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ABSTRACT

A general procedure is first reviewed for constructing variational princi-
ples (v.p.) suited to the optimization of a quantity of interest. The method
is enlightened by a geometric interpretation. Conditions under which the
solution may be obtained as a maximum rather than as a saddle-point are
examined. Applications are then worked out, providing v.p. adapted to
the evaluation of expectation values, fluctuations or correlations of quan-
tum observables, whether the system is at thermal equilibrium or whether
it has evolved. In particular, a v.p. suited to the optimization of TiAe~^a

is built, generalizing to observables A^l the usual free energy v.p.. To
evaluate both the expectation value of an observable Q and its fluctuations
(as well as correlations between Qi and Qz), the characteristic function, de-
termined variationally by letting A = exp[—CQ], is expanded in powers of
f. Within a given class of trial states, the best approximate state depends
in general on the question raised.

Another class of v.p. concerns dynamical problems. The general method
allows to recover a known time-dependent v.p. for a state and an observable
[3,13] which answers the following question. Given the state of the system
at the time to, what is the expectation value < A > at a later time ti 7 A
more general v.p. applies to situations in which the initial state is too com-
plicated to be handled exactly. Both the approximate initial conditions and
the approximate evolution are then determined so as to optimize < A >.
Finally, analogous v.p. are constructed in classical statistical mechanics
and hamiltonian dynamics. A recent formulation of classical mechanics in
terms of covariant Poisson brackets [19] comes out naturally in this contex
from the v.p. for the evaluation of a classical expectation value.
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1 INTRODUCTION

Variational principles sometimes appear to be as old as the questions that
they answer. Often they have been introduced on metaphysical grounds,
as eloquently expressed by Euler (we borrow the quotation from Réf. [l],
p.15) : " the fabric of the universe is most perfect ..., nothing at all takes
place ... in which some rule of maximum or minimum does not appear."
Our prospect, more bound to earth, is to build variational formulations
as technical tools for dealing with problems of different origins. We recall
that, besides perturbation theory, variational methods are among the most
efficient approaches to study many-variable systems. As a unifying device,
we shall use a method (Section 2) that allows to construct variational prin-
ciples (and variational approximations) adapted to an optimal evaluation
of any quantity of interest. This method, which is extremely general [2],
has found applications in many domains of physics. In the present pa-
per, we focus on the variational evaluation of the expectation value of a
quanta! (or classical) observable. This theme encompasses several classes
of problems of current interest. In static situations, the question may be to
optimize the expectation value or the fluctuation (or both) of a given ob-
servable, through the determination of a " best" state chosen among some
trial class (Sections 3 and 4). Out of equilibrium (Sections 5 to 7) it may
be to predict this expectation value at the time ti from the knowledge of
some properties of the system at an earlier time to- (The calculation of
transition probabilities belongs to this class [3].)

As an illustration, let us first consider (as in Section 3) a system at
thermal equilibrium. As is well-known, its exact canonical state

D = Z-1C-"", Z = Tre-"H, (1.1)

maximizes the entropy S(D) = -TrP In D under the constraint IrHD — U
for the energy, where D is any (normalized) density operator. Equivalently,
the state D can be specified variationally through the inequality

S(D)-/3TrHD < InZ . (1.2)

When D runs over the complete space of trial states, the maximum of the
left hand side of (1.2) provides the exact state D. In a trial subspace, the



maximum of this left hand side provides the best variational approximation
for InZ. We may wonder whether the approximate stats P0 thus obtained
is also suited to the evaluation of the desired expectation value < A >=
TrAD of some observable A via TrAP0- This procedure is often used, but
nothing warrants that the variational method based on (1.2) and adapted
to InZ leads to the optimal state (in the considered subspace) for the
evaluation of < A >. Indeed, the variational argument is disrupted when
approximating < A > by TrADo- For instance, in the Hartree-Fock (HF)
approximation, extensively used in atomic, molecular and nuclear physics,
the approximate state D0 is determined by minimizing the free energy (or,
at zero temperature, the energy) within the trial space of uncorrelated
states. It is thus the " best" uncorrelated state for evaluating the free
energy. However, it is often considered as being the " nearest" , so to say,
to the exact state, and it is therefore used to compute all kinds of physical
quantities. As just discussed, this procedure is questionable because it
escapes the variational frame. And it raises the following natural question :
is it possible to determine variationaWy an uncorrelated state best suited
to the calculation of quantities other than the free energy ?

More generally, we wish to keep under control the entire process of the
evaluation of < A > by staying in a variational frame, i.e., we wish to
find variationa/ principles directly suited to the optimization of the desired
physical quantity. Of course, in the complete variational space, the best
state should be the exact state. In a restricted trial space, however, we
expect in general the optimum state P0 to differ from Po (e.g., from the HF
state in the above example), and to depend moreover on the observable A.

As already mentioned, there exists a systematic procedure [2] for con-
structing variational principles of the type we are looking for. Let us express
in a formal but general way the question to be answered. We wish to esti-
mate the value /0 = f{x0} taken by some function f{x} of a set of variables
x', at a point {x0} defined as the solution of some given set of equations
g'{x} = O. In practice, the functions f{x} and ffj{x} are too complicated to
afford exact solutions, and variational schemes have been devised in many
areas of physics and mathematics to evaluate the quantity of interest /0

approximately. Such schemes have recently been set into a unified frame-
work in Ref.[2] which includes a large bibliography. Indeed, it is possible
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Fig.l A geometric interpretation of the general variational method. The
two axes symbolize the coordinates {1} and {X}, respectively. The
altitude represents the value of ${i, A}, the levels lines of which
have been drawn. When one sits at the point (Z1, A1) near the saddle
point {ZO.AO}, one approaches the searched quantity /o (the altitude
of {x0, A0)) within a second order error. Using the stationarity of $
with respect to {x} eliminates half of the variables, and forces one to
remain on the dashed-dotted line. When it has a suitable curvature,
the surface *{x, A} follows the thalweg and the region explored in
the variational treatment lies below the saddle-point.
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to write directly a variational expression $ adapted to the estimation of
/0. The key point is the doubling of the number of (variational) variables,
through the introduction of Lagrange multipliers A7 which account for the
conditions g'{x} — O. Such a doubling of variables has proved necessary
in several physical contexts (see for instance [4-7]). It comes out here in a
natural fashion, the variational expression

${z, A) ̂ /{*}-£ VW (1.3)
i

defined in the enlarged space admitting the desired quantity /0 as its sta-
tionary value.

We resume this procedure in Section 2.1, which presents the notations
and formulae used throughout. When the unknown quantities z* depend on
continuous indices (e.g., when {z} symbolizes a function of time), ${0;, A}
should be understood as a functional (Section 2.2).

To make the method more intuitive, we have proposed in Section 2.1 a
geometric interpretation illustrated by Fig.l. The abscissa symbolizes the
variables {x} and the ordinate the additional set {A}. The altitude repre-
sents the value of ${z, A} and the thick curves are level lines. The picture
exhibits the saddle-point {zo»^o} of <&. The quantity we are looking for is
/o = f{xo} = ${z0, A}, the altitude of the line {x} = {XQ} passing through
the saddle-point. We can see that the surface ${z, A} is flat in the neigh-
borhood of the saddle-point {i0)A0}, whereas it is much steeper around
other points {ZQ, A}. This topography helps us to grasp the advantage of
introducing the additional variables {A}. Indeed if one, through the varia-
tional scheme, succeeds in reaching some trial point {ii, Aj} close enough
to (ZD, AO}, a much better value will be obtained for /o than through the
naive (non variational) approximation /{zi} = ${zi,0}.

In this scheme, the stationary value of $ is a saddle-point, not a max-
imum or a minimum. In Section 2.3 we consider circumstances for which
it is possible to construct from $ an alternative variational expression ^
providing /0 as a maximum. Again Fig.l illustrates how this is feasible.
Let us suppose that the variables {A} have been eliminated through the
conditions 5<&/dz' = O, which, being linear in A, may be solved as A(Z).
The locus of the points A(Z) is represented on Fig.l by the dashed-dotted



line, and their altitude ${x, A(Z)} defines the variational function *{i}.
Under suitable convexity conditions on f{x} and g*{x}, this locus may lie
in thalwegs of <&, issued from the saddle-point A(s,0). In this case the alti-
tude #{1} will never exceed the sought for quantity /0, which will be the
upper bound of ̂ .

Thus, the general approach not only provides stationary expressions,
but may also lead to upper or lower variationaJ bounds. One can recover in
this fashion several known variational principles, where /0 is obtained either
as a stationary value of a function of the type ${a;, A} or as a maximum
of a function of the type ^{x}.

Section 2.4, which is independent of the rest of the paper, makes the
connection of the variational method with a functional integral method for
evaluating /o inspired by field theoretical techniques [8,9]. The quantity /0

is expressed in terms of an integral over variables x* and A7 (plus Grass-
mann variables) ; the integrand involves ${x, A} in its exponent, so that
this quantity plays the role of a kind of action. Surprisingly enough, the
exact result /0 can be obtained either as a result of the complete func-
tional integration or by means of its " classical" evaluation, which requires
only the stationary value of the action. However, the existence of a func-
tional integral form for /o suggests that, once an approximate solution
{ZI,AI} is obtained variationally, perturbation techniques may be devel-
oped to find corrections by expanding the action around this approximate
solution. Variational evaluations might thus be improved in a systematic
way.

From Section 3 on, we apply the general method discussed in Section 2
to static, then to dynamic problems. In all cases we wish to express in a
variational fashion the expectation value of some quantity, given in a closed
form but through untractable equations. As an elementary illustration, we
recover in Section 3.1 the usual variational principle (1.2) for the free en-
ergy in equilibrium statistical mechanics. This derivation is generalized in
Section 3.2 to the variational evaluation of f0 = TrJ4e~'5H which, accord-
ing to the preceding discussion, is expressed as the stationary value of an
expression given by (3.18). The resulting " best" density operator within
a variational subspace depends in genera/ on the observable A. In Section
3.3, we eliminate half of the variables along the scheme of Section 2.3. It



turns out that, for positive operators A (a case which will be of particu-
lar interest in Section 4 where A will be close to the unit operator), the
quantity /0 can be obtained as the maximum of the variational expression
(3.20) in a trial domain which we specify. In Section 3.4 we discuss various
ways for implementing the normalization of the trial density operator. For
instance, it may be convenient to use the normalization TrAP = 1 in the
evaluation of /0, ust as the ordinary normalization TrP = 1 enters the vari-
ational evaluation of Z. Likewise, in order to express < A > variationally,
we may write it either as TrAD/TrP with P = e~0a or as TiAD where
the normalization TrP — 1 is enforced. Several alternative variational ex-
pressions are thus derived, giving rise to interesting interpretations. They
involve in particular Kubo type correlations [10] and generalizations of the
von Neumann entropy [U].

Section 4 is devoted to the variationa/ evaluation of correlations between
two observables Qi and Qz and of their fluctuations in an equilibrium state.
For this purpose, we introduce in Section 4.1, as usual in probability the-
ory, statistical mechanics or field theory, characteristic functions of the form
lnTre~^1<'1~6J<'3 e~^H. By expansion in powers of £1 and £2j they generate
the various moments of Qz and Qz, including their correlations. If H, Qi, Q2

commute, such characteristic functions are nothing but free energies, for
which source terms CiQi + £2Q2 have been added to the Hamiltonian to
generate the expectation values of Qi, Q^ and their powers. The exten-
sion to the non-commutative case, which is not straightforward, is given in
Section 4.2, where the characteristic function comes out as the stationary
value of (4.6). Since we need only the first few terms in the expansion in
powers of £1 and £2, we show in Section 4.3 how the variational principle
is simplified by combination with expansion. Within a trial class, the best
variational density operator approaching e~0It depends on £1 and £2. This
dépendance is non-trivial and, even if the approximate state is uncorrelated,
it may simulate some effects of the correlations existing in the exact state
and thus yields in a mean-field framework some fluctuation or correlation
effects ignored in the conventional mean-field approach [12].

In Section 5 we turn to dynamical problems, dealing with the follow-
ing general inference question. Knowing the state D(to) of a system at an
initial time t0, what will be the expectation value < A >t, at some later



time ti ? From the general method of Ref.[2] and Section 2 we recover
in Section 5.1 (from the Schrôdinger viewpoint) a variational expression
which was previously proposed [3,13] by analogy with variational princi-
ples involving time-dependent bras and kets (see for instance Section 3.5 of
[3]) and which has since been applied fruitfully to problems ranging from
heavy-ion collisions [14-17] to quantum fields out of thermal equilibrium
[18]. Here, the quantities {x} to be determined are the matrix elements of
the density operator at each time between to and tj. As usual when La-
grange multipliers are introduced (cf. the intensive variables in equilibrium
statistical mechanics), we may wonder about the meaning of the variables
{A} enforcing the constraints, which are here the equations of motion. It
turns out that they are identified with a time-dependent observable, equal
to A at the final time *i and evolving in the Heisenberg picture backward
in time. Thus, even though we worked in the Schrôdinger picture, building
a variational expression has introduced in a natural fashion the Heisenberg
picture for the considered observable. Alternatively, we may tackle the
same problem from the Heisenberg viewpoint (Section 5.2), taking as the
quantities {x} the observable itself in the Heisenberg picture between the
times ti and to. The roles of the trial state P(t) and the trial observable
A(t) are then interchanged, the density operator (in the Schrôdinger pic-
ture) coming out now as the set of multipliers {A} enforcing the motion
of the observable. This is a further illustration of the dual character of
states and observables (Section 5.3), which lies at the roots of the algebraic
formulation of quantum mechanics (see for instance Chapter 9 of [I]).

