1.14b) indeed

transforms bosons into fermions and vice versa.
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The advantage of the use of superfields is that the properties of a large

set of fields with different spin (e.g. A, V and F) can be written in a very

compact way using a single superfield only. Lagrangian densities and equations

of motion often simplify drastically in superfield language. The problem is

how to find superfield Lagrangian densities that describe physically sensible

supersymmetric models.

It may come as a disappointment that Lagrangian densities
invariant under supersymmetry transformations do not exist. This
is a direct consequence of the anticommutator (2.1.10c), for if a
Lagrangian density C(x,9) were supersymmetric we would have

[ifi, C(x,B)] = 0

and consequently

On the other hand

and so:

We have reached a contradiction. Supersymmetric Lagrangian
densities do not exist. We must then look for Lagrangian densities
that change by a total derivative under supersymmetry
transformations, so that the action is invariant. From (2.1.16c)
we know that F-components of scalar superfields meet this
requirement.

The F-component of a scalar superfield, if it is hermitian, can serve as a

supersynunetric Lagrangian density. The F-component is the coefficient of j-90.

From (2.1.9) we can show that

= 1 , (2.1.17)

e.g. by taking the basis where -^6 = 0,02 and &8 = d02d01. From the power

series expansion of #(x,0) it follows that the F-component is the integral

over all 0's of the scalar superfield. A superfield Lagrangian density is
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always of the form

L = jd2O (superfield) . (2.1.18)

In order to obtain theories with non-trivial dynamics such Lagrangian

densities necessarily contain derivatives. Unfortunately the derivative -^-

does not (anti)commute with supertranslations of the type

*M = *M + °M - i F V , (2.1.19a)

O'a = 9a + e a • (2.1.19b)

Instead, one has to use the covariant derivative

4 , = - — - i(7*»).aM • (2-1-20)
dBa

It is easy to show that this derivative anticommutes with the supersymmetry

operator:

{Da,Qb} = 0 . (2.1.21)

From the scalar superfield $(x,0) and its derivative Da$(x,9) several

interesting Lagrangian densities can be put together. A free, massive scalar

multiplet is described by the Lagrangian density

[x,6) . (2.1.22)

The equation of motion is the Euler-Lagrange equation

(2.1.23)

It is instructive to write (2.1.22) and (2.1.23) out in components. After some

straightforward algebra one finds for the Lagrangian density:

34



C = ^(d^AHd^A) - \v(i9 - m)p + if2 - mFA . (2.1.24)

The equation of motion for F is algebraic, that is, it contains no

derivatives. Therefore F can be eliminated from L altogether and what remains

is the simple Lagrangian density

£ = i( VKdM) - ±mM2 - iftt# - m)« . (2.1.25)

The Lagrangian density (2.1.25) is equivalent to (2.1.24). F is called an

auxiliary field.

2.2 Examples of supersymmetric models in superspace

The simplest interaction term that can be added to the free superspace

Lagrangian density (2.1.22) is a <P3-interaction:

? §r*3(*,0) • (2.2.1)

In terms of component fields it reads:

Cg = \g{A2F - Aw) • (2.2.2)

In the Lagrangian (2.1.24) + (2.2.2) the auxiliary field F can be eliminated

by use of its equation of motion. The complete Lagrangian density for the

interacting fields A and y then becomes:

Cg = A{a^)(8M) - imM* - ^ f i # - m + gA^ + \mgA3 - i^A* . (2.2.3)

The structure of the two-dimensional Lagrangian density (2.2.3) resembles that

of the four-dimensional Wess-Zumino model, (1.6.1) + (1.6.2). It is for this

reason that we will refer to the combined superspace Lagrangian

(2.1.22) + (2.2.1) as the two-dimensional Wess-Zumino model.

Other models where scalar and spinor component fields interact in a

supersyiiiiiielrie fashion can be found by replacing $ 3 in (2.2.1) by a more
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general superpotential V($) that is an arbitrary function of the scalar

superfield $. The Lagrangian density

£-Jd"#[ - ±#f±BD + J $ - y($)l (2.2.4)

reduces, after elimination of the auxiliary field F, to

+ $ft"(A)il> - mAV(A) . (2.2.5)

This Lagrangian density, without the mass terms, has been discussed by

DiVecchia and Ferrara [27]. It is invariant under the infinitesimal

supersymmetry transformation

SA = i v , (2.2.6a)

dip = [i9A -mA + V(A)]e , (2.2.6b)

where e is a constant Majorana spinor.

The corresponding finite supersymmetry transformation for m = 0
reads [28]:

6A = e* - ^eeV(A) ,

&<l> = (i9A + V'(A))e + ̂ Ee(i9 + I

as can easily be checked.

Several of the field theoretical models considered in Section 1.1 turn out to

have supersymmetric extensions. We already saw in (2.2.3) that a particular

combination of scalar self-interactions and a Yukawa coupling leads to the

Wess-Zumino model, which is supersymmetric. The supersymmetric sine-Gordon

model is obtained from the superspace Lagrangian (2.2.4) if we take the

superpotential [29]
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(2 2 7)

We conclude this section by making a few remarks about the dimension of

spacetime. The models considered so far are all defined in two- dimensional

spacetime. It may come as a surprise however that some of the previously

mentioned models can also be defined in three-dimensional spacetime. The

reason is that spinors in three-dimensional spacetime can be described as

two-component anticommuting objects, as in the two-dimensional case. Thus

three-dimensional superspace is built from three spacetime coordinates

x? (fi = 0 ,1 ,2) and two Majorana coordinates 8a (o = 1,2). As a result the

superfield formalism set up in the previous section remains almost unchanged

when taken over to three dimensions.

Of course, there are some differences, e.g. concerning
7-matrices. In two dimensions they satisfy

whereas in three dimensions

The difference stems from the fact that there is no y5 in three
dimensions. This is of importance when we will consider spinor
superfields in supersymmetric gauge theories: a spinor (gauge)
superfield in three dimensions has a component expansion that
differs from that in two dimensions.

2.3 Supersymmetric gauge theories

The scalar superfield <P defined by its power series expansion (2.1.15)

describes a multiplet of a scalar particle, a spin- •= particle and an

auxiliary (uou-physical) scalar field. It does not, for example, contain

vector fields and therefore does not describe gauge particles such as photons

and gluons. On the other hand it turns out to be perfectly possible to

formulate supersyuunetric versions of gauge theories in superspace. The point

is that it is possible to define other types of superfields besides the by now
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familiar scalar superfield.

In principle new types of superfields can be constructed from a scalar

superfield by "appending an index" to it. In this way one can define a spinor

superfield $„, a vector superfield $M, etc. For our purposes the spinor

superfield is the most important one. A spinor superfield Va(x,0) for

two-dimensional spacetime has the component expansion [30]

Va(x,9) = r,a(x) - i

This superfield contains as one component the vector field A^x); therefore it

can serve as a gauge field in superspace. As such it represents a gauge

multiplet, containing as physical fields among others a photon and its

superpartner, the photino Aa:

(2.3.2)

We can construct a scalar superfield from Va by differentiation with respect

to Da:

VaVa{x,0) = - Mix) - d\(x) - ^BBe^dpArix) . (2.3.3)

Note that the dual field strength

^mei-d^x) (2.3.4)

plays the role of an auxiliary field in (2.3.3).

For some applications it is advantageous to introduce the vector
superfield [31, 32]

A vector superfield has the advantage that one can define the
usual field strength

and a gauge covariant derivative
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In two dimensions a vector superfield has eight independent
components, just as many as the spinor superfield (2.3.1).
Therefore a gauge multiplet may as well be described by the
vector superfield V^. However, there is an objection if one tries
to use this vector superfield to describe the dynamics of a gauge
multiplet: the only superspace Lagrangian density for a vector
superfield that makes sense would be

= f<P0 [- i

but evidently it has the wrong dimension. It is for this reason
that we will not try to pursue the vector superfield formulation
of a gauge multiplet.

The construction of the Lagrangian density for a free spinor superfield is

straightforward if we use the scalar superfield (2.3.3) as a starting point.

The Lagrangian density for a free, massive scalar superfield was given in

(2.1.22). In the same spirit we construct the Lagrangian density

£ = - jd?B\±DV BD dV + i/xDK Dr\ (2.3.5)

for the scalar superfield DV, where | i is a mass parameter. Can (2.3.5) serve

as a Lagrangian density for the free spinor superfield Ko? To check this, we

calculate the component field expansion of (2.3.5):

- n)\ . (2.3.6)

This follows immediately from (2.3.3) and the component Lagrangian (2.1.24).

In (2.3.6) we recognize the usual Lagrangians for a vector field Ap, a scalar

field M and a massive Majorana spinor field Aa. Moreover (2.3.6) contains a

term that mixes the bosonic degrees of freedom; it can be shown that this term

provides the scalar and vector fields with a mass /*.

The massive excitations can be read off most easily from the equations of

motion for the bosonic fields. The bosonic part of the Lagrangian density

(2.3.6) can be rewritten in terms of the dual field strength *F as:

CB = \CF? + ± (VW«) - f^'F • (2.3.7)

39



Here *F is not a dynamical field; it has the "equation of motion"

*F = liM . (2.3.8)

The equation of motion for the scalar field M is:

DM + fi'F = 0 . (2.3.9)

The equation for *F can be substituted in the equation for M\ as a result we

obtain the separate equations

(Q + H2)M = 0 , (D + fi2)*F = 0 , (2.3.10)

describing bosonic degrees of freedom of mass p.. Thus the mixing term in

(2.3.6) gives the fields M and A^ a mass y..

The Lagrangian (2.3.5) describes a multiplet of free scalar, spinor and

vector particles. This multiplet turns out to be a multiplet of gauge

particles, for the Lagrangian density (2.3.5) is invariant under the gauge

transformations

K = K + (yaPM , (2-3.11)

where A(x,9) is a real scalar superfield with component expansion

A(x,0) = a(x) + VX(x) + ±?Bf{x) . (2.3.12)

The invariance of (2.3.5) under these transformations follows from the

identity

Z5y50 = 0 . (2.3.13)

(This and other identities concerning supersymmetry covariant D's can be found

in Appendix A).

40



In terms of component fields the gauge transformations (2.3.11)

read:

, (2.3.14a)

M' = M , (2.3.14b)

Ap = A,,- 28^0 , (2.3.14c)

N1 = N + 2 / , (2.3.14d)

& = ta + i(7»9x)a • (2.3.14e)

It is clear from (2.3.14) that the vector field A^ transforms as usual under

gauge transformations (see (1.2.2)), whereas the scalar field M is gauge

invariant. Furthermore, the fermion field Aa (the photino) defined in (2.3.2)

is also gauge invariant. It follows that the scalar superfield DV in (2.3.3),

which is the essential building block of the superspace Lagrangian density

(2.3.5), is gauge invariant! This yields another way to check the invariance

of (2.3.5) under the gauge transformations (2.3.11).

In (2.3.14) we observe that the fields rja and N change by an amount

containing no derivatives. This means that they can be gauged away by an

appropriate gauge transformation; if we choose i}a = «(7"sX)o an(^ N = — 2if the

gauge transformed fields vanish. We conclude that neither r/a nor N can have

physical significance because we can set them equal to zero. We could also

have guessed this assertion from the component field Lagtangian (2.3.6), in

which both rja and N do not appear at all. The choice of gauge defined by

r)a = 0 , N = 0 (2.3.15)

is called the Wess-Zumino gauge [33J; it is often used to simplify the

calculation of quantum corrections in supersymmetric gauge theories.

The Lagrangian density (2.3.5) is by construction supersymmetric, i.e., it

changes by a total derivative under a supersymmetry transformation of the type

Wa= [ i f t Va] , (2-3.16)
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where e is the parameter of supersymmetry. In component fields (2.3.16) reads:

6M = I? - iefa} , (2.3.17b)

(2.3.17c)

(2.3.17d)

(2.3.17e)

From (2.3.17a) and (2.3.17d) we see that both ?/„ and N do change under a

supersymmetry transformation. The Wess-Zumino gauge condition is not invariant

under supersymmetry transformations. In situations where it is necessary that

the Wess-Zumino gauge be preserved, every supersymmetry transformation must be

accompanied by a restoring gauge transformation [33,34].

The remaining supersymmetry transformations in (2.3.17) become more

transparant if we rewrite them in terms of the gauge invariant fields M, Aa

and *F:

6M =e\ , (2.3.18a)

ea*F , (2.3.18b)

6*F = iefa . (2.3.18c)

This notation also clarifies some previously introduced nomenclature: in

(2.3.18) the photon (represented by its dual field *F) is transformed into its

fermionic counterpart, the photino.

The quantization of supersymmetric gauge fields proceeds in a way

analogous to ordinary gauge fields. In particular, to avoid negative-norm

particle states, it is necessary to invent a supersymmetric gauge fixing

procedure. It turns out that two-dimensional spacetime admits two independent

quadratic combinations of the gauge field Va that may be used as a gauge

fixing term in the Lagrangian density. A covariant supersymmetric gauge fixing

Lagrangian that accompanies the superspace Lagrangian (2.3.5) is
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Car = ftP^ihsWDlhsV -l-filhsVDysV] , (2.3.19)

where a and a' are two independent gauge parameters. From an expansion of

(2.3.19) in component fields it is easily seen that it contains the usual

gauge fixing term - x(9/1/t'
1)2 of the photon field.

We will use the Lagrangian density (2.3.5) + (2.3.19) in Chapter 3 in the

construction of the supersymmetric extension of (1 + 1)- dimensional quantum

electrodynamics. There we will show that the gauge field Va can be coupled in

a gauge invariant way to a charged complex scalar superfield $ by the minimal

coupling prescription

Da - Va = Da + ie(r / )a (2.3.20)

applied to the Lagrangian density for the field $. This is possible not only

for the present (Abelian) version of the gauge superfield but for its

non-Abelian counterpart as well. As in Section 1.2, a non-Abelian gauge

superfield is a matrix of the form

Va{*,0) = Vi(x,8)P , (2.3.21)

where the T* are the generators of the Lie group under consideration. Every

V'a(x,Q) has a component field expansion

± ^ ^ ± ) (2.3.22)

and all of its components take values in the appropriate Lie algebra. In the

non-Abelian case the gauge transformation (2.3.11) is replaced by the

covariant expression [30]:

Va = Va + (ysD)aA - ig[A,Va] . (2.3.23)

Non-Abelian models will be considered in Chapter 5. The much simpler Abelian

models will be the subject of Chapters 3 and 4.

