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Abstract
We investigate an application of the variational principle of Balian

and Veneroni for density operators and observables. Our choice for
the trial spaces incorporates correlations in the density operator. It
allows one to calculate the expectation values of both one-body and
two-body observables. We derive a set of coupled equations which
extends the TDHF formalism, and determines the evolution of the
partition function, the one-body density and the second cumulant
(it corresponds also to a truncation of the quantal counterpart of
the BBKGY equations). By restricting further the trial space for
the two-body observables, the variational principle generates simpler
equations which still include the effects of a selected class of correla-
tions on the evolution of the one-body density.
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1 Introduction

The mean field method remains one of the most important tool (sometimes
the only practical one) for the investigation of finite many-body systems.
Within this method, a density operator D(t) in Fock space written as the
exponential of a one-body operator is univoquely assigned to any given one-
body density matrix p. Such density operators are said to be uncorrelated
because all their higher order cumulants vanish. In the time-dependant
mean field approximation which, for quantal systems, is also named time
dependent Hartree Fock approximation (TDHF) [l], the evolution of p is
governed by the equation

'^ = IM . (i)
in which the single-particle Hartree Fock Hamiltonian h depends on the
total Hamiltonian H and on p.

On the other hand, the TDHF method neglects all the correlation effects
induced by the residual interaction. It has also theoretical weaknesses. For
instance only the average value of one-body observables commuting with
the Hamiltonian are constants of the motion (the Hamiltonian is an ex-
ception). This has prompted the formulation of many extensions [2] which
attempt to include in one way or an other, the effects of correlations on
the dynamical evolution. In the present work we present such an exten-
sion which we derive by applying the variational principle of Balian and
Vénéroni (BV) [3] to a class of density operators larger than that of uncor-
related operators.

The BV variational principle is set up for the prediction of the expecta-
tion value of an observable A at the final time tf when the density operator
D(t) of the system is known to be D0 at the initial time t,-. The principle
can be stated as follows. Given two variational spaces, one for operators
(denoted below A) and one for density operators (denoted below P), the
optimal value of the expectation value Tr(AD){/ is given by the stationary
value of the action J,

dtTT{A(t)(^D(t)+i[H^(t)})} . (2)

When the variational spaces are complete, A(t) and D(t) should satisfy the



boundary conditions

A(tf) = A ; DM = D0 . (3)

In section 2 we come back to the problem of boundary conditions for the
more interesting situation in which the variational spaces are restricted. In
the definition of J the symbol Tr stands for a trace taken over a complete
basis of quantal states.

This principle provides equations of motion for the operators A and D.
For most choices of variational spaces, the evolution of A and V are coupled
and D (t) depends on which operator A is being measured as well as on the
time tf at which the measurement is performed. Within the spirit of the
method, the equations of motion do not necessarily generate approxima-
tions of the exact density operator D(t). Before all the principle aims at
providing an approximate value of Tr(AD)(/, and the density operator D(t)
should not be used to compute any other physical quantity1.

As noted in [3] there is however one case for which the solution D(t)
is net coupled numerically to A(t). This happens whenever the subspace
for A depends linearly on the variational parameters. Then P(t) is the
density operator providing the optimal prediction (at any time t) for the
expectation value of any operator belonging to the trial space of the A's.
We shall choose the variational space for A so as to be in such a situation.
The evolution of A(t) is still dependent on 0(t). It is however not essential
to determine it since the stationary value of J, i.e. Tr(AP)tt, depends
only on the known operator A(tj) = A. For this reason we postpone the
derivation and the discussion of the equations for A(t) (which have their
own interest) to a future publication.

The derivation of the TDHF equations (l) given in [3] corresponds also
to such a case. The trial spaces are there restricted to zero and one-body
operators for A and to uncorrelated density operators for D. Therefore
within the spirit of the BV method, the TDHF solution D(t) is optimally
suited (within the mean-field approximation) for the prediction of expec-
tation values of one-body observables. On the other hand, it should not
be used to estimate, for instance, the dispersion of one-body observables

'Except of course when the variational spaces for A and D cover the entire space. In
such a case one recovers the exact equations of motion.



or the expectation value of any two-body operator. Note that from this
viewpoint the conservation of the energy Ti(H P) /Tr(Do) during a TDHF
evolution appears as a kind of accident.

