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All actions take place in time by the interweaving of
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Introduction

An important part of the theoretical studies in nuclear physics is devoted to the
description of a nucleus in terms of its constituent nucleons, and to derive nuclear
properties from that description, both for the ground state and the excited states.
The problem is more difficult in the nuclear case than in the atomic case, where it is
assumed that the electrons in the atom move around the heavy, positively charged
centre of the atom, the nucleus. The extra complications are the lack of a dominant
central force that defines a real centre of the system, the complex nature of the
nucleon-nucleon interaction, and the existence of two classes of particles - neutrons
and protons - each class separately obeying the exclusion principle. However, there
is strong evidence that each nucleon can be considered to move in an average field
of force that is produced by the other nucleons. This approximation, the mean-fieid
approximation, is one of the fundamental approximations in the shell model. Thus,
using an independent-particle model as we can do for the electrons in an atom, we
can characterize the states that the nucleons occupy by quantum numbers n and
/, which identify the energy level and the orbital angular momentum.
In the same way as atoms exhibit a shell structure and have completely filled shells
when all occupied levels have their full quota of electrons, nuclear levels also exhibit
a shell-like structure. Since there are two classes of particles in a nucleus, there are
two shell arrangements, one for protons and one for neutrons. At certain values
of the proton number Z or the neutron number JV, corresponding to completely
filled shells, nuclei are particularly stable, in the same way as inert gases consist of
atoms with completely filled electron shells. These values of Z or N - commonly
called 'magic numbers' - are 2, 8, 20, 28, 50, 82, and 126. Evidence for these magic
numbers is formed by, for example, the natural abundance of elements, the energy
of the first excited state in even-even nuclei and one-nucleon separation energies.
Nuclei that have either a magic proton number or a magic neutron number are
called 'magic nuclei', and nuclei with both a magic proton number and a magic
neutron number are called 'doubly magic nuclei'.

M. Goeppert-Mayer and J.H.D. Jensen independently explained the values of the
magic numbers in 1949 by proposing that, in addition to the average central force,
there is a strong spin-orbit interaction in nuclei. This spin-orbit force acts on each
nucleon and is proportional to / • s.
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The last few years another description of the atomic nucleus, that based on quarks,
has received increasing attention. One assumes that each nucleon consists of three
quarks each and that a nucleus of mass number A consists of 3A quarks. In this
thesis the description in terms of protons and neutrons only will be used, since it
seems satisfactory for the interpretation of most nuclear-structure effects, provided
it is applied with proper care.
In particular the many-body character of the nuclear system prevents the calcula-
tion of an exact solution of the schrodinger equation. No systematic computational
schemes have been developed with which one can calculate the wave function for
a system of more than three interacting particles. The matrix representation of
the nuclear hamiltonian is of infinite dimension and therefore we have to discard
a large part of the hamiltonian matrix for a diagonalization to be feasible. This
truncation has a disadvantage: if the behaviour of the nucleus is described well
by the full hamiltonian, we cannot expect the same to be true for the truncated
hamiltonian. There arise two questions

1. How can we modify, renormalize, the truncated hamiltonian such that the
wave functions obtained by diagonalizing the modified or effective hamil-
tonian describe the nucleus as well as possible?

2. Which model space should be used and what is the relation between the
model space and the effective hamiltonian?

To answer the second question first: the model space should be chosen as large as
possible. States in nuclei are only rarely described well by simple, one-component
wave functions. Configuration mixing, taking into account more than one distri-
bution of nucleons over the orbits and more than one way of coupling to the final
angular momentum and isospin, is essential for a good description of nuclei.
The actual size of the model space is limited by the shell-model program that
is used and the computers that are available to perform the calculations. The
relation between the model space and the effective hamiltonian is discussed in
chapter 5.
The first question can be answered in more than one way since there are a few
alternatives for constructing the hamiltonian

1. Calculate the hamiltonian ab initio, that is derive it directly from a realistic
nucleon-nucleon interaction between free nucleons.

2. Parametrize the hamiltonian in terms of N parameters, that is, put H =
H(\x,..., \jv) and determine these parameters from a least-squares fit of
calculated properties to experimental data.

3. Approximate the nucleon-nucleon (NN) interaction between two nucleons
in a nucleus by a simple analytical expression.

In this thesis we will pay attention to all three methods and we will discuss a few
methods for constructing effective hamiltonians.
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Figure 1.1. The maximum ratio of neutron
number N and proton number Z in experimen-
tally identified light nuclei as a function of Z.
Data taken from [103].

