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A detailed theoretical study of the nonlinear dynamics of gyrokinetic particle 
simulations of electrostatic collisionless and weakly collisionai drift waves is pre
sented. In previous studies it was shown that, in the nonlinearly saturated phase 
of the evolution, the saturation levels and especially the particle fluxes have an 
unexpected dependence on collisionality. In this paper, the explanations for these 
collisionality dependences are found to be as follows: The saturation level is deter
mined by a balance between the electron and ion fluxes. The ion flux is small for 
levels of the potential below an E X B-trapping threshold and increases sharply 
once this threshold is crossed. Due to the presence of resonant electrons, the elec
tron flux has a much smoother dependence on the potential. In the 2 ^-dimensional 
("pseudo-3D") geometry, the electrons are accelerated away from the resonance as 
they diffuse spatially, resulting in an inhibition of their diffusion. Collisions and 
three-dimensional effects can repopulate the resonance thereby increasing the value 
of the particle flux. 
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I. INTRODUCTION 

In this paper, we report a theoretical investigation of the nonlinear behavior 
of "2 |-dimensional" gyrokinetic particle simulations of collisionless and weakly-
collisional drift waves in a periodic shear-free slab geometry. The gyrokinetic parti
cle simulation method takes low frequency (w <S fli) nonlinear kinetic effects fully 
into account. 

The term 2 ^-dimensional may be denned with respect to the fully three-
dimensional geometry by taking all functions of position to be independent of one of 
the spatial coordinates. If the magnetic field is not quite aligned with this ignorable 
coordinate, then this geometry allows for effects due to the parallel streaming of 
particles along the magnetic field lines, such as the near-thermal-equilibrium elec
tron response to the wave fields (the "adiabatic response"). This geometry has also 
been termed "pseudo-three-dimensional."1 

The instabilities considered here are unstable drift waves. They arise because of 
the balance between the near-adiabatic electron response 6n/n 2; e4>/Tc and the ion 
density perturbations due to the E X B advection of ions from an ion density distri
bution with a nonzero density gradient, and are driven unstable by the combination 
of inverse electron Landau damping and finite ion-gyroradius or polarization-drift 
effects. The main results of the linear theory have been summarized by Federici, 
Lee, and Tang,2 and will be repeated in Sec. III. 

The simulation runs studied here include those reported in published works of 
W. W, Lee and co-workers,3'2 as well as other runs carried out by the authors since 
those papers were written. They show the expected linear growth phase, a satura
tion phase, and a "steady-state phase." The behavior observed in the steady-state 
phase has a coherent aspect, being dominated by a few of the lowest available modes, 
and an incoherent aspect, in the random time dependence of the amplitudes of these 
modes. Both the saturation levels and the particle flux increase with electron colli-
sionality.2 This was unexpected since the collisions are too weak to affect the linear 
growth rates significantly. The difficulty in understanding this dependence of the 
saturation levels and especially the particle fluxes on the collisionality motivated 
the present work. 

Drift instabilities are widely regarded as important candidates for the anomalous 
thermal transport in magnetic plasma confinement devices, both in the bulk plasma 
and at the edge.4 There are drift-type modes unstable in most of the parameter 
space spanned by such plasmas. It is, therefore, important to understand how to 
suppress them or, failing that, to be able to estimate the anomalous transport that 
they produce. In order to do the latter properly, it is necessary to understand the 
nonlinear evolution resulting from these instabilities. The development of credible 
predictive first principles theories has proven to be a difficult task, and a posteri-
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ori confirmation is generally necessary. Computer simulations are a valuable tool 
both for testing existing nonlinear theories and, where these are found to fail, for 
stimulating and guiding the development of new ones. The gyrokinetic particle 
simulation method shows promise for the treatment of microinstabilities—i.e., in
stabilities which involve velocity-space effects (as well as macroinstabilities—i.e., 
fluid instabilities), in quite realistic situations with the current generation of su
percomputers.5 For phenomena occurring on time scales much longer than the ion 
gyroperiod, this method is superior to simulations of the exact particle dynamics, 
since it can treat finite gyroradius effects without having to resolve the details of 
the gyromotion.5 

Electrostatic collisionless drift waves in a shear-free slab, although too simplistic 
to provide a credible explanation for anomalous transport in magnetic confinement 
devices, are of interest for the following reasons. They represent a simple test case, of 
gradient-driven microinstabilities, for the gyrokinetic particle simulation method. 
These simulations have revealed unexpected coherent nonlinear phenomena and 
unexpected parameter dependences of the particle flux (in the direction opposite 
to that of the mean density gradient) and the saturation levels.3 ,2 Furthermore, 
similar phenomena are seen in simulations of the rj\ mode, 7 which has been invoked 
to explain ion thermal transport in tokamaks.8 Thus, the understanding of these 
simulations may provide important insight into the behavior of more realistic cases. 

In this paper we provide an understanding of the dynamics of the saturated 
states of the above-mentioned simulations. Our strategy is as follows: First, the 
evolution of test-gyrocenter densities and fluxes resulting from electrostatic poten
tials of the form of those seen in the gyrokinetic simulations was studied. These 
studies, in addition to determining the parameter dependences of the gyrocenter 
fluxes, elucidate the physical mechanisms by which the electric field of the waves 
causes the fluxes. The electron and ion fluxes have different parametric dependences 
on the mean saturation level of the electrostatic potential (as well as on other pa
rameters) and have a well-defined intersection. This intersection determines the 
self-consistent saturation level, as in the resonance-broadening model of Dupree.9 

This approach can also be regarded as a nonlinear generalization of the standard 
procedure of linear theory in which the linear particle responses are computed and 
then inserted into the field equations to obtain the dispersion relation. We have ob
tained successful qualitative and, in many cases, quantitative explanations of most 
of the main observed properties of the saturated states of these gyrokinetic simula
tion runs. The understanding of this system also forms a basis for future attempts 
to understand the full three-dimensional simulations. 

We now review and discuss the relevance of the existing nonlinear models of drift 
waves to the gyrokinetic simulation results. Most of the theoretical approaches have 
tended to concentrate on a single nonlinear mechanism. One class of approaches 
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treats the electrons linearly and the ions nonlinearly. Examples are the work of 
Dupree,9 Terry and Horton, 1 0 , 1 1 and Waltz.1 2 In Dupree's resonance-broadening 
theory, applied to the particular case of the current-driven drift wave, the insta
bility grows until the ion diffusion shuts off the growth. In this sense, Dupree's 
theory is similar to the situation in the simulations studied here except that the 
latter are far more coherent. In the case of drift waves, the nonlinearity in the ion 
dynamics is necessitated by a steady-state particle flux since a steady-state particle 
flux is inconsistent with the cold (of relevance here) linear ion dynamics. We will 
elaborate on this in Sec. V. Terry and Horton 1 0 ' 1 1 and Waltz 1 2 have numerically 
and analytically studied similar model fluid systems in which the ions are nonlin
ear and the electron behavior is given by a fixed, model linear response. In their 
studies, the turbulent coupling, due to the E X B and polarization-drift nonlin-
earities, to linearly stable modes is found to be a more important influence on the 
saturation levels than was assumed in the model of Dupree. In our simulations, the 
strong dominance of certain mode3 is the main incoherent effect of the turbulent 
mode coupling. The remaining effects, for example anomalous diffusion, can be 
taken into account as coherent effects on these modes. The electron flux, however, 
is due to nonlinear E X B diffusion of resonant electrons and not to linear effects 
as in these references. Oraevskii, Sagdeev, Galeev, and Rudakov 1 3 have considered 
nonlinear stability and saturation due to parallel trapping. Mode-coupling studies 
by Lee et ai.3 and Federici et oX? have shown, however, that the E X B non-
linearity is a crucial ingredient in the dynamics of the simulations. The papers of 
Ching," Hirshman, , s Kleva and Drake, 1 6 and Horton 1 7 deal with E X B drifts in 
wave fields obtained by superposing two waves of equal amplitude, one with wave 
number {kx,ky) and the other with wave number (kx, —kv). They have, therefore, 
served as useful starting points for some of the work in this paper. Here, x and y 
are, for the moment, coordinates in the plane perpendicular to the uniform mag
netic field such that the direction of propagation of the wave is in the y direction. 
The modes that dominate the simulation results used in this paper are of this form. 
Ching 1 4 carefully analyzed the ion gyrocenter trajectories ar.d obtained their Hamil-
tonian. The Hamiltonians derived in Sec. IV are generalizations of that obtained 
by Ching. Kleva and Drake 1 6 and Horton 1 7 studied the effect of a second such pair 
of waves, moving with respect to the first, of possibly different wave numbers and 
amplitudes. They obtained stochasticity criteria for the particle motion in these 
waves, and concluded that the particle motion is stochastic if there is E X B trap
ping due to each of the waves separately and if the y component of the E X B 
velocity is greater than the difference in the phase velocities. The test-gyrocenter 
problems studied here, while bearing similarities to situations studied before by 
Ching, 1 4 Hirshman, , 5 Horton, 1 7 and Kleva and Drake, 1 8 also possess some impor
tant differences. In our case, there is a dynamically important time dependence 
of the electrostatic potential, which lies primarily in the time-dependent energy 

4 



exchange between the two lowest available modes. This differs from the situation 
studied in the work of Hor ton 1 7 and Kleva and Drake , 1 6 where the time dependence 
was due to other modes. The nature of this time dependence has an important effect 
on the character of the time-averaged ion and electron responses resulting from the 
E x B trapping. The contribution of the parallel acceleration to the ion Landau 
damping, considered by Ching, 1 4 (linear or nonlinear) is ineffective as a saturation 
mechanism in the simulations considered here because the ions are essentially cold 
in the parallel direction. Note also that the existence of the Hamiltonians of Sec. IV 
for the 2 —dimensional ion motion implies that the E X B motion of- the ions will 
actually shut off the ion Landau damping instead of enhancing it as claimed by 
Ching. 1 4 Lee et al.3 and Smith et o/. 1 8 considered saturation by coherent E X B 
advection of the resonant electrons which completely switches off the linear electron 
phase shift. This mechanism is relevant for cases where the flux is much less than 
quasilinear and in the initial stages of the saturation in other cases. When signif
icant particle fluxes are present, however, an electron phase shift remains and the 
ion nonlineaxities become an essential part of the saturation mechanism. Finally, 
the density distributions that result from and are advected by the E X B drift to 
produce the E X B diffusion and the regions of enhanced density require modes 
of quite high wave number for their adequate representation. The mode-coupling 
systems studied by Lee et al.3 and Federici et al.2 do not resolve the gyrocenter 
densities accurately enough to contain the effects of the E X B motion that con
trol the particle fluxes which, in turn, affect the nonlinear dynamics of the particle 
simulations. 

Briefly, the main results of this paper are as follows. The ion parallel motion is 
relatively unimportant , so the ion gyrocenters are adequately described by a fluid 
continuity equation. In the gyrokinetic system, the physical ion density consists 
of the ion gyrocenter density pins the contribution of the polarization drift to the 
density. This "polarization density" is important, and is accounted for in the gy
rokinetic Poisson equation. Regions of enhanced density of both particle species 
form and grow near the maxima of the potential because of the E X B advection 
of very well E X S- t rapped regions of electron and ion gyrocenters in the direction 
opposite to the density gradient. There is an "advective component" of the parti
cle flux due to E x B advection of these regions. There is an asymmetry between 
the quality of the E x B trapping near the potential maxima and minima, in that 
there is much better trapping near the maxima. This asymmetry is due partly to the 
method used to model the background density gradient and partly to self-consistent 
effects. The analysis of test-electron orbits shows that the parallel acceleration can 
be treated linearly in some cases, a point we have verified by using a partially lin
earized version of the gyrokinetic code. 1 9 The electron flux is dominated by the 
E X B diffusion of the parallel-resonant electrons. In the 2 j-dimensional model, 
the parallel acceleration depletes the resonant electron population. The particle flux 

5 



and the saturation level depend on the electron cotlisionality because the collisions 
constitute the only mechanism present that can repopulate the resonance. The en
ergy exchange between the lowest modes of the potential is primarily the result of 
the E X B advection of electrons and ions from nonuniform density distributions, 
and the electron E X B diffusion is a consequence of this energy exchange on the 
resonant electron population. The gyrokinetic Poisson equation forces the ions, to 
have the same spatially averaged flux as the electrons (often termed "intrinsic am-
bipolarity"). The dependence of the nonlinear contribution to the ion flux on the 
mean saturation level is stronger than for the electron flux, so this ambipolarity 
requirement imposes a well-defined mean saturation level. The saturated spectra 
are very strongly dominated by the lowest few modes of the potential even when 
these are not the most strongly unstable mod^j. This property of the spectrum 
may be due to a modified two-dimensional fluid inverse energy cascade. The value 
of the 2 |-dimensional simulations is that they enable the careful study of the prop
erties of a single resonance. This aids in the understanding of the properties of the 
three-dimensional simulations in which many such resonances may be present. 

In more turbulent situations the coherent component of the flux will be less im
portant. If the inhibition of the electron E X B diffusion by both coherent effects 
and resonance depopulation by the parallel acceleration is negligible, then the lin
ear electron phase shift used by Dupree,9 Terry and Horton, 1 0 ' 1 1 and Waltz 1 2 should 
quite accurately give the electron flux. This will be shown in Sec. IX. In this case, 
the theory of Dupree9 (applied specifically to collisionless drift waves) would be 
applicable. Preliminary results from three-dimensional gyrokinetic simulations of 
drift waves2 0 indicate a particle flux significantly enhanced over the 2 —dimensional 
results, but still somewhat less than the expectation from the linear electron phase 
shift. The results of non-self-consistent analysis of the motion of guiding center 
electrons in three-dimensional wave fields suggest that the resonance depopula
tion should be much less important in three-dimensional simulations of drift waves. 
Thus, there is still an inhibition of the E X B diffusion due to coherence in the wave 
fields in these simulations. A careful study with a full three-dimensional gyrokinetic 
code still remains to be done. 

The organization of this paper is as follows. In Sec. II, the nonlinear gyrokinetic 
simulation algorithm is described. We summarize the nonlinear electrostatic gyroki
netic equations of Lee6 and Dubin et al. , 2 1 the "multiscale model" used to model the 
effects of the background density gradient, the geometry, and some details of their 
implementation in particle simulations. In Sec. Ill, we discuss the main phenomena 
observed in the simulations and include a summary of the parameter values and 
the main results of the linear theory. Some of the phenomena have been reported 
before.2 In Sec. IV we derive the useful test-gyrocenter Hamiltonians for the cases 
of interest here as well as for nonzero shear. The non-self-consistent gyrocenter 
simulation codes, which prove extremely useful in both guiding and confirming the 
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theoretical understanding of the fully self-consistent gyrokinetic simulation results, 
are introduced in Sec. V. The relationship between the fluxes generated by those 
simulations to the behavior of the full code is also discussed. In Sec. VI we give 
the results of the non-self-consistent simulations for both the ions and electrons. In 
Sec. VII, we give a theoretical discussion of the ion and electron motion in terms 
of the instantaneous collisionless streamlines. Analytical estimates of the E X B 
diffusion due to the semi-coherent time-dependent wave fields seen in the full gy
rokinetic simulations are given in Sec. VIII. In Sec. IX the understanding obtained 
in the earlier sections is used to interpret some aspects of th» behavior of the gy
rokinetic simulations and to relate these simulations to expectations from more 
complete models of nonlinear drift wave behavior. Finally, in Sec. X, we summarize 
the main results of this paper and give suggestions for further work. 