As a final remark we mention that the formalism for two-dimensional gauge

superfields developed in this section is also appropriate for gauge

superfields in three spacetime dimensions, if several small changes are taken
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into account. Because of the absence of a y5 in three dimensions the component

field expansion (2.3.1) is modified:

) • (2.3.24)

Here D and rja can be removed by a gauge transformation

V'a = Va + OaA . (2.3.25)

In the Wess-Zumino gauge we then have

Va{x,6) = i(yMfl)8A"(x) + iSftM*) , (2.3.26)

where A,, is again the gauge invariant photino field.
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CHAPTER 3

THE SUPERSYMMETRIC SCHWINGER MODEL

This chapter is devoted to a simple model: supersymmetric quantum

electrodynamics in one space and one time dimension (SQED2). After some

generalities, we present its Feynman rules and utilize them for a one-loop

perturbative treatment of the model. We derive a condition for which there is

no one-loop mass renormalization, and discuss the possible origin of this

effect.

3.1 Description of the model

Quantum electrodynamics in one space and one time dimension (QED2) was first

studied by Schwinger in 1962 [6]. Especially QED2 with massless fennions (the

Schwinger model) has received much attention because all its Green's functions

are exactly solvable. Another interesting property of the Schwinger model is

that the theory is gauge invariant in spite of the fact that, as a result of

quantum corrections, the vector field A^ (the photon) develops a mass e/V5r

(see Section 1.4). This and other features can be studied by many different

methods [19,35]. It makes the theory a very popular model for field

theoretical studies.

QED2 is a two-dimensional model describing interactions between fennions

and gauge bosons. Its Lagrangian density was given in Section 1.3, but we

repeat it here for convenience:

It is tempting to see whether a supersymmetric extension of the Schwinger

model can be formulated and whether it has similar appealing properties. Any

supersymmetric extension should contain (3.1.1) as a sub-Lagrangian. As a

first try we can use the scalar and spinor superfields defined in Chapter 2 to

determine the field content of the supersymmetric Schwinger model (SQED2), but
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then we run into trouble. The real scalar superfield # defined in (2.1.15) has

as its 0-component a Majorana spinor tl>M, whereas the Schwinger model (3.1.1)

contains a Dirac spinor VD- The solution to this problem is to use a complex

scalar superfield instead of a real one, because every Dirac spinor can be

written as a complex combination of Majorana spinors: ipD = ^ j + iVaw-

The free Lagrangian density for the matter fields becomes

^mailer = - J*0#* [JED + ml # , (3.1.2)

or, after a partial integration that moves the covariant derivative T> to #*:

. (3.1.3)

The matter Lagrangian is invariant under global gauge transformations

$' = e-
ieA$ , #*' = eUA$* , (3.1.4)

where e and A are real constants. The gauge multiplet is described by a real

spinor superfield Va with Lagrangian density given by (2.3.5) in Chapter 2:

M DV Bv\ (3.1.5)

It is invariant under the gauge transformations (see (2.3.11) in Chapter 2)

. (3.1.6)

In order to couple the gauge field Va to the matter fields $ and $*, we have

to make the combined Lagrangian density (3.1.3) + (3.1.5) invariant under

local gauge transformations, i.e., in (3.1.4) we have to promote the constant

A to a full-fledged scalar superfield A(x,9), as defined in (2.3.12) in

Chapter 2. As for ordinary QED discussed in Chapter 1, this leads to a minimal

coupling prescription where in the matter part of the Lagrangian the covariant

derivative Da is replaced by the gauge covariant derivative Vo:
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(3.1.7)

(see also (2.3.20)). As a result Va<P transforms in the same way as # under

local gauge transformations:

(3.1.8)

The complete, gauge invariant Lagrangian density for the supersymmetric

Schwinger model now reads:

C = - J ^ [ - ̂ * * V # + m*** + iZ>K DD BV + iji DK Dj/j . (3.1.9)

To avoid states of indefinite metric in the quantized version of the model, a

covariant supersymmetric gauge fixing term has to be added. This was already

discussed in Section 2.3. There we proposed the gauge fixing Lagrangian

(2.3.19),

which contains two gauge parameters, a and a'. As in ordinary QED, the choice

of a specific gauge may simplify the gauge part of the Lagrangian density. In

the supersymmetric Schwinger model the choice a = a' = 1, a generalization of

the Feynman gauge, is convenient because in that case the gauge part of the

Lagrangian density takes the simple form:

(3.1.11)

To obtain (3.1.11) from (3.1.9) and (3.1.10) with a = a' = 1, some 0-algebra

has to be performed, that is, expressions containing many covariant D's have

to be reduced to expressions containing fewer D's. As an example we mention

the identity

DJ>D = - 2i(9D)a • (3.1.12)
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It reduces the number of D's by two. A complete list of identities used in

performing D-algebra can be found in Appendix A.

To check whether the Lagrangian density (3.1.9) + (3.1.10) contains the

ordinary Schwinger model as a sub-Lagrangian, we calculate its component

expansion. Some straightforward algebra yields:

£SQED2 - " ^ W " - 5

- A*(D + mz)A + y(i& - m)il> +

- ieA^d^A - e/t^Y'V - ieihsfM - ie{i>y5XA + ly5yA*) +

- e^M2 - ApA*)A*A (3.1.13)

Here we have used the Wess-Zumino gauge defined in (2.3.15) in Section 2.3.

Furthermore, we have eliminated the auxiliary fields F and F* from the

Lagrangian density. The spinor ip in (3.1.13) is a Dirac spinor, whereas A is a

Majorana spinor. From (3.1.13) we see that SQED2 indeed contains the Schwinger

model as a submodel.

The Lagrangian density (3.1.13) clearly shows the field structure of the

supersymmetric Schwinger model. The model is essentially a combination of

spinor and scalar electrodynamics, where a Yukawa coupling term between ip, X

and A has been added. Supersymmetry requires that the masses of the electron ip

and its scalar partner, the selectron A, be equal. The same statement holds

for the photon A^ and its partner, the photino A. Moreover, the Yukawa

couplings are essential for the supersymmetry of the model. A combination of

scalar and spinor electrodynamics alone is not enough to obtain a

supersymmetric model.

The supersymmetric Schwinger model was originally constructed in [30],

and its properties were further investigated in [36] and in [37]. A good

starting point to study the model is to look at its perturbative properties.

Perturbation theory in turn requires knowledge of the lowest order basic

Green's functions, the propagators and vertices, of the model. Therefore the

next step is to derive the Feynman rules of the supersymmetric Schwinger

model.

Green's functions for superfields are defined in a way analogous to those

for ordinary fields. For example, the propagator of a scalar superfield ${x,6)

is defined as the following vacuum expectation value:
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(3.1.14)

The free propagator for a scalar superfield # of mass m can be found from the

Lagrangian density (3.1.9) in the same way as described in Chapter 1 for an

ordinary scalar field. In momentum space it reads

h)D(p,6 x) - m
lA) = <5i2 , (3.1.15)

p2-m2

and its inverse is

u • (3-1.16)

Here <512 is the delta function of the Grassmann variables:

*i2 = J(Bi - »»)(«i - S2) (3-1-17)

(see Appendix A).

Comparing the component expansion of (3.1.15) and that of the
Fourier transform of (3.1.14) we can easily see that they imply
the usual propagators for the scalar field A and the Dirac
spinor ij>:

1

1

p-m

We will use these formulas in Chapter 4, when we come to the
problem of finding non-perturbative approximations of the various
Green's functions of the model.
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For the gauge superfield Va the propagator and its inverse are

1 [(at + o»fj (3.1-18)

and

BD(Mi)-*](«*-«»] 6a . (3.1.19)

Clearly the generalized Feynman gauge a = a' = 1 is convenient. In that gauge

the superpropagator (3.1.18) simplifies to

(3.1-20)

In general covariant gauges the form (3.1.18) has the practical merit that the

operators

Ph(k,9) = ttpD[k,0)±l\ (3.1.21)
a*

act as projection operators. This division into complementary subspaces is of

importance when we come to consider perturbation theory. As we will see in

Section 3.2 only the P+-part of the propagator is affected by quantum

corrections.

The Lagrangian density (3.1.9) contains three- and four-point interaction

terms. Due to these couplings the Feynman rules of SQED2 are quite similar to

those of scalar electrodynamics (see Appendix B). The lowest order three-point

vertex can be extracted from the three-point interaction term
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S3 = - (3.1.22)

After a Fourier transformation, using translation invariance, we obtain for

the bare three-point vertex:

^ - k,6x))a6xi] . (3.1.23)

The lowest order four-point vertex can be found in a similar way: it follows

from the interaction term

S4 = 2-Jrf26»PK#"<f . (3.1.24)

In momentum space the bare four-point vertex reads:

Both gauge legs in this definition are Vs, so that the charge conjugation

matrix appears explicitly. Note that the bare four-point function is correctly

antisymmetric under interchange of both (fermionic) gauge legs.

The lowest order expressions for the various Green's functions derived in

this section are best remembered in terms of Feynman diagrams. We have

summarized the Feynman rules for SQED2 in Appendix B. We will use these

Feynman rules extensively in Section 3.2 to compute the one-loop corrections

to the gauge and matter field propagators in the supersymmetric Schwinger

model.

3.2 One-loop perturbation theory

A feature of quantum field theories is that quantum effects change the

structure of the Green's functions of the fields appearing in the theory.

Quantities such as the particle's mass, charge or wave function are subject to

renormalization. This phenomenon was already briefly mentioned in Section 1.4

51



for QED. In Section 1.6 however, we mentioned that supersymmetric field

theories in four dimensions are exceptional, in the sense that there several

parameters, such as particle masses, do not get renormalized. On the other

hand, in two or three spacetime dimensions, field theories that possess an

invariance under a single supersymmetry do not have this interesting

non-renormalization property.

Despite this last remark, in this and the next section we want to

investigate whether there are conditions under which the supersymmetric

Schwinger model does display the phenomeuort of non-renormalization. We start

our investigations by considering the one-loop corrections to the propagators

of SQED2. We will then find that under a special condition there is indeed no

one-loop correction to the masses of both the gauge and matter multiplets.

The one-loop correction to the bare inverse propagator for the gauge

superfield is presented in fig. 3.1. We can write the inverse propagator in

the form

J* (*;0,A) = rWiWifa) - n^k-,9^) , (3.2.1)

where nab(k;Bl,82) is called the vacuum polarization. According to the Feynman

rules of SQED2 the one-loop vacuum polarization is a contribution to F^ of

second order in the coupling constant e. The last diagram in fig. 3.1 (usually

called the tadpole diagram) is rather simple: it contributes

±BD(p,03)-mJ dH f ^ ±BD(p,03)-m
MUL. <W3d20AAAA4 *34 (3.2.2)

J(2w)2 J pt-m2

i U •• * ^ -*^ -^^ ^ j \ j _

p-k

Fig. 3.1: One-loop vacuum polarization in SQ£D2
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to the vacuum polarization. Due to the delta-functions the ^-integrals can be

done without effort and the resulting expression can be simplified further by

use of the identities

612612 = 0 , (3.2.3a)

6i2^D{p,92)6l2 = ~6l2 , (3.2.3b)

which can be found in Appendix A. The tadpole contribution then reduces to

J (3.2.4)
2 p2-m2

(2TT)2 p2-m

The remaining diagram in fig. 3.1 can be treated in a similar way, though it

requires more work. Its contribution to the vacuum polarization is

e2(Vp f

±DD(k-p,06)-m

Sa . (3.2.5)

This expression can be simplified considerably by a partial integration of the

covariant derivatives of the vertices, and extensive use of the D-algebra

identities of Appendix A. Expression (3.2.5) then reduces to

Sa (3.2.6)

and the final result for the one-loop vacuum polarization, obtained by

addition of (3.2.4) and (3.2.6), can be written as:
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2 m ] ]

The function / in (3.2.7) will appear several times in this thesis. It is the

one-loop integral

(3-2.8)

Using the projection operators P± defined in (3.1.21) we see immediately

that the vacuum polarization in (3.2.7) obeys the identity

) = « • (3-2.9)
ab

In fact, this identity holds not only for the one-loop approximation to flat,,

but for higher orders in perturbation theory and even non-perturbatively as

well. Identity (3.2.9) is known as a Ward identity. Ward identities are a

direct consequence of gauge invariance. We will discuss them in more detail in

Chapter 4. The identity (3.2.9) expresses the fact that only the

gauge-independent part of the inverse propagator (3.1.19) is affected by

quantum corrections.

For the one-loop correction to the bare inverse propagator of the scalar

superfield we have the contributions of fig. 3.2. In the spirit of (3.2.1) we

can write

r{pA,82) = /<«(««!,«,) - E(pAA) (32.10)

for the inverse scalar superpropagator. Here E(p;du82) is the matter

self-energy. To calculate E{p;0u62)
 t 0 one-loop order it is convenient to

choose the reynman gauge, with the gauge field propagator given by (3.1.20).

The tadpole graph in fig. 3.2 vanishes in this gauge, as follows immediately

from the Feynman rules. Thus, in the Feynman gauge the one-loop self-energy is

given by the first diagram in fig. 3.2 only. A medium long D-algebra

calculation leads to the result:

54



p-k
*2 + *\

Fig. 3.2: One-loop self-energy in SQED2

- (m - (3.2.11)

For later reference we also present, without calculation, the one-loop

self-energy in a general covariant gauge. It reads:

(p-kf-mf-m2

k2(k2a2-n2a'2) J

m(4p.Jb-2Jfc2)-2/j(p2+m2) am(4p.k-2k2 )-2/ia'(p2+m2)]
- o12

(3.2.12)

The one-loop calculations of this section had been performed earlier by

Bengtsson and Bengtsson [36]; however, their computation of the self-energy of

the matter superfield contains a flaw. The calculations of this section may

serve as an example for calculations of supergraphs (as the diagrams in

figs. 3.1 and 3.2 are often called) in models other than the supersymmetric

Schwinger model.