In most practical cases a problem arises which concerns the specification
of the initial conditions (Section 6.1). Indeed, except for the simplest sys-
tems, the state D(t0) in which the system has been prepared is too intricate
to allow explicit construction and tractable calculations. As a consequence,
D(t0) cannot be included in the trial class for the variational state D(t}. It
is therefore inescapable to replace this exact initial state D(to) by some ap-
proximate one belonging to the trial class, while keeping an approximation
of the type discussed in Section 5 for the evolution. The problem is then
to choose the approximate initial condition so as to optimize the quantity
< A >tL. In Section 6.2, we achieve this program by applying again the
general scheme of Section 2 in the Heisenberg picture. We get thus a varia-
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tional principle encompassing in a consistent way the determination both of
the " best" state as in Section 3 and of the " best" dynamics as in Section
5. Using reduced trial spaces will in general couple these determinations
and make them depend on the question posed, namely on < A ><,. Section
6.3 compares the Heisenberg and Schrôdinger viewpoints on this problem.

In Section 7, we establish variational formulations which are appropri-
ate either for evaluating expectation values in classical statistical mechanics
or for dealing with Hamiltonian dynamics. In fact, the whole formalism
of Sections 3 to 6 may readily be rewritten in a classical framework (as
shown in Section 7.1) both for time-independent and time-dependent prob-
lems. In particular, in non-equilibrium classical statistical mechanics a
time-dependent function /I[c,p,t] of a point in phase space should be intro-
duced as a multiplier accounting for the Liouville equation. Its evolution
is then governed by the " backward Hamilton equation" , which appears
as a classical counterpart of the backward Heisenberg equation of Section
5.1. In Section 7.2, we set into the variational framework of Section 2 the
prediction of the value AIt1 at the time ti of some function of a point in
phase space, when the initial point of the trajectory is given at the time
to- In this case, the unknown quantities {x} are the coordinates of the
trajectory 7 in phase space. Two alternative approaches are considered.
The most straightforward, Eq. (7.6), consists in generating the dynamics
through Hamilton's equations, which play the role of the constraints g{x}.
It seems however more natural, from the present statistical viewpoint, to
use the Liouville equation, even though the state (at each time) is concen-
trated on a single point in phase space. The multiplier A is again a function
^[</»P3*]j and the desired quantity A\tl is expressed as the stationary value
of the functional (7.8) of the trajectory 7 and of A[q,p,t\. This mixed for-
mulation may be written in a compact fashion by using covariant Poisson
brackets (Section 7.3). Indeed, besides a boundary term, the variational
expression (7.14) for A\tl is just the covariant bracket of the time integral
of A[q,p, t] with the action functional. Among the variational equations
obtained, we recover the equations for the trajectory 7 in the form of co-
variant Poisson brackets recently exhibited by Marsden et al. [19]. Other
variational equations come out for the dynamics of A[q,p, t], which would
be useful to optimize the determination of A\tl when the variational spaces
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for 7 and A are restricted. Thus, setting classical dynamics in the frame
of statistical mechanics and building (along the general lines of Section
2) a variational functional for A\tl, provides as a natural by-product the
covariant Poisson bracket equations of ReF.[19].

The variational expressions found in Section 5 and 7 involve as conju-
gate variables {a;} and {A} either a state and an observable or a classical
trajectory and a classical observable. Likewise, the bra and the ket (con-
sidered as independent) entering Lippmann-Schwinger variational principle
[20] play the role of the variables {x} and {A}, as already noted in [2]. An
important feature of all these variational expressions is the occurence of a
boundary term, which is necessary to determine the quantity of interest
(expectation value of a quantal or classical observable, or scattering am-
plitude). Indeed, this boundary term is identified in (1.3) with the term
f{x} which we wish to evaluate, while the action-like integral in these vari-
ational principles plays the role of the constraint teims and vanishes when
the equations of motion are satisfied. If one wishes only to derive these
equations of motion, the boundary term plays no role. This is why this
term has been often omitted. However, as discussed at some length in Sec-
tion 3.5 of [3], a genuine variational principle adapted to optimize a certain
quantity ought to contain the boundary term. The inclusion of boundary
conditions both at the initial and at the final time is a recurrent theme in
Sections 5 to 7. We discuss in particular its relevance in connection with
covariant Poisson brackets in Section 7.3.

Several reading paths may be followed through the present paper, as in-
dicated by Fig.2. They all start from Section 2.1 which recalls the method
for expressing a quantity as a stationary value and which gives its geometric
interpretation. The reader mainly interested in dynamical problems may
proceed directly to Section 5 (quantal), then 7 (classical) ; he may even
jump from 2.2 to the end of the paper if he only wishes to get a new insight
on the formulation of Hamiltonian dynamics in terms of covariant Poisson
brackets. On the other hand, the determination of equilibrium properties

12



takes advantage of the possibility of constructing variational bounds. Ac-
cordingly, Section 2.3 is compulsory to obtain variational expressions for
expectation values (Section 3) and for fluctuations or correlations (Section
4). Section 6, which makes the synthesis between static and dynamic vari-
ational principles, relies on all the preceding Sections, save for Sect.4 (and
Sect. 2.4). Note also that Sections 3 to 6 pave the way for unconventional
applications of mean-field theories. Finally, readers willing to set quite dif-
ferent problems into a variational framework should be gratified with the
powerful and flexible methods gathered in Section 2 (including possibly the
alternative approach of Section 2.4). A preliminary account of the present
work was given in Réf. [21].

2.4
Functional
integrals

2.3
Variational

bounds

\
\
\

5.
Quantum
dynamics

3.
Equilibrium

1

J

7.
Classical
dynamics

4.
Fluctuations
Correlations

Fig.2 User's guide.
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2 GENERAL METHOD FOR THE CONSTRUCTION
OF VARIATIONAL PRINCIPLES

We wish to cast the following general problem into a variational form. Let
{x} denote a set of variables i', labelled by an index i. In this Section
we shall use a notation adapted to the case when i is a discrete index ;
however the whole treatment extends straightforwardly to more general
cases in which i symbolizes several indices which may even be continuous
(see Sections 2.2, 5 and 7). In the latter case, summation over i will mean
integration. Let us suppose that we are interested in the value

/o - f{x0} (2.1)

of some function f{x} of the variables x1, evaluated for values xl
0 which

should be determined by solving some set of equations

gj{x} = 0 . (2.2)

We assume that this set determines a unique solution x' = x'0. If the
number of variables x' is finite the index j labelling the equations (2.2) is
discrete and takes in general the same number of values. However, we do
not exclude situations in which the set (2.2) is overcrmplete (see Section
7.2) ; of course, in this case, the equations g'{x} = O are assumed to be
compatible. If i stands for a continuous index (or several), the set (2.2) may
for instance represent differential (or partial derivative) equations, together
with suitable boundary conditions, and j is then also a continuous index.

It is often impossible to solve the equations (2.2) exactly and/or to
evaluate (2.1) explicitly for an arbitrary value of {x}. It is then useful to
have at one's disposal a variational expression endowed with the following
properties. When the variables {x} run through the whole range of their
possible values, this expression should provide /Q as its maximum, or at least
as its stationary value, attained at {x0}- Moreover, it should be explicitly
calculable for a subset of values exploring some region close to {XQ}, so
as to determine the best variational approximation to /o attainable in this
subset.

A systematic approach to the above scheme , which has been used in
innumerable particular cases, has been devised in Réf. [2]. and a large variety
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of variational equations have been recovered as special applications entering
the general framework ; many related references are also included in [2].
We begin in Sections 2.1 and 2.2 by recalling this general method, which
we recast in a geometric and hence, we hope, more intuitive language.

2.1 The general method and its geometric interpre-
tation

The basic step is the introduction of the function (or functional)

*{*,A} = /{«>-ÇÀ^{*} (2.3)
j

of the variables x* and of a set of additional variables Ay, each one being
associated with an equation (2.2). This is reminiscent of the Lagrange
multiplier procedure, which provides the stationary value of f under some
set of constraints gi = O on the variables {x}. Here, however, the number
of equations (2.2) is sufficient to completely determine the single point {x0}
at which we want to calculate /0 [the set (2.2) may even be redundant].

The quantity of interest /0 is just the stationary value of ${x,A} for
arbitrary variations of the parameters {A}, since the equations

d$
âÂT = ̂ *} = 0 (2'4)

are identical with (2.2) ,and since $ reduces to its first term if {a:} = {x0}.
We can visualize this property geometrically (Fig.l) by considering the
map of $ in terms of the variables {i, A}. On our schematic drawing,
the abscissa symbolizes the whole set of variables {x}, while the ordinate
symbolizes the set {A}. The thick curves symbolize the surfaces of constant
<& ; they appear as level lines on. Fig.l, which involves one variable x' only.
The surface 3>{x, A} is a ruled surface since, for constant {x}, $ is a linear
function of {A}. The corresponding straight lines would be represented
on the figure by lines parallel to the A-axis. Their slopes depend on {x}.
In particular, for {x}= {io}> ${XD, A} is independent of A and thus
represented by a level line parallel to the (x, A) plane. The value /0 which

15



we wish to evaluate is therefore the altitude of the level line {x} = {XQ}.
The condition (2.4) characterizes any point of th's straight line.

The points having the altitude /0 include in addition a curve ${x, A}
= /o, {x} ^ (XD), which intersects the horizontal straight level line {a:}
= {XQ} at a saddle point. Algebraically, this saddle point (x0, A0 } is the
solution of the equations (2.4) and of the equations

= 0 - (2>5)

(We shall use the convention of summation over repeated indices.) Because
we assumed the solution of (2.2) to be unique, the determinant of dg* /OV
at (XD) is in general non-zero if the indices i and j take the same number of
values. Then (2.5) provides a unique solution {A0} for {A}, and the surface
${2:, A} has a unique saddle-point (XQ, A0) . We shall limit ourselves to
this situation except in Section 7.2. If the set (2.2) is overcomplete, i.e., if
the number of indices j exceeds that of z, the solution {Ao} is not unique,
but it lies on some line or plane and $ has a collection of saddle-points
(XO, AO} at the same altitude /o .

The introduction of the variables {A} is unnecessary and the existence
of a saddle-point is irrelevant for the exact solution of our problem, but
they become important for the construction of variational approximations.
Indeed, let us assume that the equations (2.2) or (2.4) have been solved
in some approximation, yielding a value (X1). Considering the difference
{ij — XQ) as a first order quantity, the error /(X1) — /o is likewise of first
order. If we also solve the apparently useless equations (2.5) within the
same type of approximation, we get, besides (X1), a value (A1) differing
from {Ao} in first order. The approximate point (xj, AI} lies then at a first
order distance from the saddle-point (x0, A0} of $. However, as illustrated
by Fig.l, the surface $(x, A} is flat in this neighborhood, and the value
${ii, AI} differs from /0 by a second order quantity only ; this is readily
checked by expanding $ around {x0, A0} . The approximation on /0 has
therefore been improved by evaluating

i, Ai} = /(I1) - XiJIf(Xi] (2.6)

rather than /(X1). In fact, to first order, the second term in (2.6) cancels
the error made when replacing /0 by /Ir1). In the geometric picture, the
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error /{xi} — /0 is represented by a variation of altitude of ${x,0) in the
{A} = O plane ; but there the surface ${x, A} is much steeper than around
the saddle-point, near which we have therefore interest to sit.

In practice, a variational approximation will thus be constructed by
letting {x, A} vary in some trial subspace, simple enough to render the
calculation of *{i, A} feasible, but large enough to contain points not
too remote from the saddle point {x0, AQ} • The best suited among these
points is obtained by looking for the stationary value (11,A1) of $ within
the restricted subspace. Thus, instead of solving (2.4) and (2.5), we have
to solve the reduced approximate variational equations in terms of the set
of variables which parametrize the trial subspace for (x,A). Within this
variational scheme, the stationary value ${ii, AI) of $ appears then as the
best approximation for /Q. The equations (2.5), which express the vanishing
of the partial derivatives with respect to {x}, and which were useless when
{x} varied freely,become essential, when written in the reduced space, to
optimize the approximation.

Notic-s that the exact value {x0) is determined from the equations (2.4)
expressing the stationarity of <& with respect to {A} , while (A0) is deter-
mined from the equation (2.5) expressing the stationarity of $ with respect
to {x} . This feature is likely to be preserved in variational approxima-
tions, and it is thus natural to look for parametrizations of the restricted
trial spaces for {x} and for (A) which depend on the same number of in-
dependent variables,

2.2 Dealing with matrices and continuous indices

The variational expression (2.3) takes different forms according to the na-
ture of the variables {x} and to the type of equations ffj{x) which determine
{xo} • This point has been discussed extensively in Réf. [2]. Le us make
a few remarks concerning cases which- we shall consider in the following
Sections.

When the unknown quantity {x0} is an operator, or equivalently a ma-
trix in a given basis, the index i stands for a pair of indices aj3 labelling the
matrix elements. The equations (2.2) are then in general matrix equations,
where j denotes again a pair a/3, and the variables A: may be interpreted
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as the matrix elements of some operator A. Save for the interchange of the
indices a and /5 in the definition of A, the sum >.;ff

} appears thus as the
trace of the product of two matrices, or of two operators A and g in a basis
independent formulation.