II. GYROKINETIC PARTICLE SIMULATION METHOD 

For the sake of completeness, we briefly review the gyrokinetic particle simula
tion method of W. W. Lee and co-workers, namely Lee,6 Dubin e: ai,21 Lee et al.,3 

Krommes et ai ,22 and Federici et al? 
The gyrokinetic system of equations of Lee6 and Dubin tt a/.21 is based on the 

well-known gyrokinetic ordering, 
e$ w p T T 

where q is the charge of the species under consideration, $ is the electrostatic 
potential, T is the temperature, w is the frequency of the perturbation, Q is the 
cyclotron frequency, p is the gyroradius, L is a characteristic perpendicular equi
librium scale length of the system, and L|j is the characteristic parallel wavelength 
of the perturbation. This system consists of the gyrokinetic Vlasov equation, for 
the gyrophase-averaged distribution function, and the gyrokinetic Poisson equation, 
which determines the electrostatic potential in terms of the gyrocenter densities of 
the electrons and ions. 

The gyrokinetic Vlasov equation for a plasma in a uniform magnetic field is 

q d$ ; OF „,„. 
-im%rC{n ( l a ) OF - dF q d (Yd* A _ 

vhere 

d±2 

dR (lb) 

0 = £ 4>(k)J* {^A exP(''* ' *). (lc 



R = x + (Id) 

x is the particle position, v± is the perpendicular velocity, 4>{R) is the gyrophase-
averaged electrostatic potential, F(R, fi, v\\,t) is the full gyrophase-averaged dis
tribution function, X is the x component of R, \L = v\ /2, 0 = qB/mc is the 
gyrofrequency, vt = •JT/m is the thermal velocity, and C(F) is the collision op
erator. The electrostatic potential 4 is given by the gyrokinetic Poisson equation 
which, for a single ion species is 

V2<A- T(*-4>) 

*l (£)• V i -
(ri - n„) 

n0 

V j > - —4ire(rV - n e ) , (2) 

where 

k 

"(*) = E / F ( f e ) J o f ^ ) e x p ( i f c . R ) d M d U | t 

and where r = T c/2], p, = il^lJTcjm\ is the ion-sound radius, Pi == fif'wTi/mi 
is the ion gyroradius, &j. is the perpendicular wave number, AD = JTe/Aimoe2 is 
the electron Debye length, n0 is the background ion number density, T a , na , and 
ma are, respectively, the temperature, the number density, and the particle mass 
of species a, and r 0 (6) = Io(b)e~b. For ions, C(F) — 0. For the electrons, finite 
gyroradius effects are negligible so that ty = 4> = 4> = <P- The only effect of collisions 
retained is pitch-angle scattering for the electrons, which is taken into accovmt via 
a Monte-Carlo model for the Lorentz collision operator,2 

C(F) = T—:^. [AO.6 2 sin 0 90 
Here v^ is the electron pitch-angle scattering frequency, which in these studies is 
taken to be velocity-independent, and 8 (just for this equation) is the pitch angle. 
The intrinsic collision time due to the particle discreteness in the simulation is sev
eral orders of magnitude greater than the typical run time.2 The Lorentz operator 
is modelled using a Monte-Carlo model due to Shanny, Dawson, and Greene. 2 3 For 
modelling purposes, the neglect of the velocity dependence of vK\ is satisfactory since 
the population of runaway electrons should be negligible. This is because the the 
parallel phase velocity of the waves is smaller than the electron thermal velocity. 
Simulations using (a Monte-Carlo model for) the Lenard-Bernstein model collision 
operator, 24 

C{F) = ^~- 2df_ 
v:-aT + v\\f (3) 
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which is a drag-diffusion model in v\\ only, yield similar results. This model is, there
fore, useful in obtaining a qualitative understanding of the effect of the collisions 
in these simulations. The above equations are solved using somewhat standard 
particle simulation techniques.5 

We now discuss some aspects of the method used to model the effects of the 
background density gradient. For initial studies, in which the main aim is to obtain 
insight into the physical mechanisms at work, a simulation representing a small 
portion of the entire discharge with a fixed background density gradient rather 
than the whole discharge has several advantages: Firstly, it enables concentration on 
relatively few physical mechanisms. Secondly, such a simulation can be run for much 
longer physical times. Thirdly, when periodic boundary conditions are imposed, it 
allows steady-state particle fluxes without particle sources or sinks. Simulations 
of drift instabilities with particle sources and sinks are subject to difficulties in 
interpretation.2 5 

A method of modelling the effects of a fixed background density gradient, con
sistent with the above requirements, has been given by Lee,5 where it is termed the 
"multiple-scale model." The result is that the perpendicular configuration-space 
velocity in Eq. (la) is modified by the addition of an extra term so that it becomes 

dR q 
VptIp~ dt " mil Xb, (4) 

where K = — Vlnn 0 = «*• This velocity has the important property 

V--»p„p = -KX, (5) 

where X = —(q/mQ,)(d^/dY) is the x component of w^rp. The continuity equation 
for the configuration-space density can thus be expressed in the form 

dn & , ,v 
- + ^ J f | = «nX, (6) 

where d/dt = d/dt + » p < ! rp'V is the convective time derivative and «7|| is the par
allel current. Assume, for simplicity, that J\\ = 0. Then, Eq. (6) states that as 
a group of particles is convected by vperp in the x direction, its density increases 
due to the compression in the y direction of the perpendicular configuration space 
element containing it. If the background density (of simulation particles) is flat, 
then this results in a density perturbation, as shown in Fig. 1(a). Under the Jj| = 0 
assumption, density profiles proportional to eKX are unaffected by the flow given by 
Eq. (4) irrespective of * , and are, therefore, equilibria of Eq. (6). The imposition 
of periodic boundary conditions, however, forces the mean large-scale simulation 
particle density to be flat. Thus, there is a permanently enforced separation be
tween the mean particle density and the equilibrium |>;.iticle density. This is an 
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alternative, and for the most part satisfactory, mathematical representation of the 
physics of the density increase due to incompressible advection of particles from a 
nonuniform density profile, shown in Fig, 1(b). In this case, the equilibrium density 
profile is flat and the actual density profile has a nonzero density gradient enforced 
by particle sources at the boundaries of the region of interest. The key feature that 
the multiple-scale model reproduces is the separation between the equilibrium and 
mean density profiles. It is this separation that provides the free energy for both 
the linear instability and for the resulting nonlinear fluctuations. 

Part of the motivation for this study is the need to understand whether this 
evidently convenient method for modelling the background density gradient is a 
valid one. As will be showa in Sec. VII, the additional term can have its own 
nontrivial consequences. The most important is the introduction of an asymmetry 
between the quality of the E X B trapping at the potential maxima and minima. 
The question of whether this asymmetry is significant will be addressed in Sec. IX. 

The geometry used for the simulations studied in this paper is a 2 ^-dimensional 
shear-free slab, meaning that one position coordinate, which we take to be 2, is ig-
norable. Alternatively, when viewed in Fourier space, the 2 ^-dimensional condition 
implies that the only Jt modes kept are those with kz = 0. The magnetic field is 
taken to be uniform and inclined to the z axis, B = B(z + 9y), where y and z are 
unit vectors in the y and z directions. The parallel wave number is then ib|| = 8ky. 
The inclination angle $ is a (usually small) constant in the shear-free slab models. 
Weak shear can be taken into account by making 9 depend on the radial position 
coordinate x. For constant shear, 8 = x(L% where Lt is the shear length. This geom
etry is shown in Fig. 2. The boundary conditions are periodic, both for the particle 
recycling and for the wave-field quantities (densities and electrostatic fields). 

The "2 ^-dimensional" assumption makes the simulation essentially two-dimen
sional. The particle variables followed are the velocity component uy, the magnetic 
moment /i, and the two spatial variables, x and y. Apart from a saving of one 
spatial dimension compared with a fully three-dimensional code, the 2 ^-dimensional 
condition also considerably simplifies the theoretical analysis of the properties of 
the particle orbits, as will be seen in Sec. IV. 

All Fourier modes of the electrostatic potential with kx = 0 have been set to 
zero in order to satisfy the assumed multiscale ordering between K and kx.2 All 
potential modes with kv = 0 except for that with the second harmonic value of kx 

have also been zeroed out. 2 
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III. PHENOMENOLOGY 

A. Parameters Used 
The choice of parameters used for the simulations considered here was con

strained by the requirement that the linear instability be strong enough to grow 
out of the thermal background noise. As has been noted by Lee,5 the thermal 
fluctuations can broaden the linear electron Landau resonance, so as to suppress 
the linear growth of the instability. For the instability to grow, it is necessary 
that yim/^iHk±p,/(2\/N), where -ji;n is the linear growth rate. For a given particle 
number N, this results in a lower bound on the ratio K/9. 

The parameter values used for the simulations ar- .n^/m; = 1/1837, r == Te/21 = 
4 or 100, p./A = 4.286, A D /A = 1, Kps = 0.214 or 0.107, Lx = L„ = 32A, n0 = 
16/A 2 , 0 = 0.002 or 0.01, i/^/fii = 0, 0.001, or 0.01, and {kx, ky) = (0.842m,0,842rt), 
where m and n are integers. Here, A is the grid spacing (equal for x and y), Lx 

and Ly are the lengths of the simulation box in the x and y directions, and the other 
symbols have been defined before. One run, for Te/Tt =4,9= 0.002, i^/H; = 0.001, 
and (kx, ky) = (0.842m, 0.21n), corresponding to Ly = 4LX = 128A was also made. 
Because of the tendency of the E X B nonlinearity io drive the fluctuations towards 
isotropy, the Lx =• Ly runs were expected to give the most spatially coherent states. 
The Lv = 4 £ x run was made in an attempt to produce a more turbulent state. 
Linearly, these parameters correspond to coliisionless or weakly collisional drift 
waves, although as will become clear, the nonlinear properties of the saturated 
states depend strongly on the collisionality. The simulation runs typically use a 
timestep of dt ~ ftf1 ~ 0.18WJ1, and were run for about 2000 timesteps. The 
Lx = Ly = 32A runs take around 2 hours of CPU time on the Cray-1. 

B. Linear Theory 
The linear theory of drift waves (using the number-conserving BGK collision 

operator), for the parameter values used here, is well known and is summarized, for 
example, in reference.2 We repeat the main results here, casting them in gyrokinetic 
form. For uj/(k^vte) < 1 and u/(k^vti) » 1, where u> = uj+ii/e-n the electron response 
is nearly adiabatic 

n e =; (1 - iau n )n 0 —, 

where ajj n, the phase shift associated with the nonadiabatic part, is given by 
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We will be working in the regime where the ions are essentially cold in the parallel 
direction and the Larmor radius is smaller than the perpendicular wavelength. The 
ion gyrocenter response is then 

H ' a ^ l - l ) - ^ , (8), 

where b = k±pf <C 1 and CJ. = npskyp^ili is the diamagnetic drift frequency. In the 
regime where Ade/p5 -C 1, and t < l , the gyrokinetic Poisson Eq. (2) becomes 

k\4> ~ nl - rf. (9) 

Inserting the gyrocenter responses gives the real frequency and growth rate, respec
tively, as 

W. 1 + TO 

and 
Tiin « 
Wlin 1 + rb' 

(10b) 

The choice of parameters uted in the gyrokinetic simulation runs satisfies u>/£||Wte ~ 
0.5 — 1, but a numerical solution of the dispersion relation agrees fairly well with 
this calculation and gives (wiin+e'7iin)/fii = ±0.06 + 0.011i for the 9 = 0.01 cases and 
±0.034+0.027i for the 6 = 0.002 cases, with r = 4, i/ei = 0, and kxpB = kypa = 0.842. 
The effect of weak collisions on the linear behavior is small. The maximum growth 
rates occur for rb ~ 2r/(3 + r) , corresponding to the lowest available modes in the 
kxp, = kyp, = 0.842 cases. This choice was made deliberately, in order to produce a 
relatively coherent state that would have the greatest chance of being analytically 
tractable. The simulations with, Lv = 128A yield similar values for the particle flux 
and saturation levels. In this run, the lowest modes are no longer the most strongly 
unstable but they nevertheless have the highest saturation levels. This interesting 
observational result will be discussed further in the later sections. Note also that 
wiin ex K and 7un/wijn oc K/0. 

C. Units 
Following the convention used, for example, in the papers of Lee and coworkers, 

in most of what follows the system of units used has lengths scaled to p„ times 
scaled to flf1, densities scaled to the mean density rc0, and electrostatic potentials 
scaled to TK/e, where e is the unit charge. In this system of units, the electron 
diamagnetic frequency is w. = kyn = 0.180 for most of the cases pHuli^d here. 
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Exceptions are runs with kv = 0.21 and « = 0.214, for which w. = 0.045, and runs 
with K — 0.107 and ky = 0.842, for which w. = 0.09. Thus, diffusion coefficients 
are normalized to ptCt- For compactness, we will most often still sviite v t e instead 
of Jrrii/mt. 

D. Phenomena 
We now summarize the phenomenology of the gyrokinetic particle simulation 

runs, the dynamics of which we p?eplain in the subsequent sections. Our aim in this 
section is both to review the phenomenology of gyrokinetic simulation results for 
collisionless drift waves in a shear-free slab, already in the published literature,3'2 

and to summarize those results from more recent simulations done by the present 
authors which help guide the development of the theory. 

The time evolution can be divided up roughly into four stages: a pre-mode 
stage, a linear stage, a saturation stage, and a steady-state stage. Figure 3 shows 
the time history of the (m,n) — (1,1) and (1 , -1) modes, and Fig. 4 shows the 
particle flux for 9 = 0.002, r = 100. and vA = 0.001. The "pre-mode" stage, for 
t n 0-60 [(w.i)/(2ff) cs 0-1-7], represents the time before the linear mode is set up 
and is peculiar in that the (1,1) mode has phase velocity in the ion diamagnetic drift 
direction for part of this time. This stage has been found to be the result of the 
linear evolution before it has reached the time-asymptotic regime that is usually 
treated in the linear theory. The linear phase is the time, in this case t zz 60-
200 [(u,t)/(2ir) ~ 1.7-5.7], during which the simulation obeys the: predictions of 
linear theory-—i.e., a linearly growing mode, and a corresponding quasilinear particle 
flux. The "saturation phase" of the evolution, which may consist of more than one 
identifiable substage (in this case two substages, from t ~ 200-750 and t cz 750-
1200), is the time during and after the saturation of the mode, before the steady-
state phase. The "steady-state" phase is the final stage of the evolution, in which 
the mode amplitude and the particle flux have settled down to fluctuate about final, 
relatively steady, mean values. The term "saturated states" will be used to refer 
to the states observed during the saturation and steady-state phases, except where 
any distinctions are important. 