55



3.3 Mass renormalization

In the previous section we calculated the one-loop quantum corrections to the

superpropagators in the supersynunetric Schwinger model. From those results we

can read off the mass renormalization coefficients of the model to one-loop

order. To make this statement dear, consider as an example an ordinary scalar

field with (unspecified) interactions. The free two-point function (the

inverse propagator) is

p2-m* , (3.3.1)

while to one-loop order we have

/™(P) = /"<%» - S(p) , (3.3.2)

where £(p) is the one-loop self-energy, due to the interactions. In general

E(p) can have a very complicated structure, but suppose the interactions are

such that

E(p) = (p2 - m2)f(p) , (3.3.3)

where f(p) is a well-behaved function of p. In this case F^{p) has the form

(p* - m2)[l - f(p)] . (3.3.4)

In particular, f^lHp) has a zero for p2 = m2, which means that the physical

mass of the scalar particle is equal to the bare mass m, to one-loop order in

perturbation theory. In such a situation we say that there is no mass

renonnalization to one-loop order.

We mentioned in Section 1.6 that supersymmetry provides us with a class

of field theories in four dimensions with simple renonnalization properties.

In four-dimensional supersymmetric quantum field theories with just a single

supersymmetry there is no mass renormalization [24]. In two-dimensional

supersymmetric models with a single supersymmetry the non-renormalization

theorem discussed in [24] does not hold. Nevertheless, for a special choice of

the bare mass parameters of the supersymmetric Schwinger model, mass
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renormalization is absent, at least to one-loop order in perturbation theory

[37]. This phenomenon occurs if we choose the mass of the charged matter

fields, m, and the mass of the gauge field, fi, to obey the relation

p = 2m . (3.3.5)

In that case the vacuum polarization (3.2.7) becomes

) + * ) ( -# + M)l <5i* , (3.3.6)
ab

and it has evidently the same structure as the gauge-invariant part of the

bare inverse propagator (3.1.19), up to a multiplicative factor, which is

called the wave-function renormalization. From (3.2.11) we see that the same

holds for the inverse matter propagator. If p. = 2m, the self-energy becomes

(3.3.7)

Again there is only wave-function renormalization to this order. Thus the

choice n = 2m implies that there is no one-loop correction to the value of the

mass parameters of the theory. On physical grounds it is clear that this

result must hold for an arbitrary gauge choice. A substitution of (3.3.5) into

the self-energy formula (3.2.12) for covariant gauges shows that the

self-energy has a zero at p2 = m2, which implies that there is no mass

renormalization. In the derivation of this result, the D-algebra expression

(3.3.8)

may be of help.

Our result can be trivially extended to the case where the gauge

multiplet is coupled to an arbitrary number N of scalar multiplets $t{x,ff)a

[i = 1,2,..., N), all with mass m. The only modification is that in (3.3.6)

the vacuum polarization should be multiplied by a factor iV, which affects only

the wave-function renormalization constant of the gauge multiplet.

In the remainder of this section we will elaborate on the statement of
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non-renormalization. Non-renormalization theorems do exist for supersymmetric

models in two dimensions with extended supersymmetry, i.e., more than one

supersymmetry. This is because e.g. two-dimensional models with two

supersymmetries (N = 2 supersymmetry) are intimately related to

four-dimensional models with a single supersymmetry (N = 1 supersymmetry). To

be more precise, N = 2 supersymmetry in two dimensions can be "derived" from

N = 1 supersymmetry in four dimensions by the process of dimensional

reduction. In this process all fields in the four-dimensional model are made

independent of the third and fourth coordinates. What remains is a

two-dimensional model in which the four-component Majorana spinors of the

four-dimensional theory split into two two-component Majorana spinors in the

two-dimensional theory. In this way N = 1 in four dimensions can lead to N = 2

in two dimensions, and the non-renormalization properties are taken over by

the N = 2 model in two dimensions.

Now the supersymmetric Schwinger model has only one supersymmetry.

Nevertheless, to one-loop order there is no mass renormalization for fi = 2m.

In view of the comments made in the previous paragraph, it would be exciting

if one could explain this phenomenon by finding a second, "hidden"

supersymmetry in the supersymmetric Schwinger model. In view of the mass

relation (3.3.5), this should be a supersymmetry that mixes the gauge and

matter multiplets. Unfortunately, there cannot be an additional supersymmetry

connecting both multiplets in a linear way, since this would imply that their

masses are equal. Therefore, N = 2 supersymmetry cannot be the explanation for

the fact that the masses retain their bare values for /z = 2m, unless the

second symmetry would be realized in some exotic, non-linear way.

To find other possible explanations, we have to go deeper into the

properties of low-dimensional supersymmetric gauge theories. For example, we

have not considered second and higher order corrections to the propagators.

Moreover, we would like to investigate whether in non-perturbative approaches

the choice /i = 2m leads to simplifications of the full propagators of SQED2.

This will be the subject of Chapter 4. Furthermore, it is important to

establish whether or not our result extends to supersymmetric quantum

electrodynamics in three spacetime dimensions. This will be studied in

Chapter 5, Section 5.2. Finally, it is interesting to see whether or not

similar conclusions hold for the non-Abelian analogues of supersymmetric QED

in two and three dimensions. We will investigate this in Section 5.3 of
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Chapter 5. To conclude this chapter, we rederive the results of the present

section by means of component fields.

3.4 Superfields versus component fields

So far the perturbative calculations in this chapter have been performed in

terms of supergraphs and superfield Green's functions. The superfield

formulation has the advantage that by construction supersymmetry is preserved

at all stages of the calculations. On the other hand, superfields obscure the

underlying particle content of the model. To stay in contact with the particle

content of the supersymmetric Schwinger model, and also to be able to compare

this model with its non-supersymmetric counterparts, we will now rederive the

conclusions of the previous section in the language of component fields.

However, we will not compute the one-loop corrections to all component field

propagators. Instead, we will choose from both the gauge and the matter

multiplet only one representative component field. From arguments based on the

value of the Witten index [36,38], it is known that supersymmetry in SQED2 is

not broken by one-loop corrections. Therefore, the conclusions with regard to

renormalization of a component field propagator will also hold for the other

component field propagators of the same multiplet.

The Witten index Tr(-1)F [38] in supersymmetric theories is
equal to the difference between the number of bosonic and
fermionic zero-energy states:

Tr(-1)F = nB-nF .

In _two dimensions it is defined by (-l)Ft/> = <j>(-l)F and
(-1) •#> = - f(-l) , where </> and ip are scalar and spinor fields
respectively. If the index is non-zero supersymmetry is
unbroken [38]. In [36] it is argued that Tr(-1)F = 1 in SQED2,
both in the massive and massless theory. The conclusion is that
supersymmetry is unbroken in SQED2.

To be specific, we choose the photino \ of (2.3.2) from the gauge multiplet,

and the (Dirac) electron Va fr°m the complex scalar multiplet. To keep all

59



calculations as simple as possible, we further choose the Wess-Zumino gauge.

The Lagrangian density for SQED2 in terms of component fields in the

Wess-Zumino gauge was given in (3.1.13). In this Lagrangian density we did not

write any gauge fixing terms for the gauge fields. In the Wess-Zumino gauge

the usual covariant gauge fixing term - w-id^Af1)2 for the photon field

suffices. The fields M and A are gauge invariant fields and will not cause any

problems of indefinite metric in the covariant quantization of the theory. As

usual, for practical calculations it is convenient to choose the Feynman

gauge, a = 1. A complete set of Feynmar. rules that follow from the resulting

Lagrangian density can be found in Appendix B.

The one-loop contribution to the vacuum polarization of the photino is

diagrammatically represented in fig. 3.3. There is only one diagram; it

contributes:

(2ff)2 (p-Jb)2-m2 L p-ro

{p-m)ab

J(2jr)2 (p2-m2)[(p-fc)2-m2]
(3.4.1)

b> /\ /\ /

p-k

Fig. 3.3: One-loop photino vacuum polarization in SQED,
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This integral can be calculated by the method of Feynman parameters. The

denominator is a product of two factors, A and B, and can be rewritten as

1

* = \dx . ( 3 4 2 )
*" J {xA+(l-x)B}2

The integral over p becomes an integral of the type

p!£ 1 = _!_ , ( 3 .4 .3 )
J (2TT) 2 (p2+C)2 4TTC

after a shift p -»p + xk has been performed. Formula (3.4.1) can now be

written as

I

o2

x(l-x)k2+m2

a

I

= (* ~ *mU s ^ \dx l-
8?r J x(l-x)

(3.4.4)

where we have used the identity

I

dx —— = 0 (3.4.5)
x(l~x)kz+m2

o

to obtain the last line. As we can clearly see, II^(k) is a well-behaved

function of k, and the integral is finite as long as m =£ 0. Furthermore, we

see that the choice fi = 2m has an interesting consequence. The free inverse

photino propagator is

Sj}(k) = * - n , (3.4.6)

so for fi = 2m (3.4.4) has exactly the same structure as the free propagator
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(3.4.6). In particular, there is only a finite wave-function renormalization

and no mass renormalization to this order in perturbation theory, as

advertised.

The one-loop electron self-energy requires the calculation of the three

diagrams in fig. 3.4. The first diagram is the ordinary QED correction due to

the coupling of the electron to the photon. It amounts to

sUp). AJ!h- I -1
J(2w)2 [ p-t

J(2JT)2

p-t-m

-2m6ab

- \r - t* ,,2 (.2 L2

' - / I *•J"2)
(3.4.7)

There is also a coupling of the electron to the gauge invariant field M from

the gauge multiplet. This is the second Feynman diagram in fig. 3.4. Its

p-k p-k

+ a

Fig. 8.4: One-loop electron self-energy in SQED2
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contribution is:

S(P) = e2!"—
J{27T)2 p-t-m

Ts

ab

J(2;r)2 [(p-*)2-m2p2-/i2)
(3.4.8)

Finally, there are the Yukawa couplings between the electron f, the selectron

A and the photino A. They are responsible for the third diagram in fig. 3.4,

the contribution of which is:

J(2TT)* [ * * - , !

-i<2JT)

ab
(p-*)2-ms

(3.4.9)

The one-loop electron self-energy is the sum of the three contributions:

£ab(P) = - (P + m -
J(27r)2

(3.4.10)

apart from a term proportional to p - m. For y. = 2m the one-loop electron

self-energy has precisely the structure of the bare inverse electron

propagator

= P - (3.4.11)

Consequently, here too there is only a finite wave-function renormalization

and no mass renormalization.

Thus we have shown, in the component field formulation of SQED2, that for

fi = 2m there is no electron and photino mass renormalization to one-loop

order. Because of supersymmetry, which implies that the masses of all fields
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of the same multiplet are equal, the same conclusion must hold for the other

physically relevant particles, the photon A^ and the selection A. The

corresponding calculations are a bit longer but essentially similar; therefore

we do not give them explicitly.

In addition to serving as a confirmation of the results of the superfield

calculations of the previous sections, the component calculations show an

interesting feature of the model. For example, we see from the computation of

the electron self-energy that the Yukawa couplings between ip, A and A, which

are necessary for supersymmetry, are essential to arrive at the conclusions

about non-renormalization in the supersymmetric Schwinger model. Thus we see

that a combination of scalar and spinor QED, which is not supersymmetric, can

never have this property of mass non-renormalization.

Finally we would like to make a few remarks about the massless limit of

the supersymmetric Schwinger model. The ordinary Schwinger model becomes

exactly solvable in the limit of zero electron mass [6,19], In the

supersym^stric Schwinger model however, there are fundamental problems in

sending the value of the electron mass m to zero. Because of supersymmetry,

this limit implies that the mass of the electron's scalar partner goes to zero

too. Now one runs into trouble, for massless scalars in two dimensions cannot

be described consistently. For example, the propagator

hA(x) = p - ^ - (3.4.12)
I (2 JT) 2 fc2

is a notoriously infrared divergent integral [1]. Therefore the massless limit

TO -»0 probably cannot even be taken consistently in SQED2. Perhaps, to catch

at a straw, there are fewer problems if one chooses the nagical mass relation

(3.3.5), n = 2m. Anyhow, we should not expect too much of this special case

either, because from (3.4.4) we can see that the wave- function

renormalization factor for the photino becomes divergent in the limit m -» 0.

To summarize, this chapter has given us good news and bad news. The good

news is that renormalization of the supersymmetric Schwinger model simplifies

if the mass of the gauge multiplet, fi, equals twice that of the matter

multiplet, m. The bad news is that the model is probably ill- defined if the

matter fields are massless, so that a real comparison with the exactly

solvable massless Schwinger model is not opportune.
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CHAPTER 4

NON-PERTURBATIVE ANALYSIS

OF THE SUPERSYMMETRIC SCHWINGER MODEL

We construct an extension of the Salam- Delbourgo Gauge Technique to

two-dimensional supersymmetric gauge theories. This involves a derivation of

the spectral representation of a scalar superpropagator in two dimensions. We

apply the method to the massive supersymmetric Schwinger model. In the case

that the gauge multiplet mass equals twice that of the matter multiplet we

determine the spectral functions of the matter propagator.

4.1 Superfield Green's functions

In the previous chapter we studied the supersymmetric Schwinger model in

one-loop perturbation theory. We came to the conclusion that for the mass

relation \i = 2m there is no mass renormalization to one-loop order. It would

be interesting to see whether this result still holds in higher orders of

perturbation theory. However, higher-loop quantum corrections would not

necessarily give insight in all physically interesting aspects of the model.

(a) lb)

Fig. 4.1: (a) FuU three-point vertex and (b) full four-point vertex in SQEDZ
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Many features of quantum field theories have origins that fall outside the

scope of perturbation theory; they require a non-perturbative treatment.