We shall also encounter problems (Sections 5 to 7) in which i is not a
single discrete index, but rather represents a set of indices among which
one or several are continuous. If for instance the continuous index is a
time t running from to to ti, the set {a;} will become a function of t, and
/ will be a functional of this unknown function {x} . In this case j will
denote several indices, one of which is the time t, and g-7 = O will represent
a differential equation considered at each time t (between to and ti). Such
a problem is readily fitted into the above framework by replacing t by a
discrete variable which takes values distributed over the interval (to,ti),
and by letting eventually the time steps 6t tend to zero. The conditions g*
= O become difference equations, one for each time step 6t. Weighting each
Aj by the corresponding time step replaces A,V, in the limit 6t —»• O, by
an integral over t running from to to ti, where {A} stands for an unknown
function of t.

Two cases should be distinguished regarding the boundary conditions
which supplement at t = t0 the differential equations g* = O. If these
conditions are simple enough, we may impose them as constraints on the
variables a:1, not only for the exact problem but also for its restriction to
the chosen variational subspace (Section 5). However, we shall consider in
Section 6 situations for which the exact boundary conditions at t = to can-
not be implemented in a tractable trial space. These boundary conditions
should then be introduced as an additional set of equations gk = O, with
which new variables Ajt should be associated. The variational expression
(2.3) will contain three terms, the unknown quantity /, an integral from to
to ti accounting for the differential equation, and a last term accounting
for the boundary condition at to-

2.3 Variational bounds

The fact that the above variational principle provides the solution as a
stationary point and not as an extremum may cause some difficulties. For
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instance, if ${i, A} possesses several stationary values in the trial subspace,
there exists no criterion for selecting the closest to {#0, AQ} . Besides, in the
restricted space, the very existence of a stationary point is not granted. It
appears therefore desirable, instead of looking for a stationary value of $,
to construct an alternative variational expression * such that the quantity
/o sought for is the maximum of \l/ (or its minimum). If this is feasible,
the best value for /0 which can be reached within some trial space will be
the upper bound of * in this subspace. Then, the result is unique, and
the approximation is under better control. A simple example involving
two variables x and two variables A was worked out in Réf. [2], in which
the elimination from $ of three variables out of four led to an extremum
principle.

We now show that the general method of Section 2.1 is a good starting
point to explore the possibility of constructing variational bounds. For
simplicity, we shall consider only situations where the indices i and j take
the same finite number of values. As already noticed, the stationary value
/o of $ corresponds to a saddle-point, not to an extremum. More precisely,
let us consider at the point {x0, A0 } ,the second differential

rf2$ = d2f - AyrfV - 2 dXjdg* . (2.7)

Considered as a quadratic form in dx' and d\j, it does not involve terms in
d\jd\k ; as it is easily shown, this property ensures that d2$ has in general
the same number of positive and negative eigenvalues. Indeed, (2.7) can be
rewritten as

c£2$ = dVNijdh? - dXi(N-l)iidXi ,

where JVj,- and dh' are defined by

M- . " =
 J _ \ .

*J a~t ~ a~.\a~t J

and this form of rf2$ associates the eigenvalues in pairs with product -1.
Therefore, in order to get from $ an expression which has /o as its maxi-
mum or minimum, it is necessary to eliminate at Jeast half of the variables
{x',Xj}, by using part of the conditions (2.4), (2.5) which determine the
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saddle-point of <&. Since the spirit of the method is to avoid solving (2.4),
the only possibility is the elimination of just half of the variables by means
of the set of equation (2.5), which express the stationarity of $ with respect
to {x}. Let us therefore assume that these equations (2.5) can be solved
explicitly for the considered problem. Such a situation is not academic, as
we shall see in Section 3.

In this case, instead of looking directly for the saddle-point of $, we
can proceed in two steps. We first imagine that we eliminate the variables
{x} by means of (2.5), and that we replace them in terms of {A} in $ ;
this results in a function \P{A} s ${x(A),A} which depends on {A} both
directly and through x. It will then remain to write that * is stationary
with respect to {A} , the stationary value being /Q. As discussed above, the
possibility is now open, depending on the shapes of the functions / and g',
that /o is not only the stationary value of *, but also its maximum.

To understand under which circumstances this happens, let us return to
the geometric sketch of Fig.l. The conditions (2.5) select on each level line
the point {a:(A), A} where the tangent is parallel to the {x} direction. The
locus of these points is represented on Fig.l by a dashed-dotted line, the
altitude of which visualizes the function ^{A}, and which passes through
the saddle-point. If suitable convexity conditions are satisfied by the level
lines of the surface ${z, A} , the point {a:(A), A} may lie in a thalweg,
as illustrated by Fig.l. Letting {A} vary, we then explore the vicinity of
the saddle-point without ever going out of the valleys, so that the altitude
remains lower than /0.

It is easy to write sufficient conditions on the functions / and gj ensuring
that the above procedure actually yields either a local or a global maximum.
To this aim, let us write the first two differentials of *. The equation (2.5),
used to eliminate {x} , is equivalently expressed as

df = Ay<V . (2.8)

The first differential of * (which vanishes at the saddle-point) reduces to

d$ = df- Xjdgi - dXjg
j = ~dXjg

j . (2.9)

Its second differential is then

rf2* = -dXjdg3 - J2Xj9
1 . (2.10)
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Let us assume that the functions g*{x} define a one-to-one mapping be-
tween the variables g> and the variables x\ This will in general be true
locally in the vicinity of {x0} because this point has been considered as the
unique solution of (2.2) ; moreover, we limited ourselves to situations in
which the matrix dg' /dxf is non singular. This may also be true globally,
for instance if the functions g3{x} are linear. If we express / in terms of the
independent variables ff3, while * is considered as a function of the vari-
ables Ay, we recognize that *{A} is nothing but the Legendre transform
of/{x} with respect to the variables g' . We obtain therefore from (2.8),
(2.9) and (2.10)

--**- A- -^ - ^A,
~ dXj ' ' ~ dg> ' dg« ~ dgidg" ' { '

Then, if the matrix d2f/dgidgk is positive definite for any {x} , the same
property holds for its inverse dg'/dXk (which is symmetric), and for —
Hence, the saddle-point /0 is the absolute maximum of *{A}. In terms of
the variables {x} , the condition \\d* f /dg>dgk\\ > O reads

because (2.8) and (2.11) provide

d?f - AydV = dXidg* - dg'dgk .

If (2.12) holds only in the vicinity of {a;0} , /o is a local maximum of *.
For practical purposes, we do not need to solve (2.5) explicitly by ex-

pressing {x} in terms of {A} . It is sufficient to characterize the set of points
{x(A), A} by a parametric representation in terms of variables in one-to-one
correspondence with the set {A} . In particular, since the equations (2.5)
are linear in {A} , we shall encounter situations in which they can explicitly
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be solved by expressing {A} as a function of {x} (rather than the converse).
In this case, ^ should be considered as the function of {x}defined by

*{x} = ${x, A(x)} - / - (df/dxk)(dxk/dg>)g* , (2.13)

where the matrix dx/dg is the inverse of the matrix dg/dx , considered as
a function of {x}. Thus, if the matrix dg/dx can be explicitly inverted,
and if the condition (2.12) holds, the expression (2.13) yields a variational
bound for /0.

As a matter of fact, we could have written the variational expression
(2.13) directly. In terms of the variables g' , this expression is just / —
( d f / d g i ) g ' . Therefore, its expansion around {XQ} , i.e., around g' — O, is
of second order in {g} or in {x — X0). Hence, /o is a stationary value of
*{x}. Another check of this property is provided by writing the derivative

(2.14)
t/ur \ uy I

where

dx*dxk dxe \dgi I dx*dxe

is identified with the matrix (2.12) on account of (2.5).
Moreover, if M is a positive matrix, and if dg/dx is everywhere invert-

ible, (2.14) may vanish only at the point g> = O, and VP has no spurious
stationary point. Finally, the positivity of M implies that /o is a maximum
of <&, as obvious from the second differential of *, obtained from (2.14).

The same remark allows one to build improved variational principles, in
which the error is of third order in {x — XQ}. Indeed, if dg/dx is invertible,
the expression

f\ t -t r\1 t
ty=f_2LgJ+t-df ->'-* /« I^

1 dg> 2
easily expressed as a function of x, is not only stationary at {x} = {x0}
but it has also vanishing second derivatives.

2.4 Connection with functional integrals

Another approach exists to the general problem stated at the beginning
of this Section. It has been applied in various contexts |6,8,9], and it was
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given a systematic formulation in the Section 3 of Réf. [9]. It has proved
particularly successful for treating problems where the constraints g'{x}
are stochastic equations, involving some set of random variables {i/} which
represent a random noise. Before we resume below this approach in order
to compare it with the general variational method, let us briefly sketch its
main features. The idea consists in expressing the quantity /o in the form
of an integral over variables x' and A,- by means of standard techniques of
statistical mechanics and field theory. In fact, in order to replace {a;} by
{ID} in f{x}i 3^1 integration over {x} is performed with a weight IW (x1 —IJ1),
proportional to Iï6[<7y{x}] ; further integration variables A,- are introduced
for Fourier analyzing these 6-functions. Thus, instead of coming out as the
stationary value of a function of {x} and {A}, /0 is given by an integral over
these variables (it becomes a functional integral if the indices i and j are
continuous). Auxiliary Grassmann integration variables are also required
just as in the ghost trick of gauge field theories. Once /o is expressed as a
functional integral, its average /o over the noise is performed explicitly by
integration over the variables {i/}, and the resulting expression for /0 may
then be evaluated approximately by methods of field theory.

Although there is no random noise in the class of problems which we are
considering, let us recall below how /o can be expressed as an integral over
variables {x, A}. This will provide us with an alternative understanding of
the variational formulation. In particular, the variables {A} , which were
introduced in Section 2.1 as multipliers associated with the constraints (2.2)
and which were interpreted hi Section 2.3 as the Legendre conjugates of
the g*'s, will appear as integration variables in the Fourier transformation.
Moreover, having at one's disposal an exact expression for /o may be useful
for improving some approximate variational solution. Indeed, let us suppose
we have obtained such an approximate solution /t = ${II,AI} by letting
{i, A} vary in some trial space. By taking {x — ii, A — AI} as integration
variables hi the exact expression of /0, and by treating these variables
as small quantities, we may build a perturbation expansion for /o, the
unperturbed term of which is /i. In this paper we shall not consider any
specific application involving such an expansion, but restrict ourselves to
setting up the formalism.

The principle of the proof [9] consists in performing an integration over
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the variables {x} with the weight O S (%' ~ xo)i instead of attempting to
solve the equations (2.2) directly and of letting {x} = (XQ) . If i is a
continuous index, this integral over {x} is meant as a functional integral.
Since {XQ} is denned by the vanishing of g* , the weight in the integral over
{x} is expressed in terms of these functions g'{x} as

n s(nf- 4)=n (2.16)

We assume in this Section that the equations g*{x} = O are not overcom-
plete, and that det(dgfdx) ^ O. In analogy with field theory, we wish
to write the integrand as an exponential. We therefore transform each
^-function of (2.16) into

= / ^T exP I'M ' (2.17)

where the integral over each variable A7 runs along the imaginary axis (or
along a parallel to it). The determinant in (2.16) may be written as an
integral over the elements c1 , -7,- of a Grassmann algebra according to

g = / R( j) exp A . (2.18)

Finally, instead of /0 itself, we evaluate e~f" in order to get the entire
integrand in an exponential form. This yields eventually

exp \-i (2.19)

where the effective action S is

S =f{x}-\^

= 3>{x, A} —

-. c
(2.20)

The last two terms of S exhibit a supersymmetry or BRST property [22],
which expresses that the same functions q1 enter both (2.17) and (2.18) [9].
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Indeed, their sum is invariant under the translation xl =>• x' + c'e, 7, =*>
7y + Aye, where the Grassman variable E has been introduced besides the c
and YS. The BRST symmetry may as usual be implemented by expressing
the action S in terms of the superfields

X* = xi + c'fr, Ay = \jb + if (2.21)

(where 6 is again a Grassmann variable) , under the form

S = fdb[bf{X}-A.ig
i{X}] . (2.22)

The invariance of A.jg'{x} under the translation b =S> b + £ is then obvious.
Notice that the signs leading to (2.19), (2.20) have been chosen con-

sistently with the property (2.12). If the matrix in (2.12) is negative, we
should rather change the signs of / and of Ay to avoid convergence difficul-
ties in (2.19). If this matrix has no positivity property, we may change /
into i/, Ay into iAy , 7y into i-yy.

Let us now imagine that (2.19) is evaluated by the standard perturba-
tion expansion technique of field theory. To lowest order, we have just to
keep the value of S at its stationary point. We recover thus the equations
(2.4) and (2.5), while the last term of (2.20) does not contribute. The sta-
tionary value of S is ${i0, A0) . Hence, the evaluation of (2.19) by the
tree approximation is equivalent with the variational principle of Section
2.1. Because this lowest order contribution yields the exact result, all cor-
rections vanish, a result which holds to each order of the loop expansion,
as it is easily checked, and which is a consequence of the supersymmetry
property. Of course, if the equations g*{x} = Q are stochastic, and if (2.19)
is integrated over the noise, all orders contribute.

In the framework of restricted variational approximations which we are
considering, (2.19) may generate another type of expansion. When the
exact saddle-point of $ is out of reach and the tree approximation cannot be
worked out, a variational approximation may still provide a point (EI, AI}
lying not too far from {x0, A0) - One may then expand the action 5 in
powers of {a; — X1, A — AI, 0,7} and build thereby a perturbation expansion
of /o, the first term of which is /i, the next order terms being represented
by connected diagrams. This is feasible in practice if (.T11Ai) is simple
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enough so that the propagators can be evaluated explicitly. If {ii, AI} lies
close to {x0, AO} , this expansion is expected to converge, since (as already
noticed) each one of its terms vanishes when EI — X01A1 = A0. Therefore,
this procedure may provide a general method for evaluating corrections to
a variational approximation.