The saturated states for the LT = Ly runs are characterized by a very strong 
dominance of the (m, n) = (1,1) and (1,-1) modes for the potentials. The density is 
dominated, less strongly, by the (1,1), (1, -1) , and the (2,0) and (0,2) modes (and 
their complex conjugates). Since we will be discussing these modes quite frequently, 
they will be denoted by their n values—i.e., as the "+", " - " , "0", and "2" modes. 
These will also be used as subscripts to denote the modes of the potential and 
the densit : s. Tables 1 and 2 show some of the mode amplitudes of the potential 
and the densities in the saturated states for the same run as in Fig. 3. The mean 
squared amplitudes of the (fcx, ky) and (fcr,— ky) modes are equal to within the 
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quoted accuracy (a factor of two). The strong dominance of these modes can also 
be seen from the potential contour plots, such as the one in Fig. 5 which shows the 
potential contours at two different times in the late stages of a run with 9 = 0.002, 
T = 100, and v„ = 0.001. The degree to which the lowest modes dominate the 
fluctuation spectrum for the 8 = 0.002 cases is surprising since the linear growth 
rates fall off quite gradually with increasing \k\ for this choice of 9. The saturation 
levels of the dominant modes generally increase, although not very strongly, with 
ve\ and «/#. The values range from 0.5% for the 9 = 0,01, ve-, = 0, r = 4 case to 
about 6%-8% for the vt\ = 0.01 cases for both values of 9 used. The saturation 
levels are slightly increased (by a factor of about 1.3) when r is decreased from 100 
to 4 in the 9 — 0.002 cases. The 32 x 128 run, for which kv is reduced by a factor 
of 4 in comparison with the 32 x 32 runs, has a saturation level of about 10% for 
the dominant (kx, fc„) = (0.842, ±0.21) modes. 

There are several noteworthy features in the time dependence of the dominant 
modes- The + and — modes of both the density and the potential have a roughly 
sinusoidal time dependence in the saturated state. These oscillations are quali
tatively similar to the linear oscillations, except that they do not grow and have 
slightly shifted real frequencies. The mean saturation levels of <p+ and <£_ are the 
same and increase with collision frequency. The real frequencies, w + and w_, of 
d+ and <f>_ have both a mean shift relative to the linear frequency and a frequency 
difference for the 9 = 0.002 collisional cases. In these cases, w+ is greater than (the 
absolute value of) w_, implying a mean motion of the whole system of <t> contours in 
the x direction—i.e., in the direction opposite to that of the density gradient. The 
mean real frequencies run from w r = 0.035 to 0.05 and, unlike the values for the 
linear frequencies given in Eqs. (10), do not show any obvious 8 dependence. The 
32 x 128 run with r = 4 and i/ei = 0.001 has a real frequency in the saturated state 
of ut — 0.015, in agreement with the expectation that w r <x hyf{\ + k\) and the 
results of ihe 32 x 32 runs. The real frequency difference is zero for the collisionless 
cases (and all of the 8 = 0.01 cases) and increases with collisionality. For 9 = 0.002 
its values are in the range of Aw r 2; 0.003. There is a nonlinear broadening, 6w, 
of the real frequencies, the value of which is given by (SU/UJ) ~ 0.2 — 0.4. This 
frequency broadening decreases as a function of vzl. 

The saturation amplitudes fluctuate with time on a time scale characteristic of 
the E X B-trapping time. This characteristic fluctuation frequency increases as 
a function of i/e; and decreases with 8. Since the characteristic E X B-t rapping 
time is proportional to the saturation level, this observation is in agreement with 
the observed dependences of the saturation level which were noted earlier. Also, 
the relative fluctuations in the saturation amplitude decrease as a function of utl. 
Finally, there is a clear negative correlation between the fluctuations in the + and — 
mode amplitudes. Upon comparing the time histories of |<6 + | 2 + \4>~\2 and \4>+\2 it is 
seen that more than half of this fluctuation is due to an "energy exchange" between 
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these two modes. 
The particle flux, which is intrinsically ambipolar, is due almost entirely to the 

contributions from the + and — modes. In the linear phase, the flux is given by the 
quasilinear value. The final steady-state flux is generally observed to be much less 
than that expected from quasilinear theory and increases with vKi and K/0. Values 
of the time-averaged flux in the saturated phase for various other parameter values 
are also marked in Fig. 4. 

In the collisional & = 0.002 cases, regions of enhanced electron and ion gyrocenter 
density are observed, as shown in Fig. 6. These coincide in position with the maxima 
of the potential and will be referred to as "globs" in the remainder of this paper. 
Their rate of growth in number density increases with collision frequency. 

The above phenomena remain largely unchanged if some terms are removed 
from the equations that are being simulated. These terms are the nonlinear terms 
in $ in Eq. ( lb) and in Eq. (2), and the ion parallel velocity (i.e., U||; set to zero). 
Figure 7 shows the time histories of the ^ + mode and of the flux for such a run 
for vti = 0.001, 6 = 0.002, and r = 100. The intermediate "saturation phase" is 
somewhat shorter in this case than for the corresponding full code run. Changing 
the value of r from 100 to 4 does produce a slight increase in the saturation levels 
and an increase in the particle fluxes. The increase in particle fluxes is small for 
8 = 0.002 but is roughly a factor of two for the 8 = 0.01, i/ci = 0.01 case. Also, 
studies using a partially linearized version of the particle code 1 9 have shown that the 
nonlinear effects due to the electron parallel acceleration can be removed without 
drastically changing the behavior. 

The larger Lv = 4LX = 128A, v* = 0.001, 9 = 0.002 run has behavior very 
similar to the corresponding run with Lx = Ly = 32A considered above. It is also 

• dominated by the (m, n) = (1,1) and ( 1 , - 1 ) modes. The saturation levels of these 
modes is around 10%, somewhat higher than for the smaller-box-size run, but the 
value of the particle flux is the same. That the (1,1) and (1 , —1) modes dominate 
in this case is interesting since these are not the most unstable linearly. The most 
unstable modes are the (1,4) and (1 , —4) modes, which have the same values of kx 

and ky as the + and — modes of the 32 x 32 simulations. The amplitudes of these 
modes have been reduced by a factor of about 50 compared with their values in the 
32 x 32 simulation. Thus the saturation levels are clearly not determined by linear 
considerations alone. 

Summarizing the above discussion, the following phenomena have been observed: 

1. Pre-linear, linear, saturation, and steady-state phases of the evolution. 

2. The + , —, 0, and 2 modes dominate the post-linear phases. 

3. The + and — modes oscillate with nonlinearly modified real frequencies in the 
post-linear phases. The nonlinear modifications include: 

15 



• a frequency shift, 
• a frequency broadening, 
• a frequency difference implying a net x component of the phase velocity, 
• amplitude fluctuations implying an energy exchange between the + and — 

modes as well as a smaller fluctuation in the sum of the energies. 

4. A steady-state flux which is due almost entirely to the + and — modes, has a 
value much less than expected from quasilinear theory, and increases with ve; 
and decreases with S. 

5. Globs — regions of enhanced particle density near the maxima of <f> in the 
0 = 0.002, t/d # 0 runs. 

6. The nonlinear terms in ^ and in the gyrokinetic Poisson equation and the ion 
parallel motion are unimportant for the steady-state phase. 

IV. HAMILTONIANS FOR 2 ^-DIMENSIONAL GYRO-
CENTER MOTION 

In the 2 ^-dimensional approximation, the phase space of the collisionless gyro-
center trajectories is two-dimensional in the sense that the phase-space coordinates 
can be taken to be the (configuration-space) variables x and y. This fact can be 
exploited to show that these trajectories themselves are given by a two-dimensional 
(generally time-dependent) Hamiltonian system of equations. For time-independent 
electrostatic potentials, this put a severe constraint on the particle paths, namely 
tnat they cannot be chaotic. Thus, any chaos in the particle paths must be as
sociated with a time dependence of the potential. This section gives the method 
for deriving the Hamiltonians as well as the results of the derivation. Most of the 
analysis of these Hamiltonians is left for subsequent sections. 

The gyrocenter equations of motion used by the particle simulation, neglecting 
collisions, are given by Eq. (4), along with the parallel Newton's law (in Gaussian 
units) 

q dV 
"« = 'mil' 

In the 2 ^-dimensional model, $ is independent of z, and y varies both due to the 
component of velocity perpendicular to the magnetic field and that parallel to it. 
Thus, y — vm + 8z where i>py is the y component of vpcrp. Upon taking this into 
account and using d/dz = 9d/dy to express E\\ in terms of x, we obtain (in scaled 
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units) 

a* 

y = — + K<if + 6v{] - vph, (lib) 

*II={ - v rir;r""" (n c) -^9x (electrons), 
6x (ions). 

where a Galilean transformation to a frame moving with fixed velocity uph in the 
y direction has been made. If the waves represented by the potential ^ have a 
well-defined phase velocity v p b = u>T/kv in the y direction, then this choice of vPh 
represents a transformation to the wave frame and makes the resulting *t time-
independent. This transformation will also be seen to preserve the Hamiltonian 
nature of Lhese equations. Within the framework of these equations, it is possible 
to generalize 0 to include the effect of weak shear and to generalize K "to include 
the effect of a nonzero temperature gradient. For the case of weak sheai, the form 
8 = x/L, is taken, where La is the shear length. Since shear tends to localize the 
eigenmodes around the rational surface, it is convenient in the models with shear 
to place the rational surface at i = 0, so that $ has no constant term. Thus, we 
consider four main classes of models: 

• without shear, 9 = constant, 

• with shear, 9 = x/L„ 

• without temperature gradient, K = constant, 

• with temperature gradient, K = Kn [l + >?> lav?. — j j j , 

where 

{ mz/mi (electrons), 
T (ions), 

and the subscript j = (e, i) denotes the particle species. Here Ls is the shear length, 
17 = (dlnT 0/dlnn 0), and «„ = — d\nn0{x)/dx. Here, n0(x) is the background density 
and T0(x) is the background temperature, The notation has been slightly changed in 
this section, so that K now denotes the total logarithmic pressure gradient, including 
the temperature gradient. For 17 = 0, the subscript will be dropped so that K will 
appear instead of nn. 

The procedure for deriving the Hamiltonians is as follows. First, Eq. ( l ie) is 
integrated with respect to time to yield a constant of motion which i= 1 function 
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of x and v\\. We define 

—^-9 (electrons, no shear), 
. 6 (ions, no shear), 

^~mf7 (electrons, with shear), 
JT- (ions, with shear). 

The constant of motion is then 

r~lvK~(x (shear-free), 
1 un - K * 2 ( w i t h s h e a r ) -

This constant of motion is then used to eliminate either x or v\\ from Eqs. (11a) 
and (l ib) . If the parallel-trapping frequency is small or comparable to the E X B-
trapping frequency, then it is more physical to eliminate V||. An integrating factor 
I(x) for Eq. ( l ib) can be found from the [dtyjdx) term and the K ^ terms. For 
T] = 0, we have I(x) = exp(icx). For the cases with nonzero TJ, 

It ) = / e x P W < x + »?j[§(C* + C i ) 3 - §*])} ( n o shear), 
11 J 1 «?{**(* + 7 i W ^ C V + §CCi + C,*i) - 1x1)} (with shear). 

Now Eq. ( l ib) can be rewritten as 

where 

i# - vph (no shear), _ / C,9x + Ci$ 
" l ^ + fr ^ M ~ l J^„.3 ^ y^x _ V p h ( w i t h s h e a r ) 

The equations for x and y can thus be written in the Hamiltonian form 

— = --H ds dy 
4l = 1 _ H 

ds dx 

where 

and 

d d 

# = /(*)*(») + f dx'I[x')V[x'). (14) 
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A few comments about the above procedure are in order. This procedure takes 
the parallel acceleration into account for nonzero (. When uy is eliminated using 
Eq. (13), the parallel velocity is expressed as a function of x. The terms represent
ing the effects of the parallel acceleration are those containing nonzero powers of 
C- The transformation to the new "time" variable s is necessitated because, along 
their trajectories, the particles move more slowly for higher values of I(x). Thus, 
the x-y area element containing a group of gyrocenters is compressed by a factor 
I{xi)II{xi) as it travels from a position with x coordinate X] to one with x coordi
nate X2- In the simplest case with rj = 0, the compression models the physical effect 
of the incompressible advection by the E X B drift of a background density with 
the spatial profile n0 exp(—rcx). For nonzero TJ and zero parallel acceleration (( = 0), 
I(x) also contains the effect of the E X B advection of gyrocenters taken from a 
Maxwellian with a background temperature profile Toexp(—K„TJX). When parallel 
acceleration is taken into account (£ ^ 0), the E X B advection is accompanied 
bv a parallel acceleration which can be regarded as an advection in velocity space. 
1 iiis causes a change in the distribution function, since the background distribution 
function which is being advected in velocity space is nonuniform. (In addition to 
the phase space compression effects, the multiscale model also modifies the E X B 
trapping when the electrostatic potential is time-dependent. The significance of this 
change will be examined later.) 

It is straightforward to write the Hamiltonian of Eq. (14) in closed form for the 
cases with J]J = 0. The results are 

_ J e « { * + ilx + i . [(0C, - V&)K - <0]} (no shear), 

I e ~ { * + t&ti**3 - 3 * 2 ) + ±SC^ + £ ) - K & + & + *PH)> (bea red ) . 
(15) 

For the ions, particularly in the case of the collisionless drift mode in a shear-free 
slab, the limit of zero parallel velocity is of interest. The result is 

ff = e « ( * - 2 e t ) . (16) 

The K = 0 limit of this result has been either the focus of, or the starting point for, 
several analyses of the nonlinear effects of drift waves on gyrocenter orbits. , 4 ~ 1 T For 
later use we summarize the *c = 0 results, including the other cases with parallel 
acceleration and with shear. The results are 

( * - v Ph* («|| = 0), 
H = < * + \ec,x2 + (6Ct - vph)x (no shear), (17) 

[ * + s ^ x 4 + $fcx2 - vphx (with shear). 

The first of these is the one given by Ching. 1 4 Note that the Hamiltonians of Eq. (15) 
contain constants which approach oo as it - t 0. These constants, however, are easily 
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identified (as the constants inside the expressions multiplied by the exponential) 
and subtracted off, if this is desired. The limit of zero parallel acceleration can be 
obtained by setting £ = 0 and C\ —* v\\ =const. in any of the above results. Thus, 
for example, the HamiltonijJi for free-streaming electrons in a shear-free magnetic 
field of Smith tt al.18 

H = $ + (0v,, - vph) 

follows from the second result of Eq. (17). 
The above Hamiltonians are of greatest utility when, by a suitable choice of uph, 

$ can be made independent of time. The gyrocenter trajectories are then given 
by two-dimensional time-independent Hamiltonians and are, therefore, integrable. 
These Hamiltonians are also of use in time-dependent cases since the instantaneous 
streamlines of the flow field in phase space are contours of constant H and C\. The 
existence of a Hamiltonian and its particular form greatly simplifies the determina
tion of the qualitative bi 'iavior of the gyrocenter orbits. 

V. TEST ION A N D ELECTRON G Y R O C E N T E R SIMU
LATION 

A. Simulation Method 

Motivated by the observation given in Sec. Ill, that the saturated <j> spectra 
are dominated by the + and — modes and that these modes fluctuate with a 
clear negative correlation [that is, the correlation function of the mode amplitudes 
(|^+| — |0+|)(|<^_| — |^- |) < 0], the following model was used to study the physics of 
the non-self-consistent motion of the ion and electron gyrocenters. For the ions, the 
parallel motion and the nonlinear terms in *S are neglected, while for the electrons 
the gyroradius is neglected. Thus we use 

. - { 4 = 4>{l - b) ions, 
4> electrons. 