Chapter 2 gives a summary of the theory of the harmonic-oscillator shell model.
In chapter 3 we shall apply the method to construct the effective hamiltonian dis-
cussed in chapter 2. The matrix elements of the effective hamiltonian are written
as linear combinations of certain parameters and these parameters are determined
by a least-squares fitting procedure. This method is applied to light nuclei, in par-
ticular to exotic nuclei, i.e. nuclei with a large surplus of neutrons or protons.
There is currently much interest in exotic nuclei, both from the experimental side
and from the theoretical side. Exotic nuclei provide a testing ground of existing
nuclear-structure models under extreme conditions, namely for nuclei with high
isospin. In this thesis we will consider only the neutron-rich exotic nuclei.
The highest neutron-proton ratios are observed in the region of the p-shell nuclei,
where neutron-proton ratios larger than two, and in one case - 9He - even larger
than three, have been observed, as is shown in figure 1.1. For these nuclei properties
such as mass excesses, magnetic dipole moments, halflives, charge radii and matter
radii have been measured.
In chapter 3 we present the results of a theoretical study of exotic nuclei in the
region of Z=2-9 and A=4-30 with a mass-independent effective interaction and
we discuss one of the most interesting problems in this region, namely that of the
neutron halo in nLi.
In chapter 4 we will pay attention to the region of nuclei near the heaviest doubly
magic nucleus, 208Pb (Z=82, JV=126), and we present the results of shell-model
calculations of spectra and various other properties of these nuclei. The nucleus
20SPb and nuclei in its neighbourhood have also received a great deal of attention.
Some of the recent problems in this mass region were the quenching of Ml strength
in 208Pb and 206Pb, and the spectroscopic factors measured in proton knock-out
reactions. In this calculation the method used to derive the effective hamiltonian
is the simplest method known, and also one that is frequently used: a simple
analytical expression, which contains a few free parameters, is used as effective
interaction. The conclusion of this chapter is that, despite the simple form of the
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hamiltonian, the results are quite satisfactory.
The fundamental approach, where one tries to calculate the hamiltonian directly
from the realistic NN interaction, is extremely difficult. The truncation of the orig-
inal hilbert space to a finite model space gives rise to complicated expressions for
the relation between the full hamiltonian and the truncated or effective hamil-
tonian [24,84,89]. Furthermore, it is impossible to determine unambiguously an
expression for the short-range behaviour of the realistic NN interaction. Despite
initial enthusiasm in the sixties and seventies, only few successes have been ob-
tained; especially for nuclei such as 180 and 42Ca, which can be looked upon as
consisting of a core and only two valence nucleons.
The final chapter presents a recently proposed method - described first by Suzuki
and Lee [92] - that, in principle, enables us to derive the effective hamiltonian
directly from the realistic NN interaction with algebraic techniques. This method
is mathematically more complicated than the first two methods used in this thesis,
but is essentially parameter-free. This chapter presents the necessary theory and
the numerical results obtained from one of the iteration methods given by Suzuki
and Lee.

Part of the results presented in chapter 3 were published in [76], Chapter 4 is a
revised version of a paper that was published as [77], and now contains a compar-
ison of the theoretical results derived earlier with some very recent experimental
data.



Harmonic-oscillator shell model

This chapter starts with a presentation of some aspects of the mathematical detail
of the harmonic-oscillator shell model. In the second part of the chapter we intro-
duce the talmi integrals and we show that the matrix elements of a translation
invariant hamiltonian can be expressed in these integrals. The talmi integrals can
be determined empirically from a set of experimental data with a least-squares
fitting procedure that is described in section 2.6. Finally we discuss an attempt to
determine an approximate analytical expression for the effective interaction from
the empirically determined talmi integrals.