In order to simplify the derivations, the present work discusses only
the case of fermions with a particle number conserving Hamiltonian. The
modifications for bosons and/or Bogoliubov quasi-particles are easy to im-
plement. In the second section we describe our choice of the variational
spaces. These spaces are used in the third section to derive a set of equa-
tions of motion. In the next section we use the freedom in the choice of the
variational spaces allowed by the BV principle to derive simpler equations
for the evolution of the density operator. These equations still retain the
effects of a particular class of correlations on the dynamics of the one-body
density.

2 The variational spaces

We shall consider a trial class of density operators D with the following
form2:

D = D0 + Av P0" : ctc+CfcC, : O0
1- , (4)

where DO is an uncorrelated density operator

D0 = exp(m + LiJ-C1^c7-) . (5)

In (4), (5) the c,-'s and ct's are the fermionic destruction and creation oper-
ators in a given single-particle basis 1 1 >. Without additional restrictions,
one can choose the matrix P antisymmetric with respect to the permutation
of any pair of superposed indices,

•pjk _ _pi* _ pjil _ piJ (a)
ril — "jl ~ ~r«fc — "jk • (13I

The variational parameters of the space spanned by the P's are m(t), L(t)
and P(t). The normal products in the definition (4) of D are defined with
respect to D0. The definition and the properties of such normal products,
are given in [3] page 406.

2We use the convention of implicit summation on repeated indices.



The specific form (4) for D stems from our desire to introduce correla-
tions within the density operator. Since we want to evaluate the expectation
values of one-body and two-body observables, considerations based on the
principle of maximum entropy (see [3] sec.6) suggest as optimal form for D
the exponential of the sum of a one-body and a two-body operator

Dopt = exp(m + Lyctc> + ^PJ* : c,+ctCfcc, :) . (7)

Unfortunately one does not know how to handle operators with the form
(7). Our choice (4) for D can be considered as a compromise which has
the merit of preserving calculational feasibility. Let us nevertheless stress
that although D given by eq.(4), resembles an expansion of the optimal
exponential (7) to first order in P, the following derivations do not require
any assumption on the smallness of the matrix P. The introduction of
normal ordered products in the definition of D ensures that, as in the mean-
field approximation, the one-body properties will be determined by the
uncorrelated density operator Do only.

The form (4) ,(5) of D leads to the following definitions and properties:

Tr(P) := Z = Tr(P0) = exp(m + trlog(l + expL))
Tr(c,+C}.p)/Z := Pii = Tr(c+c.P0)/Z - (1/1 + «cp(-L)),,- (8)

Tr(ctctcfcc,P)/Z := X$ := pupkj - PuPi,- + C$ ,

where the cumulant C which describes the two-body correlations is given
by

In the above expression of C we have introduced the shorthand notation

(PAtf:=£Pr^ , (PJ^DPJ'A™, . (1°)
m - " m

and used a similar definition for the left products of A by P. We shall also
introduce partial traces with respect to the lower and upper indices and
denote them trj and trT respectively. These traces (tr) which are performed
on the indices of the matrices L or P should not be confused with the traces
(Tr) in the Fock space.



The cumulant C satisfies the same antisymmetry properties as P. Its
matrix elements can be written explicitly in terms of the eigenvalues pt and
/, of p and L. In the basis which diagonalizes both matrices, one has

(1 ~ Pi) (1 ~ Pk)PjPi - PiPk(^ -

when l{ + Ij — Ik - h differs from zero and

- Pi) = P,Y (1 -

otherwise.
Some of the features implied by our choice (4) for the density opera-

tor can be understood by considering the particular case of a pure state
|<SF) = I ̂ jF0) + \6ty, where |*0) is a Slater determinant and |6#) a linear
combination of two-particle two-hole configurations built on |*o)- Our trial
space for D does not contain the density operator | ̂ ) (<P| which in general
has non zero cumulants of order higher than two. Our choice for D might
seem equivalent to the mere replacement of \%l) {*&] by the approximate op-
erator |*o)(*o| + |*o)(a*| + |6*)(*o|- In fact the parametrization (4) allows
(in principle at least) for a better approximation. Indeed it is possible to
select a Do (in general different from |*o)(*o|) and a matrix P such that
the expectation values of all one-body and two-body observables calculated
from the density operator D defined by (4) are the same as those calculated
with |<&){>P|. Such an approximation of |\&)(\l/| is sufficient when, as it is
the case here, one is only interested in the predictions of one and two-body
observables. In addition, it is shown in [4](p.62 eq.5.15) that for restricted
variational spaces like those defined by (4) and (20), the boundary condi-
tions (3) are too stringent and should be replaced by

A(ts) = A ; Tr(^)(P (*,•)- A,))= 0 . (13)

When the fill's encompass the set of one and two-body operators, the above
conditions are satisfied when V (t,-) and DO have the same one-body density
p and the same second-order cumulant C.