For the electrons, the equations of motion include those for the parallel motion, the 
parallel acceleration, and the pitch-angle scattering. The collision model used is the 
Monte-Carlo pitch-angle scattering model of Boozer et a!.27 For the electrostatic 
potential <j> only the + and — modes are kept. The amplitudes tj>+ and <t>- are 
allowed to fluctuate with time, the mean values of the amplitudes being taken to 
be the same and with the time dependence of the two modes negatively correlated. 
For simplicity, the time dependence of the two modes is taken to be quasiperiodic 
with two frequency components. Although the actual time dependence of the mode 
amplitudes in the simulations is chaotic, the nonlinearity of the gyrocenter motion 
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will significantly reduce any spurious correlations between the time dependence 
of the mode amplitudes and the gyrocenter motion. The <fr modes are taken to 
propagate in the y direction with phase velocity vph and in the x direction with 
velocity vx. Thus, the resulting electrostatic potential is 

4> = -2<t>+(t) cos[kx(x - vxt) + kv(y - uph*)j 
+ 2«^_(f) coa[kx(x - vxt) - ky[y - wp ht)], 

= — 2<£+(f)cos[fcr£ + kyy — w +t] 
+ 2(j>.(t) cos[kxx - kyy + u-t], (19a) 

where 
4>±(t) = 0o(l ± «i sinu;i< ± e2 smu!2t). (19b) 

Physically, upb and w* are the mean phase velocities of the waves, respectively, m 
the y and x directions, 4a is the mean amplitude of the + and — modes, and ei and 
ti are the amplitudes of the u>\ and W2 frequency components of the fluctuations 
in the mode amplitudes. The constant parameters kx, ky, vx, vph (or alternatively, 
u)+ and w_), fa, fit €2i wi> a^d w 2 are chosen to fit the data from particular runs 
of the gyrokinetic code, discussed in Sec. III. Note that throughout this paper, 
"^o" will be used to refer either precisely to the definition in Eq. (19b), in the 
case of references to test-gyrocenter simulation results, and to the rms value of <p+ 

or <£_, when results from the fully self-consistent gyrokinetic simulations are being 
discussed (—-and not to the 0 mode of <j>). 

A computer program was written to follow the motion of a large number of test 
gyrocenters moving under the effect of the velocity fields given by Eqs. (11) with the 
potential ^ given by Eq. (18). The code was checked for agreement with the known 
analytical solution for K = 0. The number of guiding centers used was typically 
16000, comparable to the original gyrokinetic code. The gyrocenters are loaded 
pseudorandomly with a distribution which is uniform in x and y and Maxwellian in 
V||. The motivation for using this non-self-consistent code is as follows. Firstly, the 
electrostatic potential has similar features in all of the gyrokinetic simulations and 
there is much to be learned from the study of the particle motion in such potentials. 
The ability to vary the parameters in the non-self-consistent code slightly away from 
the values observed in the full code runs enables a greater insight to be obtained 
into the ba1inces that determine the full self-consistent behavior. Secondly, by 
avoiding the need to interpolate the particle densities on a grid for the calculation 
of the self-consistent fields, the run time of the non-self-consistent code is of order 
one-tenth of that of the full code. Thirdly, in the non-self-consistent code one can 
selectively sample parts of the single-particle phase space. This is a particularly 
useful feature for unravelling the electron dynamics and would be impossible in the 
full code where the particles must sample all of phase space in order to determine 
the self-consistent fields correctly. 
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B. Self-Consistency 
In this section, we discuss how the results for the particle fluxes from the non-self-

consistent simulations can be used to approximately predict the saturation levels 
reached in the full gyrokinetic simulations. The ion nonlinearity has to be involved 
in the saturation process if, in the saturated state, there is a nonzero electron (and 
hence, by ambipolarity, ion) flux. This follows from the form of the linearized ion 
gyrocenter fluid response n 1 = (u>,/w)(l — b)<j> of Eq. (8) which permits no flux 
without wave growth. The nonlinear ion fluid equation will be examined to show 
how the balance of the nonlinearly generated contributions to the particle fluxes can 
lead to a well-defined saturation level. The non-self-consistent particle simulations 
provide a means for estimating thes nonlinear contributions to the particle fluxes. 
We argue, furthermore, that the resulting saturated states can be stable in a time-
averaged sense. 

Consider the ion continuity equation obtained by integrating the gyrokinetic 
Vlasov equation, Eq (1), over i>|| and /J (assuming that the ions are Maxwellian in 
the perpendicular velocity space), and neglecting the parallel current: 

^ + veB.V±ni + K-^(*n')=Q, (20) 

where VEB = * X V x * and $ = (1 — b)<ji. Now take the time average over the rapid 
E X B-fluctuation time scales, in the following manner. Assume that, as is the case 
for the results of the simulations, there are well-defined wave frames for the -f and 
— modes. These are defined in a multiple time scale sense from the time histories 
of the respective modes of 4>, n', o r ne as follows. As observed in Sec. Ill, the 
time history of <j>+ (for example) has steady, roughly sinusoidal oscillations in the 
saturated stages as well as in the linear phase. The real frequency of these (averaged 
over several oscillations, say) divided by ky defines a phase velocity and a resulting 
translation to a mean wave frame. The remaining time dependence consists of the 
(assumed slow) growth of the wave, the variations in the real frequency (which, if 
assumed slow, can be taken into account via an eikonal representation), and rapid 
variations with zero mean in the wave amplitude (and possibly wave phase) over 
which the average is to be performed. To perform the averaging, the + and — 
nwdal components of Eq. (20) are transformed to their respective wave frames, 
time-averaged over a time interval of order of a several oscillations (u/'1), and then 
transformed back to the laboratory frame. When this averaging procedure has been 
carried out, the result can be written schematically as 

( 7 T tw r ± )( l T tQj)<p± ± JW.(1 - b)6± + (IJ ± i6±)0± = 0- (21) 
Here, 7 is the (assumed small) growth rate, u>r± are the real frequencies of the + 
and — modes, and the ion density has been written as 

fV± = (l^ia^<t>±, (22) 
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where or; and (, are real nonlinear coefficients. The first term is the time derivative 
of the ion gyrocenter density. The second term of Eq. (21) represents the linear 
E X B advection of the background density profile and results in che response of 
Eq. (8). The third term is the nonlinear term written with real nonlinear coefficients 
n and 6± defined by dividing the sum of all of the terms resulting from averaging 
the nonlinear terms of Eq. (20) by <f>+ or <j>~, as appropriate. These coefficients will 
shortly be shown to be associated, respectively, with the nonlinear ion flux (both 
advective and diffusive) and the nonlinear frequency shift- Asymmetry between the 
effects of the 4- and — modes has no obvious time-averaged effect in the simulations, 
other than the presence of a difference between the real frequencies of the + and — 
modes. Other effects of this asymmetry have been neglected. Now suppose that the 
electrons are nearly adiabatic, with a linearly or nonlinearly generated phase shift 
with respect to the potential, n± ~ (1 ^iat)<j>±. Equation (9) then gives E, ~ 1 + k\ 
and a-, = a c / £ . The real and imaginary parts of the coefficients of <j> in Eq. (21), 
respectively, give 

7 = w r i a i - jj/& (23a) 

w r t = ^ [ « . ( l - & ) + * ± ] - a < T . (23b) 

Satura.ti.on occurs if 7 = 0 or equivaiently if 17 = u> r ±£a, = w r ±Q e . Thus , there 
are basically three ways in which the waves can saturate. The first involves the 
electrons and occurs if or, (and hence o.\) goes to zero, for example by the three-
mode saturation mechanism of Lee et al? and Smith et a/. 1 8 The second and 
third saturation mechanisms relate to the ion dynamics. The second one occurs if 
u,> approaches zero because of large Doppler shifts, represented by S±. Such large 
Doppler shifts are not observed in the runs considered here, but may be relevant in 
cases in which <j> modes with ky = 0 and low kz are kept, as they were in the bounded 
code runs of Lee, Kuo, and Okuda . 2 6 The third basic saturation mechanism involves 
an increase of rj, so that it cancels the w r

 f,erm in Eq. (23a). The nonlinear coefficient 
r] can be related to the ion flux as follows. By inserting Eq. (22) into the equation 
Tj = (H'VEX) for the flux, where VE* is the x component of the E X B velocity, one 
obtains 

ri = 2k,iai(\<t>+\2 + \<P-\2). 
Upon eliminating a, by using Eq. (23a), the following equation is obtained: 

Ti = r T . i + T^j , (24a) 

where 

r , . i = 2 * ^ ( | f l > + | J + | d . | J ) , (24b) 

r n i j = 2 A - ^ ( | c + | 2 + | o . | 2 ) , (24c) 
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and where we have taken u r + = wr_ = uit. 
The nonlinear growth rate 7 can be related to the fluxes obtained from the non-

self-consistent simulations by eliminating r\ from Eqs. (23a) and (24c) to obtain 

This formula can be interpreted as saying that the growth rate vanishes when the 
nonlinear contribution to the ion flux T„ij balances the electron flux. This picture 
of the balances resulting in saturation is essentially the same as that of Dupree,9 

with an additional input consisting of the knowledge that the saturated spectra are 
dominated by the + and — modes. 

If the amplitude of ^ is varied, keeping the form of its time dependence fixed, 
then Eq. (25) implies that there is a (nonlinearly) stable saturated state at |^| = 4>o, 
if rnij(^o) = Te{4>o) and dVni^/cli^o > dTe/d(f>o. Figure 8 shows schematically the 
dependence of T e and Tni.i on \<f>\ (the different T e curves are for different values of 
other parameters, such as v„) and their intersections which can result in saturated 
states. The physics of the particle fluxes, which gives them a dependence on the 
amplitude of </> that enables them to balance, will be addressed in detail in the 
subsequent sections. T e can be expected to be independent of 7 if 7 <S. k^vu. To 
show that Tnij is independent of 7 is difficult in general, but is straightforward in 
the limit where the E X B velocity is much less than the diamagnetic velocity. 
Upon assuming that n(t) = e^nfr) and <f>(t) = e^'^r), where h(t) and 4>(t) have 
steady rms values, and ordering uj/m. ~ (/> ~ 7/w ~ f < 1, we have 

at 
The ion flux comes from n^ and is thus a sum of two contributions. The first 
of these is independent of 7 and can be identified as T^j, while the second is T-,,i 
of Eq. (24b). Thus, at least for w/w. < 1 we have shoxvn the plausibility of the 
existence of stable saturated states, the saturation levels of which are given by 
the balance of the particle fluxes measured from the non-self-consistent particle 
simulations. 

The model outlined here can be regarded as an extension of that due to Dupree9 

to a more coherent case with 2 ^-dimensional geometry. In the case studied by 
Dupree, the electron resonance was assumed to be unaltered by the drift waves. His 
justification is valid for a fully turbulent case where coherent effects are unimpor
tant and the fluctuation spectrum is genuinely three-dimensional. Here, however. 
the electron resonance is modified by the parallel acceleration because of the two-
dimensionality of the motion. Also, the coherence of the drift waves studied here, 
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embodied in the dominance of a few modes and a small value of €max = max|e|, 
where 

means that even for values of \<j>\ for which E X B trapping occurs, the resonant 
ion diffusion specifically considered by Dupree may not be effective. The situation 
here also differs from the picture of Ching, 1 4 in which the ion Landau damping due 
to the ion parallel acceleration was enhanced by the nonlinear E x B trapping. In 
the simulations studied here, the ion parallel acceleration is too weak to provide 
the Landau damping to saturate the dominant modes. The actual saturation mech
anism is the E X B diffusion of the ion polarization density (note that Dupree9 

does not distinguish between the two when he refers to "Landau damping"). The 
potential used by Ching is the e = 0 limit of that used here, for which there is no 
ion E x B diffusion. 

VI. NON-SELF-CONSISTENT SIMULATION RESULTS 

A. Ions 
We now give the results from the non-self-consistent ion gyrocenter simulations 

introduced in Sec. V. The equations of motion are Eqs. (11a) and ( l ib) (vy can be 
set to zero) along with the potential of Eqs. (18) and (19). Figure 9 shows the time 
history of 4>+{t) for parameters chosen to model a i/ei = 0.001, 8 = O.002, r = 100 
run of the gyrokinetic code. These parameter values are </>0 = 0.068, £i = 0.103, 
«j = 0.125, w, = 0.18, ui = 0.078, kx = ky = 0.842, and kyvpb = 0.048. The 
parameters that specify <f>+ were chosen so that the logarithm of the square of the 
curve in Fig. 3 qualitatively approximates the curve in Fig. 9. Scatter plots of the 
ion gyrocenters at r = 2000 for these parameter values, one with kxvx = 0.0036. 
the other with kxvx = 0, are shown in Figs. 10 and 11. Note the presence of the 
enhanced density regions, the more prominent of which occur at the maxima of <j>, 
in Fig. 10 and their absence in Fig. 11 for which vx = 0. There is a noticeable 
but slight density nonuniformity in Fig. 11 near the separatrices of 4> which arises 
because of a slight numerical inaccuracy in the timestepping. The gyrocenter flux 
for these cases is shown in Figs. 12 and 13. The flux is greater in Fig. 12 because 
in this case there is an extra contribution due to the advection of the globs. In the 
kxvx = 0.0036 case, both the advective and d'ffusive components are present, while 
in the kxvx — 0 case there is no advective component. There are globs both at 
the potential maxima, at ( ^ , ^ ) = (0.75,0.75) and (0.25,0.25), and at tht minima 
at (0.75,0.25) and (0.25,0.75). The globs at the minima are weaker than those at 
the maxima, for reasons which will be explained in Sec. VII. This asymmetry can 
be enhanced by increasing the level of the energy exchange e, or by decreasing the 
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saturation level <j>0. Figure 14 shows the ion gyrocenter density for a case in which 
the input parameters are the same as for Fig. 10, except that <f>a has been halved. 
This choice of input parameters corresponds roughly to the observed 4>+ ^ id 4>~ in 
a run of the gyiokinetic particle code with 9 = 0.002, v<x = 0.001, and T = 4. 

B. Electrons 
The non-self-consistent gyrocenter code was also used to study the combined 

effects of the time dependence of the potential, the parallel streaming and accelera
tion, the collisions, and the K term on the electron motion. For most of the studies, 
the parameters of the potential were chosen as before to match a gyrokinetic run 
with 9 = 0.002, i/ei = 0.001, and T = 100, for which the time-averaged flux in 
the steady-state phase was T e = 0.0015. The input parameters were vK\ = 0.001, 
9 = 0.002 (these parameters now enter explicitly into the test gyrocenter simula
tion), and the other parameters as given in the discussion of Fig. 9 in the previous 
subsection. For convenience, we call this run the "base case." Exceptions to these 
parameter values were made by altering one or more parameters in turn on a case-
by-case basis. The most valuable information comes from the time-averaged particle 
flux for diifeient settings of these parameters. Since the electrostatic potential here 
consists entirely of the + and — modes, the particle flux gives a direct measure 
of the time-averaged phase shift between those modes of the electron density and 
the potential (as it was in the case of the full code, since there the flux was known 
empirically to come almost entirely from these modes). 