2.1 Construction of the hamiltonian
The non-relativistic hamiltonian for a nucleus with mass A, a system of A particles
with masses m^ and momenta pk experiencing a translation invariant two-body
interaction V, can be written as [14,24,42]

£ ^ 5>H, (2.1)

where we write

Vu = V{rk - ?,) (2.2)

and degrees of freedom other than the position coordinates, such as spin, isospin
and parity, are suppressed. The precise form of the two-body interaction will be
discussed later on. An important assumption is that the two-body interaction
depends on the relative distance between the nucleons and not on their absolute
position. As a consequence, the hamiltonian given by equation (2.1) is translation
invariant and can be written as the sum of a part that depends on the intrinsic
coordinates and a part that depends on the coordinates of the nuclear centre of
mass [14]

p pi \ 2„ P2 . A \mkmi (pk pi \

(2.3)

13
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Here we use the following definitions

A A - 1 -*

and the identities [14]

= ^ 2M \mk~~mi) ' 5

2(r1t - r , ) 2 . (2.6)

From now on we will make the assumption that all masses mk are equal to the
nucleon mass m, which simplifies the expressions.
The next step in the derivation of the nuclear hamiltonian is the introduction of
the residual interaction. One adds a one-body operator U to the one-body operator
T in equation (2.1) and subtracts U from the two-body operator V

H = T + V—>H = (T + U) + (V-U) (2.7)

with

U = Y:\m^rl (2.8)

This procedure is based on the expectation that the mean field experienced by a
nucleon and generated by the other A — 1 nucleons will lead to a small residual
interaction V — U. The mean field is usually approximated by a harmonic-oscillator
potential, as can be roughly justified by self-consistent calculations of the mean
field.
At first sight adding and subtracting U, and introducing position coordinates do
not change the hamiltonian. However, the simple act of introducing these coordi-
nates fit, with respect to the origin in a laboratory system, implies a breaking of
translation invariance. This leads to an unwanted term in the two-body part of
the hamiltonian, since V — U now depends explicitly on the centre-of-mass coor-
dinates. The potential U defined in equation (2.8) is the sum of an intrinsic and a
centre-of-mass part

U = J2\mu*rZ (2.9)

and this equation clearly shows that the two-body part V — U of the hamiltonian
contains a centre-of-mass term.
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Since we are only interested in the intrinsic properties of the many-body system,
we are free to modify J;he centre-of-mass part of the hamiltonian and therefore
we add a term ^Mu7nt to the two-body part of the hamiltonian so as to cancel
the unwanted term. Therefore, the operator .Hem, given by equation (2.3), is now
modified by adding a harmonic-oscillator potential in the centre-of-mass coordinate
R to the hamiltonian given by equation (2.3)

H —*HU = H + \Mu2R2. (2.10)

Here a; is a free parameter that will be specified in a later stage of the calculation.
Although in an infinite configuration space the frequency w does not influence the
intrinsic properties of the nucleus, it is an important parameter in a restricted
configuration space or model space, since it determines the spatial extension of
the selected basis states, as we will show later on.
The modified hamiltonian can be written as

The hamiltonian we have now constructed can be rewritten as the sum of a centre-
of-mass operator H"m and an intrinsic operator flj£tr. These operators commute
since H^ depends only on the centre-of-mass coordinates and H%ult depends only
on the intrinsic coordinates. Therefore, the eigenstates of Hw can be chosen to be
simultaneously eigenstates of both H^ and ff£tr, with eigenvalues equal to the
sum of the eigenvalues for H^, and ff£tr.
The term ^Mu>2R2 added to the hamiltonian leads to a complication, since the
introduction of an origin results in three extra degrees of freedom, the coordinates
of the centre of mass, that has no relevance to the actual problem. The non-
physical states due to the excitation of the centre of mass can be distinguished in
the spectrum by making use of a method outlined in [42].
It is necessary to consider only those eigenstates of Hu that have the same eigen-
value with respect to H^. The most convenient choice is to select those states
that are ground states of the centre-of-mass motion. All other eigenstates of H"
are called spurious states. The spurious states can be identified when they are
moved upwards in the energy spectrum by an operator

with

^ \ (2.13)

and M, P, and R being defined in equation (2.4). The operator B% is added to the
hamiltonian given by equation (2.11). With $ = 5 ~ 10 the spurious states appear
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in the spectrum at much higher excitation energies than the non-spurious states we
are interested in and can be ignored. Finally, an amount of |fiw is subtracted from
the hamiltonian in order to correct for the centre-of-mass zero-point motion.
The total hamiltonian is thus given by, after separation of intrinsic and centre-of-
mass parts,

r+Ho + Hi. (2.14)