As an example let us consider a state

I*) = =U + <h'«,ch,ch)|*o) (14)



where |*0) is a normalized Slater determinant and .A/ the normalization
factor

M^l + trjtrr(JMZ+) . (15)

If PQ denotes the one-body density of [^Q), the density of \W) is

p - Po + JtTi(R R+ ' R+R) • (!6)

The cumulant C can be expressed as a fourth-order polynomial in fl. Since
the formula is somewhat cumbersome we give only its leading term in R

C = JJ(R + R+) + 0(R2) . (17)

Using the last two equations and the explicit expression (11), (12) of C in
terms of P it is possible to define the density operator D (4) which is the
best approximation of |$){*j. From the expression (16) of p, one sees that
the associated Do does not correspond to a Slater determinant.

Let us now consider the situation when VQ is the density operator of a
Slater determinant. In order to study this limiting case, it is convenient to
introduce an artificial temperature T (which we will let go towards zero)
and a set of pseudo single particle energies e,- such that

!==-'< - (18)

By definition, if {h} is the set of occupied (hole) states of the Slater de-
terminant and {p} the set of empty (particle) states, one has ep > O and
efc < O. For a hermitian matrix P the p-h elements of the cumulant take
the simple following form

ep + epi - eh — ehi

Since all the other coefficients of C cancel exponentially in the limit T -* O,
the cumulant of D vanishes when D0 becomes a Slater determinant3. This
is a desirable property because p which is the one-body density of both P0

'Unless we let P grow simultaneously as 1/T.



and D satisfies the equation p2 = p. From the positivity property satisfied
by any density operator, it can be shown that when the condition p2 = p is
satisfied, the density operator is necessarily a Slater determinant. In fact
when PQ is a Slater determinant, the definition (4) ensures that one has
D = Do irrespective of the value of P. This property is a consequence of
our particular choice which involves correlations proportional to a normal
ordered two-body operator.

Our (natural) choice for the variational space of the operators A is the
vector space generated by the zero-body (i.e. the constants), one-body and
two-body operators:

A = M + A,yctc, + ltfcfct^c, . (20)

The four- index matrix Il satisfies the same antisymmetry rules (6) as P.
The variational parameters of A are therefore the set of quantities n(t),
A(t) and II(t). As desired the operator A is denned by the same number of
parameters as D.

To conclude this section we note that the set of equations (8) shows
that Z, p and C can replace m(t), L(i) and P(i) as parameters spanning
the trial space of P's.

3 Equations of evolution for the density op-
erator

For the most general trial spaces for A and D the variational equations can
be written [3]eq.(5.1),(5.2)

^-\H,D}))=0 (21)

AA
I- + [A, B]))= O , (22)

where 6 A and 6V stand for the allowed variations of A and D. When the
space for A depends linearly on its parameters the equation (21) and the
boundary conditions are sufficient to determine the evolution of D (t) .



It is convenient to evaluate first the quantities Tr(AD) and Tr(A[H, D]).
From the former we calculate Tr(AdD /dt) by derivation of the parameters
of D with respect to time. The equations of motion for D are obtained by
an independent variation with respect to each parameter of A.

The value of Tr(AD) is

Tr(AD) = 1{p. + tr(Ap) + -trjtrr(IIP) + itr^r^nC)} . (23)
2 p 4

One immediatly deduces the value of Tr(AdD /dt):

(24)
) + tritr t(n

dt

We assume that the Hamiltonian H of the system of fermions interacting
via a two-body interaction is time independent and of the following form

H = Ttfctc,- + jVffctctcfcC, , (25)

where the two-body matrix elements V are antisymetrized according to (6).
The corresponding total energy is then

' (26)

This functional form of E (the first two terms correspond to the Hartree
Fock energy) is exact for the Hamiltonian (25). The time derivative of (26)
can be written

where we have introduced the single-particle HF Hamiltonian

(28)