1. Examination of a Single Run 

To give the reader some familiarity with the results and to show the qualitative 
similarities between them and those of the gyrokinetic code, results for the base 
case from several diagnostics are shown. Figures 15-18 show, respectively, a scatter 
plot, the spatially averaged velocity distribution at t = 2000, as well as time his
tories of the electron flux and the parallel momentum. Note that the scatter plots 
show enhanced density regions as were also seen for the tons. The velocity distri
bution function shows some depletion at the resonant velocity (VJJ = +wr/fcjj), and 
the ai-eraged parallel momentum shows a steady decrease until it levels off when 
collisions come into play. The time average of the particle flux, r e ~ 0.0015, is in 
reasonable agreement with the full g;rokinetic code result. The particle flux time 
histories shown include both the raw trace and an averaged trace in which averages 
are taken over bins of At = 100. The large relative fluctuations in the particle flux 
were also seen in the full gyrokinetic code results in Sec. III. 
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2. Main Resu l t s from T i m e Histories of the Part ic le F lux 

Qualitatively, the time histories of the particle fluxes for the various cases look 
similar to Fig. 17. The main variation bet oen them is in the value of the time-
averaged fluxes in the later stages of the runs. The main results involving observa
tions of the particle flux time histories are as follows. 

• With w + = w_ and ej = e? = 0, so that there is no energy exchange and no 
x velocity of the waves, but with the other parameters as above, the time-
averaged flux drops to less than 0.0003 by t = 100 and fluctuates about an 
essentially zero average for the rest of the run. As will be shown, this is 
because in this case, the particle trajectories are integrable and there is no 
diffusion. 

• With the parallel acceleration switched off and u>+ = u>_, and the other pa
rameters as for the base case, T ~ 0.002 (compared with T = 0.0012 for the 
first case described) independent of the value of v^. 

• Keeping the parallel acceleration off, but putt ing all the electrons at the res
onant parallel velocity gives a time-averaged flux of Tc = 0.007, suggesting 
that most of the particle flux comes from the resonant electrons. 

The last two results, when combined with the base case run, suggest that the 
parallel acceleration inhibits the particle flux by depopulating the resonant electron 
population. The mechanism by which this can occur is as follows. In the 2 \-
dimensional model the parallel acceleration and the x component of the E X B 
drift are connected by U|| + m.xjme8x = const. Since the resonant electrons undergo 
the greatest motion in the x direction, these also have the greatest change in parallel 
velocity. Thus, there is a selective depopulation of the resonance. This is best seen 
from the velocity distribution (at t = 2000) for a uei = 0 run, shown in Fig. 19. 
This figure shows somewhat greater depletion at velocities slightly above resonance 
than Fig. 16 which is for vc\ = 0.001-

• When the x motion of the waves is set to zero (i.e., w+ = w_), but the other 
parameters are left as for the base case of the previous subsection, the time-
averaged flux decreases only slightly to T s = 0.001. The time history of the 
parallel momentum for this case is shown in Fig. 20 which is to be compared 
with Fig. 18. 

• The collisionless (ue; = 0) cases with u>+ — u/_ = 0 and 0.0072 give time-
averaged particle fluxes in the steady-state phases of I \ = 0.0004 and 0.001 
respectively. 
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For i/ e i = 0 the presence of the x motion of the waves thus has a much larger 
effect. The flux for the fun with vc\ = 0, and w+ = u/_ seems to be still decreasing at 
t — 2000. The collisions thus enhance the particle flux in the w + = w_ case. They 
do this by causing repopulation of the resonant region of velocity space against the 
depletion caused by the parallel acceleration. 

To summarize, in the u^ = 0.001, 8 = 0.002 run of the gyrokinetic code, the 
electron flux has both a diffusive and advective component. The diffusive component 
of the particle flux is due mostly to the E X B diffusion of resonant electrons. 
The diffusion is caused by the time-dependent energy exchange between the + and 
— modes of the electrostatic potential. Perhaps the most important new result 
from these non-self-consistent runs is that the parallel acceleration can inhibit the 
diffusion by accelerating the initially resonant electrons away from resonance, while 
the collisions repopnilate the resonance. When collisions are present, the decrease in 
the flux when the motion of the waves in the x direction is switched off is quite small 
because the diffusive flux increases. Thus, for a given mean electrostatic potential 
and time dependence of the energy exchange between the + and — modes, the 
diffusive electron gyrocenter flux sets a lower bound on, and the approximate level 
of, the particle flux. 

A run with input parameters chosen to match the Q = 0.01, ve\ = 0.01, r — 4 
run gives 1% = 0.0006, in good agreement with the gyrokinetic code results. 

The good agreement between the non-self-consistent code results and those from 
the full code indicates that although the actual potential in the gyrokinetic code 
runs is a result of self-consistent effects, the model used in the non-self-consistent 
code is adequate to give the electron flux. In particular, consideration of the effects 
of higher modes of the potential on the electron motion is unnecessary, and there are 
no special correlations between the time dependence of the electrostatic potential 
and the electron density enforced by self-consistency that need to be taken into 
account in order to explain the electron gyrocenter flux. Such correlations are, 
however, needed to account for the absence of globs near the potential minima in 
the runs of the full gyrokinetic code. 

VII. INSTANTANEOUS VELOCITY STREAMLINES 

A. Ions 
The instantaneous velocity streamlines at time t 0 , say, can be defined as the 

trajectories that the particles would take if they moved under the influence of the 
potential 0(x,y, t) frozen at f0, that is, under the influence of <f>(x,y,tQ). The 
formation of the regions of enhanced density can be understood in terms of the 
instantaneous velocity streamlines for the gyrocenters in the x-y plane. We begin 
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by examining the instantaneous ion velocity streamlines. The expression for <t> of 
Eq. (19a), combined with the zero parallel velocity limit of Eqs. (11a) and ( l ib) , 
yields 

X = - 2[^+ sin(X + Y) + f. sin(A: - Y)] - Ux, (27a) 
Y = 2[^+ sin(X + Y) - 4>_ sin(JY - Y)] 

+ 2K[0_ COS(X -Y)-tj>+ cos(X + Y)] - Uj>h, (27b) 

where X = kx{x - vxt), Y = ky(y - v9ht), Vx = kxvx, £7ph = kvvph, ip± = fc»fcv^±(l -
6), and k = K/kx. Note that £fph is the average of the real frequencies of the -f-
and — modes, and Ux is half the frequency difference. 

Consider the flow given by Eqs. (27a) and (27b) for fixed t/>±, with ip+ cz i{i- (but 
not necessarily equal). For typical gyrokinetic simulation runs, i/i+ ~ $_ ^ 0.05 and 
C/ph zz 0.05, while U^O.004, so that the frequency associated with the x motion of 
the wave is much smaller than those associated with the y motion and the E X B 
trapping. Thus, for times of the order of the wave period and of the "E X B-
trapping time" TEB = T/(2\/?/>+*/L), UX can be neglected in Eq. (27a). In this 
approximation, the above system of equations has a time-independent HamUtonian, 

H = ekx{j> - Upit), (28a) 

where 

i> = 2[^_ cos(.Y - Y) - i>+ cos(Y + Y)}. (28b) 

In the remainder of this paper, wherever streamlines are shown Ux will be neglected 
so that the instantaneous velocity streamlines are the contours of some Hamiltonian. 

Consider the case n = 0. The resulting streamlines have been studied by Ching 1 4 

in the case where 4>+ = ip-. In the limit Up^ = 0, the velocity streamlines are just 
the contours of ifr (or 4>)- This is the limit of strong E x B trapping. In the opposite 
limit where Vv^ ^» \j>±, the velocity streamlines are just the lines -Y = constant. As 
4>± increases, the velocity streamlines bend as a result of the .Y motion. Increasing 
4>± further, eventually the Y component of the E X B drift becomes equal to Up^ 
(occurring first at X = 0, Y = TT/2 for $+ = 4- = t^ph/2). Just above this threshold 
two elliptic points, a separatrix, and the associated E X B-trapped trajectories 
appear. These qualitative properties of the gyrocenter trajectories are also present 
for K = 0.214, as shown in Figs. 21. These figures shows a sequence of contours of 
H in Eq. (28a) for increasing E X B nonlinearity. (Note that in these fi^ares, the 
axes represent x/Lx and y/Ly). 

Figures 22 and 23 show the contours of 4> from Eq. (2Sb) and H from Eq. (28a) 
respectively, for cases with t(>+ — xj)^ (solid contours), ip+ < V>_ (dotted), and 
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ii>+ > s/L (dashed) overlayed. Note, in Fig. 22, that for ip+ > 0_ , there are un
bounded contours which, when averaged over many wavelengths, follow the lines 
X + Y = const. For ti>+ < i>-, they follow X — Y = const. For v+ = #_ , the only 
unbounded contours are separatrices. As can be seen by comparing the respective 
contours of 4> and H in Figs. 22 and 23, the inequality between ii>+ and #_ affects 
the contours of H (and hence the trajectories) far more strongly near the potential 
minima than near the maxima. The quantity representing this effect on the con
tours that is easiest to calculate analytically is the displacement in the y direction of 
the O point from its respective potential maximum or minimum. From Eqs. (27a) 
and (27b), the Y displacement of an O point of H due to unequal 4>+ and y_ (for 
small relative inequality between i/>+ and i£-) is given by 

AY = eAX, 

where A..Y is the displacement in the x direction of that 0 point from the corre
sponding maximum or minimum of 0 and € is given by Eq. (26). 

Now consider the shifts of the 0 points in the x direction. The 0 point associated 
with the potential maximum will be denoted the 0 + point and that associated with 
the potential minimum will be denoted the 0- point. The Upt, term in H of Eq. (28a) 
shifts the 0+ point to the left and the 0- point to the right by an amount 

^ ± = Tt rph/(^ + i ) . (29) 

while the k term shifts both 0 points to the right by an amount 

&X± = k. 

Thus, the 0+ point is much closer to the potential maximum than the 0 . point is to 
the potential minimum. When the + and — modes exchange energy, the resulting 
Y shift of the 0- points of H is thus given by 

AF± = e{t) * = F - ^ 
tf+ + tf_J 

(30) 

Thus the Y displacement of the O points and of the surrounding bounded contours of 
H associated with the minimum of <j> is much greater than the corresponding Y shifts 
of the 0+ point and of the contours of H near the potential maximum. For the 
purpose of making a qualitative argument, the region of good trapping (in which the 
gyrocenters are trapped for many T^B'S) is roughly the intersection of the trapped 
regions of the instantaneous velocity field (given by Eqs. (27a) and (27b) over the 
time of the energy exchange (viewed in the wave frame). The time dependence of <£+ 

and o- thus disrupts the E X B trapping near the potential minima far more than 
near the potential maxima. The inclusion of non-zero Ux causes both the 0 + point 
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and the 0~ point to become attracting, with the rate of contraction given by Eq. (5) 
as V i - U p ^ = kUx. 

Summarizing this picture of the trapping of the ion gyrocenters, the electrostatic 
potential contours represent a system of vortices that flip-flop with time due to the 
exchange between the + and — modes. This potential is strong enough for the 
E X B drift to overcome the y motion of the particles in the wave frame due to 
the phase velocity of the waves, thus causing E X B trapping. The flip-flop of the 
potential contours disrupts the E X B trapping near the potential minima more 
strongly than near the maxima. The x motion of the waves causes particles to 
be attracted towards the mean 0 points of the velocity field. The combination of 
E X B trapping and the attraction causes the ion gyrocenter density to increase 
near the maxima of the potential. Near the minima the trapping is weaker, causing 
the well-trapped region there to be smaller. The enhanced density regions, being 
E X B trapped, are advected in the x direction with the waves, thus resulting in an 
advective contribution to the ion gyrocenter flux. In the collisional 8 = 0.002 runs of 
the gyrokinetic code, where the flux is high, this mechanism provides an important 
contribution to the ion flux. In the runs of the full gyrokinetic code globs are only 
observed at the potential maxima, while in the non-self-consistent code they are also 
seen at the minima. Self-consistent effects, in addition to the exchange between the 
+ and — modes, must therefore be acting to suppress the formation of the globs at 
the potential minima. These effects will be further discussed in Sec. IX. 

B. Electrons 
The collisionless electron guiding center motion is more complicated than the ion 

motion because of the importance of the parallel motion and pitch-angle scattering. 
The parallel motion is important in the linear regime in that it provides the inverse 
Landau damping causing the linear instability that drives the modes; it will be seen 
to be important in the nonlinearly saturated states as well. In the 2 |-dimensional 
geometry, the existence of the Hamiltonian given in Sec. IV allows some major 
simplifications to be made. 

From Eq. (15), the instantaneous streamlines are given by a two-dimensional 
system with Hamiltonian 

H(x, y) = 6 " L + °2E^& + ^-2H*° -*) + !]}. (3D 
(̂  K me it* J 

where XQ and U||0 are, respectively, the initial x coordinate and parallel velocity of 
a particle. The terms resulting from the parallel acceleration have been collected 
towards the right. The existence of this Hamiltonian implies that (when vz = 0) 
the streamlines cannot become chaotic and have no sources or sinks, despite the 
presence of both parallel and E X B trapping. 
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The two values of 8 used in the runs described in Sec. Ill are associated with dif
ferent orderings between the E X B-and parallel trapping times. The characteristic 
E X .B-trapping time can be defined as T^B == ft I {2kxky$o) and the parallel trapping 
time as T|| = {ft/kyB)J(mt/m-,4to), where 4>o = ^ + = <£_ is the time average of the + 
and - mode amplitudes. For 8 = 0.002, TEB/T|| — 0-2, while for 8 = 0.01, the two 
time scales are comparable. It is straigtforward to show 1 9 that when TEB/T|| *£ 1* 
the only effect of the parallel acceleration discernible for displacements of the order 
of a wavelength is a small (OdtEB/7])]2)) shift in the O point position and in the 
E X .B-trapping frequency. An analogous statement holds for T^/T^B -C 1. Thus, 
in the two limits of the ratios of these two time scales, perturbation theory can be 
used without the need to worry about sudden changes in the topology (over length 
scales of the order of a few wavelengths). For 8 = 0.002, the effect of the parallel 
acceleration can, therefore, be treated as a slow change of i>||0 in the Hamiltonian 
of Eq- (31) without the parallel acceleration terms, 

Ho=e^^+^M^.y ( 3 2 ) 

For fixed yj|0, this Hamiltonian is formally the same as the ion Hamiltonian of 
Eq. (16) that was also used in the previous subsection. The streamlines for the 
electron guiding-center flow induced by the potential of Eq. (19a), including parallel 
acceleration, are almost indistinguishable from those shown in Fig, 23 which does 
not contain parallel acceleration. 

1. E x B Detrapping due to Parallel Acceleration 

For 6 = 0.01 runs, the parallel acceleration does affect the streamlines signifi
cantly over one wavelength. Figure 24 shows the contours of H in Eq. (31) for the 
same three values of e as in Fig. 23, with <j>+ ~ <£_ ~ 0.04 and 9 = 0.01. All contours 
are for a single value of C\ [= i>j|o + m;Sx0/Tne from Eq. (13)]. This figure shows 
that, for 8 — 0.01, if an initially trapped electron is moved in the x direction by 
E X B diffusion, then the parallel acceleration can cause it to become untrapped 
for an i displacement of less than a wavelength. 