In this chapter we study mass renormalization in SQED2 from a non-

perturbative viewpoint. We will do this by means of the Dyson-Schwinger

equations for the Green's functions of the model. Dyson-Schwinger equations

were discussed in a more general context in Section 1.5. The Dyson-Schwinger

equations for superfield Green's functions have a structure similar to those

for ordinary Green's functions: they form an infinite set of coupled

non-linear integral equations. As we are interested in mass renormalization,

we only consider the Dyson-Schwinger equations for the full propagators of the

supersymmetric Schwinger model. This means that we will ignore the remaining

Dyson-Schwinger equations, including that of the full three-point vertex with

one gauge line (fig. 4.1a) and the full four-point function with two gauge

lines (fig. 4.1b). The Dyson-Schwinger equation for the full scalar

superpropagator A(pAA) in momentum space is

(4.1.1)

where £ is the full self-energy. The superscript *°> indicates a bare

quantity. We have represented this equation in fig. 4.2a. Blobs denote full

Green's functions.

Note that we have used connected Green's functions in fig. 4.2a and not

one-particle irreducible (1PI) ones. 1PI Green's functions can be represented

by a subset of connected Feynman graphs that do not fall apart when cutting an

internal line. It is easy to show that the connected three-point function of

fig. 4.1a is equal to the 1PI three-point function. On the other hand, the

connected four-point vertex function differs from its lPI counterpart by two

sets of supergraphs containing the three-point function. This relation is

sketched in fig. 4.3.

The Dyson-Schwinger equation for the full gauge superpropagator

(4.1.2)
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« 4—•-

Fig. 4.2a: Dyson-Schwinger equation for the matter propagator in SQED2

Fig. 4.2b: Dyson-Schwinger equation for the gauge propagator in SQED2
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1R

Fig. 4.3: Connected and IP I-irreducible four-point functions in SQED2

Here #„$ is the full vacuum polarization. The diagrammatic representation of

(4.1.2) can be found in fig. 4.2b.

The full self-energy and vacuum polarization functions in (4.1.1) and

(4.1.2) contain the connected full three- and four-point interaction vertices.

These full vertex functions are unknown quantities, but in principle they can

be determined from their own Dyson-Schwinger equations. Unfortunately, these

contain the full five- and six-point vertex functions, which obey their own

Dyson-Schwinger equations, and so on. To short-circuit this open-ended system,

the three- and four-point functions are usually replaced by their bare values,

or approximated by some quantity that does not involve three- or higher—point

functions. In our truncation the three-point interaction vertex is expressed

in terms of the full two-point function of the scalar multiplet, by means of

the gauge covariant Gauge Technique or Salam-Delbourgo method (see also

Section 1.5). Furthermore, we keep the tadpole graph of fig. 4.2a, but drop

the two-loop diagrams involving the full four-point vertex in figs. 4.2a and

4.2b. These approximations all rely on the use of Ward identities. The Ward

identities for the Green's functions of supersymmetric QED2 follow from gauge

invariance, in a similar way as in ordinary QED. The simplest Ward identity

that can be derived in SQED2 states that the full vacuum polarization in

(4.1.2) has the structure

*] PdHWiA) , (4.1.3)
ac

where F is an arbitrary function. As a result, (I& obeys the identity (3.2.9),

which we repeat here for convenience:
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#i) - *] Hbc(k'AA) = 0 • (4.1.4)

L
This identity represents the fact that only the gauge independent part of the

free gauge propagator (3.1.18) is sensitive to quantum corrections. We want to

stress that (4.1.4), and all other Ward identities in SQED2, hold

non-pert uibatively, i.e., can be derived without reference to perturbative

arguments.

The three-point function ra(p,p - k; 9U92,93) °f fig- 4.1a,

corresponding to the interaction term V$*d$, obeys the Ward identity

= e(62lA(p - k;0ue3) - A(p;B2A)6i3) • (4.1-5)

It is easy to check this identity to lowest order, by use of the bare values

for A and Fa. It is also possible to derive a Ward identity for the connected

full four-point function Gdb(P,k;p' fi'^AAA) of fig. 4.1b. It expresses

(the "longitudinal" part of) this four-point function in terms of the

connected full three-point function Fa and the full propagator A. The identity

reads:

(4.1.6)

In the next two sections, we shall use the Ward identity (4.1.5) for the

three-point function to construct a supersymmetric version of the Gauge

Technique. We will then apply the supersymmetric Gauge Technique to the

Dyson-Schwinger equations of the supersymmetric Schwinger model and obtain an

approximate solution for the full propagator of the scalar superfield. This

approximate solution allows us to draw conclusions about the non-perturbative

behaviour of the mass renormalization coefficients in.SQED2.
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4.2 The spectral representation of the scalar superpropagator

The first step in the construction of the Gauge Technique Ansatze for the

three-point and four-point interaction vertices in SQED2 consists of a

derivation of the spectral representation for the superpropagator of the

matter multiplet. In Section 1.5 we saw that such a spectral representation is

an essential ingredient for the linearization of the vertex functions. In

ordinary QED, the spectral representation for the electron propagator,

eq. (1.5.8), was derived by Kallen and Lehmann (see e.g. [15]). For the scalar

superpropagator in SQED2 the derivation was given, by means of a similar

procedure, in refs. [39] and [37].

To keep things as simple as possible, we consider the Wightman function W

of a neutral scalar superfield $:

(4.2.1)

The derivation for the Feynman propagator defined in (3.1.14) is analogous,

but notationally more involved.

Spacetime symmetries, such as invariance under supertranslations and

Lorentz transformations, put severe restrictions on the form of the spectral

representation. Supertranslations, with generators P^ and Q,, were treated in

some detail in Section 2.1. For convenience we repeat here formula (2.1.11):

$(x + a - iey9, 9 + e) = e»-p«Q $(%,0) e-«»f-*2 . (4.2.2)

The vacuum is translation invariant. Therefore, introducing a complete set of

momentum eigenstates \pn> satisfying P'*|pn> = pg|pn>, and using eq. (4.2.2)

with ea = 0, we can straightforwardly derive the expression

(4.2.3)

where the spectral function p is defined by

2 - 9) . (4.2.4)
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From (4.2.3) it is clear that W is translation invariant:

WiXiAycifit) mWfa - Xtfafo) . (4.2.5)

The vacuum is also assumed supersymmetric, i.e., Qa\0> = 0. From this, using

(4.2.2) with dp = 0, we obtain the identity

W(Xl - XiAfa) = W(xx - *2 - ily(Bl - 02);0, + e, 02 + e) . (4.2.6)

Equation (4.2.6) is an example of a supersymmetry Ward identity.
It is a relation between Green's functions, due to supersymmetry.
The identity (4.2.6) also holds for the Feynman propagator A
defined in (3.1.14).

Supersymmetry Ward identities can also be written in terms
of component field propagators. From (2.1.15), (3.1.15) and the
Z>-algebra identity D£)(p,0,)6i2 = - 2exp( - VxpB2) it follows that
the propagators AA(p) and Sy(p) in lowest order obey

This trivial identity is in fact a consequence of the
supersymmetry Ward identity, which demands that S and A can be
expressed in terms of two independent scalar functions M(p) and
R(p), in the following way:

A(p) =

S(P)

P2-M2(P)

R{P)

P-M(p)

In lowest order, the mass function M{p) is equal to m, while the
residue function R(p) equals 1.

The identity (4.2.6) imposes a restriction on the function p: it has to obey

the equation

P(pA,02)exp[e/>(0i - 02)] = P(PA + e, 82 + e) . (4.2.7)

A straightforward expansion of (4.2.7) <n powers of e (which can be taken to

be infinitesimal) results in the partial differential equation
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2)) p(PAA) = 0 • (

The general solution of (4.2.8) is:

pipAA) = («<P) 5 VD(pA) " fi[p)}Sa » (4-2.9)

where, so far, a and /3 are arbitrary functions of p.

Further restrictions on the spectral representation follow from Lorentz

invariance. The functions a(p) and /?(p) are scalar functions of p . Moreover,

physical states require p2>0 and po=E>O. Thus we may write

a(p) = a(pa)0(pa)0(po) , ftp) = P(p2)e(p2)0(po) , (4.2.10)

where 0 is the Heaviside step function. The Wightman function can now be

written as

.-x^M) , (4.2.11)

where

(4.2.12)i^-xtf) = [

is the Wightman function of an ordinary scalar particle with mass M.

Essentially the same derivation holds for the Feynman propagator A of a

complex scalar superfield. The result, written in momentum space, is:

f
J

612 . (4.2.13)

This result can be written more elegantly in terms of a single spectral

function p{u) for -»<w<», the even and odd parts of which serve as independent
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spectral functions equivalent to a and j3 in (4.2.13):

p(w) = M«(w z ) + sgnfwMw2) . (4.2.14)

The final form of the spectral representation then reads

dwp(w)
J

(4.2.15)

The spectral function p(u) can be normalized according to the sum rule

-00

du p{u) = 1 . (4.2.16)

From (4.2.13) and (4.2.15) the spectral representations for the propagators of

the physical component fields are found to have their usual form, e.g. for the

spin- -s component we reproduce (1.5.8).

The right-hand side of eq. (4.2.15) has the form of a spectrally

weighted integral of free propagators with mass u:

(4.2.17)

The quantity /i(o)(p;01,62;m) is the bare propagator of a scalar superfield

with mass m; it follows from the Lagrangian density (3.1.2). In (4.2.17) the

free propagator is recovered if we take p(u) = S[u - m).

Thus we have derived the spectral representation (4.2.15) for the

propagator of the scalar multiplet in two dimensions. In the next section we

shall use this spectral representation to construct the supersymmetric

extension of the Salam-Delbourgo Gauge Technique in the supersymmetric

Schwinger model.

73



4.3 The Supergauge Technique

The previous two sections were dedicated to the two essential ingredients in

the construction of the supersymmetric Gauge Technique: the Ward identities

for the vertex functions and the spectral representation of the scalar

superpropagator. In the present section the pieces of the puzzle are put

together.

Due to gauge invariance the three-point vertex function Fa{p,p - k;

# i A A ) obeys the Ward identity (4.1.5). Analogously to ordinary QED, the

case we considered in Section 1.5, the Gauge Technique approximation for the

three-point vertex is a spectrally weighted integral of lowest- order terms:

(4.3.1)

Using the spectral representation (4.2.15) and the bare vertex (3.1.23) one

finds that the approximation (4.3.1) indeed obeys the Ward identity (4.1.5).

As in ordinary QED the vertex ra is not completely determined by the Gauge

Technique: any function of the form Da(k,Bl)F(pi,(p-k)2;9l,92, 03) can be

added to the right-hand side of (4.3.1) without violating the Ward identity.

A short-hand notation for (4.3.1), omitting all arguments, is:

ATaA = jdwp(u>)A0\u>)rWAW(w) . (4.3.2)

We can write down an analogous expression for the connected four-point

function G^p,*;? ' ,* ' ;^ ,^ ,^ ,^) . In the same notation as (4.3.2), the

Salam-Delbourgo Ansatz for this vertex reads:

(4.3.3)
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Again the spectrally weighted sum of lowest-order vertex functions (4.3.3)

obeys the Ward identity (4.1.6), as is easily seen if one uses the bare

irreducible four-point vertex (3.1.25) in combination with fig. 4.3.

4.4 The Gauge Technique in SQED2

Armed with the one-loop results of Section 3.2 we are now in a position to

apply the Gauge Technique to the scalar superfield propagator of SQED7. The

standard procedure is to convert the Dyson-Schwinger equation for the matter

propagator into a linear integral equation for the spectral function p(u).

We start from eq. (4.1.1), where both sides have been multiplied by the

inverse bare propagator (3.1.16):

(4-4-1)

In equation (4.4.1) E(p;9l,92) is the full self-energy of the matter

multiplet. To obtain a manageable integral equation for the spectral function

a number of approximations must be made. We replace in Y.A the full gauge

propagators by bare ones, and we also drop the two—loop term containing the

full four-point function. The second diagram on the right-hand side in

fig. 4.2a contains the proper combination of propagators and vertices for the

application of the gauge technique. Substitution of the spectral

representation (4.2.15) in the left-hand side, and the Salam-Delbourgo

approximation (4.3.1) in the right-hand side of (4.4.1) now yields a linear

integral equation for p(u).

It turns out to be convenient to work with the spectral functions atw2)

and /?(w2) defined in (4.2.14). The integral equation for p(u) can then be

converted into two coupled linear equations for those spectral functions. On

the use of (3.2.11) with appropriate arguments these equations take the form:
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Ids
J p2s+ie J p2s+ie
o o

r S«(s)-m/?(s) = e2 L (p
J p2-s + ie J

o
pz-s+ie

These equations are independent because they follow from the respective

coefficients of 6l2 and ^Z?#(p,#i)^i2 ™ e*l- (4.4.1). In general the equations

(4.4.2) and (4.4.3) cannot be decoupled and are therefore difficult to solve.

However, there is one exception: for the special choice of masses /i = 2m the

equations simplify to

00

L
J

(4.4.4)

J

p2-s+ie

03

) f a(s)/(p2,s,4m2) , (4.4.5)

o

03

[
p2-s+te o

and can now be solved seperately.

First consider equation (4.4.4) and define y(s) = 0{s) - mot(s). The

imaginary part of the equation is

«(PZ)

7rfl(p2)[l-2e2Re/(p2,p2,4rn2)]r(p2) = -0(p2-4m2) ds ^ 1 2e2ImJ(p2,s,4m2),

J 2
) dsJ p 2 - .

(4.4.6)

where the upper limit of the integral is given by

M(P2) = [Vp2 - 2 m l 2 . (4.4.7)

From equation (4.4.6) we immediately conclude that y(p2) vanishes for

0£p2<4m2. The form of (4.4.6) for p2>4m2 then leads to the result that y(p2)
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is identically zero. This is a very important observation: it states that the

equality

P(s) = ma(s) (4.4.8)

is valid beyond perturbation theory. This in turn implies that the full scalar

superfield propagator (4.2.13) can be expressed in terms of only one spectral

function cx{s):

612\ds a(s) , (4.4.9)

J 2
612\dJ p2s+ie

i.e., the mass of the matter multiplet stays at its bare value.

What remains is to solve the integral equation (4.4.5) for a, and

subsequently to determine the momentum dependence of the propagator (4.4.9).

The method of solution of the a-equation much resembles that of eq. (4.4.4).