3 EXPECTATION VALUES AT EQUILIBBJUM

Using the general method of Section 2, we set up in this Section a variational
principle suited to the evaluation of the expectation value < A > of some
observable A in a thermal equilibrium state for a quantum system. In
the case of a canonical equilibrium, this state is represented by a density
operator D of the form

D = 4 e~0H, Z = Tr e~pH . (3.1)
Z

The formalism will also cover grand canonical equilibrium states through
the replacement of H by H—IJ.N. More generally, H may also include source
terms ; for instance, the source — v.P (where P is the momentum) is used to
describe a finite system, such as a nucleus, moving at the velocity v. Ground
state expectation values would be obtained by letting the temperature 1/ /3
tend to zero.

Actually, equilibrium statistical mechanics involves not only expectation
values

< A >= TrAD = TrAe-"H /lie^" , (3.2)

but also thermodynamic potentials which are deduced from the partition
function Z. In order to encompass both types of expressions we shall face
the problem of evaluating the quantity

/o = TrAe-"H , (3.3)

which reduces to Z if A is the unit observable and which, otherwise, provides
the numerator of the expectation value (3.2). We shall construct in Section
3.4 and hi Section 4 variational expressions adapted to the direct evaluation
of the ratio (3.2) rather than to its numerator and denominator separately.

3.1 The free energy variational principle recovered

For orientation, let us first discuss in the general framework of Section 2
the variational evaluation of Z, which corresponds to setting A = 1 in (3.3).
Because hi practical calculations the operator -/3H is usually impossible
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to exponentiate, the quantity

fo = Z = Tre-"* (3.4)

must be evaluated approximately. We begin following the scheme of Section
2.1, and consider /o as the value of

/{M} = Tre~M (3.5)

for M = /3 H . The role of the variables a;1 is played by the matrix elements
of M, and the conditions g*{x} = O are expressed by the (hermitean) matrix
equation

H-/3H = 0 . (3.6)

According to the remarks of Section 2.2, the multipliers Aj are here the
matrix elements of a hermitean operator — B, and the variational expression
(2.3) for /o reads

*{M,B} = TTB-* +B(M -PS) . (3.7)

The equation (2.5) which determines, together with (3.6), the saddle-point
of $ is obtained by taking the variation of (3.7) with respect to 34. This
results in

B = e~M . (3.8)

Along the lines of Section 2.3, we can eliminate half of the variables
by making use of the equations (3.8). As remarked in that Section 2.3
(see Eq.(2.13)), it is convenient to keep as independent variables in this
elimination the original variables {x} rather than the multipliers {A} . We
keep therefore as variational parameters the matrix elements of M. , and
insert (3.8) into (3.7). We obtain thus the functional

#{.M} = Tr e~M (1 + M-/3H) , (3.9)

which admits Z as its stationary value. Let us show that Z is indeed
the maximum of \P. We have seen in Section 2.3 that this property holds
provided (2.12) is satisfied everywhere. Since the conditions g{x} = O,
expressed by (3.6), are linear, only the first term of (2.12) is present here.
We need therefore to check that the second differentia!
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6 2 f { M } = f1 dw Tr e~wM6H e^l-w^M6M (3.10)
Jo

is positive for any M and any hermitean variation 6M. Because we can
rewrite (3.10) as

6*f = f1 dw Tr X(w)X*(w) , (3.11)

where
Yl,i,\ — a-u>M/2 c i j -(l-tu)W/2 /o -in\
J\. I Uf I ^̂ * C v J'l C • I iJ».L*i I

the quantity 62/ is obviously non negative. It vanishes only if the operator
X(M;) itself vanishes for any value of w, which implies 6 M = O. The second
derivative dzf/dMdM being thus a strictly positive matrix for any M,
the variational expression 1^(B} is everywhere concave, and Z is absolute
maximum of (3.9).

A further transformation, suggested by the form of (3.9), consists in
changing the variational quantities M into the matrix elements of a nor-
malized density operator D and a normalization factor z, defined by

D = - e~H , TrP = 1 . (3.13)

In order to look for the maximum of (3.9), which now reads

*•{>,£>} = z(l-lnz) -zTr D(InD + 0H) , (3.14)

we may first eliminate z by means of the equation 09 /dz = O, i.e. ,

In z = Tr P(In D + ftH) . (3.15)

By inserting (3.15) in (3.14), and by using the property that the maximum
of \I> is Z, we get the variational inequality

In Z > -Tr D In D - /3Tr DH , (3.16)

for any normalized D. This is the standard inequality for the free energy,
which we thus recover as a natural outcome of the general method of Section
2.
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3.2 The variational expression for Tr^4 e &H

Let us return to our original problem, the evaluation of (3.3), following the
same steps as in Section 3.1. The variables {x} and {A} are still the matrix
elements of M and B, and the conditions g'{x} = O are still (3.6) ; the only
change is the form of f{x}, which is now

/{M} = TiAe~M . (3.17)

The functional having /o as its stationary value is thus

9{M,B} = Tr[Ae-*+8(M-0H)] . (3.18)

The stationarity condition generalizing (3.8) reads

B= ^ du e~MA e-f1-")*1 . (3.19)

Solving the exact variational equations (3.6), which express the sta-
tionarity of (3.18) with respect to B, would yield for $ the exact value
/o = Tr Ae~Pa. In accordance with the scheme of Section 2.1, approximate
expressions for /0 may be obtained by determining the stationary value of
(3.18) within some restricted variational space for M and B. It should be
stressed that the ensuing best approximation for /o, obtained within this
variational class, is associated with a point {Mi , BI} which depends on the
observable A. In other words, the approximate density operator exp(—MI)
which is best suited to the evaluation of the quantity TrAexp(—/3H) de-
pends on A itself. We shall return to this point in Section 3.4.

3.3 Search for a variational bound

According to the general procedure of Section 2.3, we eliminate now the
multipliers B by inserting (3.19) into (3.18), exactly as we did in Section
3.1. This provides us with the expression

*{M} = Tr A e~M(l + M -/? /"* du e"MH e~uM) , (3.20)
JO

which admits f0 = TiA e~pH as its stationary value.
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Again as in Section 3.1, let us explore the possibility that /0 be a
maximum of \P{Al}. This property is expressed by the positivity of the
second differential (2.12). The latter reads here

=2 I du dv TiA e-
(1~u)M 6M e-

(u-"}M 6M e~vM . (3.21)

Indeed, when *, defined by (3.20), is considered as a function of B through
(3.19), its last term -/3TrSiT is linear in B and it does not contribute to
52*{B} ; its first two terms are identified with the Legendre transform of
/{M}, and hence 62*{B} is negative if (3.21) is positive.

For an arbitrary observable A, we do not expect (3.21) to be positive
for any hermitean variation 6 H , and the stationary value /b of ^{At} will
in general be neither a maximum nor a minimum. However, in Section 4,
we shall be interested in positive operators A. Let us therefore examine
this case. A domain P then exists for M in which 52/ is positive. This
domain includes in particular all the operators At which commute with A,
since (3.21) then reduces to

2f = /
Jo

dwTr X(W)AX^(W) (3.22)

[where X(w) is defined by (3.12)], which is obviously positive. For continu-
ity reasons, because all the eigenvalues of X(w)AX^(w) are strictly positive
when M. commutes with A, the domain P extends at least to some neigh-
bourhood in which the commutators [M, A] are non-zero but small enough
(we shall make use of this remark in Section 4.2).

Suppose now that the point /3 H belongs to P. Let us show that the
value /o is then a local maximum of \&. To this aim, let us analyze the
variation of (3.20), which reads

= /i>u>u>o dudvVrA e-V-WsM e'^'^^H - At) e-"w

+ C-V-W(PH - At) 6-("-"

The last line (written in a symbolic fashion), involves the expression (3.21)
for the second derivative of / with respect to the matrix elements of .M.
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While the original variational expression (3.18) led to a unique stationary
point, the elimination of B by means of (3.19) may have introduced spuri-
ous solutions. Indeed, (3.23) vanishes identically (for any 8M) not only at
Al = 0H, but also when M - /3H is an eigenoperator of 32f/dMdM for the
eigenvalue O. Such solutions of 6ty/6M = O correspond to singularities in
the mapping B = df/dM represented by (3.19). However, if At is restricted
to the region P where the matrix dyf/dMdM is positive, the stationary
value M = (3H of * is unique. Moreover, as in the general case of Sec-
tion 2.3, it is a local maximum because the matrix of second derivatives
d^/dBdB is the inverse of -3*f/dMdM .

As a final remark, let us look for conditions which constrain the domain
of At so as to obtain /o as the absolute maximum of 1P(Al) . In this case,
approximations would be under better control, since they would always
unambiguously provide a unique solution. One may think that the domain
P is a good candidate for this requirement, but things are not so simple.
Note first that , because the matrices d^jdBdB and -82f/dMdM are
the inverse of each other, W is concave as a function of B ,at each point
B associated with a point At of the domain P. We have however expressed
^ as a function of At through (3.19) and , although the positivity of the
matrix d2f/dMdM ensures that the correspondence At «-> B is locally non
singular, the functions At(B) and hence $f{8} may be multivalued. Thus,
the local concavity of \P{8) does not imply that /0 is its upper bound,
since the latter might be attained on the border of the domain. In order
to exclude this occurrence, we may for instance impose that B varies in a
convex subset of the image of P. Then, the negativity of ff*ty/dBdB at each
point implies that the local maximum /o of # is also the absolute maximum.
An alternative condition, expressed directly in terms of the variables At
entering (3.20), consists in restricting At to a subset of P which can be
reached by straight lines issued from fiH. In this case, the integration
of (3.23) along such a straight line obviously provides a negative value,
and 1Jj(Al)- 9{@H} is therefore negative. More simply, this condition
is implied by choosing a variational domain for At which is included in a
convex subset of P containing @H.
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3.4 Normalization and other remarks

It is natural, again as in Section 3.1, to transform the variational expression
(3.20) by reexpressing it in terms of the density operator

D = - e~H , (3.24)
Z

by imposing some normalization on D , and by taking as variational param-
eters z and the matrix elements of D instead of M. In the present context,
the most convenient normalisa tion for V is no longer TrD = 1, but rather

TrAD = 1 . (3.25)

The variational expression (3.20) then becomes

V{z,D} = -z(l - Inz) - ^TrAP(InP + /3 /' duD~uHDu) , (3.26)

which should be made stationary with respect to z and D (under the con-
straint (3.25)). The stationarity condition with respect to 0,

O = -In z -TrAP ( InP+/? fl duD~"HDu) , (3.27)
Jo

is again used to eliminate the normalization constant z, and we get a new
variational expression

£{P} = -TrAP In P - /3TrA /' duDl~uHD" , (3.28)
Jo

to be varied under the constraint (3.25), which admits

In /o ^mTrAe-"" (3.29)

as its stationary value, or as its maximum if the conditions of Section 3.3
are fulfilled.

The variational principle thus obtained appears as a generalization of
the free energy variational principle, which is recovered for A = I. Indeed,
in the latter case, (3.28) reduces to the right-hand side of (3.16) while (3.25)
reduces to the standard normalization of D. For a positive operator A, the
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variational expression (3.28) involves A as a weight to be introduced when
evaluating the traces in the entropy and in the energy term, the latter
exhibiting some complications due to the non-commutation of D, H and
A. Note that the first term of (3.28), with the normalization (3.25), is
reminiscent of so-called measurement entropies [23] which contain a similar
weight.

As we already noted at the end of Section 3.2, the dependence of the
variational expression (3.28) upon the observable A makes it clear that,
within a given trial class for the density operator D, the best suited approx-
imate state D depends on the observable A. In particular, let us assume
that the variational class for D is taken as the set of independent-particle
trial states. In this case £{£*} is easily calculated, and its maximization
produces a mean-Geld approximation. For a many-body fermion system,
when the quantity of interest is InZ, the best value as given by the vari-
ational principle (3.16) is then attained when D is the Hartree-Fock state.
However, if we are interested in TiAe~eH for A ^ 1, we have to maximize
(3.28), and the best choice for D is then some other independent particle
state depending on the nature of A. This remark applies even when A is a
single-particle operator.

Let us finally remark that the variational method set up till now does
not provide the expectation value (3.2)of < A > directly, but rather as
the ratio of the two quantities /0 = TrAe~^H evaluated first for A, then
for A = 1. A more consistent treatment, better fitted to the evaluation of
/o =< A > , would start from

f { M } = TiAe-" /Tre-w (3.30)

instead of (3.17) [of course, for .4=1, (3.30) becomes trivial whereas (3.17)
yields Z]. The stationary expression (3.18) is then replaced by

1T, 4p-W

(3.31)

The elimination of B as in Section 3.3 proceeds through

B = duDuAD(l~u] - DTrAD , (3.32)
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which replaces (3.19). The independent variables are the matrix elements
of the density operator (3.24), normalized now in the standard fashion with
z — Tr e~H . If A is positive, < A > is the maximum of

- Tr[(A - TrAD)D In D]

-0 Trp - TrAD)D T JuZ
Jo

an expression somewhat similar to (3.20) or (3.28), but where the normal-
ization is implemented through the constraint TrP — 1. In the functional
(3.33), we recognize terms akin to a weighted entropy [11] and to the Kubo
correlation between A and H [1O].
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4 FLUCTUATIONS AND CORRELATIONS

4.1 Use of characteristic functions

Suppose we are interested in a variational evaluation of the statistical fluc-
tuation AQ of some observable Q in the canonical equilibrium state (3.1).
(The extension to other types of states is straightforward, as it was re-
marked at the beginning of Section 3.) The method which we have pre-
sented above would involve three different approximate calculations, based
on variational expressions for Tre""" , for TrQe-*"* and for TrQ2C""". Be-
cause the approximate states D obtained in each of these calculations are
different in general, such a procedure is somewhat inconsistent ; moreover,
the required substraction of < Q >2 from < Q2 > makes it hazardous.