This same detrapping mechanism can occur in the 8 = 0.002 case, the main 
difference being that the electron has to undergo a much larger x displacement 
before becoming untrapped. The x displacement that an electron or ion must 
undergo before becoming E X fJ-detrapped can easily be estimated by comparing 
the parallel acceleration term and the E X B drift term in the equation for Y 
resulting from Eq. ( l ib) when the potential of Eq. (19a) with 6+ = 4>- = 4>o = const 
is inserted. This equation can be written, for a particular choice of origin, as 

Y = ikxky4>o cosX sin Y + 0(XO - A), 
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where C is given by Eq. (12) (zero shear case). The x displacement AX for complete 
detrapping to occur is thus given by 

<0AX = ikxky<j>0. 

Upon taking, for example, the saturation level 4>a ~ 0.07, characteristic of the 
1/y = 0.01 runs for both values of 9 used, we obtain 

AX 
2v 

4 (electrons, 8 = 0.002), 
0.2 (electrons, 8 = 0.01), 
8 x 103 (ions, 8 = 0.002), 
3 x 102 (ions, 8 = 0.01). 

(33) 

From these numbers and from the value of the E X B drift, it is easily seen that 
during the entire time of a typical simulation run, the ion parallel acceleration 
is quite ineffective in modifying the ion E X B motion. Figure 25 shows three 
sets of streamlines for 8 = 0.002, with Ci = (k r/27r)[me/(r7j i0)]C1 = (kx/2rr)[x + 
(v\\mt/rm8)} = 0 (solid), 2 (dotted), and 4 (dashed). This figure shows the presence 
of bounded trajectories for Ci = 0 and 2 but not for C\ — 4. Figure 26 is a similar 
figure for the case 6 = 0.01, showing contours for C\ = 0 (solid), —0.2 (dashed), 
and 0.2 (dotted). This figure shows graphically that a smaller x displacement is 
required for the parallel acceleration to cause E X B detrapping for 9 = 0.01 than 
for 8 = 0.002. 

2. Effects Limiting Electron Glob Formation 

The electron globs observed in the 0 = 0.002 cases constitute density perturba
tions somewhat larger than the adiabatic response. The mechanism by which they 
form is basically the same as for the ion globs. With the Insight of the previous 
subsections in hand, we are in a position to consider the differences between the 
elec* ;-on and ion gyrocenter motions on the glob formation process. For the electrons 
in the 8 = 0.002 cases, the compression factor allowed by the displacement given by 
Eq. (33) is exp(«Ax) = exp(«A.X) ~ 103. There are three other effects, however, 
which reduce the maximum possible compression factor. These are as follows. 

• The x motion of the globs is associated (through the constancy of C\) with 
secular parallel acceleration of the initially very-well-trapped electrons that 
produce the observed globs. The resultant slow change in v\\0 in Eq. (32) 
causes a shift in the 0 points given by Eq. (29). This shift in turn results 
in an increase in AY as given by Eq. (30). Empirically from the non-self-
consistent ion simulations, this detrapping occurs once the parallel accel
eration has shifted the O point by A.Xo ~ O.j for the parameter values 
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used. From Eq. (13), it is straightforward to show that a given displace
ment, A-Yo, of the 0 point can be caused by a change in the parallel velocity 
At>n = AXo x (Akxhy^/ikyS) ~ 1.3i>te, which can be caused by the parallel 
acceleration associated with an x motion (for example, of the whole system 
of waves), AX = (nij#/me)Av|| ~ 16, where the numerical values are for the 
runs with $ = 0.002 and Lx — Lv. The maximum compression factor is thus 
exp(kAX) ~ 60 for these runs. 

• The spread in parallel velocity of the electrons reduces the relative strength 
of the globs directly since, from the arguments given in the previous point, 
only those electrons with parallel velocities roughly in the interval — 1.3ute < 
i>H < l-3vte are well enough E X B-trapped to be able to contribute to the 
density increase in the globs. For a Maxwellian distribution the fraction of 
such electrons is roughly 75%. 

• Collisions can scatter an electron gyrocenter out of this velocity interval in 
roughly a collision time. For v„ = 0.01, the highest collision frequency used, 
and kxvx ~ 0.004 the density increase due to the compression over a collision 
time is roughly 0.25. This is somewhat larger than the adiabatic response and 
comparable to the actual electron density increases seen both in the full and 
the non-self-consistent simulations. 

3. Exact Non-Self-Consistent Solutions 

There are exact solutions for the electron distribution in a given potential field 
related to those observed in the simulations that shed considerable light on the 
electron behavior. For (p+ = <L = const, and vx = 0, there is a class of such exact 
solutions, in the limiting cases of v* = 0 and K = 0, which are time-independent 
in the wave frame and are easily obtained. Also, when both v*-, and n axe nonzero, 
a useful bound on the time integral of the electron gyrocenter flux can still be 
obtained. This bound is much lower than the value measured in the collisional 
6 = 0.002 runs. Therefore, either a time-dependent energy exchange between the 4-
and — modes or a nonzero vx is necessary for consistency with the observed values 
of the gyrocenter fiux. 

The travelling wave solution for K = 0 is a simple generalization of the standard 
adiabatic response. The gyrokinetic Vlasov equation for the electrons, for solutions 
that are time-independent in the wave frame, can be written as 

where i , y, and v^ are given by Eqs. ( l la)-( l lc) , with K = 0. This system has the 
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exact solution / = F^(v^)n(x), where 

n(ar)=exp <#,-). (35) 

and where Hi = 4> — vphx is the first Hamiltonian of Eq. (17), valid for zero parallel 
velocity and K. Note that there is a density gradient in this "equilibrium" solution 
associated with the vp^x term in Hi. This density gradient is the nonlinear mani
festation of the u term in the w. — w factor in the phase shift a ^ of Eq. (7). Thus, 
for example, waves with a real frequency u> > u»» can drive a particle flux in the 
direction of the density gradient. 

For i/ei = 0 [so that C{f) = 0], but K £ 0, Eq. (34) can be solved by the method 
of characteristics to yield 

/*exp{K*)/(JI ,Ci) (36) 

where / is an arbitrary function of H and C\ which from Eqs. (12), (13), and (15), 
are given by C\ = v\\ + (m;/me)Sx, and 

H = e~ L - ^-x + i \(6Ci - „ph)« + ̂ M ) . 

When both K •£ 0 and t/ei ^ 0, there are no such simplifications that yield simple 
analytical travelling wave solutions. However, an estimate of the maximum available 
time-integrated flux for the case of <£+ = 4>- = 4>o can be obtained as follows. For 
a suitable choice of origin, Eq. (27a) (which is equally valid for electrons) becomes 

X — —4kxky<j>o s inX cos Y. (37) 

Thus X = 0 for X = n-rr, for any integer n, so that these lines form boundaries 
through which electron guiding center orbits cannot pass (with or without colli
sions). As can be seen from the solution of Eq. (36), the main effect of the K term 
in the equation of motion is to cause the equilibria to be exp(*c;r)x(some function 
of the constants of motion). Density profiles that vary piecewise as exp(Kx) in this 
("multiscale") model represent piecewise-level density profiles in the true physical 
system. The constraint resulting from Eq. (37) allows the relaxation to occur only 
between the lines x = nir/kx, resulting in profiles roughly as shown in Fig. 27. Since 
for the parameters of the simulation •Kn/kT ~ 0.8 while e|<J>(as)|/Te£0.1, the adia-
batic response to the potential due to the parallel motion is small compared with 
this relaxation to "flattened" density profiles, and can be neglected for the purpose 
of making this estimate. To obtain the bound on the time integral of the flux, the 
one-dimensional continuity equation 

— ^ = 0 dt dx 
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is multiplied by x and integrated over time and over a half period bounded by the 
x = 0 lines in the x direction, yielding 

f\Tc)dt= I {[n(t3) - n(*,)Ix)AA, 
Jt, JA 

where the angle brackets denote a spatial average. For the estimate of the time-
integrated flux, a piecewise linear approximation to the relaxed density profile (also 
shown in Fig. 27) is adequate. Upon taking n(ti) to be the initial fiat density profile 
and n(t j ) to be the relaxed profile, one obtains 

/ ( r . ) * = £ « ( £ ) ' = 0.3, (38) 

(in units of nop,) for the values of K and kx used here. This value is in good 
agreement with the results of the non-self-consistent gyrocenter code for zero energy 
exchange given in Sec. VI. For the 6 = 0.002, u„ = 0.001 and 0.01 runs of the 
full gyrokinetic code, the time-integrated flux is of order 1 — 10. Thus , the time 
dependence of the electrostatic potential is necessary to account for the electron 
flux in these cases. 

VII I . E x B DIFFUSION IN S E M I - C O H E R E N T WAVE 
FIELDS 

A. Analytical Est imates 
In this section, we give simple analytical estimates of the E X B diffusion mod

ified by coherent effects, parallel acceleration and collisions as was found Sec. VI. 
These analytical estimates are in good agreement with the results from the non-
self-consistent simulations. 

The diffusive particle flux for either species can be written in the form 

T = KeffA^rfeoh&w:, ( 3 9 ) 

where *efr is the effective logarithmic density gradient (corrected for the phase ve
locity of the waves), Dq\ is the "quasilinear" E X B diffusion coefficient, and the 
£'s are multiplicative factors less than 1 which represent the effects of incomplete 
E X B trapping (£,), wave coherence (£ c oh)i and parallel acceleration, and collisions 
(£<«)• Each of these will be explained in turn. 

The effective logarithmic density gradient K.^ is the difference between the actual 
logarithmic density gradient and that to which drift waves with a real frequency *' 
drive the density profile. Its value, as found in the discussion immediately following 
Eq. (35) is 

«eff = « ( l - ^ - ) - (40) 
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The quasiiinear diffusion coefficient Dqi is the diffusion coefficient valid for com
pletely chaotic trajectories. It can be estimated via a random walk argument. 

where Ax is the step size and r is the detrapping time. The detrapping time is 
given by the time scale of variation of the potential due to the energy exchange, 
which empirically is found to be comparable to the E X 23-trapping time r j g = 
2K'/(4fcIfcv<po)t where <Ao is a. typical value of the amplitude of the + or — mode. 
During the detrapping time a typical gyrocenter undergoes a displacement A i given 
by kxAx ~ -IT. Thus, the diffusion coefficient is given by 

D q l ~ T T - ^ D as 0.2, (41) 

(in units of paCa) where the typical simulation values kv/kx = 1 and 4>o = 0.07 
have been used. The non-self-consistent gyrocenter simulation results, with all 
parameters other than vx (which is set to zero) fitted to the gyrokinetic code run 
with 9 = 0.002 and vti = 0.001, give D^O.033, indicating that coherent effects are 
important for both particle species. 

Since the potential in this non-self-consistent simulation consists entirely of the 
+ and - modes (and their complex conjugates), the particle flux is associated with 
a phase shift between the 4- and — modes of the gyrocenter density and those of the 
potential. This phase shift can represent either E X B diffusion or the advection 
of globs. 

The factor fr is a correction representing the fraction of gyrocenters in resonance 
as will now be explained. The resonant gyrocenters can diffuse most rapidly since 
most of the trapping and detrapping occurs at the X points of the orbits in the 
time-averaged potential. The streamlines for the resonant gyrocenters have a grid 
of X points as shown in Fig. 28. After undergoing E X B detrapping and retrapping 
at one X point, a resonant gyrocenter is rapidly carried past the next X points to 
the right, where it can be E X S-detrapped and retrapped into the next cell. A 
nonresonant gyrocenter, on the other hand, must pass through a band of passing 
trajectories before it can reach the next X points. The diffusion through the band 
of passing trajectories is much slower than the nondiffusive type of E X B flow 
between X points that a resonant gyrocenter undergoes. To estimate £ r, we assume 
a sharp cutoff of the diffusion as a function of parallel velocity. Neglecting the K 
term in the consideration of the geometry of the trapped and passing regions, the 
passing trajectories that are least perturbed by the energy exchange between the 
two modes are the most strongly passing trajectories. In terms of the variables 
-V = kxx, Y — kyy, the gyrocenter Hamiltonian of Eq. (32), without the K term or 
the parallel acceleration for the potential of Eq. (19a) with unequal 4+ and 0_, is 

H = ^ £ B ( s i n X sin Y + e cosX cos Y) - w D o p -Y, (42) 
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where WD<»P == wT — k\\V\\ is the Doppler-shifted real frequency. An example of 
a least-trapped trajectory, shown in Fig. 29, is the trajectory passing through 
{X.Y) = (—7r/2,0). In situation A, the energy exchange is too weak to signifi
cantly per turb this trajectory, while in situation B the energy exchange has caused 
an X displacement of —x when going from Y = ir {X = 3 JT /2 ) to Y = 0 (X = T / 2 ) . 
The transition between the two situations is a quite sudden one and is easily ob
tained as follows. At [X,Y) = (ir/2,0), we have H = - W D O P T / 2 , so that the X 
value of this trajectory at Y = TT is given by 

H = -woopT/S = — u^secos .Y - uj^opX 

or 

COSJC + /?(JJf-7r/2) = 0, 

where 0 = UDop/{euEB)- For 0 < 1, there are two solutions on the interval [0,2*), 
corresponding to situation B, while for 0 > 1 there is only one solution, correspond
ing to situation A. We call situation B "resonant" and situation A "nonresonant," 
Thus, the condition for the electrons or the ions to be resonant is 

w r - k\\Vft<jeuEB. (43) 

For the 6 = 0.002, Lx = Lv gyrokinetic code runs, the typical value of the energy 
exchange is e ~ 0.2, so the parallel velocity interval (both sides of the resonance) is 
Au||/u te — 1(±0.1). The reduction factor £ r between the cases with a thermal distri
bution of electrons (without parallel acceleration) and with all resonant electrons, 
is thus 

where the second expression is valid for eugB < £||V t e, v m = (u:z/k^v^), and the 
numerical value is for w r = 0.042 (which is typical for the 9 = 0.002 simulations). 
This is in good agreement with the ratio of the gyrocenter fluxes between the non-
self-consistent code runs where there is a Maxwellian velocity distribution but no 
parallel acceleration and where all particles are exactly resonant from the non-self-
consistent gyrocenter code results. 

The factor £ c oh takes into aeco- the following two effects of the spatial coher
ence of the wave fields. Even for the resonant electrons, the E X B detrapping and 
recrapping are effective only for guiding centers which come sufficiently close to the 
X points. Also, proximity to the bounding trajectories implies a nonlinearly modi
fied E X B- trapping frequency that it lower than that for deeply E X B-t rapped 
trajectories. The consequences for the diffusion of these two effects will now be 
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estimated. For the estimate of the fraction /dtr of resonant gyrocenters that are 
affected by the motion of the X points, assume the density to be uniform. Then /d t r 

is just the fraction of the x-y plane occupied by passing trajectories for the maxi
mum value of the inequality between 4>+ and <j>~. For small s, as defined in Eq. (42) 
[and originally in Eq. (26)], this shaded area is easily evaluated by subdividing the 
passing region as shown in Fig. 30, and using a small e perturbative result for the 
equation for the boundary of region A. The result is 

8£ln(e" 1) „ „ 
fdu T~- =* 0.3, 

for e ^ 0.2. The time taken for a gyrocenter on the most strongly passing trajectory 
to move from Y ~ 0 to Y = w can be estimated for small e by using a similar kind 
of subdivision as used for the estimate of /d ( r . The result is 

b ( 4 e - J ) 

* " 2M»I*±I " 
so that 

fcoh — /dti-TV =! 0.3 

for the parameters used here. The motion on the less strongly passing trajectories 
is even slower, so that a gyrocenter on one of these can no longer make the ..Y dis
placement of IT in an autocorrelation time, resulting in the further decrease in the 
diffusion coefficient. 