Introducing the function

F{p2,m2) = ir(p2 - m2)[2e2Re J(p2,p2,4mz) - 1] (4.4.10)

which vanishes for p2 = m2, and the kernel

K{p2,s,m2) = ——(p2 + s - 2m2) Im J(p2,s,4m2) , (4.4.11)

we find the following imaginary part of the integral equation (4.4.5):

0(p2)F(p2,m2)cx(p2) = 0(p2 - 4m2) J ds K(p2,s,m2) <*(«) • (4-4.12)
o

For 0<p2<4m2 the equation is obviously solved by a(p2) = 6(p2 - m2) and in

fact it is easily seen that this solution extends to p2 = 9m2. This is used as

a starting point for an iterative procedure for finding the solution a for all

positive p2. The first step determines a(p2) up to p2 = 25m2:
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2) = <5(P2 -«<p2) = <5(P 9(p2 -
m w > , 0<p2<25m2 . (4.4.13)

The next step enlarges the momentum region whe. <s a is known to p 2 = 49m2, and

so on. In this way the formal solution

a(p2) = <5(p2 - m2) + S 8{p* - (2n + 3)2m2] x
71 = 0

M(P) «(«n-l)

f dsx fdsnJ l J "
(2n+l)2m2 9m2

F(p>,m2)F(sum
2)...F(sn,m

i)
(4.414)

is obtained. Equation (4.4.12) determines this solution only up to an

arbitrary multiplicative constant. The function at is usually normalized such

that the sum rule

= 1 (4.4.15)

holds. This is equivalent to performing the wave-function renormalization of

the scalar superfield $ .

In principle,, the propagator of the matter multiplet can now be found by

substitution of (4.4.14) in (4.4.9). However, equation (4.4.14) is a series

expansion in powers of a complicated function, and it is therefore difficult

to obtain an explicit expression for the propagator (4.4.9). On the other

hand, equation (4.4.14) may be viewed as an expansion in powers of e2, so the

propagator can be calculated order by order in the coupling constant. We will

show explicitly, by expanding (4.4.14) to order e2, how the one-loop result

(3.2.11) is recovered. Substitution of (4.4.14) expanded to order e2 into

equation (4.4.9) yields:

00

I m ns,mAA) = ft DD(PA) - ml J1 J f f* J ds

am*
(4.4.16)
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The dispersion relation

CO

/(P
2,m2,4m2) = I f ds Imf(*,m',4m»)

J s - p z + i e

can be used to evaluate the integral on the right-hand side of (4.4.16). This

leads to the following expression for the propagator to one-loop order:

p2-m2+ie
612{ 1+e2/(m2,m2,4m2))(l-e2/(p2,m2,4m2)) .

(4.4.18)

A comparison of (4.4.18) with the self-energy (3.2.11) reveals that we have

indeed recovered one-loop perturbation theory, up to a multiplicative constant

which is precisely the one-loop wave-function renormalization constant.

Note that the lower limits of integration in the general solution

(4.4.14) correspond to the thresholds for the production of one or more gauge

particles. For example, we can see that the process of production of a single

gauge particle has a threshold at p2 = 9m2 = (m + 2m)2. Higher thresholds can

also be read off from (4.4.14), e.g. two gauge particles can only be produced

if the momentum equals at least p2 = 25m2 = (m + 2m + 2m)2. Finally, it is

worth noting that transverse corrections to the Salam-Delbourgo vertex

approximation are always possible. In some models consistency conditions on

the propagators restrict the freedom of adding transverse vertex corrections;

in other models, such as the massless Schwinger model, the transverse

corrections are dictated by an additional symmetry present in the model [19].

This may play a role in a possible extension of the present work to massless

SQED2 (see the discussion at the end of Section 3.4)

To conclude this chapter, we summarize the main results. We have

constructed an extension of the Gauge Technique to supersymmetric theories in

two dimensions. Its application to SQED2 has revealed that also in

non-perturbative approaches the choice y. = 2m leads to considerable

simplification of the full propagators.
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CHAPTER 5

THREE-DIMENSIONAL MODELS

In this chapter we investigate three-dimensional supersymmetric gauge

theories. It turns out that supersymmetric QED in three dimensions bears many

similarities with its two-dimensional counterpart. Again we derive a condition

for non - renormalization of the masses to one-loop order. We show that

non-Abelian supersymmetric models in three dimensions behave differently in

this respect.

5.1 Three-dimensional gauge theories

Our considerations so fax were mainly concerned with two-dimensional gauge

theories, in particular the supersymmetric Schwinger model (SQED2). This model

turned out to have various striking features, such as the "(i = 2m" puzzle. It

would be interesting to see whether other supersymmetric models exist which

show phenomena similar to the non-renormalization property of SQED2 at /x = 2m.

Obvious extensions of our research point to three-dimensional supersymmetric

quantum electrodynamics (SQED3), and to the non-Abelian counterparts of SQED2

and SQED3. We will postpone the discussion of non-Abelian supersymmetric

models to Section 5.3; in the present and next sections we shall take a closer

look at three-dimensional gauge theories in general and SQED3 in particular.

Gauge theories in three dimensions are of interest for various reasons.

It is standard lore [40,41] to consider three-dimensional field theories as

the infinite temperature limit of four-dimensional field theories. A field

theory in four spacetime dimensions at some finite temperature T has an

equivalent description in terms of a zero-temperature field theory, defined on

a four-dimensional space of which the time axis is reduced to a circle of

radius 1/T. In the limit of infinite T the time coordinate becomes a redundant

variable; what remains is a field theory defined on a Euclidean

three-dimensional space.

Three-dimensional gauge theories have also been studied for their
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possible relation to the quantum Hall effect. The quantum Hall effect is

observed in very thin (two-dimensional) films of semiconductor material in

inversion layers (MOSFET junctions). In the explanation of the effect given in

[42] gauge invariance plays a crucial role.

The third reason three-dimensional gauge field theories receive much

attention is that they are similiar to, but much simpler than four-dimensional

Yang-Mills theories. This was the attitude of Feynman in his study of QCD3

[43], and of the authors of [44] in their study of supersymmetry breaking in

2 + 1 dimensions.

Finally, there is a fourth reason why three-dimensional field theories,

in particular gauge theories, are worthy of study. In contrast to most two- or

four-dimensional gauge theories, three-dimensional gauge fields can be massive

without destroying gauge invariance [45,46,31]. Take Abelian vector fields as

an example. In three dimensions one can construct the Lagrangian density

It is easy to see that CG changes by a total derivative under the usual gauge

transformations SA^ = d^A, so that the corresponding action is gauge

invariant. The second term on the right-hand side of (5.1.1) is specific to

three dimensions. It is quadratic in the fields; moreover, y. has the dimension

of a mass. Therefore this term in the Lagrangian density acts like a mass

term. Indeed, the propagator associated with CG (supplemented with the usual

covariant gauge breaking term),

+ « 7 « V A — — — , (5-1-2)
fc* k2 k2-n2

has a pole for k2 = ft2, so that it describes a particle of mass p. This mass

is frequently referred to as a topological mass, even though in the Abelian

situation there is no direct relation to topology.

Under an Abelian gauge transformation the action corresponding to
(5.1.1) is invariant, because the surface integral vanishes:

82



= 0

In the non-Abelian case a slightly more sophisticated version of
the Abelian mass term can be constructed. A non-Abelian gauge
transformation now yields a surface integral that does not
vanish, if the gauge transformation is homotopically non-trivial
(i.e., not continuously deformable to the identity). However, in
quantum field theory it is the exponential of the action,
exp I i I d3x£ I, that should be gauge invariant. Hence a change in

the action can be tolerated, but only if it is an integral
multiple of 2n. These considerations are familiar from topology;
they lead to a quantization condition for the gluon mass \i [45].

As we will see in the next section, the topological mass term in (5.1.1) has a

natural supersymmetric extension. As a result, the action for massive

supersymmetric QED3 has a structure reminiscent of that of the supersymmetric

Schwinger model. This close relationship between SQED2 and SQED3 is even more

apparent in the superfield formulation of both models. This is mainly because

Majorana spinors in three dimensions are described by two-component entities,

as in two dimensions. As we already mentioned in Chapter 2, the algebra of

y-matrices in three dimensions differs from that in two dimensions, but this

is of minor importance for the superfield structure of both models. For future

use, the three-dimensional Dirac algebra is summarized in Appendix A.

5.2 Mass renormalization in three-dimensional supersymmetric QED

Massive supersymmetric QED in three dimensions can be described by a Majorana

superfield Va(x,0), with component expansion (see also (2.3.24))

r,a(x) -

and by a complex scalar superfield #(x,0), with component expansion

$(x,B) = A(x) + di/>{x) + TJB8F(X) . (5.2.2)

Thus SQED3 contains as physical fields the photon A^, the photino A = f -i9rj,
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the selection A and the election ip. The action reads

S = \d3xd2e\^7$*V$ - m#*$ + ^P(D + I>0)K| , (5.2.3)

where we have introduced the gauge covariant derivative

Vffl$ = £>„$ + ieVa$ . (5.2.4)

The three-dimensional gauge covariant derivative differs from the

two-dimensional one, (3.1.7), in that there is no y5 in three dimensions.

In (5.2.3) we have chosen the Feynman gauge. The general form of the

kinetic term for V reads in an arbitrary covariant gauge with gauge parameters

a and a':

Cv - - IdWrlft' + 2&F ~ ̂ VDDDV + & BVBv] , (5.2.5)
J L ° a' -I

where

Fa=t>tPaVb (5.2.6)

is the gauge invariant field strength. Its component expansion is

. (5.2.7)

Note that F satisfies the Bianchi identity

DF = 0 . (5.2.8)

The choice a = a — 1 leads, after some straightforward algebra, to the

kinetic term in (5.2.3).
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In the spirit of (5.2.5), one might contemplate the possibility
to formulate ordinary massive QED3 with two independent gauge
parameters a and a'. The only allowed additional gauge breaking
term we can think of, is:

—1
la'

The photon propagator becomes:

JkAl 1 *"*" 1
Jfc2

We see that the pole of the first term of the propagator depends
on a', which is inacceptable: it should be located at the value
of the physical (gauge independent) mass. Therefore, in massive
QED3 one cannot consistently define a second, independent gauge
parameter a'. From (3.1.18) we can see that in SQED2 (and SQ£D3,
see further on) the mass pole of the gauge superpropagator is
correctly gauge independent.

As in SQED2, we are interested in the one-loop corrections to the masses /x and

m. The superspace Feynman rules that can be derived from (5.2.3) and (5.2.5)

have the same form as in SQED2, except that the three-point function no longer

involves a ys:

ra(p,P - k-AAA) = |[«iA(i»A)Sia - h$aKk - PAV*] • (* 2.9)

The four-point function is as in SQED2 and the same is true for the

propagators (see also Section 3.1 and Appendix B). Quantum corrections to the

inverse superpropagators can be calculated with the same supergraph techniques

as we used in Section 3.2 for SQED2. The resulting vacuum polarization, the

order-e2 correction to the inverse gauge superpropagator, reads

J DD(kA) + *](* + 2m)J 612 , (5.2.10)

where the function / is now the three-dimensional integral
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(2TT) 3

In the Feynman gauge the one-loop matter self-energy, the order-e2 correction

to the inverse matter propagator, is

A) - (m + /i)]«12 . (5.2.12)

As in SQED2, only the gauge invariant part of the gauge propagator is affected

by the quantum a. -rectum (5.2.10). Clearly, for n = - 2m, the vacuum

polarization has the same structure as the bare inverse propagator, up to

wave-function renormalization. From (5.2.12) we see that the same holds for

the inverse matter propagator. Thus the choice fi = - 2m implies that there is

no one-loop correction to the value of the mass parameters of the theory [47].

Except for a difference in sign, we have found the same peculiar mass

relation as in SQED2. The additional sign follows from the fact that the gauge

covariant derivative (3.1.7) of SQED2 contains y5. Basically, the fact that y s

anticommutes with y^ produces the sign difference.

At first sight the mass relation /x = - 2m may look strange,
because it implies that one of the masses is negative. However,
in three-dimensional gauge theories the sign of the mass of a
gauge field can be chosen at will [45]. For example, in QED3

the mass term in (5.1.1) changes sign under the parity
transformation

A°{t,r) - A°(t,r-)

A»(f,r) + - AHt?)

A\t.r) * A*(t?)

where r = (x,y) and *' = (-x,y) .

From the previous calculations we may conclude that SQED3 behaves in a way

very similar to SQED2, so far as renonnalization is concerned. We can make

this assertion a little bit stronger by looking at the component formulation
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of SQED3. In terms of component fields the Lagrangian density of SQED3

becomes, in the Feynman gauge:

C = - i ^ %

- i4*(D + m2)A

' ^ - e(f\A + tyA*) + #AVJPA*A . (5.2.13)

Here we have used the Wess-Zumino gauge, in which the gauge field (5.2.1)

reduces to

% ^& . (5.2.14)

Though at first sight (5.2.13) looks rather different from the component

Lagrangian (3.1.13) of SQED2, they are in fact closely related to each other

by the process of dimensional reduction. Dimensional reduction was already

discussed in Section 3.3 in the context of extended supersymmetry; we will use

it here to show the link between SQED3 and SQED2. In the reduction of SQED3 to

a two-dimensional theory all fields are considered independent of the "third"

coordinate x2. The following replacements are made:

A2(x) -*M(x) (5.2.15a)

d2f{x) -> 0 , for any / , (5.2.15b)

y2 -*iy5 . (5.2.15c)

If we substitute these in (5.2.13) we obtain the component Lagrangian density

of SQED2 in the Feynman gauge. Thus SQED2 is the dimensionally reduced version

of SQED3; consequently, we expect that the mass renormalization of SQED2 will

strongly resemble that of SQED3. We have already shown explicitly that this is

true to one-loop order.

It has been shown in [48] that in a quite general class of Abelian gauge

theories in three dimensions, which includes SQED3, the mass of the photon, ji,

is not affected by higher (more than one loop) order quantum corrections.

Therefore for ft = - 2m the photon mass in SQED3, and by supersymmetry the mass

of the whole vector multiplet, is not renormalized at all [47].
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The theorem proved in [48] by Coleman and Hill states the
following. In theories of a photon field, interacting with a set
of scalar, spinor and/or vector fields, with inverse photon
propagator

2} + fcfe

we have, to one-loop order,

02(0) = A* + ^
spinora

The ft are the bare charges and TT»J the bare masses of the spinor
fields. The higher order corrections to /72(0) vanish.