In order to obtain in a single step the variance AQ, together with the
expectation value < Q > and with the free energy — /?"' \nTie~^H, let us
introduce, as it is standard in probability theory, the quantity

we-"H. (4.1)

The expansion of (4.1) in powers of £,

= lnTre-"H - £ < Q > + AQ2 + O(f ) , (4.2)

generates all three quantities of interest. Indeed, within a constant related
to the lack of normalization of the density operator, £>(£) is nothing but
the second characteristic function of Q. Because (4.1) has the same form
as (3.17), we may take advantage of the results of Section 3, replacing A
by e~w , evaluating <p(£) variationally , then expanding it in powers of
£. This program, which we shall discuss in Section 4.3, is obviously more
reliable than an approach based on the separate evaluation of < Q > and
< Q 2 > .

More generally, in order to evaluate the correlation < QiQz > - <
Qi X Qz > between two observables Qi and Q2 without substracting
from one another two quantities given by separate calculations, we start
from the characteristic function

'« '-« '«> e- ' 'H . (4.3)
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Its variational evaluation relies on the methods of Section 3 with A being
replaced by

A = e-«i9'-fe«» . (4.4)

A subsequent expansion in powers of 6 and 6>

, 6) = InTre-"" - 6 < Qi > ~6 < Q2 > +
+66 [< QiQ2 > - < Qi >< Q2 >) + •-• ,

(4.5)
provides the correlation of interest, together with the free energy, the ex-
pectation values of Q1 and Q2 and their fluctuations.

4.2 Variational expression for the characteristic func-
tion

A variational procedure for the calculation of fluctuations and correlations
is thus readily obtained by replacing A by (4.4) in the variational expres-
sions (3.18), (3.20) or (3.28) of Section 3. In particular, after elimination of
the variables B and of the normalization z, the expression (3.28) becomes

S{P> = _Tre-£lQl-Î2<Î2(0 In D + /3 duDl~uHDu) , (4.6)
Jo

where D should be varied under the constraint

l (4.7)

According to (3.29), the stationary value of (4.6) is just £>(6> 6) •
The observable A-'defined by (4.4) is positive. Moreover, because we

are interested in infinitesimal values of 6 and 6 > -^ ls close to the unit
observable and therefore it nearly commutes with jM. As already remarked
in Section 3.2, the stationary value of \I/{.M} is then a maximum over nearly
the whole range of values of M. Therefore, <p is the upper bound of (4.6).

If Qii Q2 and the hamiltonian H commute with one another (which
includes classical statistical mechanics) , we note that (4.3) is the loga-
rithm of the partition function of a system at equilibrium, for which the
hamiltonian H has been modified into

H' = H + le, + |Q, (4.8)
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by addition of source terms. (The introduction of such terms in order to
generate expectation values, correlations and higher moments by means
of power expansions is a standard technique in field theory.) In order to
evaluate ^(^1,^2) > we may then rely, in this commutative case, on the
minimization of the free energy associated with (4.8). Therefore, tp(£i, £2)
is the maximum of

- TrP' In P' - TrP'(/3ff + E1Q1 + £2Q2) (4-9)

(under the constraint TrP' = 1). The upper bound of (4.9) is attained for

P' =
Tre-/3H- '

whereas the upper bound of (4.6) was attained for

Thus, the variational principle using (4.6) appears as an extension to the
non-commutative case of the free energy variational principle with source
terms. Note, however, that, if H, Qi, Qz do not commute, the second
order terms of InTrC-*3* in £1 and £2 differ from those of (4.3), and (4.9)
cannot be used to produce the desired fluctuations and correlations.

4.3 Expansion in powers of the sources

The exact maximum of £{P} is attained for D proportional to e~^H ,
with the normalization (4.7), and the dependence of the exact D upon the
sources £1 and £2 is therefore trivial. However, within a tria' class of opera-
tors D , the best choice depends non-trivially upon ^1 and £2- In principle,
our first step should then be the determination of the maximum of £{P}
for fixed values of £t and £2 ; we should afterwards expand the result in
powers of ^1 and £2 so as to identify the coefficients of (4.5). Unfortunately,
the presence of an exponential operator in (4.6) and (4.7) is expected in
practice to make complicated the determination of the best D when £1
and £2 are finite. Therefore, taking advantage of the smallness of theses
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variables, we combine now the variational treatment with the expansion in
powers of 6 and £2 , which will make the method more workable.

Let us start with 6 = £2 = O. The variational principle (4.6) reduces to
the ordinary free energy variational principle, and the maximum of E(P } ,
attained for some density operator DO in the chosen trial class, provides an
approximation for the logarithm of the partition function. The solution Do
is denned by the stationarity condition

O = ITO D (Ip-D0 +0H) . (4.10)

This condition should be satisfied for any infinitesimal variation 5 D around
DQ which keeps D0 + 6D inside the variational class.and which is compatible
with the normalization constraint (4.7) reducing here to Tie D = O. To fix
ideas, let us imagine that the trial class for D. is the set of independent-
particle density operators, or equivalently that the trial class for M, equal
to — hi D plus a constant, is the set of single-particle operators. In this case,
the equations (4.10) are the Hartee-Fock equations for fermion systems or
the Weiss equations for magnetic systems, and Do is the standard moan-field
approximation for the equilibrium distribution.

For C1 and £2 fini. a but small, let us expand to second order in 6 and
£2 the expression (4.6), i.e.,

E(P) = -Tr {[i - 6Q1 - 6Q2 + i(6Qi +
2

and likewise (4.7). In the trial class of D , the variational equations result-
ing from (4.11) generate the best solution for D as an expansion

D = D0 + D1 + D2 , (4.12)

in which DI is of first order in 6 and 6? and P2 is of second order. The
maximum of ̂ {D} is the best approximation of <p(£i, 6) in the variational
subspace. By inserting (4.12) in (4.11), we can identify the coefficients of
the expansion (4.5), which are the moments of the distribution of Qj and
Q2 . The dependence on 6 and 6 of the maximum of E{P} is twofold.
On the one hand, the first line of (4.11) contains an explicit dependence.
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On the other hand, an implicit dependence creeps in through the best D ,
which involves first and second order contributions exhibited in (4.12).

Expectation values for the observables Q result from the first order
terms. Considering a single observable Q and dropping the indices of Q
and f, we obtain from (4.5) and (4.11)

< Q > = -TrQ(P0 In D0 + 0 (4 13)

+Tr(I + In D0 + 0 H)Di /£ ,

where the first line arises from the expansion of e~îQ and the second line
from the expansion (4.12). The variation PI should preserve the normaliza-
tion condition (4.7), which reads Tr(I — CQ)D = 1 to first order in £, and
which thus implies

TrPi = ETrQP0 . (4.14)

Let us separate, in (4.12), PI into two parts, the first being proportional
to P0, the second being traceless. We obtain for D an expression which
displays its normalization :

D = (1 + TrP1)[P0 + (P1 - P0TrP1)] + • • • . (4.15)

The factor inside brackets belongs to the trial class, and its trace is 1. The
term (Pi — P0TrPi) belongs therefore to the class of the variations 6 V
around P0 which were allowed for £ = O, Hence, (4.10) implies

TrPi(In P0 + /3H) = TrP1-TrP0(In P0 + 0H) . (4.16)

The use of (4.14) and (4.16) transforms (4.13) into

< Q > = TrQP0

duDZ(Q ~ TrQP0)P0
1^(In P0 + 0H)] . ^'1?)

Thus, the variational determination of < Q > does not require the
solution of the equations for PI, although < Q > arises from the first
order expansion of £{P} at its maximum. If the (traceless) operator
J0

1 duD£(Q - TrQP0)P0
1"" itself belongs to the class of allowed variations 6D

around P0, the second line of (4.17) vanishes on account of (4.10). There-
fore the expectation value of Q is simply obtained as TrQPn if Q belongs to
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the class of variations of InP. In the example of independent-particle trial
states D, the Hartree-Fodc solution DQ is thus suited to the variational eval-
uation of expectation values of single-particle observables Q, provided the
method of characteristic functions is used [remember that (3.28) did not
lead to the Hartree-Fock answer when A was a single-particle observable
instead of (4.4)]. However, for arbitrary observables Q, the best variational
estimate (4.17) for < Q > differs from the value TiQD0 computed from the
approximate state Do which optimizes the free energy.

Within the considered trial class, the best variational estimate would
be obtained, for fluctuations AQ and correlations between Qi and Qz, by
pushing the expansion to second order. The explicit calculations will be
presented separately in the case of independent-particle trial states [12].
On quite general grounds, we may already anticipate that the results will
be non-trivial. Indeed, the expression (4.11) involves three types of second
order terms, associated with Po,PI and P2. Because £{P} is stationary with
respect to D, the dependence through DZ will be irrelevant : just as for DI in
(4.17), it will not be necessary to evaluate Dz- We are left with terms in P0

and D\. We expect that the terms in Do will generate the simple expressions

AQ2 = TrQ2P0 - (TrQP0)
2 , ,. lg,

< QiQ2 > - < Qi >< Q2 > = TrQ1Q2A) - TrQ1A1-TrQ2A) , '

in which Do is used as an approximation for the state. However, we also ex-
pect non-trivia] terms involving DI, which are present even for observables
Q such that (4.17) reduces to TrQA)- Thus the variational approxima-
tions for fluctuations and correlations differ from the seemingly natural
expressions (4.18). Indeed, these expressions appear somewhat naive in the
present approach, since they make use of the approximate state D0 in a
context for which it was not devised : A) optimizes the free energy, not the
characteristic function of Q.

In the example of independent-particle trial states D, (4.18) would re-
duce to the conventional expressions given by Wick's theorem with the state
PO- The present variational procedure yields instead non-trivial results (in-
volving P1) for the correlations between single-particle observables Q and
for their fluctuations, although each state D in the trial class is uncorre-
lated. This feature originates in the dependence of the trial state D which
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maximizes £{#} upon the variables £1 and £2 entering the characteristic
function, a dependence which allows to simulate some of the correlations
existing in the exact state. The quantity DI, which is required to find the
correct fluctuations and correlations, corresponds to a first order variation
around the Hartree-Fock solution DQ. It will be evaluated [12] by perturbing
the Hartree-Fock equation, a procedure which leads to the equations of the
random-phase approximation. The latter enters thereby into a variational
frame.
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5 TIME-DEPENDENT INFERENCE PROBLEMS

5.1 Prediction of an expectation value in quantum
statistical mechanics

We now turn to dynamical problems and recover in this subsection, from the
general method of Section 2, some results already derived in a more heuristic
fashion [3,13]. Suppose we are interested in predicting the expectation value
of the observable A at the time t\ , the initial state D(to) being given at the
time t0. In principle , we should solve the Liouville-von Neumann equation
(A = I)

(5.1)

with the initial condition D(t0,t0) = D(to), and then evaluate

<A>tl=TfAD(ti,to) . (5.2)

In practice, except for very simple systems, we do not know how to accom-
plish this task. (Even if we knew, D(t,to) would contain a huge amount of
irrelevant and unintelligible information.)

Therefore we proceed to set this quite general problem into a variational
mold which makes it possible to generate variational approximations. We
identify the variables {XQ} of Section 2 with the matrix elements of D(t,t0)
at each time. These variables depend both on matrix indices and on the
continuous index t(t0 < t < E1), as discussed in Section 2.2. The equations
g'{x} = O which determine them are the differential equations (5.1). The
quantity /Q of interest is (5.2) ; it depends solely on part of the variables {ID}
, since only D(ti,t0) enters (5.2). Following Sections 2.1 and 2.2, we take as
the variational set {a;*} the matrix elements of a time-dependent operator
D(i). We introduce as Lagrange parameters {Ay} the matrix elements of
an operator A(t), associated with the constraints (5.1) and depending on
the tune t(t0 < i < ti) . The desired quantity (5.2) is then the stationary
value of tie functional

, (5.3)
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under arbitrary variations of the operators A(t) and D(t) , the latter being
subject to the initial condition

D (to) = £>(«„) - (5-4)

According to the general scheme, we recover the equation (5.1) for P(t)
as the stationarity conditions of (5.3) with respect to the multipliers A(t) .
The stationarity with respect to D(t) for t0 < t < J1 is easily expressed by
rewriting (5.3) as

- Tr[A- A

obtained through an integration by parts. The vanishing of 63>/6D(t) for
t0 < t <ti provides

(5.6)

while the vanishing of e$/6D(ti) yields

Jl (ti) = A . (5.7)

The variational equations (5.6) and (5.7) lead us to interpret the multi-
plier A (t) at the stationary point of $ as a time-dependent observable, equal
to the observable of interest A at the final time ti [consistently with the
question (5.2)]. The evolution of A(t) is governed by the backward fleisen-
berg equation (5.6), for which the time t flows backwards from the final
time ti to the initial time to . Indeed, let us introduce the time-dependent
observable

A(V^t)=JW-VAe-W-V , (5.8)

which is the Heisenberg counterpart of the time-dependent state D(t,tQ) =
e-iH(t-tu) £>(fo)e«H(t-M5 solution of (5.1). The value of A(t) as given by
(5.6-7) coincides with A(ti,t). This argument was discussed in more detail
in Section 2 of Réf. [3].