This hamiltonian Hp has been constructed in the infinite-dimensional hilbert space
of the .A-particle wave functions. In practice we have to use a model space, a finite
sub-space of the hilbert space. The projection onto the model space gives rise to
an effective hamiltonian Heg = PHpP. We will come back to the relation between
H and Hat in more detail in chapter 5.
One can show that in the original configuration space the hamiltonian Hp* com-
mutes with H^. In general this is not true for the projection of these operators
onto the model space. Consequently, an eigenstate of the projection of Hp onto
the model space is not simultaneously an eigenstate of the projection of H^,, in
other words, the calculated eigenstates will have unknown admixtures of spurious
states. This spurious-state problem does not arise if the model space is a complete
JVftw model space, where JV = 0,1,2,... A complete iVfiw model space is spanned
by all eigenstates of Tw - ct. equation (2.11) - with eigenvalues at most Nhj
higher than the lowest eigenvalue of T1". In figure 2.1 we schematically represent
the (0 + l)fiw model space for a nucleus with A = 7.

The importance of the frequency w in a finite model space can now be seen from
the following: to solve the schrodinger equation in a finite space we expand the
eigenstates with respect to a set of basis states that are eigenstates of Tw. These
eigenstates are products of A single-particle harmonic-oscillator eigenstates. The
radial behaviour of the harmonic-oscillator wave functions is determined by a size
parameter b, that is related to hu> through

(2.15)

The expansion of wave functions in a finite basis of harmonic-oscillator functions
depends on the parameter w and only in an infinite basis is the parameter w of no
influence.
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Figure 2.1. Schematic representation of the (0+ \)hu model space for a nucleus with mass A = 7;
the Mack circles denote nucleons.

2.2 Translational invariance of the interaction
In the previous section we have constructed a hamiltonian for a system of A
particles. In chapter 5 we will point out that in practical calculations one uses
an effective hamiltonian, which is obtained from the original, infinite-dimensional
hamiltonian by replacing the nucleon-nucleon interaction V with an effective in-
teraction Vef{-
In [84] it is shown that a general two-body interaction that obeys certain symmetry
properties, such as translation invariance, reflection invariance with respect to the
origin and isospin invariance, is of the form

V = Vc + Vt + VLS + VLL, (2.16)

where Vr, Vt, VLS and Vj,£, are the central, tensor, spin-orbit and quadratic spin-
orbit terms, respectively. These terms are given by

Vc =

V, =

V'T(r)f • r <2 \

Vi.s = VLS(r)L-S,

VLL = VLL{r)[&M-a

The functions Vc,Vt,Vis and 1

(2.17)

(2.18)

(2.19)

(2.20)

involve only functions of the relative distance
of the nucleons; the tensor operator S\2 is given by

S12 = 3 (a " » • f ) (<r <2> - f ) - <?<» -*<2>. (2.21)

In this chapter we will apply an effective hamiltonian that contains an effective
interaction Veg for which we assume that it has the same symmetries as the realistic
interaction. Since the effective interaction is, by assumption, translation invariant,
laboratory coordinates are not the most suitable choice for calculating matrix
elements of this interaction. The fact that the basis states are harmonic-oscillator
functions, however, enables us to express the coupled two-particle states in terms
of intrinsic and centre-of-mass states as follows [20,21]
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= £ (nlJVIIm/ma/j)* [*»,(*) x 4>NL(X)\ , (2.22)
nlNL

where one defines

2={r1-r2)/y/2 and X = (r, + r2)/>/5 (2.23)

and where the coefficients (n/iVI|ni^n2/2)A are the brody-moshinsky coefficients.
The factor \/2 in this coordinate transformation is required to insure that the
two parts H£a and H^lT of the total hamiltonian are characterized by the same
harmonic-oscillator size parameter 6.
From energy considerations of harmonic-oscillator eigenfunctions follows a simple
restriction on the summation in equation (2.22)

2TH + h+2n2 + h=2n + l + 2N + L. (2.24)

The calculations in this thesis are performed in the jij-coupling scheme. In order to
find an expression for the two-body matrix elements of a translation invariant in-
teraction one applies transformations between jij-coupling and fo-coupling, and the
brody-moshinsky transformation given by equation (2.22) [42]. First we transform
from jj-coupling to is-coupling.

nXnblb;AST;JT). (2.25)

In the following the 9/ symbol in parentheses denotes a normalized 9j symbol

Sa ja I
sb h \ , (2-26)
S J J

with j =
After the transformation from jy-coupling to is-coupling we transform from labo-
ratory coordinates to intrinsic and centre-of-mass coordinates