The proof of the Coleman-Hill theorem relies on the use of
power counting arguments for Feymnan diagrams, and on the Ward
identity

for a Green's function with n photon legs.

We have not considered higher order corrections to the matter propagator.

However, a non-perturbative analysis, in the spirit of Section 4.4, for the

matter propagator in SQED3 can be carried out. Due to the similarity in

structure of SQED, and SQED3, the Salam-Delbourgo method in SQED3 leads to the

statement that for p = - 2m the full matter propagator of SQED3 has a pole at

p2 = m2, i.e., within this non-perturbative approximation the mass of the

matter multiplet is not renonnalized.

As in SQED2 our conclusions about mass renormalization hold 'n arbitrary

covariant gauges. Moreover, a component calculation in Wess-Zumino gauge leads

to the same one-loop result for the masses. The calculation is analogous to

the one in SQED2 (see Section 3.4), so we will not repeat it here. Finally,

for SQED3 we can also extend our result to the case where the gauge multiplet

is coupled to N scalar multiplets, all with the same mass m.

For the moment, this completes our discussion of Abelian supersymmetric

gauge theories. We have reached the conclusion that both SQED2 and SQED3

possess very simple mass renormalization properties for special values of the

bare mass parameters. Unfortunately, we have not succeeded in explaining why

this phenomenon happens. To gain more insight, it is important to establish
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whether or not our results extend to the non-Abelian analogues of the models

considered here. This will be investigated in the next section.

5.3 Non-Abelian supersymmetric models in three dimensions

In the previous sections we considered three-dimensional Abelian gauge

theories with massive photons. The corresponding non-Abelian analogues of

these models are far more complicated, due to the self-interactions of

non-Abelian gauge fields. Consider three-dimensional massive Yang-Mills theory

(YM3). It describes the self-interactions of a matrix gauge field

A^x) = Afcx)!* , (5.3.1)

where T* are the matrix generators of a gauge group G. The generators span the

Lie-algebra (1.2.21),

[P,Ti] = i/v'T* , (5.3.2)

where /*•** are the structure constants of the group G. The matrix field

strength is given by

This field strength follows from the covariant derivative

for a field with coupling strength g, and the defining relation

»»V = [Vp,Vp] . (5.3.5)

The Lagrangian density for massive three-dimensional Yang-Mills fields is

• (5-3-6)
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The last term in this Lagrangian density is the topological mass term; onder a
gauge transformation

SAp = V^/l (5.3.7)

it changes by a total derivative.

It is possible to add fermions to the system defined by (5.3.6); they

interact with the gluons A^ via the covariant derivative

Dpf = {dvl + igAj,P)ifi . (5.3.8)

The resulting theory, three-dimensional massive QCD, was studied extensively

in [45], for the group SU(/V). There it was found that both the gluon mass /x

and the quark mass m receive corrections in one-loop order of perturbation

theory. We expect that the introduction of supersymmetry in the model will

simplify the mass renonnalization.

Supersymmetric QCD in three dimensions (SQCD3) is the supersymmetric

version of the model described above. If the gauge group is SU(/V), the model

contains a column vector of N matter fields $*(x,9) (I = 1,..., N), with

component expansion

&(x,B) = AHx) + fy(x) + $0F*(x) , (5.3.9)

coupled to an N x N matrix gauge field Va(x,0) that can be expanded as a

linear combination of the N2 - 1 matrix generators 71 of SU(N):

Va(x,9) = Va(x,9)P . (5.3.10)

The action for a non-Abelian gauge multiplet in three dimensions was first

constructed by Siegel in [49]. We will use a slightly modified version of this

construction. The main ingredients can be found in [50]. The gauge covariant

derivative is

Va = Da - ig[Va,.) . (5.3.11)

The non-Abelian generalization of the Abelian field strength (5.2.6) is:
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(5.3.12)

Its component field expansion in the Wess-Zumino gauge is the gauge covariant

version of (5.2.7):

Fa = - \ + Hrp9)a?l.*pF1"' " 5^(i7A)0 , (5.3.13)

where F^ and VM are as defined in (5.3.3) and (5.3.4). The gauge invariant

Lagrangian density for supersymmetric Yang-Mills theory (SYM3) now takes a

very simple form in terms of the field strength:

CSYH3 = Jd'fltri FF - 2/iPF . (5.3.14)

In terms of component fields in the Wess-Zumino gauge we have:

(5.3.15)

By now it will be clear that a non-Abelian gauge multiplet in three

dimensions has very complicated self-interactions. From (5.3.12) and (5.3.14)

we see that a massless Yang-Mills superfield Va interacts with itself not only

via three-point couplings of order g and four-point couplings of order g2, but

via order g3 five-point and order g* six-point couplings as well! In the case

of massive fields there are additional three- and four-point contributions to

the interactions. The presence of various covariant D's in the field strength

complicates the interaction vertices even further. Fortunately, the choice of

the Wess-Zumino gauge provides some relief. In this gauge the term cubic in V

in the field strength vanishes identically, so that the action does not

contain five- and six-point vertices any more. However, the complicated

structure of the three- and four-point vertices remains.

Supersymmetric Yang-Mills theories are complicated further by the

necessity of using a gauge fixing procedure with Faddeev-Popov ghost fields.

We we will not present all the details of this procedure, but some remarks are

in order. First, we can choose the same gauge fixing Lagrangian as for Abelian
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superfields in (5.2.5). Second, as discussed in Chapter 1, for non-Abelian

fields we need to include a Faddeev-Popov ghost Lagrangian, where the ghost

fields have the "wrong" statistics. The Faddeev-Popov ghost Lagrangian, for

supersymmetric Yang-Mills theory in three dimensions, was first given in [51];

it reads

(5.3.16)

where c and c* are two scalar multiplet ghost fields with Fermi statistics.

CpP introduces a three-point coupling between the two ghost fields and the

gauge superfield Va. The ghosts are necessary to ensure gauge invariance of

e.g. the vacuum polarization of the gauge superfields.

The interaction of Yang-Mills superfields with matter is less

complicated. Specifically, the matter superfields, represented by the column

vector <P(x,0), couple to the matrix gauge field Va(x,9) according to a

straightforward generalization of the Abelian case, which can be found in

(5.2.3). The full matter Lagrangian in the non-Abelian case reads:

(5.3.17)

Here $ + is the hermitian conjugate of $.

As in all our previous models, we want to calculate one-loop corrections

to the superfield propagators of SQCD3. The complete Lagrangian for SQCD3 is

rather complicated: it is given by the sum of (5.3.14), (5.3.16), (5.3.17) and

the two covariant gauge fixing terms. Fortunately, in the calculations there

are a number of simplifications.

Our first observation is that the matter fields & defined in (5.3.9) and

written as a column vector is (5.3.17), interact with the gauge fields Vx
a of

(5.3.10) in a way that leads to a gauge propagator which is diagonal in the

group factors. This follows from the normalization condition (1.2.22):

tT(PTi) = & . (5.3.18)

Furthermore, the matter fields do not interact with the ghost fields, as
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follows from (5.3.16). We conclude that for each matter field #* the one-loop

self-energy correction will be the same expression as in the Abelian model,

SQED3. Therefore, in SQCD3 there will be no one-loop correction to the mass m

of the matter fields, for (i = - 2m.

The one-loop correction to the mass y, of the gauge fields is not as

easily evaluated. The one-loop vacuum polarization of the gauge superfield can

be divided into three parts: a part due to interactions with matter, one due

to self-interactions and one due to couplings to the ghost fields. For reasons

obvious from the previous paragraph, the part due to interactions with matter

will have the same structure as the vacuum polarization (5.2.10) in SQED3. If

this were the only contribution, the gauge field mass renormalization would

vanish for \i = - 2m. However, we still have to calculate the contributions due

to self-interactions and ghost loops. These can easily spoil the "special"

status of p = - 2m. The only reasonable circumstance for this condition to

remain special would be if the supersymmetric Yang-Mills theory has a

vanishing one-loop mass renonnalization coefficient by itself, i.e.,

independent of the presence of matter fields. This reduces the work required

to solve our problem substantially: to calculate whether or not there is mass

renormalization to one-loop order in SQCD3, we only need to check whether or

not the mass \i in SYM3 receives a non-vanishing one-loop contribution.

But now consider the superfield structure of SYM3. This is still a very

complicated structure, even in the Wess-Zumino gauge; superfield perturbation

theory remains far from appetizing. Fortunately, there is a way out and that

is to use component fields. If we assume that perturbative quantum corrections

do not break supersymmetry, it is sufficient to consider just one

representative of the multiplet of gauge fields and calculate its one-loop

vacuum polarization. The appropriate gauge invariant Lagrangian density is

given by (5.3.15). To this Lagrangian we add the simple gauge fixing

Lagrangian

' , (5.3.19)

together with the ghost Lagrangian

CFP = - I'd^d^S* - j /vMwjc* , (5.3.20)

t
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both familiar from ordinary QCD [1]. Now we observe that the gluino fields Aj

(the superpartners of the gluons A*,) do not couple to the ghost fields. They

do couple to the gluons, but in a simple way. After the trace in (5.3.15) has

been performed, the Lagrangian density for the gluinos is simply:

C = A'(»^* - gffrj? - tiSik)Xk . (5.3.21)

From (5.3.21) we see that it is fairly easy to calculate the one-loop

contribution to the vacuum polarization of the gluino.

The only one-loop diagram that contributes to the gluino vacuum

polarization is presented in fig. 5.1. Using the Feynman rules that follow

from (5.3.15) and (5.3.21) we have, explicitly:

p)r/*]ajDJ!J(p) . (5.3.22)

where the free gluino propagator is

(5.3.23)
P-flL

and the gluon propagator reads

(5.3.24)

in the Feynman gauge, a = 1.

Fig. 5.1: One-loop glmno vacuum polarization in SYM$
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The identity

/*»/>« = 6<i (5.3.25)

reduces (5.3.22) to

[7uS{k - pYTUPrfp) , (5.3.26)
(2TT) 3

with obvious meaning of the various symbols.

From this point on, (5.3.26) is treated in exactly the same way as the

component calculation in SQED2, in Section 3.4. The difference is that there

we considered the interaction between gauge and matter fields, while here we

have interactions between gauge fields only. Consequently, we can copy the

calculation of Section 3.4, but with omission of the Yukawa diagram and with

all masses m replaced by pi. The final result of the computation, if we drop

the spinor indices a, b and the group indices i, j , is:

mk)

(2TT)3 P W

The first term in (5.3.27) can be rewritten as

(2iT)3 (p2-/!2) [ ( p-k)2-n2] J (2JT) 3 p2(p2-fi2)

. (5.3.27)

jt = , _ ^ _

-k)*-ti*) * J(2w)3 (P2

Evidently this is not proportional to % - p, the inverse bare gluino

propagator. The gluino mass renormalization coefficient does not vanish, even

in one-loop order.

This result has far-reaching consequences for SYM3 and SQCD3. By

supersymmetry, not only the gluino masses, but also the masses of the gluons

and the other fields in the gauge multiplet, receive one-loop quantum

corrections. Therefore, SYMS does not behave as we would like. This in turn
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has an unfortunate implication for SQCD3: the choice ft = - 2m, which caused a

miraculous simplification in SQED3, plays a less spectacular role in SQCD3. It

still takes care of the vanishing of the mass renormalization coefficient of

the matter fields, but that is of course less dramatic than in SQE03, where

both masses remain unrenormalized.

Though we have performed the non-Abelian calculation explicitly only in

three dimensions, the same conclusions must hold in two dimensions, but now

for n = 2m. The calculations of this section can be transferred to two

dimensions by dimensional reduction. Therefore, supersymmetric Yang-Mills and

supersymmetric QCD in two dimensions (SYM2 and SQCD2) behave similarly to

their three-dimensional analogues.

The conclusion of this section is that Abelian and non-Abelian

supersymmetric gauge theories do not display a similar mass renormalization

behaviour. Mass renormalization becomes simple in the Abelian model in two

(three) dimensions if p. = 2m (/i = - 2m), whereas the corresponding non-Abelian

models do not have this feature. This sheds new light on the results obtained

in Chapters 3 and 4 and Section 5.2. They may be no more than an artifact of

the Abelian nature of the interactions.
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CHAPTER 6

FOUR DIMENSIONS

In analogy to lower-dimensional models we give an extension of the

Salam-Delbourgo method to four-dimensional supersymmetric gauge theories. We

show how to construct gauge covariant approximations for the infinite number

of interaction vertices of supersymmetric QEDt. As a by-product, we derive

spectral representations for the superpropagators of chiral superfields in

four dimensions.

6.1 Four-dimensional superapace

The formalism we developed in Chapters 2 to 5 for supersymmetric gauge

theories in two and three dimensions is inappropriate to describe the

physically relevant four-dimensional situation. The superfield structure of

four-dimensional supersymmetric gauge theories contains features that are

absent in two and three dimensions. Because the main subject of this thesis

concerns two- and three-dimensional superspace, we will not explain all the

new details of four-dimensional superspace. In this section we only mention a

few basic properties of supersymmetric field theories in four dimensions, and

refer the interested reader to the literature [52,53,54].

Four-dimensional superspace is built from four spacetime coordinates *M

(H = 0,1,2,3) and four anticommuting coordinates 9a {a = 1,2,3,4). In the

literature, a two-component notation with dotted and undotted indices is often

used. In this notation it is convenient to represent the y-matrices by

(6.1.1)

where
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= (1,5) , 5" = (!,-?) .