The functional (5.3) has already been proposed (13,3) as a variational
expression which is appropriate for predicting the best expectation value
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< A >tl from the knowledge of D(I0)- Since the method has already been
extensively studied, we shall neither dwell on its general features nor on
the approximations which can be constructed from it. Explicit calcula-
tions have shown the fruitfulness of some of these approximations [14-18].
The present derivation, however, calls for a few additional comments. The
variational principle based on the functional (5.3) was previously stated by
analogy with other variational principles (see Section 3.5 of Réf. [3]) ; it
now comes out as a natural product of the general scheme of Réf. [2] and
Section 2. The boundary condition (5.7), formerly posed as part of the
principle, arises in this new derivation as a consequence of the stationarity
conditions. Finally, the appearance of two sets of variational variables, the
matrix elements of D(t) and A(t), is better understood. The occurrence of
the time-dependent observable A (t) besides the density operator D (t) is just
another instance of the doubling of the variables {x} into {i, A} required
by the general procedure of Section 2.1.

As an example of a variational approximation based on (5.3), let us
suppose that A is some single-particle operator Q. The choice of uncorre-
lated trial states for D(t) and of single-particle trial operators for A(t] has
already been shown to provide the time-dependent Hartree-Fock equations,
together with equations akin to the random-phase approximation (Section
7 of Réf. [3]). We obtain in this way a genuine variational derivation of
these equations, including a proper treatment of the boundary conditions.

When the observable A is no longer of the single-particle-type, the trial
states being kept uncorrelated, the functional (5.3) leads to more elaborate
mean-field theories for the evaluation of < A >tl. In particular, if we
wish to predict from the knowledge of D(to) fluctuations or correlations of
single-particle observables Q at the time tt ,it is suitable as in Section 4
to evaluate a characteristic function by replacing in (5.3) the observable A
by the exponential (4.4) and by using a trial observable of the exponential
form. This program, already sketched in Ref.[24] and applied in Refs.[14-
17], will be worked out in more detail in a separate publication.
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5.2 The state as a Lagrange multiplier

The well-known duality between states and observables is emphasized by
the expression (5.3), which exhibits D(t) as unknown variables {x} and A(t)
as Lagrange multipliers {A}. In Section 5.1, we implicitly started from the
Schrôdinger picture. It is instructive to resume the same inference problem
in the Heisenberg picture. The quantity of interest (5.2) is expressed in
terms of (5.8) as

< A >tl= TrA(^t0)D(I0) . (5.9)

It is now the time-dependent operator A(t',t) which should be determined
by solving a differential equation (with an appropriate boundary condition) .
This can be done in two ways. In the conventional Heisenberg picture
A(t',t) is considered as a function of the later time t' , which varies from to
to <i , and the boundary condition is A(to,t0) = A. Here it is convenient
to work in the backward Heisenberg picture for which the running time in
A(t',t) is the earlier tune t . Thus, A(ti,t) is the solution of the backward
Heisenberg equation

t)1Ir] = O , (5.10)

with the boundary condition A(fi,ti) = A. This procedure is more natural
in view of the form of (5.9), where the time attached to the measurement
of A is the final time ti .

The variables {a;} are now the matrix elements of a time-dependent op-
erator A(t) . The conditions g{x} — O are the equations (5.10) which char-
acterize {x} = {x0} , i.e., A(t) = l(ti,f). The quantity /0 is fTA(t0)D(to)-
Let us denote as D(t) the multipliers {A} associated with the constraints
(5.10), postponing to the next paragraph the justification for this notation.
The functional $' associated with the new formulation of our problem is
then

(ft Tr (-^ - \\A(t),H\} D(t) ,

(5.11)
where A(t) should satisfy the boundary condition A(ti) = A. The sta-
tionarity conditions with respect to D(t), for <0 < * < *i, give back (5.6),
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identical with (5.10). Again an integration by parts provides $' in the form

), D(t)} = TrA(t0)[D(t0) - D(t0)} + TiAD(I1)

and hence the stationarity conditions with respect to A(t) are

^+ 1[JT, P(t)]= O (5.13)

for I0 <t <tl , and
D (t0) = D(t0) (5.14)

(as it should) for t = t0 . Comparison of (5.13) and (5.14) with (5.1) shows
that, at the stationary point of $', D(t) is equal to the time-dependent state
.D(Mo) in the Schrodinger picture.

Thus, going from the Schrodinger to the backward Heisenberg picture
for the prediction of (5.2) has resulted in an exchange between the roles of
D(t) and A (t) , with a corresponding exchange in the boundary terms of
the variational expressions (5.3) and (5.11) of $ and $'. It is an interesting
consequence of the variational formulation of the inference problem in the
Heisenberg picture that it leads naturally to consider the density operator
D(t) satisfying (5.13) as a time-dependent Lagrange multiplier associated
with the constraint (5.10), which is just the (backward) equation of motion
for the observable to be measured at the time J1.

The equation (5.14) seems to indicate that D(t0), the state in which
the system has been prepared at the initial time, should belong to the trial
set for D. However, this equation results from unrestricted variations of
A (to). If A(t0) is not permitted to vary freely, it should be modified into
the weaker condition

Tr 6A(t0)[D(t0) - D(I0)] = O , (5.15)

where 6A(t0) is any a/lowed variation in the trial class. Therefore, we do
not need to impose the initial condition (5.14) on D(t0) since it is found
variationally from (5.15). Suppose for instance that the trial set for D(t)
is restrained to the uncorrelated states and the trial set for A(t) to the
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single-particle operators. The equation (5.15) then means that D (to) is the
uncorrelated state which provides the same expectation values as D(I0) for
the single-particle observables. The state D(to) thus obtained is the initial
condition which should supplement (5.13).

5.3 Remarks

The comparison between the variational expressions (5.3) and (5.11), where
the roles of the trial state D(i) and the trial observable A (t) are inter-
changed, is a further illustration of the dual character of these quantities
which is reminiscent of the duality existing between bras and kets in the
quantum mechanics of pure states. Indeed, in the Liouville representation,
density operators P and observables A are considered as elements of two
dual vector spaces, with scalar product TrAD. This structure is similar
to that of the self-dual Hilbert space, D playing the role of a ket and A
the role of a bra. Moreover, the equations of motion for these various ob-
jects have the same form, the Liouville operator £ playing here the role of
the Hamiltonian. The actions #|# > or < V\H of the latter on a ket or
on a bra are replaced by the actions £D = [H, D] or AfL = [A, H] of the
Liouvillian £. on a state or on an observable.

This formal similitude can be pushed further by noting that the vari-
ational expression (5.3) is the Liouville counterpart of the time-dependent
Lippmann-Schwinger variational principle [2O]. Both come out from the
same unified framework. For the latter, this was already recognized in Réf.
[2j, where it was shown that the unknown variables {a;} and the Lagrange
multipliers {A} were the components of a ket and its dual bra. More-
over,deeper relations exist between the Lippmann-Schwinger approach and
our expression (5.3). We refer the interested reader to Section 3.5 of Réf.
[3] for a detailed discussion.

The formalism of Section 5.1 deals with trial density operators D(t) on
which no normalization constraint is imposed. As in Section 3.4, time-
dependent variational principles can be built where normalization is en-
forced. This procedure would provide a systematic and natural way to
derive expressions which were already written in Section 5.4 of Ref.[3].

In Section 7.3 we shall recover, in the framework of classical hamiltonian
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dynamics, a variational expression involving a covariant Poisson bracket.
This quantity will originate from the term i f dfTi[A(t),H]D(t) entering
(5.3) or (5.11). It is noteworthy that this term already exhibits in quantum
mechanics a Poisson structure.
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6 PREDICTIONS FROM AN APPROXIMATE INI-
TIAL STATE

6.1 The initial state problem

In the method of Ref.[3] which we recovered in Section 5.1, our knowledge
of the initial state was directly implemented into the variational principle
through Eq.(5.4).If this initial state is exactly known, and if its form is
sufficiently simple so that it can be explicitly constructed and included in
the trial class for P(t), there is no further problem. In most practical appli-
cations, however, the exact initial state may involve intricate correlations
which prevent its explicit construction.

To illustrate our concern, let us consider a reaction between complex
systems, for instance heavy ions. We want to predict by the method of
Section 5 the desired properties of the system after collision. Depending
on the observable A of interest, approximate equations of motion can be
derived from (5.3). However, if we wish to use for instance uncorrelated
trial states D(t) , we cannot satisfy exactly the initial condition (5.4). It is
natural in this context to replace the exact initial state D(tc) by an uncor-
related state, given by a mean-field approximation worked out at the initial
time (Q- The standard treatment makes use, for each incoming fragment, of
the Hartree-Fock approximation, the two fragments being boosted towards
each other by means of a Galilean transformation. The considerations of
Sections 3 to 5 render this procedure questionable. Indeed, as already men-
tioned, the Hartree-Fock theory is suited only to the evaluation of the free
energy and of the expectation values of single-particle observables, but it is
not the best independent-particle variational approximation for predicting
other quantities, in particular cross-sections, fluctuations or correlations.
In these cases we have to construct an uncorrelated state which simulâtes
the initial condition (5.4) consistently with the approximation introduced
for the equations of motion (5.1), all this being optimized with regard to
the question asked at the time E1 . We are thus led to incorporate the
search for the best approximate initial condition in an enlarged variational
formulation.

Let us comment somewhat further about the meaning of the initial con-
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ditions and the way they have to be implemented in dynamical problems.
The initial state D(t0) represents our knowledge about the preparation of
the system. When this knowledge is as detailed as possible, it amounts
to specify a wave function. However, in most cases, only some incomplete
set of data are given. A usual procedure for assigning the adequate density
operator to the system then consists in maximizing von Neumann's entropy
under the constraints imposed by the data [25]. This procedure is suited not
only for the standard construction of Boltzmann-Gibbs equilibrium states,
but also for more general dynamical situations. Originally based on infor-
mation theory, it has also been supported for classical systems by purely
statistical arguments [26], relying either on consistency of the method of
inference or on Laplace's principle of indifference (or of insufficient rea-
son). The latter approach, known since Gibbs for equilibrium classical
statistical mechanics, has recently been extended to quantum states [27].
Whatever its justification, the maximum entropy principle, which ensures
least biased predictions consistent with the known initial data, assigns to
the initial state a density operator having a generalized canonical form. As
an example, let us suppose, in the heavy ion problem just considered, that
each initial nucleus is at thermodynamic equilibrium, with its own temper-
ature and momentum. The density operator maximizing the entropy has
the canonical form

D(t0) =

where the operator K is given, in this particular case, by

K = /S1(H1 - V1-P1) + /J2(JI1 - V2-P2) ; (6.2)

here P,-(i = 1,2) is the momentum operator of each fragment, while v,-
and fa ( the velocity and the inverse of the temperature) enter as Lagrange
multipliers. [The localization in space of each nucleus may be accounted for
by introducing in (6.2) additional source terms, but this is not necessary
since the translational invariance is in any case broken by the use of a
mean-field approximation. To treat the usual situation in which the initial
fragments are prepared in their ground states, the zero-temperature limits
/3,rl = O should be taken. Both for generality and for formal simplicity, we
deal below with the case of two thermalized initial fragments).
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We start thus from an initial state having the general form (6.1), where
the operator K is some linear combination of the observables controlling
the preparation ; the coefficients which enter K are Lagrange multipliers
adjusted to the given data. The practical problem which we have to face
to account for the initial conditions is then the exponentiation of K which
cannot be performed explicitly (although it is easy to handle the operator
K itself).

We have implicitly considered so far the state D(t0) as the initial condi-
tion in the Schrôdinger picture. Alternatively, in the Heisenberg picture of
Section 5.2, D(tQ) is just the state at all times which we have to insert in the
variational expression (5.11). (We keep the notation D(tQ) to recall that
to is the reference time when the evolving Schrôdinger state coincides with
the fixed Heisenberg state). Here again, when we want to write explicitly
D(to), we encounter the problem of exponentiating K. The difficulty, how-
ever, is not exactly the same as in the Schrôdinger picture. There it was
impossible to satisfy (5.4) because the initial state D(to) is too intricate to
be included in the trial class for D(i). Here, the state D(t0) enters through
the boundary term of (5.11). As explained at the end of Section 5.2, the
formalism does not require that D(t0) be equal to D(t0), since only (5.15)
should be satisfied. Although the complicated form (6.1) of D(t0) enters
the variational expression (5.11), the only quantities which are explicitly
needed are the averages lT6A(t0)D(t0). In case the controlled observables
include the allowed variations 6A(t0), these averages are directly known
from the initial data. For instance, suppose that A (t) and hence 6 A (to)
are restricted to the class of single-particle observables. Then, if the ini-
tial data include the matrix elements of the single-particle density (plus
possibly more complicated quantities such as the interaction energy), these
data define through (5.15) the approximate state D(t0) if 0(t) is restricted
to lie in an uncorrelated variational class. However, this situation is both
academic (since it implies the detailed knowledge of the single-particle den-
sity) and too restrictive. Indeed, we wish to deal with observables A [and
therefore A(t)] more complicated than single-particle observables (although
the trial states may be kept uncorrelated). To summarize, the Heisenberg
picture (5.11) has brought in some more flexibility than the Schrôdinger
picture (5.3), but the problem of initial conditions (i.e., of exponentiating
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K) remains, except for the prediction of the simplest observables.
We are thus led to look for a synthesis between the approach of Section

3, which was precisely devised so as to build approximations for states of
the form (6.1) at a given time, and the dynamical approach of Section
5. We shall begin with the Heisenberg picture, which, as we have just
seen, is more flexible and better suited to our purpose, since it separates
conceptually the evolution of the system (through the observable) from its
preparation (through the time-independent state).