Let us now give the explicit expression of Ti(A[H, D]):

l = tr{A{!M + itrr[v,c1)}

(29)

uced in (10), the symbol [

stands for the following four-index matrix

According to our system of notation introduced in (10), the symbol [ ,C]

L,C]|?=£/*»c£.-C*fc™, . (30)
"• m

The quantity X has been introduced in (8) and Y is denned by

Y1?:= E P«mVE,C#- C^Vfc
m>o,- - (31)

mno

Finally the equations of motion for D are

.dZ
i— = O

dt

= [fc,p] + trT[V,C] (32)

This set of equations is a truncation of the hierarchy of coupled equa-
tions for the set of cumulants (EMC) [2]. These are just the Ehrenfest
equations for the operators {!,<:* C^, ctctcfcc,, ...}. The form of the first
two equations in the set (32) is exact for the Hamiltonian (25). Com-
pared with the exact equation governing the time evolution of C, the third
equation in (32) is a truncated version in which the terms generated by
third-order cumulants have been eliminated. The formula (29) and the
equation of motion for C depend explicitly on our specific choice for P,

10



or more precisely on the fact that the form (4) ensures that cumulants of
order higher than two, vanish identically. The set (32) appears therefore as
a natural generalization of TDHF.

The addition in the definition of D of ordered products of three-body
operators (and the inclusion of three-body operators in the space for A)
would lead to a truncation of the EMC hierarchy at the next level. The
equation for C would then become formally exact4 while the next equation
for the evolution of the third-order cumulant would lack two types of con-
tributions: those involving the fourth order cumulant and those which are
quadratic in C. To proceed still further it would be necessary to use for
D a form more complicated than (4) involving terms corresponding to the
second derivative of Dopt CO around DQ. The BV principle provides therefore
a natural way to generate variationally the EMC hierarchy order by order.

The partition function Z and the energy E are conserved during an
evolution governed by eq.(32). This conservation results from our choice
of variational space for A and does not depend on the specific form (4) of
D. Indeed, both the unit operator and H belong to the class of allowed
6A's. As a consequence the equation (21) ensures that both dTr(P)/d£ and
dTT(HD)/dt vanish. Besides these two conservation laws, the mean value
and the dispersion of any one-body operator commuting with H remain
constant (for instance the particle number, the total momentum or the
angular momentum). Similarly the average value of a two-body operator
commuting with H is preserved during the evolution (a particular case
being H itself). For a time reversal invariant Hamiltonian the evolution
governed by the equations (32) is reversible.

Contrary to TDHF, a state which at time i, corresponds to a Slater
determinant (p2 = p), does not keep this property during the evolution.
The one-body entropy

S0 := log Z - Tr(D0IOg P0)/Z = -tr{plog/j + (1 - p) log(l - p)} (33)

is also not conserved. Similarly, it is the total energy (26) which is conserved
and not, as in TDHF, the Hartree Fock energy.

The non-linearities contained in equations (32) concern only the single-
particle density matrix; the equation for C is linear. This property can be

4We assume that H is still of the form (25)

11



used to recast the equation of evolution for p in a closed form [5], by solving
first the third equation of (32) and inserting the ,value of C in the second
equation.

12



4 Correlations induced by a restricted class
of observables

The equations of motion (32) which involve the second order cumulant, are
noticeably more complicated than the TDHF equations (since C depends on
four indices, the difficulty of their numerical solution grows approximately
as the power four of the dimension of the space compared to a power two
for TDHF). However, the variational method allows one in some circon-
stances, to reduce coherently the problem to a size which should render it
manageable with present computers.

Suppose for instance that one is interested in studying only a restricted
number of observables instead of the complete set of one-body plus two-
body operators. These operators are assumed to correspond to the relevant
observables of the problem. Whether they exist and how they can be de-
fined is a difficult problem in itself, whose solution depends evidently on
the nature of the physical system. A typical example from statistical me-
chanics would correspond to macroscopic variables like the total magnetic
or dipole moments. An other example is provided by nuclear fission. One
generally assumes that the dynamical evolution of the fissioning nucleus can
be characterized by few (two or three) geometrical variables which describe
the shape of the nuclear surface, and which are usually described in terms
of the lowest moments of the mass distribution.

Another and related problem of particular interest concerns the calcula-
tion of the dispersions of one-body observables. The established method for
studying this problem makes use of the characteristic function (for discus-
sion and references see [4]). In the second part of this section, we present
an approach of this problem based on the BV principle applied to a space
of operators A which includes the square of a one-body observable.