Then

(6.1.2)

T5 = f 1
0 - 1

(6.1.3)

and we can define chirality projections (Weyl spinors)

(6.1.4)

which satisfy

We may parametrize 0+ and 9+ as

(6.1.5)

(6.1.6)

Four-dimensional superspace is then described by the eight coordinates

(x'*,0B,5i), where a = 1,2. The spinor indices are raised and lowered by the

antisymmetric symbols

(6.1.7)

For contracted indices we define

(6.1.8)

In this notation the relevant anticommutator of two super-symmetry generators

reads:
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{Qa,2i> =

while the other anticommutators vanish. The covariant derivatives take the

form:

— (6.1.10a)

(6.1.10b)

The expansion of a scalar superfield in two-component notation reads:

A(x) + 9<t>(x) 92m(x)

(6.1.11)

From dimensional considerations, it is clear that not all fields in $ can

correspond to physical fields. The other fields must be either auxiliary

fields or gauge degrees of freedom, or they must be related to the physical

fields. The extra component fields may be eliminated by imposing covariant

constraints, such as D<P = 0 or <P = # . The first type of constraint leads to a

field with component expansion

A(x)

V?
(6.1.12)

This fit-Id is railed a cltiral superfield, for it describes a particle

multiple! will) a. complex scalar A and a (chiral) Weyl spinor V+- The

corresponding aiitieliiral fieltl <P* of opposite handedness follows from the

constraint l)4> = 0. A nectar superfield is defined to satisfy the constraint

I' - V . Its power series expansion in ti ;md 9 reads:
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V(x,0,1) = C(x) + iBx(x) - a

-iWO[\(x) + ^"d^x)] + ^202[D(x) + %3C(x)] . (6.1.13)

Most physically interesting supersymmetric renormalizable Lagrangians can

be constructed in terms of vector and chiral superfields. Supersymmetric

quantum electrodynamics (SQED4) contains two chiral superfields #+ and $., and

a vector superfield V. The Lagrangian density becomes

(6.1-14)

where 6(6) = 62 plays the role of a Dirac delta function. In (6.1.14) we have

defined the field strength W,, and its conjugate W^ by

Wa = - \WDaV , (6.1.15a)

Wk = - iD2DiK . (6.1.15b)

Apart from the use of constrained scalar superfields, another new feature of

four-dimensional SQED is the presence of exponential interactions.

Consequently, the model contains an infinite number of interaction

vertices. LagrLagrangdensdens (6. (6.1.1 i i i invariant under the set of

Abelian gauge transformations

(6.1.16a)

V = V + i(A -A") , (6.1.16b)

where A and /I* are chiral superfields. It follows that the field strengths Wa

and Wa are gauge invariant. We note that, in contrast to two and three
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dimensions, it is not possible to define a gauge invariant mass term for the

gauge fields.

ui ' _: _ JU; ..•, ield V the vector field v^ transforms as an ordinary Abelian

gauge field, whereas the fields A and D are gauge invariant. Furthermore, the

fields C, Xi M and N can be gauged away. Ir> the supersymmetry breaking

Wess-Zumino gauge the superfield V has the simple power series expansion

x) + i62V\(x) - iB29\(x) + ̂ WD(x) . (6.1.17)

The infinite number of interaction terms can be reduced to a finite number by

imposing the Wess-Zumino gauge, because according to (6.1.17) V* = 0, and the

power series in V terminates.

After elimination of auxiliary fields, the component Lagrangian

corresponding to (6.1.14) reads, in the Wess-Zumino gauge:

*+A+ - m2A*A.

{A. - A*+)
2V2

(A*. - A^V^A] - f - 4 ^ X - A*A.)2 . (6.1.18)

In (6.1.18) we have introduced the field strength F^ = dllvv - dyV^ for the

photon v,,, auttd the covariant derivatives Z?S = d? ± •&&)>*. The four-component

Majorana spinor

A = L (6-1-19)
[A J

is identified with the photino, y4+ and /I. together form the selectron, and the

electron is represented in (6.1.18) by the Dirac spinor.

(6.1.20)
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6.2 The supersymmetric Gauge Technique

The matter fields <?+ and $_ of supersymmetric QED4 can be reexpressed as

$± = i - (£, + &2) , (6.2.1)

where $x and <f2 are chiral superfields. The Lagrangian density for a free

chiral superfield $ reads:

± ± * (6.2.2)

Thus we can define three types of propagators for $. In momentum space the

free propagators are, in an obvious notation:

(6.2.3a)

(6-2-3b)

^ (6.2.3c)

where A(p) is the propagator of a free scalar field.

A necessary condition for the existence of a Gauge Technique

approximation is the existence of spectral representations for the matter

superpropagators of SQED4. The spectral representations for the

superprcpagators in (6.2.3) are easily obtained by the standard method of

Section 4.2 [15]. They turn out to be spectrally weighted versions of (6.2.3),

e.g. <$$> becomes (omitting spacetime arguments):

(6.2.4)

For each of the three propagators in (6.2.3) we can introduce an independent

complex spectral function, e.g. pti> for <#$>. Thus, in principle there are six

independent real spectral functions, but this number can be halved by taking

into account various symmetries of the propagators. For example, the
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time-ordered product of two ^-fields obeys:

<o|r{#(x,,Mi)$(*2,M2)}|o>+ - <o|T{#*(x2,M2)**(*1,Mi)}|o>. (6.2.5)

In momentum space we then have

In terms of the spectral functions this can be summarized by the identity

pl*(M*) = p****(M*) . (6.2.7)

Similarly, from the symmetry property

<Q\T{$(xl,dudlW'(x2,62,d2)}\Q> = <0\T{$(x2,e2A)**{*iAA)}\<», (6.2.8)

which is equivalent to

<##*>+(p;Mi;Mi) = <$$*>(p;02A\6iA) , (6-2.9)

it follows that

. (6.2.10)

We see from (6.2.7) and (6.2.10) that the propagation of a massive chiral

superfield is determined by three real spectral functions. Writing out the

time-ordered products for the matter fields #+ and #_ defined in (6.2.1), we

can easily derive the Kallen-Lehmann spectral representations for the matter

propagators of SQED4. The result is:
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(6.2.11a)

Ma(M2) (6.2.11b)

(9, - 9 2) 2exp[- (6.2.11c)

The spectral function piM2) is real, while fftM2) is complex. They reduce to

6(tP-m2) in the free theory.

For the construction of the supersymmetric Salam-Delbourgo approximation

it turns out to be convenient to rewrite supersymmetric QED4 in terms of a

four-component column matter superfield

(6.2.12)

The Green's functions of SQED4 then become 4x4 matrices and the Lagrangian

(6.1.14) can be written in the form

(6.2.13)fyFN* + |# T /# + gauge fields! .

Here M is the free inverse 4x4 matrix propagator of the field $,
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M =

0 1 -mD2/4D 0
1 0 0 -mD2(4a

-mD2 /4D 0 0 1
0 -mZ5*/4D 1 0

(6.2.14)

and / is the interaction matrix

/ =

0 exp(cK)-l 0 0
exp(eV)-l 0 0 0

0 0 0 exp( -eK) - l
0 0 e x p ( - e K ) - l 0

(6.2.15)

For a streamlined notation we use the Pauli spin matrices cru a2 and <73 and

the additional matrices a+ = -^(l±a3). The interaction matrix (6.2.15), for

example, can then be written as the tensor product

- 1] + (ffl®a.)[exp( - eV) - 1] . (6.2.16)

In terms of such tensor products, the spectral representation equivalent to

(6.2.11) for the full propagator A of the superfield $ reads:

00

(6.2.17)

We have omitted the spacetime arguments, for simplicity of notation.

The (infinite chain of) interaction Green's functions obeys a set of Ward

identities, due to U(l) gauge invariance. They can be derived in a standard

way, by means of the path integral method. For the simplest interaction

vertex, the three-point expectation value <$TV$>, the U(l) Ward identity

reads:
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xA(p-k;05,ds;93,V3)

- p,93d3)6(62 -

or, in short-hand notation:

(6.2.18)

(6.2.19)

There is also a conjugate identity:

(2«3) . (6.2.20)

Any gauge covariant Ansatz for AT3A has to obey both Ward identities

simultaneously. The actual construction of the Salam-Delbourgo formula for the

three-point function closely resembles that of the two-dimensional case in

Section 4.3. The bare vertex r3
0) is:

(6.2.21)

where we have defined

(6.2.22a)

The Ansatz has to be made for the vertex with external matter legs attached,

i.e., for AT3A. In lowest order we have:
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-K > (0 )r < * + # .

• (6-2.23)

The Gauge Technique approximation is a spectrally weighted version of this

bare quantity:

,(6.2.24)

where the free propagators have mass parameter M. It is straightforward,

though tedious, to verify that (6.2.24) is a solution of the Ward identities

(6.2.19) and (6.2.20). The Salam-Delbourgo Ansatz (6.2.24) is the

four-dimensional counterpart of the two-dimensional formula (4.3.1). It is not

difficult to give the construction of Salam-Delbourgo Ansatze for the other

members of the infinite set of interaction vertices in (6.2.13). The method is

the same as the one that led to (6.2.24), but the final expressions become

rather unwieldy and we will not give them explicitly. Also, in Section 4.4 we

argued that the leading behaviour of the matter superpropagator is determined

by the three-point function, so that we could ignore the Ward identity for the

full four-point function in almost all calculations. This situation is also

familiar from non-perturbative studies of e.g. scalar electrodynamics [14] and

Yang-Mills theory [16]. Moreover, in [55] it is argued that it is probably

also safe in supersymmetric QED4 to drop the full four- and higher-point
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interaction vertices (except in tadpole diagrams) in the Dyson-Sch winger

equations for the matter superpropagator.

We end this chapter with a brief summary. The matter content of

supersymmetric quantum electrodynamics in four dimensions is described by two

chiral superfields. We have shown that the propagators of these chiral

superfields admit spectral representations in the spirit of Kallen and

Lehmann. The interactions between matter and gauge multiplets is described by

an infinite set of interaction vertices. The full Green's functions

corresponding to all these vertices can be approximated in a gauge covariant

way, by means of an extension of the Salam-Delbourgo method to

four-dimensional supersymmetric gauge theories. We have given an explicit

construction of this Gauge Technique Ansatz for the three-point vertex

functions of supersynunetric QED4.
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CHAPTER 7

SUMMARY AND CONCLUSIONS

We recapitulate the most important results of the previoxts chapters, and point

out some directions for future research.

Four-dimensional quantum field theories have a more complicated structure than

two- or three- dimensional ones (compare e.g. QED4 and the exactly solvable

Schwinger model). It is therefore expected that supersymmetric gauge theories

in four dimensions are more complicated than their lower-dimensional

counterparts. Generally speaking this is true, but there are a few notable

exceptions. In this thesis we have noted several times that mass

non-renormalization theorems, familiar from four-dimensional N = 1

supersymmetric theories, are not known in lower-dimensional iV = l supersymmetric

theories. In this respect mass renormalization is more complicated in two or

three dimensions than in four dimensions.

In Chapters 3, 4 and 5 we have studied mass renonnalization in

supersymmetric gauge theories in two and three dimensions. Our conclusion can

be summarized as follows. In Abelian supersymmetric gauge theories in two and

three dimensions one-loop mass renormalization is absent only if the mass

parameters m and /x of the matter and gauge multiplets are restricted to obey a

specific condition. The restriction is that the mass of the gauge multiplet

equals twice the mass of the matter multiplet. Specifically, in two dimensions

the condition reads // = 2m; in three dimensions there is a (non-essential, due

to parity non-invariance) modification in sign: fi = - 2m. In the non-Abelian

versions of the models under consideration, this effect of non-renormalization

does not occur. On the other hand, in Chapter 4 we have found indications that

for the Abelian models the "JI = 2m" statement also holds beyond perturbation

theory.

Concerning the explanation of this low-dimensional mass

non-renormalization theorem, we have not reached definite conclusions. The

most obvious explanation would be that the observed phenomenon is induced by

an additional supersymmetry that connects both multiplets. However, as far as
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linear transformations are concerned, this possibility is ruled out by the

observation that such an extra supersymmetry would require equal masses fj and

m, contrary to our findings. Non-linear realizations of supersymmetry can in

principle provide us with the solution of the enigma, but we have no idea what

such a non-linear supersymmetry transformation would look like in this case.

The mass relation H = ± 2m suggests that one might instead look for an

explanation formulated in terms of bound states. Reasoning along lines

familiar from the massive Schwinger model [35], we could imagine that in SQED2

or SQED3 it is energetically favourable for e.g. an electron and a positron to

form a bound state which then mimics a photon of rest mass fi. equal to twice

the rest mass m of the electron. In this view, the photino would be a bound

state of electrons (positrons) and charged scalar particles in a suitable

linear combination, such that the resulting bound state acts as a Majorana

spinor. Again, we have no indications whether this viewpoint is correct.

Finally, we emphasize that one cannot exclude the possibility that our results

for SQED2 and SQED3 are completely accidental, i.e., that the one-loop

"fj. = 2m" result does not follow from an underlying fundamental principle.

We have obtained most of our results using the superfield formulation of

supersymmetric field theories. The use of superfields has the advantage that

all calculations are manifestly supersymmetric. A superfield represents a

whole multiplet of component fields, among them all physical fields.

Therefore, superfield calculations can almost always be done faster than the

corresponding component calculations, because in terms of component fields the

number of Feynman graphs is usually much larger. There are exceptions to this

rule however: in SQCD3 in Chapter 5 we have deliberately chosen for a specific

component field calculation, because the superfield calculation in that model

appears rather lengthy.

For our non-perturbative study of SQED2 in Chapter 4 we have also used

superfield methods. It has turned out to be possible to extend the

non-perturbative Gauge Technique, or Salam-Delbourgo method, to supersymmetric

gauge theories. As a by-product we have derived in Section 4.2 a

Kallen-Lehmann spectral representation for the propagator of a scalar

superfield. In Section 4.4 the supersymmetric Gauge Technique has demonstrated

its great utility, in making it possible to obtain non-perturbative solutions

for superpropagators in supersymmetric gauge theories. In Chapter 6 we have

constructed the supersymmetric Gauge Technique Ansatz in four dimensions. As
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in two and three dimensions, four-dimensional (chiral) superpropagators can be

represented as spectral integrals over free propagators. There are various

complications in the four-dimensional case, originating in the use of

constrained matter superfields and the presence of an infinite number of gauge

interaction vertices. For this reason we have not tried to apply the

supersymmetric Salam-Delbourgo method to a four-dimensional model.