Finally, the factor ^ represents the balance between the reduction in the dif
fusion coefficient due to the depletion of the resonant population by the parallel 
acceleration and the maintainance of that resonant population by collisions. Let 
Av (~ t>«.) from Eq. (43) be the velocity interval for which the diffusion is effective, 
F the value of the distribution function with no depletion, and / the actual value. 
Assume that only the electrons in the resonant interval diffuse and are accelerated. 
The reduction factor due to the depletion is thus f/F. The rate of depletion of / 
by the parallel acceleration is given by 

f - foljl f ~ miW™ f 

where Vr„ and nT„ are, respectively, the resonant electron flux and number density, 
and (i.'»jj) is the mean parallel acceleration of a resonant electron due to its diffusion. 
Equation (13) was used in obtaining the final expression. The rate at which the 
collisions replenish / in the resonant region follows approximately from the diffusive 
term in the Lenard-Bernstein collision operatior / = veldlf. We (crudely) take the 
gradient of the distribution function in the resonant interval to be —(2/Ai ' ) 3 (F — / ) , 
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according to Fig. 31. From the diffusive part of the collision operator of Eq. (3) the 
rate at which the parallel velocity diffusion due to the collisions replenishes / in the 
resonant region is 

>- =" «(&)"B)'-
id assuming f)F ~ 1, the i 

r = L „ ! _ [ JSLJst J L U I 
" c F \ 4 m e v t e n « 5 i / t i / l \ 

Upon balancing these and assuming fJF ~ 1, the reduction factor becomes 
0.85 Oei = 0.001), 
0.99 (^i = 0.01). 

The value rm/nm ~ 0.007 from the hon-self-consistent electron gyrocenter simu
lation with all of the electrons at resonance has been used. This crude estimate 
somewhat underestimates the depletion. The reason for this is that, as Fig. 30 
shows, the electrons which carry most of the flux are in a fraction /dtr of the con
figuration space. If the mixing between the areas which produce the diffusion and 
those which do not is weak, then those electrons which are transported have a 
somewhat higher value of Tm/nt„ ~ 0.007//dtr- This gives 

^ j 0.55 (fei = 0.001), 

- { 0.95 (j/ e i = 0.0l), 
which is in good agreement with the ratio between the fluxes in the vei = 0.001 and 
0.01 cases. This estimate cannot, however, be regarded as reliable because of the 
crudeness of the approximations to the Fokker-Planck equation and the uncertain
ties regarding the mixing in configuration space. The non-self-consistent code runs 
of Sec. VI constitute a more reliable solution of the Fokker-Planck equation and 
give 

' 0.6 O e i = 0.001), 
C a e c - > 1 («,d = 0.01), 

to within measurement error. 
Combining these factors gives a result for the diffusion coefficient 

.003 v., = 0.01 
\ 0 . i 0018 I/* = 0.001, ( 4 4 ) 

which is in good agreement with the full particle simulation result. 

IX. INTERPRETATION OF PHENOMENA AND THEIR 
RELEVANCE 

A. Validity of the ui6t

n Model 
It was mentioned in Sec I, that the linear electron phase shift has been used 

in several studies of the nonlinear behavior of the collisionless drift and related 

40 



instabilities. 9" 1 2 In this section, we show that the use of such models has a (at least 
approximate) nonlinear justification based on the E X B diffusion of near-resonant 
electrons, provided that the resonant electron population is unaltered by the drift 
waves (no tesor.rjice depopulation) and that the fluctuations are turbulent (so that 
££0.5). 

Under the stated assumptions, we have ( c t >h ~ Q^ ~ 1, so that the electron flux 
is given approximately by 

T e ~ KesD^, (45) 

where Ktg is the effective logarithmic density gradient given by Eq. (40). Using the 
results of the previous section for nrll, Z)qi, and Cn it follows that 

n[um-u) 1 j 
r rM{vtcs)\ d0. 

Upon comparing this result with T e = 2ky<xt{\4>+\2 + [<£_|2), derived analogously to 
Eq. (24a), we obtain 

where au„ is the linear phase shift. The case € = 1 corresponds to straight diagonal 
potential contours, while the e = 0.2 corresponds to the semi-coherent states seen in 
the gyrokinetic simulations. The case of fully developed turbulence lies somewhere 
in between. It is, therefore, not unreasonable to take 2e ~, 1, which gives the linear 
result. Thus, provided that the advecting fields are sufficiently turbulent and three-
dimensional effects (or collisions) are strong enough to prevent the depletion of the 
resonant electron population, the use of the i6t models is justified for the study of 
the effect of the ion nonlinearities on drift waves. 

B . Velocity of t h e Waves in the x Direction 
In this section, we explain the origin of the motion of the waves in the x direction 

observed in the collisional 6 = 0.002 runs. 
As shown in the previous sections, given a level of the + and — modes of the elec

trostatic potential and a non-zero time-dependent energy exchange between these 
modes, there is a resultant electron flux due to the E X B diffusion of the elec
trons. The time-averaged electron response can then be written approximately as 
n'± ~ (1 =p iae)<p±, where a , is the (small) phase shift between the electron density 
and the potential which represents the effect of the E X B diffusion- Inserting 
this into the approximate gyrokinetic Poisson equation Eq. (9), it is found that the 
ions must have a phase shift a, = a e / ( l + k\) (and this is dynamically enforced 
through the Poisson equation via motion of the potential contours). This result 
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can be represented by the diagram in Fig. 32. In the collisional small-0 cases, a 
substantial fraction of the ion flux is due to the advection of localized high density 
regions located near the potential maxima. In the limit where all of the flux is due 
to these globs, or; has a clear interpretation as the mean separation in the y direction 
between the globs and their respective potential maxima. Thus, taking X = 0 and 
expanding about the 0 points in Eq. (27a), the value of this phase shift is 

Note that this formula has no explicit dependence «, although Ay depends on a e , 
which in turn depends on K. Thus we have 

The actual value may depart from this somewhat through the presence of the dif
fusive ion flux and the fact that the actual globs are not completely concentrated. 
For the typical B = 0.002 simulation values of k,t>r£0.004 and </>o — 0.06, the y dis
placement of the globs from the potential maxima satisfies fej,£y5>0.02. Thus, these 
displacements are too small to be visually discerned by looking at the $ contours 
and the scatter plots from the gyrokinetic simulations. 

To see how this z-directed velocity arises dynamically, suppose that the ions 
have 6-function density distributions at the density maxima shown in Fig. 32. The 
E X B velocity of these points is clearly non-zero and in the x direction. A small 
shift of the ions in the x direction results, through Eq. (9), in a larger shift of the 
-i- and — modes of the potential. If, as the non-self-consistent simulations indicate, 
the adiabatic response and E X B diffusing parts of the electron distribution can 
move with the potential contours, then the whole wave system can move in the 
x direction, driven by the E X B advection of the ion globs. If the potential 
contours were unable to move, then the ion globs would be advected around the 
potential maxima and there would be no time-averaged ion gyrocenter flux. 

C. Estimates of the Saturation Levels 
The different dependences on the saturation level of the electron and ion fluxes 

enable the system to strike the balance of fluxes that yields a finite saturation level. 
The diffusive electron flux increases quite steadily as a function of the saturation 
level, because of the steady increase in the E X B velocity and in the number of 
electrons in resonance. The nonlinear contribution to the ion guiding center flux, 
on the other hand, is small until the potential reaches a large enough value either 
for the resonance region (as defined in Sec. VIII) to extend to zero parallel velocity, 
which is where essentially all of the ions sit, or for glob formation to be able to occur. 
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The nonlinear contribution to the ion flux increases quite sharply when either of 
these boundaries is crossed. 

The criteria for resonant diffusion and for glob formation will now be given and 
compared to show that the glob formation will usually occur at lower saturation lev
els than the resonant ion diffusion for the parameter values used in the simulations. 
From Eq. (43), the criterion for resonant diffusion to occur is 

WEB 

where u>r is the actual (measured) real frequency and WEB — 4(1 — b)kxky<j)0 is the 
E x B t rapping frequency for the ions. From the non-self-consistent ion gyrocenter 
simulation results, it is found that globs can form if the displacement Ax of the 
0 point of the velocity field from the potential maximum satisfies kx A x ^ 0 . 5 . Using 
the results of Sec. VII for the shifts in the 0 points (associated with the potential 
maxima) calculated from Eqs. (27a) and (27b), this criterion becomes 

&g(e) ~ 0.5. (46) 

Here g is a decreasing function of e, with the approximate empirical value from the 
non-self-consistent ion gyrocenter simulations of 0.5 for the values of e typical of 
the 9 = 0.002 simulations. The first term is the X displacement of the O point due 
to the phase velocity of the wave and the second term is the displacement due to 
the K term in Eq. (27b). As the saturation level increases, so will the convective 
flux, rising quite sharply until the left-hand side of the above expression is zero, 
when the velocity O point lies at the potential maximum. At this point the ion 
E x B trapping at the potential maxima is very strong and a further increase in 
the saturation level will not enhance it much. Because of the rapid increase in the 
non-self-consistent flux as a function of the saturation level, the balance between 
the electron and ion fluxes will occur roughly for this value of the potential. It is 
important to note that the main balance determining the saturation level is between 
U,'EB and u!r, and not between u E B and u>. (as in the case of the "mixing-length" 
or "local-flattening" es t imates , 2 8 although for the most unstable modes, w r and w. 
are of the same order of magnitude). This is because the ratio of WEB to u,'r is what 
determines the strength of the ion E X B trapping and hence the ion flux. The 
saturation level thus predicted is 

^0 = 4(1 - i)*,* - 5TtT ( 4 ? ) 

where the linear form of ur has been used to obtain the second expression. The first 
expression, with the measured value of u>r used, agrees very well with the runs of 
the gyrokinetic code which show the strongest glob formation. Examples are: 
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1. a 0 = 0.002, vr-, = 0.01, zero ion gyroradius run for which wT ~ 0.048, giving 
the estimate 4>a — 0 0 " compared to the observed value of 4>a ~ 0.08, 

2. a 8 = 0.002, i/« = 0.001, r = 4, Lv = 4LX = 128A run for which u>r =; 0.015, 
giving the estimate 4>o — 0.10, in agreement with the observed value to within 
the 5% measurement error, and 

3. a 6 = 0.002, v^ = 0.001, r = 100 run of the linearized Ey code described 
by one of the present au thors , 1 9 for which uiT ~ 0.065, giving the estimate 
<£o — 0.09, again in agreement with the observed value to within measurement 
error. 

For lower values of the collisionality and for 6 = 0.01, the glob formation is less 
important than the nonresonant diffusion, so Eq. (47) overestimates the saturat ion 
level. For example, for the collisionless ff = 0.002, uci = 0, r = 4 case, we observe 
i j r = 0.035, so this estimate gives <jio a 0.07, compared to the observed value, 
OQ = 0.04. Qualitatively, the scaling with w r / ( l — b) agrees quite well with the 
comparison between the r = 4 and r = 100 results, and the scaling with 1/{1 + k^_) 
agrees with the comparison of the 32 x 128 run with its 32 x 32 counterpart . 

D. The K -* 0 Limit 

The question arises as to whether the change in the particle motion due to the 
added velocity in the nonlinear-K driving term causes significant nonphysical effects 
in the simulation model. Firstly, the asymmetry due to the K term is unlikely to 
be the cause of the spatial coherence of our simulations. Such coherent states are 
observed in runs with K = 0.107, where the asymmetry due to the K term is weaker, 
as well as in simulations (both fluid and particle) without such t e rms . 2 9 Secondly, 
the presence of the coherent component of the particle flux is a consequence of the 
coherent na ture of the fields in the saturated states and not of the asymmetry in 
the quality of the trapping caused by the « term. On the basis of the arguments 
made in the previous subsection, as K —* 0, the a term drops out of Eq. (46) and 
the saturation :riterion becomes w r/w£;e^min[£,£g(ej\, where £ < 1 is a factor 
associated with the strength of the globs required to carry enough flux to cause 
saturation. Thirdly, in the absence of the nonlinear-K term, self-consistent effects 
can s\ill produce an asymmetry in the quality of the E X B t rapping between the 
potential maxima and minima. The way in which they can arise can be understood 
as follows. Assume that the electron response is approximately adiabatic. Then 
from the gyrokinetic Poisson equation, it follows that a strong local maximum in 
the ion gyrocenter density will produce a local potential maximum. Thus , if an ion 
glob begins to form at a potential minimum, it will quickly distort the potential 
contours in such a way as to detrap itself. This effect is evidenced by the fact that 
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globs are never observed at the potential minima in the self-consistent simulations. 
Similarly, a glob formed at a potential maximum will enhance the maximum leading 
to tighter self trapping. Thus, the additional velocity of the nonlinear-* driving 
term is not a significant qualitative defect in these simulations. In more turbulent 
situations, its effects will be even smaller. 

E. Saturation Spectra and Energy Exchange 
In this section, we give a brief discussion of the mechanisms determining the 

wave number spectra of <j> in the steady-state phase. The relationship between 
the robustness of the spectra and the level of energy exchange will also be briefly 
commented on. The discussion in this section is somewhat inconclusive and is given 
primarily to suggest some possible lines of investigation that may clarify the picture. 

It is a common feature of the simulations studied here that the spectra are 
strongly dominated by the longest-wavelength modes of the system \{kx, kv) = 
(2-x/Lx,±2ir/Lv)]. Although this dominance would not be expected on the ba
sis of the linear growth rates, it is a quite universal feature of these simulation runs. 
For r = 100 and 9 = 0.002, there are many growing modes and, for low fc, the linear 
growth rates do not decrease sharply as k increases (provided that fcj./?i£l). The 
comparison, in Sec. I l l , between the 32 x 128 run with the 32 x 32 run shows that 
the modes that were dominant in the 32 x 32 run have much reduced saturation 
levels in the 32 x 128 run, even though the modes which actually dominate the 
latter case have much lower growth rates. 

The initial driving of the lowest modes of the 32 X 128 run is most likely due to 
nonlinear effects, since they are observed to grow very suddenly, with growth rates 
much larger than predicted by linear theory. This nonlinearity may be a manifes
tation of a modified two-dimensional fluid inverse energy cascade, due primarily to 
nonlinear distortion of the ion polarization density by the E X fl-flow field. The 
dominance of the lowest modes in the saturated states may also be due to the com
bination of the downward-in-fc transfer of energy by this process and the sparsity of 
available modes at low k. There are few lovr-k modes available that can couple to 
send energy up to the higher-/.- modes. Thus, the energy transfer in it space favors 
a "condensation" of the energy in the longest-wavelength modes available in the 
system. It may be possible to avoid such states by suppressing the lowest modes 
of the potential so that the lowest available modes more nearly form a continuum. 
This is left for future studies. 