The variational spaces for A and O used in the preceding section may
be too large for tackling the problem of correlations induced by a restricted
number of observables. We present now two examples which correspond to
the selection of one single relevant two-body observable (the generalization
to several variables is simple). These examples can be viewed as a demon-
stration of the versatility of approximation methods based on a variational
principle.

13



4.1 The Hamiltonian as single relevant two-body ob-
servable

Since the Hamiltonian stands out among the observables relevant for any
physical system, we shall first consider a simpler variational space for the
operators A, parametrized by /i(£), A(t) and a number ir(t)

& — IL 4- A-- r + r -t- ir-Vjfcr+r+c c (34~\,n — /•* i *MJ ̂ i **» ~ j il î j kl ' \ /

Within the spirit of the BV principle this is the minimal ansatz which allows
a coherent estimate of the total energy.

The reduced5 space for D which seems to corresponds naturally to the
above choice for A introduces correlations which are proportional to the
two-body force. To do so we consider density operators of the form

P = P0 + p IvtfPdvDS : c.+ctcfcc, : P0
1- . (35)

4 Jo

In this definition P0 stands again for an uncorrelated density operator as
in (5). As before m(t) and L(t) belong to set of parameters of P. On the
other hand the magnitude of the correlations is now measured by a single
number p(t). The cumulant of P keeps the form (9) with P being replaced
bypV.

To derive the equations corresponding to the variational choices (34) and
(35), we use again the linearity of the space spanned by the /Ps. It follows
that the equations for Z and p are the same as the first two equations of
(32). The equation for p is obtained from the third equation (32) by taking
its (double) trace after multiplication by V/4. Taking into account the
specific form of C we obtain the following equations governing the motion
of p and p

-• r [ £ . _ ! , / 1 T l tv} /-. \ 1 — U Ul /OC\(36)

(37)

i { p l d» tr(fcW(l - p)1-"/)} - -2P dv tr(fc[fc(B), (1 -

5The variational spaces for A and D should have the same dimension.

14



where we have introduced the u-dependant family of one-body operators

It is easily shown that the equations (36), (37) ensure the conservation
of the total energy

j; = tr(Tp) + itr1trî(v'>) + ip Pdvto^l -^V) , (39)i p L Jo

which was expected on general grounds. As a consequence solving the equa-
tions of evolution becomes much simpler. Indeed we can use the relation
(??) to compute explicitly p and, reporting its value into (36) we obtain a
dynamical equation for the density p alone. This equation is both local in
time and time reversible.

To analyze further its physical content, it is more convenient to ex-
press equation (36) in the moving single-particle basis (|j)} which instan-
taneously diagonalizes the one-body density

P = \J}pM (40)

In this basis, we can perform the integration over v and obtain the equations
of motion

. o ; i - w v , («)
where the evolution kernel W is denned by

Wn^htf + p0*'0*' . (42)
P; - Pi

The matrix D which enters the definition of W can be expressed in terms
of V and the eigenvalues of p and L as

/1 (43)

- Pi) - (1 - Pm)(I - Pk)plPj} •

15



In the same basis the energy takes the form

E = £r«ft+;£vffftPy+,S:. ^y(I-Pk)(I-W) • (44)
i £ a * tiki1' "*" li lk l'

The correction to the Hartree-Fock energy is therefore proportional to a
term which has the structure of the second-order correction to the ground
state energy [6] in the conventional perturbation expansion.

In addition to the energy and the expectation value of all one-body
observables commuting with H, the equation of motion (36) preserves any
quantity which depends only on the eigenvalues of p. The one-body entropy
S0 (33) and tr(/>2 — p) belong to this class.

Note also that when no correlations are present at the initial time
(p(^) = O), none will appear during the evolution. As a consequence the
equations of motion reduce to TDHF when the initial density operator is
uncorrelated. On the other hand, when correlations are present in the ini-
tial state the equations lead in general to an exchange of energy between
single-particle degrees of freedom and correlations. Thus the equation (36)
allows one to study the evolution of correlations when they are already
present in the initial density operator. On the other hand contrarily to
the more general equation (32), it cannot explain how correlations are gen-
erated when for instance £>(*,-) is a Slater determinant. This feature of
the equation (36) highlights once more the central importance of a proper
choice of the initial conditions. For a detailed discussion of this problem
we refer the reader to [4].