M.Tnfc; AST; JT) = £ (nW£|n./ont/t)A|nZJV£; AST; JT) (2.27)
nlJVL

and finally we use recouping in order to separate the intrinsic coordinates from
the centre-of-mass coordinates

(I S j \
\nlNL; AST; JT) = £ L 0 L\ \nlSjT; NL; JT). (2.28)

i \A S J)
Combining these three transformations one obtains an expression for the normal-
ized and antisymmetrized two-body matrix elements of a translation invariant,
isospin conserving two-body interaction. The notation is such that quantum num-
bers with (without) a prime refer to the right-hand (left-hand) side of the two-body
matrix elements. The following restrictions serve to simplify equation (2.28)
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• The interaction depends only on the intrinsic coordinates. This gives rise
to a factor 6NNI6LV in the combined brody-moshinsky transformations.

• The interaction is a scalar operator, which leads to a factor 6jj>.
• The matrix elements need to be antisymmetrized, which gives rise to factors

1 _ (_y+s+T and 1 - ( - ) ' '+S '+T Combined with the parity and isospin
conserving property of the interaction, this also implies that S and S' are
equal.

Applying the abovementioned restrictions to the combined transformations we get
the following expression [42]

{PaPb\V\pcpd)jT

Jo

(l + 6ab)(l + 6cd)

x £ 9l+s+T8l.+s+T(nlNL\nalanblb)x(n'l'NL\nclcndld)A.
nln'l'NL

r s j\
I 0 L\ (nlSjT\V\n'l'SjT), (2.29)
A' 5 J)

where we have introduced a short-hand notation for the single-particle states that
occur in equation (2.25), \pa) = \na(la^)ja), and a function 6n = {1 —(—)n}/2 that
is unity for odd values of n and zero otherwise.

2.3 Coulomb energies
Since the method of shell-model calculations described in this chapter makes use
of the isospin formalism, protons and neutrons do not appear explicitly as dif-
ferent particles. Therefore the energies are calculated by diagonalization of the
hamiltonian without a coulomb part.
The values of the coulomb energy Ec - see table 2.1 - have been obtained sep-
arately by a least-squares fitting procedure from measured ground-state binding
energies in the region Z—2-12 and .4=3-25 with the assumptions that

• the coulomb energies are state independent and depend only on Z,
• the coulomb energies are given by the difference in experimental energy of

states belonging to the same isobaric multiplet.

2.4 Expansion in talmi integrals
• We will show that, for interactions of the types described earlier, where only radial
| functions V(r) are involved, every relative matrix element can be expressed in
• taJmi integrals.
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Table 2.1. Empirical coulomb energies (MeV).

z
1
2
3
4
5

Ec
0.00
0.76
1.46
3.12
5.02

Z
6
7
8
9

Ec
7.72

10.50
14.06
17.54

The effective interaction can be decomposed by the use of operators Q,,, that act
on spin and angular momentum, and isospin projection operators Pf

£ (2.30)
vT

where r = \fi — r2\ is the relative distance between the two nucleons, Vuj is a radial
potential and the operators Qv, of which there are five, are given in table 2.2.
The relative matrix elements of Ve« can now be expanded as follows

{n(lS)jT\Ven\n'(l'S)jT) = ^ (n / |K T | nT ) ( ( / 5 ) jT | ^ | ( / ' 5 ) jT ) . (2.31)

The angular matrix elements {(lS)jT\Q.I/\(l'S)jT), can be easily calculated [24].
The radial integrals (nl\Vv-i\n'V) can be expanded in talmi integrals if we make
use of the fact that the relative wave functions corresponding to the states \nl)
and \n'V) are of harmonic-oscillator type and correspond to harmonic-oscillator
functions in the coordinate x = (f\ — f2) /\/2.
The harmonic-oscillator functions are given by

^ ( 2 3 2 )

and the associated laguerre polynomial is written in power-series form as [1]

Table 2.2. Spin and angular-momentum operators

C h a n n e l Q , ,
_
~~0 central 5 = 0 i ( l - <?<>) . ffW)

1 central 5 = 1 i(3 + ?<') • 5^)
1 tensor 3 (S™ • r) (ff(z> • f) - S™ • ?(2)
3 (
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The harmonic-oscillator wave functions can be written in simplified form as