6.2 The variational expression in the Heisenberg pic-
ture

As in Section 5.2, the quantity /o of interest is the expectation value (5.9)
at the time ti of the observable A in the Heisenberg picture, taken on
the state D(t0). The quantities {XQ} are twofold. On the one hand, they
include the matrix elements of A(ti,t) at all times to < t < ti. These are
determined by the backward Heisenberg equations (5.10) which play the
role of part of the constraints g{x}= O on the subset A(t) of the variables
{a;}. On the other hand, another subset of the variables {ZQ} and of the
constraints g{x} — O are associated with the state (6.1). As in Section 3,
we parametrize this state according to

' (6-3>
where M will be chosen in a trial class simple enough to allow explicit cal-
culations. The corresponding constraints g{x}= Q are the matrix equations

M - K = O . (6.4)

We introduce accordingly two types of multipliers {A}, respectively a
(time-dependent) operator D(t) for t0 < t < ti associated with Eq. (5. 10)
and a (tune-independent) operator B associated with (6.4). The dual vari-
ables M and B are the same as in Section 3, while A(t) and D(t) are the
same as in Section 5.2. (For the time being, the multipliers D(t) and the
variational state D defined by (6.3) are unrelated. The use of similar no-
tations will soon become clear.) The prescription of Section 2 leads us to
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introduce the functional
!, D(t)} = Ti :4(to)e--M/Tre--M + TrS[M - K]

(6.5)
dt

to be supplemented by the boundary condition A(t\) = A. Obviously, the
functional (6.5) encompasses (3.31) which is recovered for ti = t0 and (5.11)
which is recovered for H = K. It admits < A > t l= TrA(S1, t0)D(t0) as
its stationary value. It should be made stationary with respect to the
variational variables {x}= (M,/!(t)} and {X}= {B,D(t)}. The conditions
g{i} = O, i.e., the equations of motion (5.10) [in the form (5.6)] and the
constraints (6.4) on the preparation of the system, are obtained by varying
D (t) and B, respectively. Noting that the first two terms of (6.5) have the
same form as (3.31), we obtain

B = / 1 duDuA(t0)D
l~u - DTiA(t0)D , (6.6)

Jo
the same equation as (3.32). As in Section 5.2, the stationarity with respect
to A(t) is written after performing an integration by parts. This yields
Eq.(5.13) by varying A(t) for t0 < t < E1, and

by varying A(to). Thus, the variational equations indicate that the mul-
tiplier D(t) coincides with the Heisenberg state at to and that it evolves
according to the Liouville-von Neumann equation, which allows to inter-
pret this multiplier as the density operator in the Schrodinger picture.

The complete elimination of the multipliers along the lines of Section
2.3 cannot be performed here since the time-dependent equations (5.13)
for D(t) are as complicated as the original equations of motion (5.10). We
may nevertheless make use of (6.6) and (6.7) to eliminate both B and M in
(6.5). We obtain thus

= Tr AD- Tr[(A-TrAD)D I n D ]

-Tr[(A- TrAD)D D~»KD«] (fi g)
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where we have written for shorthand A and P instead of A(I0) and D(t0).
The expression (6.8) is a stationary functional of A(t) and D(t) for t0 <
t < ti ; however its stationarity with respect to A(tQ), which led to (6.7),
is already accounted for. It appears as a time-dependent generalization
of (3.33), to which it reduces for t0 = ti and for a canonical distribution
K = f)H. Because we have not made the full elimination of half of the
variables, we do not find here a variational bound.

In practice, (6.5) or (6.8) and their variations should be evaluated ex-
plicitly by chosing D(t), A(t) [and possibly M and B] in some simple trial
spaces. This will lead to approximate equations of motion for P(t) and A(t)
and also to approximate variational boundary conditions for D (to) ^ D(to).
In such a scheme, we expect in general the approximate equations of mo-
tion and boundary conditions to be coupled to one another. Thus, the
variational state D (to) will approach the exact initial state (6.1) in a way
which optimizes the quantity < A >t, to be predicted. In contrast to the
exact state D(to), it will depend on the observable A and on the time t\.

For example, if we take single-particle operators for A(t) and uncorre-
lated states for D(t), we obtain the standard Hartree-Foclc equations, both
static for the initial state D (to) and time-dependent for the evolution of
P(t). Thus, these two sets of equations come out naturally from a unique
variational framework. They are, however, unsatisfactory when the ob-
servable A on which we want to make predictions is not a single-particle
observable. In such a case, the variational operator A(t) [if taken in the
single-particle class] will obviously not succeed to adjust itself onto A. This
remark is especially relevant for the evaluation of fluctuations or correla-
tions of single-particle operators. Then, it is natural to use the method of
characteristic functions and to let ln>I(t) rather than A(t) vary in the set
of single-particle operators, so as to satisfy at least the boundary condition
for A(ti) exactly. The variational equations thus obtained via (6.5) or (6.8)
will differ from the Hartree-Fock equations. Indeed we shall see in working
out this program [12] that the independent-particle approximation for the
initial state best adapted to our purpose will not be given by the standard
static Hartree-Fock equations ; it will again depend on the observable A
considered.

We have thus achieved our goal, namely to write a unique variational
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expression which incorporates both a static variational principle for approx-
imating the state and a dynamic variational principle for approximating
the évolution. Since the quantity < A >tl to be predicted is the stationary
value itself of $H> both approximations are adjusted consistenly upon the
posed question.

6.3 Schrôdinger picture

For the sake of comparison, let us consider the same problem in the Schrôdinger
picture. Here the quantities {ID} are the initial state D(to) and the von
Neumann density operator D(Mo)- We parametrize, for t0 < t < J1, the
variational state D (t) by the form

e-M(t)

T r C O '

The variables {x} of Section 2 are the matrix elements of D(t) [or of M(t)}
at all times t0 < t < *i (including t = t0) . The equations g{x} = O which
determine them are the initial conditions

M(t0) -K = O (6.10)

at the time to, plus the equations of motion (5.1) at the subsequent times,
while the unknown quantity /0 remains the same, i.e. (5.2), as in Section
5.1. We have again two subsets of parameters {A}. Considering (6.10) as a
set of constraints, the conjugate parameters {A} are the matrix elements of
an operator B as in Section 3 ; to the equations of motion (5.1) we associate
as parameters {A} a time-dependent operator A(t) as in Section 5.1. We
obtain then the new functional [where D(t) stands for (6.9)]

; S, ;«(*)} - Tr AD(ti) + TrB[-M(t0) -

which admits < A >«,= TrAD(Ji, i0) as its stationary value. The sta-
tionarity equations with respect to B provide the initial conditions (6.10) ;
with respect to A(t) they provide the equations of motion (5.1). To get the
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stationarity conditions with respect to M(t), we perform again the same
integration by parts as in (5.5). We obtain thus for t = t\ the final con-
dition A(ti) = A and for t0 < t < ti the backward Heisenberg equation
(5.6) governing A(t). In addition, we get for t = to an explicit equation
determining B, which is the same as (6.6) with D replaced by D(t0).

Thus, the roles of D(t) and A(t) are interchanged (as in Section 5)
when going from the Heisenberg to the Schrôdinger picture, although the
variational expressions (6.5) and (6.11) are nearly the same and although
they provide the same equations. Actually, when integrated by parts, (6.11)
reduces to (6.5) plus boundary terms which disappear when the boundary
conditions D = D(to) and A ( t i ) = A are satisfied. However, the Heisenberg
picture separates better the various ingredients involved, since it clearly
exhibits as variables {x} the time-dependent operator A(t) and the fixed
state D which should both adjust themselves to the quantity of interest
< A >t,. In the Schrôdinger picture, the static approximation [on P(^o))
and the dynamic approximation [on D (t) for t > t0] are more entangled.
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7 VARIATIONAL FORMULATIONS OF CLASSI-
CAL INFERENCE PROBLEMS

In Sections 3 to 6, we have posed and set into a variational form prob-
lems concerning expectation values of observables in quantum statistical
mechanics, either at equilibrium or for time-dependent processes. We in-
dicated that the formalisms encompass quantum mechanics of pure states
; it suffices to constrain all density operators to be projectors or, for static
problems, to let the temperatures tend to zero. The formalisms also encom-
pass classical statistical mechanics, within a few changes which we review
in the present Section.Indeed, each one of the problems considered above
has its classical counterpart, and the various formulae which we wrote are
easily transposed, either by taking their classical limit, or by relying on the
formal similitude between quantum and classical statistical mechanics.

7.1 Classical statistical mechanics
The canonically conjugate operators are replaced by the space coordinates
qk and their conjugate momenta p^, which commute and which should be
considered as random variables. At each time, their probability distribu-
tion defines the density in phase space D[q,p\. More generally, a classical
observable A is a function -4[g,p] of the coordinates qk,pk , which is also a
random variable. For instance, a single-particle observable is now a sum of
functions, each depending on the coordinates of a particle.

The classical counterparts of the various equations written in Sections 3
to 6 are obtained by means of the following changes. After having replaced
density operators and observables by functions in phase space, the traces
should be replaced by integrals over phase space. The measure in such
integrals is given by

Tr =>drfdr, drEECn^Pfc^n^V!?)- I7-1)J **n

It contains a weight C which is the only remnant of quantum mechanics
in the classical limit. The factor 5 accounts for indistinguishability ; it is a
symmetry number, equal to the number of automorphisms of phase space
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which leave an arbitrary configuration invariant when identical particles are
not labelled. Moreover, the commutators may be neglected, except when
they are divided by h (which should be restored in all our equations). In
particular, in time-dependent problems (Sections 5 and 6), the evolution
of a density operator or of an observable (either one denoted as X) was
generated by the commutator [H,X]/h. Such a commutator divided by ft
should be replaced everywhere by a Poisson bracket according to

l\HX\=»tnx\-aHdX 3X3H-LX (12\-[H, X] => {H,X} = —k— - —k-^-k = LX . (7.2)

We have recalled in (7.2) the definition of the Liouville operator L which
generates in classical mechanics the equations of motion in phase space.
The integrated form of (7.2), which we need in equations such as (5.8),
provides the replacement

Two alternative paths may be followed to justify the above rules. A first
possibility consists in relying on the formal similitude between classical and
quantal statistical mechanics. Densities in phase space and random vari-
ables play the same roles as density operators and observables respectively,
with integrals in phase space replacing traces. The classical equations of
motion (Liouville or Hamilton's) involve Poisson brackets instead of the
commutators entering their quantum equivalents (Liouville-von Neumann
or Heisenberg's). The alternative justification is slightly more involved, but
it provides both the expression of the measure in (7.1) and the possibility
of evaluating quantum corrections to the classical equations. It consists in
rewriting first the equations of Sections 3 to 6 in the Wigner representation,
then letting ft tend to zero. Even before this limit is taken density operators
and observables are represented by functions of a point in phase space, and
the trace is represented by an integral with the weight (7.1). The equation
(7.2) comes out when expanding in powers of ft a commutator which has
been preliminarily expressed in the Wigner representation.

We shall not write all the classical counterparts of the equations of
Sections 3 to 6, since the above replacements are quite straightforward.
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Note, however, that commutation brings in several simplifications. In par-
ticular, in equations such as (3.10), (3.19), (3.21), (3.23), (3.28), (4.13) or
(6.5), integrals over u,v,w were needed, for non-commutation reasons, to
express the variation of the exponential of an operator. Such integrations
can be explicitly performed when the operators commute, and disappear
from the corresponding classical equations. Moreover, in Section 4, since H
commutes with Qi and Q2, the characteristic function (4.3) now takes the
same form as a partition function, the Hamiltonian being merely modified
by the addition of a source term £iQi + £zQ2. Accordingly, the variational
principle provides this characteristic function as a maximum, even for finite
values of & and C2, as was already noticed in Section 4.2.

In Sections 5 and 6 we introduced a Lagrange multiplier A(t) which was
associated with the equation of motion for the density operator D(t) and
which was an operator in Hilbert space. Here, the multipliers A,- accounting
for the Liouville equation for the density distribution in phase space become
a time-dependent function /t[g,p,t] of the point qk,pk, the index j denoting
the continuous coordinates qk,pk,t.

As an example, let us write the variational principle which provides the
expectation value at the time ti of some function A[q, p] of the random
variables 9fc,pjt, when the density in phase space is given at the initial time
t0. This is the classical analogue of the question treated in Section 5.1, and
the answer is readily obtained by transcribing the expression (5.3), which
becomes a functional of the two functions D[q,p,t] and A[q,p,t] :

,p,t], A[q,p,t]} = J drD[q,ptti\A[q,p]

dt f drA[g,p,t}

(7-4)
where the given initial state is D[q,p,to]. Stationarity with respect to
^[ïiP^l provides the Liouville equation for P[g,p,t]. As in Section 5.1
, the variational object A[q,p,t] is interpreted as a time-dependent classical
observable. Its equation of motion,

^ = LA = (H, A ] , (7.5)

obtained either by varying D in (7.4) or in analogy with (5.6), is the classical
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limit of the "backward Heisenberg equation" (5.6), the boundary condition
being jd[g,p,ti] = -A[g,p]. Note that equation (7.5) differs by a sign from the
Hamilton equations, the classical analogues of the Heisenberg equations.
Indeed, as denned in (5.8), A(t',t) becomes here e~L^'~^A according to
(7.3). With respect to the time t', A(t',t) follows the Hamilton equations,
but A(t) = A(ti,t) follows the "backward HamiJton equation" (7.5). The
time t in A (t) should be considered as a running initial time, and /I[9,p,t]
is then the function of coordinates (in phase space at the time t) which will
later on coincide with A[q,p] at the final time t\.