4.2 Correction to the dispersion of a one-body ob-
servable

In this section we consider the problem of the evaluation of the dispersion
of a given one-body observable Q

<3 = Q,-3ctCj. . (45)

With the choice (4) for the density operator D, the mean value < Q > and
the dispersion AQ of Q are equal to

< Q >:= Tr(QP)/Tr(P) = tr(Qp) (46)

16



(AQ)2 := Tr(Q*P)/Tr(P)- < Q >2

To evaluate AQ one must be able to evaluate at time tf the expectation
values of both Q and Q2. Since we are looking for an extension of TDHF,
we choose to retain all the one-body operators in the space of the A 's.
The minimal extension corresponds therefore to a space of operators of the
following form

A = It + A,vct Cj + TfinaVctcfcC, , (48)

where fl has the separable form

yt - QttQ,.,) . (49)

Indeed the two-body operator with matrix elements equal to fl can also
be written as the difference between the square of the operator Q and a
one-body operator

C, = Q* _ (Q2),.,.c,tc;. . (50)

Since the space for A contains already all the one-body operators, the choice
(49) is equivalent to the sole addition of a two-body operator proportional
to Q2.

For the variational space of the density operators, a corresponding nat-
ural choice seems to take all P's with the form

D = Po + P JltfjT1 àv % :ct $€&:%-" , (51)

PO being again an uncorrelated density operator of the form (5) and Q being
given by (49). The correlations introduced in D are then proportional to
Q2 rather than to any other two-body operator. Although it is not crucial
for the derivation of the equations, this choice remains close to the spirit of
maximum entropy principle as discussed in [3]sect.6. Thus, the variational
parameters of P(t) are those defining P0(O augmented by the function p(f).

The cumulant C takes now the simple form

dv ((t'Qg - QMqM) , (52)

17



where we have introduced the v-dependent matrices

Q^ = (I-P)V-QU-P)1-V • (53)

Contrarily to Q, Q is a function of time.
Had we decided to consider the case of n observables {Qa, a = 1, n}, we

would have replaced TT x 2(Q1-(Q^ — Q,-jfcQj-j) by

E »a^Q5Q& - Q&Qfi + OSQ"* - Q&Qyi) , (54)
a</9=l

in the definition of A and made a similar replacement in D.
The derivation of the equations of motion follows closely the pattern of

the preceding section, with slight differences generated by the simple struc-
ture of the cumulant C. Taking into account the simplifications brought in
by the factorized forms of n and C, one obtains

,QW] (55)

- tr«QwQ)2} ) ) =

- p) + (1 - p)Qp))-

dv {2tr(([fc, Q] + v["'Ql)(Q(tl)tr(QQ(u)) - QWQQ(u)))+

~ 2p) + (1

(56)
In this equation the notation "V^ is defined by

) , (57)

18



where A is any matrix. For example the HF hamiltonian can be written
h = T + V with this notation.

The left-hand side of eq.(56) is proportional to the time-derivative of
the difference between the square of the dispersion of Q and the mean-field
expression for the same quantity. Indeed with the choice (51) for D this
difference can be expressed as

(AQ)2 - tr(pQ(l - p)Q) = 2P dv ({tr(Q(v)Q)}2 - tr{(QWQ)2} ) . (58)

As expected the equation (56) is linear in p. The difficult problem of
solving the third equation of the general set (32) in order to obtain the
cumulant C in terms of p is now reduced to a simple linear differential
equation. The solution of this equation provides an expression for p as an
integral from ti to tf of a scalar function of p. Reporting this result into
the equation (56) yields a closed equation which expresses dp/at in terms
of the values of p at earlier times.

For a hermitian Hamiltonian and a hermitian collective variable Q, the
equations (55),(56) preserve the hermiticity of the one-body density p and
the reality of the number p. Indeed all the involved operators are hermitian
and every term on the right hand side of the equations of motion contains
one commutator.

The static solutions satisfy the equation

,Q ( U ) 1=0 , (59)

where the value of p is determined by equating the right hand side of the
equation (56) to zero. By adding a constraint AQ to the Hamiltonian, it
becomes possible with such an equation to study the influence of the fluc-
tuations of the observable Q on a collective energy curve, like for example
the fission barrier of a heavy nucleus.