Rnl(r- b) = (r/b)'e-'2<* £ anlk (r/b)2k (2.34)
fc=O

by putting

so the radial integral {nl\VvT\n'l') can now be expanded as [93]

(nl\VuT\n'l')

2 ^ 2-, a*lkan'llk-
k=0 k'=0

n+n +.\ Kmax

P=A L*=fcmin

= "+][f B(n/n7';p)iJ"T> (2.36)
P=.\

with A = (/ + ' ')/2, ^min = max(0,p - n') and fcmax = min(n,p).
The coefficients B(nln'V\p) and the talmi integrals J^"r' that appear in equa-
tion (2.36) are now defined as [20,93]

3 £ _A (2.37)

and

^ £ / M W " * H d , ,2.38)

The factor in front of the radial integral in equation (2.38) is chosen such that the
talmi integrals of the constant potential Vvj(r) — 1 are equal to 1 for all values
of p.

\ If the relative matrix elements of Vcg are expanded in talmi integrals I j " r ' , we get
• for each order p ten talmi integrals, namely one for each combination of the total
& isospin T and the five channel types given in table 2.2.

Exceptions to this rule are the cases p = 0 and p = 1, where some of the talmi
k integrals enter the expansion of the relative matrix elements with a zero coefficient
'r and can be ignored. Since B(nl, n'l'; 0) contains a factor SioSpo, the talmi integrals
'•' IQ contribute only to radial matrix elements with / = I' = 0. As the angular

matrix elements of ^2, ^3 and fi4 vanish for / = /' = 0, the corresponding talmi
1 integrals of order p = 0 do not contribute to the calculations. Because of the
| factors 0i+s+T and OV+S+T the values of 4"T ) for the 5 = T = 0 and S = T = 1
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terms are of no influence and only two talmi integrals of order p = 0 are left. Since
B(nl,n'l';l) is zero for Z + /' > 2, the angular matrix elements of fi3 vanish for
I ̂  Z', I = 0 or S = 0, which implies that the talmi integrals j} 3 T ) contribute only
to radial matrix elements with I — I' = S = 1. Because of the factors OI+S+T and
8i'+s+T the talmi integral l\ does not enter the calculations and only nine talmi
integrals of order p = 1 are left.
The summation over p in equation (2.36) runs from Pmin = A = (I + Z')/2 to
Pmax = n + n' + X = n + n' + (l + Z')/2. This number is equal to the maximum
number of harmonic-oscillator quanta of a two-particle state in an Nhu model
space. In some cases the maximum value of p turns out to be even smaller. The
factors 9i+s+T and &II+S+T force I + S + T and Z' + S + T to be odd, or in other
words, both Z and I' should be odd for the talmi integrals I '00 ' and I'11 ', and
even for the talmi integrals / '0 1 ' and 7'10'. As a consequence of this the number of
talmi integrals that contribute to the effective interaction in a given model space is
reduced even further. For later use we introduce the notation p" for the maximum
value of p.

2.5 Talmi integrals of effective interactions

As we have already explained, in a finite model space we cannot use the hamil-
tonian given by equation (2.11). Instead we have to use an effective hamiltonian.
As will be explained in chapter 5 one obtains the effective hamiltonian from the
true hamiltonian by replacing the realistic interaction V with an effective inter-
action V̂ ff. There are several alternatives for determining an appropriate effective
interaction

• Use the matrix elements known as the Sussex matrix elements [32], as ap-
plied in, for example, reference [26].

• Use a phenomenological effective interaction given by an analytical expres-
sion, such as the surface delta interaction [24,84], an approach that is ap-
plied in chapter 4.

• Assume that Kir shows the same symmetries as the realistic interaction
V, expand the relative matrix elements of Vea in talmi integrals [50] and
determine these talmi integrals from a fit to experimental data, such as
binding energies and electromagnetic moments [44,110]. This method is
used in chapter 3.

• Start from an analytical expression for the realistic interaction, such as the
bonn potential, calculate a G-matrix and use this to calculate an effective
interaction; this approach will be investigated in chapter 5.

In the next section we will discuss the third alternative, that is, the expansion of
Vtff in talmi integrals, and we will discuss the problem of determining an approxi-
mate analytical expression for V^, if the corresponding talmi integrals have been
obtained.
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2.6 Empirical determination of effective interactions

If we decide to determine the effective interaction empirically, the number of pa-
rameters that need to be determined can be reduced by making the following
assumptions

• the effective interaction is translation invariant, rotation invariant, and par-
ity conserving, which implies that the effective interaction is the sum of a
central term, a tensor term, a linear spin-orbit term and a quadratic spin-
orbit term,

• isospin is a good quantum number,
• the talmi integrals of the effective interaction are mass-independent in the

region A = 4-40.