The energy exchange between the + and — modes is due mainly to the inter
action between the + and — modes of 6 with the higher modes of the density, 
through the E X B nonlinearity and possibly (in the 9 = 0.01 cases) the parallel 
velocity-space nonlinearity. The higher modes of the potential are reduced by the 
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l / i t | weighting factor from the gyrokinetic Poisson equation, making them less im
portant . In configuration space, these higher modes of the density are the result of 
nonuniformities at the edges of the globs, particularly for the ions, and of groups 
of ions and electrons which have just been E X B detrapped from one cell of the 
potential and retrapped in an adjacent cell. The E X B flow of such a group of 
particles, after the retrapping but before the shear in the flow can spread it out, pro
duces the higher modal components of the density. The E X B advection of these 
causes them to contribute, in a time-dependent fashion, to the + and — modes of 
the densities, and hence, to the potential. It is difficult to make quantitative esti
mates of the level of this exchange with any accuracy. Some qualitative statements 
can, however, be made. First, since the energy exchange involves the higher modes 
of the densities, it is a measure of the stability of the states dominated by the + 
and — modes. The level of the fluctuations is such that typically the ratio between 
the maximum and niinimum amplitudes due to these fluctuations is about 1.5, and 
intermittently may be as high as 2-3. Any larger level of energy exchange would 
be symptomatic of the breakup of the kind of semi-coherent state observed in the 
simulations studied here. Secondly, the most collisional v„ = 0.01, 9 = 0.002 runs 
show a gradual decrease in the level of the exchange. This is at tr ibutable to the 
growth and concentration of the globs. As they become more concentrated, the 
distance from the O point of the velocity field of any raggedness at the boundaries 
of the glob, and therefore the distance through which the ragged pieces are adverted 
by the E X B flow, decreases. There are indications from mode-coupling Vlasov 
code studies by Lee et al.3 that the electron parallel acceleration nonlinearity plays 
a role, although gyrokinetic simulations with this nonlinearity removed 1 9 show a 
comparable or slightly reduced level of energy exchange. 

There is a question concerning why the fluctuating + and — modes have equal 
time-averaged amplitudes instead of forming "streamer" states such as those seen 
in fluid simulations of the collisional rje mode . 3 0 A three-mode analysis along the 
lines of Drake et al.30 with the only nonlinearity present arising from the E X B 
advection of the ion polarization density response indicates oscillations in the mode 
amplitudes about a symmetric state and the absence of an instability that would 
drive the streamers. This is also consistent with the conclusion from the simulations 
with the parallel acceleration linearized 1 9 that the E X B nonlinearities dominate 
the self-consistent dynamics of the energy exchange. 

F. Three-Dimensional Effects 
The particle simulation runs considered so far in this paper are *'2 —dimensional," 

meaning that for all spatial dependences, d/dz = 0. In this system the particle mo
tion is given by a two-dimensional Hamiltonian. For electrostatic drift waves in a 
three-dimensional shear-free geometry, there is a possibility of significant differences 
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in the electron motion due to three-dimensional effects. For parameters comparable 
to those used here, if the wave number spectrum of <ji is dominated by the lower k\\ 
modes, the ion behavior may still be adequately described by cold fluid equations. 

The importance of three-dimensional effects can be shown by considering the fol
lowing simple generalization of our picture of the two-dimensional electron behavior. 
We assume that the spectrum of <j> is dominated by four modes of equal amplitudes 
with wave vectors ( f c„ i ( , i , ) , (kx,—kv,kz), (fcx,A:y, — kz), and (kx,~kv,— kz), where 
kx, ky, and k: are fixed positive wave numbers. This generalizes the spectra ob
served in the 2 —dimensional runs by symmetrically including modes with negative 
9 (i.e., modes with 9 = —\kz/ky\). Thus, for illustrative purposes in this paper, we 
are neglecting the possibilities of spontaneous symmetry breaking or the formation 
of structures localized in the z direction. If, for the moment, we also neglect the 
parallel acceleration, then the electron E X B motion can be understood crudely 
in terms of the model of Kleva and Drake 1 6 and Horton. 1 7 The electrons at the 
positive v|| resonance see a stationary potential structure due to positive 6 waves 
and a moving one due to the negative 0 wave. In the x-y plane the negative 0 wave 
is moving past the positive 6 wave at twice the phase velocity in the — y direction. 
This is just the situation considered in these references. Upon writing the stochas-
ticity onset criterion of reference,17 for waves of comparable amplitude (noting that 
Horton's "A's"=4|^±| in the notation used here), one obtains UEB > w r, where 
WEB = 4kxkv\4>±\ is the E x B trapping frequency due to waves of a single 9 (pos
itive, say). For a typical saturation level of the 2 ^-dimensional runs, \<p±\ ~ 0.04 
and u:T ~ 0.05 we have UEB — 0.1, so the electron orbits are stochastic by this 
criterion. 

When weak parallel acceleration is included, as in the 9 = 0.002 runs, the reso
nance overlap criteria of Horton 1 7 and Kleva and Drake 1 6 become the criteria for the 
elimination of the resonance depopulation seen in the 2 ^-dimensional runs. This is 
just the statement that if the resonances associated with the positive and negative 
6 waves overlap, then the electrons can no longer undergo resonant parallel acceler
ation due to just the positive-^ or just the negative-0 waves. We have verified this 
simple intuition by modifying the non-self-consistent code of Sec. V to include both 
the positive and negative-^ waves. The detailed results will be presented elsewhere. 
If these spatial three-dimensional effects are important in three-dimensional gyroki-
netic code runs, then the dependences of the fluxes and the saturation levels on the 
collisionality would be expected to be weaker. Some preliminary three-dimensional 
gyrokinetic simulations of drift waves have been reported, 2 0 although more detailed 
diagnostics are needed before any precise statements about the particle dynamics 
in these can be made. The above discussion indicates, however, that the under
standing of the individual resonances in the 2 ^-dimensional runs is likely to be 
of great importance to the understanding of the multiple-resonance situations that 
will occur in three-dimensional geometries. 
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X. CONCLUSIONS AND SUGGESTIONS FOR FURTHER 
WORK 

In this paper, we have investigated the nonlinear dynamics of electrostatic col-
lisionless and weakly collisional drift waves in a shear-free slab geometry. The 
gyrokinetic particle simulations studied here are the first simulations of gradient-
driven microinstabilities that treat the nonlinear dynamics in a fully self-consistent 
manner and which made possible the study of the evolution well into a steady-state 
post-saturation phase. This paper reports the first detailed consideration of the 
combined effects of E X B t rapping in configuration space coupled with parallel 
acceleration in velocity space and dissipation on the nonlinear evolution observed 
in these simulations. Such an approach was necessary to explain the behavior of the 
particle flux. A useful spinoff from this work was the construction of Hamiltonians 
for quite a wide class of 2 ^-dimensional non-self-consistent gyrocenter systems. 

The main results concerning the nonlinear dynamics of the 2 ^-dimensional 
simulations are as follows. The saturation levels for the potential are determined by 
the requirement that the values of the non-self-consistent electron and ion fluxes, 
as a function of the value of the potential, balance. The minimum value of the 
electron flux is set by the E X B diffusion of the parallel resonant electrons. This 
has a roughly quadratic dependence of the saturation level for the potential. The 
ion flux may be due either to the coherent advection of E X B- t rapped high-density 
regions or to E X B diffusion. The high-density regions are the result of outward 
advection of very well E X B-t rapped regions of ions. Both of these mechanisms 
switch on quite abruptly as a function of the saturation level above a certain value. 
This is because the ion parallel velocity is negligible so that all of the ions are brought 
into resonance with the waves by nonlinear effects at the same threshold amplitude, 
while the number of electrons in resonance increases smoothly with the width of 
the resonance. The non-self-consistent electron flux has a parametric dependence 
on the pitch-angle scattering and the inclination angle 0 between the wavefronts and 
the magnetic field. This dependence arises because in the 2 ^-dimensional geometry 
the resonant electrons, which diffuse the most, are accelerated out of the resonance 
by the parallel electric field of the waves, thereby decreasing their diffusion. The 
collisions increase the flux by repopulating the resonance. The flux decreases as 6 is 
increased, since increasing 6 increases the effectiveness of the parallel acceleration 
compared to the E X B drift which causes the diffusion. 

The relevance of the results for drift waves in the 2 ^-dimensional geometry to 
the three-dimensional geometry is as follows. For simulation parameters similar to 
those used here, the cold fluid description of the ion dynamics is likely to be valid 
if low-fc]| modes dominate the fluctuation spectrum (consistent with their linear 
growth rates). The presence of multiple resonances can, however, cause the electron 
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gyrocenter motion to become chaotic even in the absence of fluctuations in the mode 
amplitudes of the potential. The main effect of this is to reduce the resonance 
depopulation due to the parallel acceleration. The 2 ^-dimensional simulations 
provide an understanding of a single resonance. 

The Hamiltonians obtained in this paper for the gyrocenter motion in the 2 
^-dimensional geometry, including parallel acceleration, will be of utility for un
derstanding the dynamics of systems in which both E X B and parallel trapping 
are involved. One example is the gyrokinetic simulation of r̂  modes. Hamiltonians 
were derived which include the effect of shear. The Hamiltonians may also be use
ful for understanding three-dimensional effects such as the presence of multiple and 
overlapping resonances. 

There are several areas of exploration suggested by the results of this paper. We 
list some of the most immediate. 

• A careful treatment of the stochasticity of the ion orbits to understand the 
functional dependences of the quality of the E X B trapping near oscillat
ing O points, in particular to estimate analytically the extent of the glob 
formation, would be of interest. 

• The issue of whether or not the O point shifts due to the nonlinear- it term are 
an important factor in the self-consistent evolution has not been conclusively 
settled. The problems with the linearized-*: codes would seem to prevent their 
use for this s tudy. 1 9 The most promising way to proceed seems to be to make 
runs with smaller values of KJkx for the dominant modes. 

• Finally, the ongoing development of gyrokinetic particle simulations will no 
doubt result in a hierarchy of more and more realistic simulations. The un
derstanding gained in each stage will no doubt contribute towards the under
standing of the next. The simulations of the r\\ mode already done by Lee 
and co-workers 7 form a part of such a hierarchy and also indicate that many 
of the ideas relevant to the understanding of the collisionless drift waves will 
carry over to that problem. There are thus interesting questions concerning 
the similarity and differences between the nonlinear dynamics of drift waves 
of the kind studied here and -q-, modes, both in the 2 j - and three-dimensional 
geometries. 
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Tables 

TABLE I. {\<t>(k)\2} for 9 = 0.002, and r = 100, accurate to within a factor of 2. 

m\n 0 1 
0 
1 
2 
3 
4 

3 x 1 0 - 3 10" 5 10" 6 5 x 10" 8 

2 x 1 0 - 4 10"5 5 x lO" 6 2 x 10~T 10- 8 

10"6 2 x 10- 7 2 x 10- 8 10" 9 

3 x 10~8 10" s 2 x lO" 9 3 x 10~ 1 0 

TABLE II. (|n e(it)| 2) and (\n' k)\2} for the same run as in Table I. 

m\n 0 
0 -
1 io-

10" 
10" 

10- 2 10" 3 3 x 10- 3 

m\n 0 1 2 
0 - - 2 x 10- 2 

1 - 10" 1 3 x 10- 3 

2 3 x 10- J 3 x lO" 3 io- 2 
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Figures 

FIG. 1. (a) Density perturbation in the multiscale model, (b) Density perturbation 
due to the incompressible advection of nonuniform density profile. 

FIG. 2. 2 ^-dimensional shear-free slab geometry. 

FIG. 3. Time evolution of (1,1) and (1,-1) modes of <f> for 6 = 0-002, uei = 0.001, 
and r = 100. 

FIG. 4. Time evolution of ths particle flux for the same parameter values as for 
Fig. 3. 

FIG. 5. Potential contours from the run of Fig. 3 at (a) t=2180, and (b) t=2070. 
The solid contours are positive and dotted contours are negative. 

FIG. 6. (a) Electron and (b) ion scatter plots at t = 21S0 from the run of Fig. 3. 

FIG. 7. Time histories of <fi+ and of the electron flux from a run with the same 
parameter values as for Fig. 3, but with the nonlinear terms in ^ and in the 
Poisson equation removed and the ion parallel velocities set to zero. 

FIG. S. Qualitative behavior of electron and ion fluxes as a function of the satura
tion level. 

FIG. 9. Time history of 4>+(t) used in the non-self-consistent simulations. 

FIG. 10. Ion gyrocenters from a non-self-consistent simulation with kxvx = 0.0036 
at t = 2000. 

FIG. 11. Ion gyrocenters from a non-self-consistent simulation with kxvr = 0.0 at 
t = 2000. 

FIG. 12. Time history of ion gyrocenter flux from a non-self-consistent simulation 
with kxvx - 0.003G. 

FIG. 13. Time history of ion gyrocenter flux from a non-self-ronsistent simulation 
with i- rfx = 0.0. 

FIG. 14. Spatial distribution of ion gyrocenters for a non-self-consistent run corre
sponding to T = 4 gyrokinetic run (©o half of value in Fig. 9). 

FIG. 15. Electron gyrocenter spatial distribution from a non-self-consistent code 
run with parameters chosen to model 6 = 0.002. fej = O.OUi, r = 100 run of full 
code. 
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FIG. 16. Electron gyrocenter velocity distribution for the same run as in Fig. 15. 

FIG. 17. Time histories of electron gyrocenter flux from the same run as for Fig. 15: 
(a) raw and (b) averaged over t\t = 100 bins. 

FIG. IS. Time history of electron gyrocenter parallel momentum from the same run 
as for Fig. 15. 

FIG. 19. Parallel velocity distribution for the i/„i = 0 run of test electron gyrocenter 
code. 

FIG. 20. Time history of electron gyrocenter parallel momentum from a non-self-
consistent-code run with vx = 0, but otherwise the same parameter values as for 
Fig. 15. 

FIG. 21. (a) Instantaneous ion gyrocenter streamlines for weak electric field (no 
E X B trapping) with K = 0 .21tand <t>+ = 4>~. (b) Instantaneous ion gyrocenter 
streamlines for a marginally noulinear case, (c) Instantaneous ion gyrocenter 
streamlines for for a case with strong E X B trapping. 

FIG. 22. Contours of ip of Eq. (28b) for e = 0 (solid), e = - 0 . 3 (dotted), and e = 0.3 
(dashed). 

FIG. 23. Contours of H from Eqs. (28a) and (28b) corresponding to the tj> contours 
of Fig. 5. 

FIG. 24. Instantaneous electron gjiocenter streamlines [contours of H from Eq. (31) 
with the potential of Eq. (19a)] for 9 = 0.01, for e = 0 (solid), 0.3 (dotted), and 
0.3 (dashed). 

FIG. 25. Instantaneous electron gyrocenter streamlines for 6 = 0.002, for ~CX = 0 
(solid), 2 (dotted), and 4 (dashed). 

FIG. 26. Instantaneous electron gyrocenter streamlines for 6 = 0.01, C\ = 0 (solid), 
- 0 . 2 (dashed), and +0.2 (dotted). 

FIG. 27- Relaxed density profile for <£+ = 4>- = const. 

FIG. 28. Grid of X points for parallel resonant and nonresonant E X B orbits. 

FIG. 29- Effect of energy exchange (e < 0 case shown) between the + and — 
modes on a least-trapped trajectory. The nonresonant trajectory A has no 
average x displacement while the resonant trajectory B, averaged over many 
wavelengths, follows x — y =const . 
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FIG. 30. Subdivision of passing area and passing trajectory used for perturbative 
evaluation of correction to diffusion coefficient. 

FIG, 31. Diagram of depletion of parallel velocity distribution function set by bal
ance between parallel acceleration and collisions. 

FIG. 32. Time-averaged phase relationship between the + and — modes of <t>, n', 
and ne. 
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