When restricting the trial space for D to uncorrelated distributions in
phase space the various variational principles of Sections 3 to 6 provide
various classical mean-field approximations. In particular, (7.4) generates
thus approximate equations for the one-body reduced density (in the single-
particle phase space). If the classical observable A is a single-particle quan-
tity , it is easily checked that this procedure provides the Vlasov equation,
the classical counterpart of the TDHF equation (plus other equations akin
to the classical version of the RPA). The Vlasov equation appears therefore
as the equation of motion which is variationally the best suited to describe
the evolution of classical single-particle quantities. Classical problems in-
volving fluctuations or correlations of such quantities would lead to different
approximate mean-field equations of motion.

7.2 Hamiltonian classical dynamics
Suppose we wish to write a variational expression for the value A\tl of
some function A[q,p] at the time ti, when the initial state is a given point
qk(to), Pfc(to) in phase space. By using the general method of Section 2 we
may achieve this goal in two different ways.

a) Let us first adhere to a strict Hamiltonian viewpoint. Noting that the
quantity of interest A\tl is just A[q(ti),p(ti)] where qk(t),pk(t) are given by
the Hamilton equations with the initial conditions qk(tQ), Pk(to), we take
as variational parameters {x} a set of functions Qk (t), Pk (t) and as multi-
pliers {A} accounting for the Hamilton equations another set of functions
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%k(t), Sk(t). The quantity A\tl is then the stationary value of

where the functions Pk(t),Qk(t), £fc(0> Sk(t) are the independent varia-
tional variables, the initial conditions being qk(to), Pk(to) for Qk, Pk-

b) An alternative approach is closer to the statistical spirit of the pre-
ceding Sections. It consists in considering classical pure states as limits of
states represented by density distributions in phase space for which the an-
swer is given by (7.4). It suffices therefore to replace in (7.4) the variational
density V\q,p,t\ by the tune-dependent classical pure state

P[g,p,t] — C-1IjJ[C* — Qk(t)] S[pk - Pk(t)] , (7.7)

which represents the trial trajectory Q(t),P(t) in the formalism of statis-
tical mechanics. The normalization constant in (7.7) comes from (7.1) ;
for indistinguishable particles, the right-hand side of (7.7) should be sym-
metrized by permutation. Instead of defining the trajectory by the Hamil-
ton equations considered as constraints g'{x} and of associating multipliers
Ay to them, we keep as constraints on D[q,p,t] parametrized by (7.7) the
Liouville equation at each point of phase space. The variational objects are
thus the trajectory coordinates Q(t), P ( t ) with the given origin q(io),P(EO),
plus the multiplier A[q, p, t] accounting for the Liouville equation. The vari-
ational functional having A\tt as its stationary value is then obtained by
inserting (7.7) in (7.4) , which yields

*{Q(t),P(t);A(q,p,t]} =

tn

(7.8)
In the time integral, A and (H, A} are taken for qk = Qk(t),pk = ?k(t).

The expression (7.8) is intermediate between (7.4) and (7.6). It differs
from both of them through its lack of symmetry between the unknown
quantities x (here the functions of time Qk(t) and />(£) ) and the multipliers
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A (here the function ^[c,p,t] of coordinates in phase space and time). This
asymetry arises from the fact that, although the Hamiltonian equations
were sufficient to define the trajectory, we have characterized the dynamics
by making use of the Liouville equation, which contains more information.
Indeed, the latter expresses in addition the conservation of probability along
the Hamiltonian flow in phase space. We are therefore in a situation (not
excluded in Section 2.1} where we have introduced a multiplier A7 for each
constraint g'{x} although the set of constraints is overcomplete. Hence, we
expect $ to remain constant under some variations of the multipliers, since
the conditions d$/d\j = O are not independent. (This invariance of $ is
reminiscent of gauge theories.) Let us distinguish more precisely which are
the irrelevant degrees of freedom in ^[g,p,t], i.e., those on which $ does
not depend. By concentrating P on some classical trajectory Q'(t),Pj(t),
we have automatically satisfied the Liouville equation at the points q, p ^=
Q(t),P(t) where D vanishes. For this reason (7.8) does not depend on
the values taken by jtf[g,p,t] over the whole phase space, but only on its
values and partial derivatives along the trajectory Q (t), P(t). Moreover, the
conservation of probability along this trajectory, expressed by the Liouville
equation, has already been taken care of when C was assumed to be time-
independent in (7.7). Here again, this corresponds to an invariance property
of (7.8), namely the fact that $ remains unchanged when an arbitrary
function of tune is added to A [q, p, t] (it is easy to check that if we had kept
in (7.7) an undetermined normalization factor z(t) , the equation dz/dt = O
would have resulted from variations 6 A [q, p, t] independent of qk, pk). These
remarks on the invariance of (7.8) explain why its variations depend on
6A[q,p,t] only through the values of the partial derivatives Rk = dA/dqk ,
Sk = dA/dpk along the path Q(t), P(t).

It is of course possible to get rid of the superfluous multipliers by
parametrizing A[q,p, t] as

A\q,p,t] = Rt(ttf + Sk(t)pk (7.9)

in terms of trial functions K.k(t), Sk(t) ; we then recover (7.6) by inserting
(7.9) into the functional (7.8). However, we shall see in the next Section
the interest of living with a redundant set of multipliers and of using (7.8)
as it stands. As noted in Section 2.1, the saddle-point then is not unique
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in agreement with the invariance properties of $ just discussed. The sta-
tionary value of $ is attained not for a single function A[q, p, <j, but for
all the functions having the same partial derivatives along the trajectory

Q(t),P(t).
In the light of these remarks, let us analyze the variational equations

which result from (7.8). The stationarity with respect to A provides the
Hamilton equations for Qk(t),Pk(t) [this stationarity is trivially satisfied
for variations of A outside the trajectory]. The stationarity with respect to
Qk(t),Pk(t) when t0 < t < ti gives equations of motion for /l[g,p,t], which
are however incomplete. A special solution is obtained by means of the
parametrization (7.9), in which case the equations of motion are

dRk _ .t= S(

dt
dSk

~dT = s ™"*n ~ Rt

But of course any function ^[c,p,t] with partial derivatives K.k = dA/dqk,
Sk = dA/dpk obeying (7.10) is also a solution of the equations of stationar-
ity of (7.8) with respect to Qk(t), Pk(t) for t0<t<ti. This class includes
obviously the functions /l[g,p,£] satisfying (7.5). Finally, the stationarity
with respect to Q4^1), Pk(ti) provides the boundary conditions

' = for ''•" = « ' •
These are also incomplete, since they determine only the partial derivatives
of >l[g,p,ti] at a single point, the end point of the trajectory.

7.3 Covariant Poisson brackets recovered

The formal structure of the variational expression (7.8) sheds light on the
formulation of classical mechanics and field theory in terms of covariant
Poisson brackets which was recently proposed by Marsden et al. [19]. In the
framework of Hamiltonian dynamics, such brackets are denned as follows.
Consider in phase space a path 7 parametrized by Qk(t),Pk(t). Let F and
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G be two functionals of -y. Their covariant Poisson bracket is

dts J
where the functional derivatives are defined by varying the path -y. It is
convenient to assume that the path 7 and the integral in (7.12) extend
beyond the times to and ti, thus allowing for variations of the path 7 at
these initial and final times.

Covariant Poisson brackets already appeared in the work of Peierls [28],
and they have been thoroughly discussed in field theory under the name
of Peierls brackets (see for instance Réf. [29]). They are rooted in linear
response theory. Let us suppose that the functional F is a small perturba-
tion added to the action, and that the initial conditions at t — > — oo remain
unchanged. Then, to first order in F, the functional G evaluated along the
actual trajectory becomes G + Dp G , where Dp G is the causal response of
G to F. Likewise, if the final conditions at t — > +00 are fixed, G is modified
into G + DpG, with an anticausal response. The Peierls bracket is defined
as Dp G — Dp G. In the case of classical dynamics in phase space, it is easily
seen to be equal to (7.12), where P(t), Q(t) is the actual trajectory.

Covariant Poisson brackets may be used to write an equivalent formu-
lation of the variational principle (7.8). As a first functional of the path -7,
we consider the action

S = J Jt [Pk(t)W^--H[Q(t),P(t),t}} , (7.13)

where the time interval extends beyond [to, $1). We introduce also the func-
tional

Y=[tldtA(Q(t),P(t),t]. (7.14)
J tu

A straightforward calculation then allows to express (7.8) in terms of (7.13)
and (7.14). It yields the form

] = A(Q(L1), P(I1)] - (y,5}(7) (7.15)

for the variational functional which provides A\tl . The path -y is pinned
at the point q(to),p(to) at the initial time I0 (in contrast to the bound-
ary conditions q(to),q(ti) usually associated with the hamiltonian action
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(7.13)). As in Section 6, a slight modification of the functional <1> including
an additional boundary term at the time t0 [see Eq.(6.11)] is feasible, which
would involve a variational path 7 free at both ends.

The stationarity of (7.15) with respect to arbitrary variations of A,
which enters through (7.14), leads to the equations of motion In the form

{«Y, SH-Y)=O ,VSY. (7.16)

These equations, which are sufficient to determine the actual trajectory 7
and are thus equivalent with the Hamilton equations, were (in the slightly
more general form {.F, S}(7) = O for any F) the Parting point of the
investigations of Réf. [19]. They were presented there as an observational
fact (which led to a new formulation of classical field problems), whereas
they appear here as an outcome of our variational approach.

Moreover, in the present framework, the functional (7.15), used in con-
nection with the definiUon (7.14) and the initial conditions at t0 for the path
-y, should be made stationary by varying aiso 7. This yields (incomplete)
equations of motion for A.

Finally, the first term in the right hand side of (7.15) is absent from
Réf. [19]. In the present context, this term is necessary for keeping track of
tie question to which the variational principle gives an answer, i.e., what
is the value of A\tl ? Indeed, the quantity A \q, p] enters only through the
boundary equations (7.11) for A, which arise from the variations of the
path 7 at the tune ^1. The determination of A, through its equations of
motion and boundary conditions, is not useful when exact equations are
considered, since A\tl results directly from the knowledge of the trajectory
If. However, in a variational scheme making use of restricted trial spaces for
Tf and A , the quantity of interest A\tl is approached as the stationary value
of $[7; A]. The ensuing approximate equations for 7 and A may become
coupled, and the second term of (7.15) may contribute to the approximate
stationary value. The determination of A becomes then a necessary ingre-
dient, together with the approximate trajectory 7, both being fitted to the
optimization of A\tl.

To get some insight on the meaning of the functional Y and on the origin
of the covariant Poisson bracket {Y, S ] ( ^ ) in (7.15), let us resume what we
have done. Instead of taking as the \rariables (T'} of the general theory
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of Section 2 the trajectory in phase space, we took the density in phase
space (7.7) associated with this trajectory, the index i being continuous and
denoting the coordinates in phase space and the time. As a consequence
the constraints g'{x} were the equations (d/dt -L)P = O, at each point of
phase space and at each time. The set {Ay} vas the function A\q,p, t], as
if the problem were posed in statistical mechanics. The functional (7.14)
then takes a more transparent form, since we get from (7.7)

Y= I'' dt I drA[q,p,t] D\q,p,t\ , (7.17)
* *n •>

which is nothing but the contraction

Y = A,-x!' (7.18)

between all the variables {x} characterizing the density in phase space and
the multipliers {A} . Comparing with quantum mechanics by means of
(7.1), we see that (7.14) is the limit of the time intégra/ of TrA(t)D(t)
when D(t) is the pure classical state (7.7). In Section 3.2 of Réf. [3], we
have seen that TrA (t) D (t) does not depend on time when A and D are the
solutions of the variational problem, and that it is equal to < A > t l . At
the stationary point of (7.15), we have therefore

y = (ii-toM|i, = (*i-*o)*; (7-19)

hence Y is directly related to the quantity of interest.
The steps which led from (7.4) to (7.15) may then be understood as

follows. Considering Y as a function of the variables {x, A} (which are here
•^[<7jP>t] and P[c,p,t]), we can generate the term A,-gJ of the functional $
by applying to (7.18) the operator

IW^. (7.20)

We recover thus the time integral term of (7.4) by applying
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on (7.17). If D is restricted to the pure state form (7.7) both in (7.21) and
in (7.17), the operator T takes the form

= fdtj
. 6S d 6S d \ 6

T

f
\

_ A 6S~
SPk(t) 6Q*(t) 6Q*(t) 6Pk(t)

of a covariant Poisson bracket with the action (7.13), Hence, we find for
such a pure state

Ty-(F5SX-/), (7-23)

and we recover the last term of (7.15) as the result of the action of (7.20)
on (7.18).

Thus, provided we start asking in the language of classical statisticaJ
mechanics the question "what is the value A\tl of the quantity A[q, p\ at
the time t\ ? ", the derivation of classical dynamics in the formulation of
covariant Poisson brackets follows naturally. The answer to this question
is obtained in a variational form by means of the method of Réf. [2] and
Section 2, which incorporates the equations of motion within an optimiza-
tion procedure for determining A\tl. It would be interesting to extend this
approach and derive ab initio the various covariant Poisson brackets which
express in a compact fashion various classical field problems, as discovered
in Réf. [19]. Being both systematic and flexible, the general method for
constructing variational expressions which has been used throughout the
present paper may be helpful in building the type of formulation of classical
field theory which is suggested in that reference.
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