The values of the talmi integrals are determined empirically from n\ binding en-
ergies of ground states and excited states as well as nM electromagnetic multipole
moments, by means of a least-squares fitting procedure [44].
The quadratic spin-orbit terms are neglected in our case. In preliminary calcula-
tions we found that the talmi integrals of the quadratic spin-orbit term are strongly
correlated to the talmi integrals of the linear spin-orbit term. Consequently it is
nearly impossible to extract both the L • S and the L2 talmi integrals from exper-
imental data.
The matrix representation of the h&i liltonian can be parametrized as

H=jr,Hk\k, (2.39)
fc=i

and that of the electromagnetic multipoie moment operator as

f (2.40)
fc=i

where the A* are the parameters of the ha/ailtonian, in our case fiw and the talmi
integrals, and the /j/t are the parameters of the moment operators, in our case the
nucleon gyromagnetic ratios and the nucleon charges.
Using rayleigh-schrodinger perturbation theory one can show [44] that the first-
order corrected energies Ek + SEk and moments mj + 6mi are then given by

Ek + SEk = 2> t | JJ r |&}(A r + 6K) (2-41)

and

mi + 6mi =

(2-42)
l -
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respectively. The term to be minimized in a least-squares fitting routine, including
energy levels as well as moments, is given by [44]

Q2 = JT v2
k{Ek + SEk - El'"}2 + £u>?{™< + 6m> - ™"P}a* <2-43)

k=i 1=1

where re.\, n^, vt;, and u>; are the number of experimental energy levels, the number
of experimental moments, the weight factors of the energies, and the weight factors
of the moments, respectively.
It is possible to compute two error measures for the parameters A* and fit, that is
the 6 error and the e error [111]. The 6 error is the amount by which a parameter
can be changed, with all other parameters fixed at their optimum values, such that
the total r.m.s. deviation changes by A%. The e error is the amount by which a
parameter can be changed, such that the total r.m.s. deviation changes by A% if
the other parameters are re-optimalized. As a consequence the e error is generally
much larger than the 6 error. Only for uncorrelated parameters one finds that the
6 and e error are equal.
In the actual rpplication of this method, in chapter 3, we will use A = 5. Because
the amount of 5% is chosen arbitrarily, these errors can only be interpreted relative
to each other. If we interpret the e errors in a relative way they give an indication
of how well-determined or ill-determined the various parameters are.

2.7 Talmi integrals of radial potentials

We will now outline an approach, based on ideas of Talmi [93] and Taurinskas [97],
to determine a simple analytic expression for the effective interaction parametrized
in talmi integrals. We will first follow the idea of Taurinskas, which consists of
assuming a simple form for the effective interaction. In fact, in [97] three expansions
are considered: a sum of gaussians, a sum of N powers of r, and a sum of N
products of gaussians and powers of r

Kff(r) = £ H e - a * r 2 , (2.44)
Jt=O

= £VtrA (2-45)
k=0

= £VAr-^e-°* r 2 . (2.46)

Now assume that an empirical procedure has provided us with talmi integrals
IO-.-IN for every channel of the effective interaction. It is then possible to de-
termine the coefficients Vk uniquely from the values of these talmi integrals. The
coefficients Vj determine an approximate expression for the effective interaction.
If we apply this method we can present the effective interaction in a graphical way
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and we can predict higher-order talmi integrals. We will not do this but instead we
will derive a different formula, which directly relates talmi integrals of one channel
of the effective interaction.
An extra requirement is that the talmi integrals of an interaction given by one of
the above forms obey, for all orders p, a relation of the form

N

Ip+N+l = Y, C'7P+' (2-47)

with rational coefficients cj. It can be shown [97] that such a linear dependence
exists for each of the analytical forms given earlier - we will not give this proof
and use the result for this special case.
The first two analytical forms, equations (2.44) and (2.45), are special forms of
the third one for ft = . . . = /Jjv = 0 or «i = . . . = ajv = 0, respectively. In refer-
ence [97] it is shown that the parameters of neither of the three forms, equations
(2.44)-(2.46), can be derived from a set of talmi integrals since, in combination
with the extra condition (2.47), this would result in a system of equations with
more unknowns than equations. Therefore we will suggest another form, which is
much simpler and uses harmonic-oscillator radial wave functions