We have the following suggestions for future research. In SQED2 and

SQED3, it would be interesting to determine whether the "/I = 2m" result

continues to hold in higher orders of perturbation theory. It will not be easy

to answer this question, because even to second order in perturbation theory

the number of supergraphs to be evaluated is large (~ 20). Next, the

non-Abelian models SQCD2 and SQCD3 deserve more detailed study. A supergraph

calculation of the one-loop mass renormalization in two- or three-dimensional

supersymmetric Yang-Mills theory may be tedious, but will probably be

illuminating. Finally, it is of interest to apply the techniques developed in

this thesis to other gauge models, especially in four dimensions. After all,

the physical reality that quantum field theory attempts to describe, is

four-dimensional.
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APPENDIX A

CONVENTIONS

In two dimensions our metric convention is

9liu = diag(l,- 1) . (A.I)

The two-dimensional 7-matrices obey

{r»,r»} = 2 ^ . (A.2)

The matrix y5 is defined such that it anticommutes with all other y-matrices:

{ W s > = 0 . (A.3)

We choose

T5 = r V , (A.4)

so that y§ — 1 and

*>T" • (A.5)

Here e/u, is the completely antisymmetric Levi-Civita symbol with e01 = + 1.

For the antisymmetric charge conjugation matrix C we have

Cy^C"1 = - r J • (A.6)

Majorana spinors ipa satisfy

1PO = ^ j , , . (A.7)

They obey the Fierz identity
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^XP + (y^XJ^ + (TUXTV] • (A.8)

We make frequent use of the supersymmetry covariant derivatives D and Z5.

They were defined in (2.1.20). We adopt the momentum space representation

Da(p,B) = - — - (p9)a , Ba(P,e) = g § - + (6p)a , (A.9)

with the anticommutation relations:

{Da[p,e), Db(p,&)) = -2pab . (A.10)

Two frequently used identities are

D(p,8)riiD(p,9) = -2Pli , (A.11)

D(p,9)y5D(p,8) = 0 . (A.12)

These lead to the simple Fierz identity

DaDb(p,9) = -±6ab DD(p,9) - p^ . (A.13)

In the calculation of Feynman diagram expressions one often encounters z.

number of £)'s operating OTI delta-functions. Explicit expressions for the basic

combinations are:

DD(p,62)612 = - 2

D(k,92) D(p,92)612 = [ -2 + 9,(

They satisfy the symmetry relations
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LD(p,92)612 = Z>D(-p,0,)«ia • (A.18)

Other important identities are:

Da(-PA)Dt(PA)6u = - \ 6ab VD(p,92)6l2 - pta<512 , (A.19)

Da(P,92) W(p,B2)612 = -2[pD(p,92)612]a , (A.20)

Da(P,92) DD(p,92)&i2 = +^(P,S2)p612]a , (A.21)

[DD(p,92)}
2 Sl2 = 4p2612 . (A.22)

Finally we list a set of identities which simplify calculations involving

D-algebra and products of 6-functions:

S12612 = 0 , (A.23)

<5i2 Da(p,92)612 = 0 , (A.24)

Sl2Da(-pA)Db(pA)&i2 = <$i2<5a6 . (A.25)

612DaDb(p,92)6u = - ^ A t , (A.26)

612 DD(p,92)612 = -26l2 , (A.27)

612 D(fc,52) C(p,92)612 = -2<512 , (A.28)

[Vb(k,92)ti2][Da(pA)6i2] = -512^6 , (A.29)

[Da(p,92)612][DD(.k,B2)6l2] = -2Da(p + k,62)612 , (A.30)

{DD{k,92)612)[DD(p,92)612\ = ~2DD(p+k,92)6l2 . (A.31)
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In three dimensions we use the metric

ffMW = diag( 1 , -1 , -1 ) . (A.32)

We can use the same 2x2 matrix representation as in two dimensions for the

y-matrix algebra. This is because we identify y5 defined by (A.4) with the

third y-matrix iy2 in three dimensions. The y-matrices then obey

{y^,rv} = 2ff;u, , (A.33)

while there is no y5 in three dimensions. A convenient basis is

r° = °* , r1 = ^ i , r2 = «J2 , (A.34)

where the at are the Pauli spin matrices. A relation like

y / y = pM" - ie^P7p , (A.35)

where Z^P is the three-dimensional anti-symmetric tensor with e012 = + 1, can

be taken over directly to two dimensions if we make the further identification

env2 _^ ey.u Thus most of the two-dimensional identities of this appendix will

also hold in three dimensions. In particular this is true for the D-algebra

identities (A.10) - (A.31), except for (A.12) which does not exist in three

dimensions. The three-dimensional Fierz identity for Majorana spinors reads:

lSX^ + ( T U X Y " * ] • (A-36)

In four dimensions the smallest matrix representation for the y-matrices is

four-dimensional. This is the reason why spinors in four dimensions have to be

treated in a way that differs from that in two or three dimensions. They

appear only in Chapters 1 and 6; their properties are summarized in most

textbooks on field theory, e.g. [1].
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APPENDIX B

FEYNMAN RULES

(a) Quantum electrodynamics

photon propagator \i / \ ^ ^ ^ ^ v
k Jfc2 \k2 k2 k2

electron propagator a -

vertex

(b) Scalar electrodynamics

p-k,b

photon propagator

scalar propagator

-
it2 U 2

vertices - ie(2p -
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(c) Supersymmetric QED2 (superfield formulation)

gauge propagator

(Feynman gauge)

matter propagator

vertices

2e2Col612613614

(d) Supersymmetric QED2 in the Wess-Zumino gauge (component field

formulation)

photon propagator

photino propagator Q - n m i i ^ b
k

M-field propagator

K M fc w
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electron propagator a

scalar propagator
p2-m2

vertices

Q.p p - k , b

/ \

P p-k

- ie(2p - *)„

a,p p-k,b

- e(Ts)j,a

k'.v k k1

2ieigfiu '••/ 2ie2

P p1

For all models the following additional rules must be taken into account. At

each vertex momentum is conserved. Internal momenta k must be integrated with

measure (ft/(27r)n in n dimensions. Closed fermion loops have an extra factor

- 1. Each diagram has an appropriate symmetry factor (see e.g. [1]). In

supergraphs, internal 0's are integrated with measure d2d.
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SAMENVATTING

In dit proefschrift worden enkele wiskundige modellen uit de elementaire-

deeltjesfysica onderzocht. Elementaire—deeltjesfysica is het onderdeel van de

natuurkunde dat zich bezighoudt met het bestuderen van de kleine deeltjes

waaruit alle stoffen in onze wereld zijn opgebouwd. Uzer bijvoorbeeld is een

stof die is opgebouwd uit ijzeratomen. Deze ijzeratomen zijn deeltjes, die

bestaan uit weer kleinere deeltjes. Elk ijzeratoom heeft een kern, waar een

groot aantal elektronen omheen cirkelt, ongeveer als planeten om de zon.

Elektronen zijn elementaire deeltjes; ze kunnen niet in nog kleinere deeltjes

worden gesplitst. De kern van een atoom is niet elementair maar bestaat uit

elektrisch geladen protonen en ongeladen neutronen. Lange tijd werd gedacht

dat protonen en neutronen elementair waren. In het begin van de jaren zeventig

werd echter experimenteel vastgesteld dat elk proton (en ook elk neutron) is

opgebouwd uit drie uiterst kleine geladen deeltjes. Deze deeltjes worden

quarks genoemd. Niet alleen ijzer, maar vrijwel alle stoffen zijn samengesteld

uit quarks en elektronen.

Elementaire-deeltjesfysici proberen te verklaren waarom materie op deze

manier is samengesteld. Waarom bestaat het heelal voor het grootste deel uit

waterstof? Hoe kan waterstof worden omgezet in helium? Waarom komt er op aarde

zoveel ijzer voor en waarom zo weinig plutonium? Waarom zendt uranium

radioactieve straling uit? Deze en andere vragen proberen ze te beantwoorden

door gebruik te maken van een wiskundige beschrijving van de krachten die

tussen elementaire deeltjes werkzaam zijn. Van elektrisch geladen deeltjes

bijvoorbeeld is bekend dat ze elkaar afstoten als ze dezelfde lading hebben,

terwijl ze elkaar aantrekken als ze een tegengestelde lading hebben. Dit

verklaart waarom elektronen niet zomaar vrij bewegen, maar rond atoomkernen

blijven cirkelen: elektronen hebben een elektrische lading tegengesteld aan

die van de protonen in een atoomkern. De wiskundige theorie die dit en zeer

veel andere elektromagnetische verschijnselen verklaart, heet

qwntumelektrodynamica. Volgens de huidige inzichten kunnen naast de al

genoemde elektromagnetische krachten nog drie andere soorten krachten tussen

elementaire deeltjes worden onderscheiden. De bekendste daarvan is de

zwaartekracht. Minder bekend maar minstens zo belangrijk voor de fysica van
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elementaire deeltjes zijn de sterke en de zwakke kernkrachten. De sterke

kernkracht zorgt ervoor dat protonen en neutronen aan elkaar blijven kleven en

de meeste atoomkernen niet zomaar uit elkaar vallen. Het verschijnsel dat

sommige atoomkernen radioactieve straling uitzenden is een gevolg van de

zwakke kernkracht.

Voor de beschrijving van de vier soorten krachten tussen elementaire

deeltjes zijn vele wiskundige modellen ontworpen. De meest succesvolle van

deze modellen zijn de ijktheorieën. In ijktheorieën worden krachten tussen

elementaire deeltjes overgebracht door ijkdeeltjes. De eenvoudigste ijktheorie

is de eerder genoemde quantumelektrodynamica (QED), een model dat een zeer

goede beschrijving geeft van elektronen en elektromagnetische krachten. In QED

worden de elektromagnetische krachten overgebracht door fotonen

(lichtdeeltjes). De overige krachten kunnen ook worden beschreven met behulp

van ijktheorieën, die echter ingewikkelder zijn dan QED.

Het is nuttig te onderzoeken of er andere modellen kunnen worden gemaakt

die ook een goede beschrijving van elektromagnetische krachten geven. Zo zou

quantumelektrodynamica kunnen worden uitgebreid naar een meer algemeen model,

dat nieuwe verschijnselen voorspelt. Een van de mogelijke uitbreidingen heet

supersymmetrisch QED. Dit model voorspelt het bestaan van nieuwe deeltjes die

veel op elektronen en fotonen lijken en daarom selektronen respectievelijk

fptino's worden genoemd. Selektronen en fotino's zijn experimenteel niet

waargenomen, maar het is niet uitgesloten dat ze met behulp van betere

apparatuur wel zullen worden ontdekt.

De Nederlandse vertaling van de titel van dit proefschrift luidt: „Twee-

en driedimensionale elektronen en fotonen en hun supersymmetrische

soortgenoten". Met supersymmetrische soortgenoten worden selektronen en

fotino's bedoeld. Het proefschrift geeft een overzicht van onderzoek dat is

gedaan naar diverse aspecten van een vereenvoudigde versie van

supersymmetrisch QED. Er is voor gekozen het model te onderzoeken in minder

dan de gebruikelijke vier ruimte-tijddimensies lengte, breedte, hoogte en

tijd. Door een of meer van deze dimensies weg te laten wordt een model

verkregen waarvan de eigenschappen gemakkelijker te bepalen zijn. Met name het

bestuderen van supersymmetrisch QED met twee ruimte-tijddimensies (SQED2)

heeft veel nuttige resultaten opgeleverd. Hiervan is verslag gedaan in

hoofdstukken 3 en 4 van dit proefschrift. De resultaten van het onderzoek naar

supersymmetrisch QED in drie ruimte-tijddimensies (SQED3) staan in
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hoofdstuk 5. Hoofdstuk 6 is gewijd aan mogelijke toepassingen van deze

resultaten op supersymmetrisch QED in vier ruimte-tijddimensies (SQED,). Oe

wereld waarin wij leven is per slot van rekening vierdimensionaal.
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STELLINGEN

1. De auteurs van [1] verwarren Majorana- en Diracspinoren, wat rampzalige

gevolgen heeft voor hun conclusies.

[1] A. Smailagic & J.A. Helayël-Neto, Mod.Phys.Lett. A2 (1987) 787.

2. In supersymmetrisch QED in drie ruimte-tijddimensies genereert de

dynamica massa's voor de elektronen als het aantal soorten elektronen

kleiner is dan 32/n2 [2).

[2] M. Koopmans & J.J. Steringa, preprint, Groningen, april 1989.

3. in de impulslusformulering van QCD [3] zijn het de sprongsgewijs continue

impulslussen die de grootste bijdrage leveren aan de padintegralen voor

observabelen.

[3] A.A. Migdal, Nucl.Phys. B265[FS 15] (1986) 594.

4. Uit het feit dat dammers ook met behulp van computers nog niet in staat

zijn de betrekkelijk eenvoudige Woldouby-stelling volledig te analyseren,

kan worden afgeleid dat het damspel in de praktijk een niet-eindig spel

is.
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o
L J

a
de Woldouby-stelling

(„Le Damier", 15 juli 1911)

5. De Rijksuniversiteit Groningen kan haar inzet voor het milieu tonen door

stroom te betrekken van een windmolen van de Coöperatieve

Windmolenvereniging Noorderwind u.a.



6. (a) Voor niet-Friezen:

Naar Iers en Schots voorbeeld zou de bewegwijzering in Friesland

tweetalig moeten worden gemaakt.

(b) Foar Friezen:

Alle ientalige buorden moatte ût'e groun skuord wurde!

7. De door de werkgroep ad hoc Spelling van de Nederlandse Taalunie

voorgestelde spellingwijziging voor werkwoordsvormen vereenvoudigd het

spellingonderwijs niet.

8. De verkeersveiligheid op autowegen wordt vergroot als er één

maximumsnelheid voor personen- en vrachtauto's wordt ingevoerd.

9. Aan de bescherming van de ozonlaag moet een hogere prioriteit worden

toegekend dan aan de bestrijding van het broeikaseffect.

10. Vegetarische gerechten zijn een goede graadmeter voor de kwaliteit van

een restaurant.

11. De beste stelling is vrijstelling.

Stellingen

behorende bij het proefschrift

"Two- and three-dimensional electrons and photons

and their supersymmetric partners"

Jarig J. Steringa, Groningen, 29 mei 1989