Let us consider now the case of an observable J which, as the momentum
or the angular momentum, commutes with H. The equation of motion for
the density p

• - - [.v, rj , T f_ **•" Y ' »" J 1 V"V
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remains unchanged, while the equation for p

d» ({tr^J)}2

(61)
becomes much simpler. This last equation is equivalent to the time conser-
vation of the dispersion AJ. As in the case of the correlations corresponding
to the Hamiltonian H only, we can use this property to obtain an explicit
expression of p in terms of p

2p = ((AJ)2 - tr(pJ(l - p ) J ) } / * dv ({tr(J(u)J)}2 - tr{(J(w)J)2} ) . (62)

Reporting this value for p in the equation (60) supplies an equation (local
in time) for the one-body density. As for the case of correlations propor-
tional to V, the equations of motion (61), (62) cannot describe the growth
of correlations from an initially uncorrelated density operator D(ti). In fact
this is a general feature (within the approximation discussed in this work)
which appears whenever the correlations included in the density operator
are taken proportional to operators commuting with H.
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5 Conclusion

Although static mean-field methods describe successfully the ground state
and the low energy collective properties of nuclei [7], their dynamical coun-
terpart TDHF does not account so well for the data collected in experiments
of nuclear collisions at several MeV per nucléon [8]. Several microscopic
extensions of TDHF have been proposed which attempt to remedy the ob-
served weaknesses, either by introducing a damping of the high frequency
modes present in the TDHF evolution[9], or by describing the residual in-
teractions by means of a random Hamiltonian[lO], [U]. To this day these
extensions have not led to many applications. In the recent yoars the data of
intermediate energy nuclear collisions has been interpreted mostly by means
of methods inspired by the semi-classical formalism of Vlasov, Uehling and
Uhlenbeck [12]. In the present article we propose a quantal framework
which for any given class of two-body correlations, leads to an extension of
TDHF and allows one to study the effects of these particular correlations
on the dynamics of the one-body density matrix.

Our line of approach is based on the variational principle of Balian and
Vénéroni [3]. We have chosen a variational space such that correlations
are explicitly introduced in the density operators D. For the case of two-
body correlations our definition (4) of V ensures that cumulants of order
higher than two vanish identically. Simultaneously the variational space for
the operators A is enlarged by the inclusion of two-body observables. The
equations of motion for D are obtained by a variation of the effective action
of the BV principle with respect to the parameters denning A. When no
restriction is made on the nature of the two-body correlations contained in
the density operator, the set of equations thus derived corresponds to the
truncation of the exact EMC hierarchy which is obtained when the con-
tributions of cumulants of order higher than two are neglected. The BV
principle proves also to be a very convenient simple tool for the investiga-
tion of the invariance properties of the approximate equations of evolution.
Would it seem useful, it appears possible to generalize this method so as
to derive higher order truncations of the EMC hierarchy in a variational
manner.

That the BV principle can generate the next orders of the EMC equa-
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tions beyond TDHF, is already a remarkable manifestation of its scope.
However the solution of equations which require that one studies simulta-
neously the evolution of the density p and of the second order cumulant C is
for most physical systems, beyond the range of present computational fea-
sibility. Furthermore the information provided by the detailed knowledge
of both p and C is probably difficult to use. The real interest of the BV
principle is best demonstrated by its ability to generate coherent approx-
imations when the variational subspaces are restricted so as to take into
account only the effects of correlations associated with a particular class
of a few two-body observables which one considers essential for a correct
description of the one-body dynamics. How to select this class is a separate
and difficult problem which evidently depends on the particulars of the sys-
tem under study. Whenever it can be determined (or guessed) it is possible
to tailor the variational spaces used in the BV principle so as to generate
equations of motion which incorporate the influence of the associated cor-
relations on the evolution of p. In this work we have investigated two such
reductions leading to equations whose difficulty of solution appears com-
parable to TDHF. The first concerns the case of correlations proportional
to the Hamiltonian. We obtain then an equation for p which introduces in
a self-consistent manner second-order-perturbation-like contributions into
the evolution operator. The second example investigates the problem of
the prediction at a given time t/ of the square of a one-body observable
Q. Since the approximation allows for the simultaneous evaluation of the
average value of Q and Q2 the equations of motion provide also a method
for the prediction of the dispersion of the observable.

The challenge of extending efficiently the time dependent mean field
method, which is by no means a new one, will probably still face us for
a while. Every method opening new opportunities for the solution of this
longstanding question is worth the attention. We hope to have shown in
this work that the Balian Vénéroni variational principle is a promising tool
which can be used to attack this difficult problem.
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