N

VMr) = Y,ckR>«>(nb). (2.48)

If we insert the definition of the harmonic-oscillator wave functions, given in equa-
tion (2.32), into this expansion it is straightforward to show that this expansion is
equivalent to a polynomial in (r/6)2 multiplied by a gaussian factor e~r2/2'2, that

V^r) = Y,Vk(r/bfke-'2l™\ (2.49)

Applying the definition (2.38) of the talmi integrals, that was derived earlier, and
using [39, eq. 3.381] we find for the talmi integrals of this effective interaction the
result

f
However, a more interesting result can be obtained: a result that could be useful in
case a least-squares fitting procedure fails to determine all talmi integrals from a
certain set of experimental data. The relation given by equation (2.47) allows us to
determine higher-order talmi integrals from lower-order ones without determining
the coefficients of the expansion given by equation (2.49).
On the one hand we have the requirement stated earlier

(=0
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;=o Jt=o

On the other hand we can express /p+jv+i directly in Vjt, using equation (2.50) and
a property of the gamma function [1, eq. 6.1.22],

where (a)n is the pochhammer symbol, given by (a)n = a ( a + l ) . . . (a+n — 1).
The second equation for /P+JV+I is

1 x p+N+i+t+3/2 r (p + JV + 1 + k + 3/2)
AT + 1 + 3/2)

(P + 3 / 2 W ,

Substituting this equation in equation (2.51) we find a system of N + 1 linear
equations in N + 1 variables c;

(3/2), ~C' U

Example Consider the case N = 2. After multiplying all equations with suitable
factors we obtain the following system of linear equations:

[ 105 • (8c0) + 105 • (4Cl) + 105 • (2c2) = 105
I 105-(8co)+ 175-(4C l)+ 245 • (2c2) = 315 (2.54)
[ 105 • (8c0) + 245 • (4cx) + 441 • (2c2) = 693

that has Co = 1/8, c\ = —3/4, c2 = 3/2 as solution. In section 3.2 we will apply this
method to an effective interaction parametrized in terms of talmi integrals.



Exotic nuclei

An area of nuclear physics that has received much attention lately is the study of
nuclei far from the line of stability. One such group of unstable nuclei is that of the
exotic nuclei, that is nuclei with an unusual ratio of proton number and neutron
number. In the past few years sophisticated experimental techniques have made
it possible to produce and identify exotic nuclei and to determine some of their
physical properties. This makes it interesting to compare the experimental results
with the predictions of nuclear models.
The region of the light neutron-rich exotic nuclei, that is with proton number
Z = 2-9 and a large neutron excess, is an excellent testing ground for a shell-
model approach to the description of p-shell nuclei that we have developed over
the past few years. In this region the highest neutron-proton ratios are found.
Nuclei with neutron-proton ratios larger than two, and in one case even larger
than three, have been observed, as was pointed out already in the introduction.
We have extended our research programme to include neutron-rich nuclei with
isospin T > 5/2. The remaining class of exotic nuclei consists of the proton-rich
nuclei, which are rather rare in this part of the table of nuclides and are not
considered here. However, under the assumption that isospin is a good quantum
number, their properties can be derived from those of neutron-rich nuclei in the
same isobaric multiplet.
The shell-model approach described in chapter 2 has been applied to the normal
light nuclei with good results. The main question we address in this chapter is: can
non-exotic and exotic nuclei be described equally well with just one model?
The results of earlier calculations on exotic nuclei were reported in [75,76]. In [75]
we presented results of a first calculation for exotic p-shell nuclei, where we used
a (0 + 1)HLJ model space that was constructed without an inert core. The effective
interaction was written as

VtS = V + (Vdl-V). (3.1)

For the realistic interaction V we used the reid soft-core interaction [83]. The
difference between the realistic interaction and the effective interaction was para-
metrized in terms of nine talmi integrals. We determined these talmi integrals
empirically from binding energies of ground states and excited states of both nor-
mal and non-normal parity.

27
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In a subsequent paper [76] we presented the results of calculations that were also
performed in a (0 + \)JILO model space without an inert core, but with a different
effective interaction. Instead of decomposing the effective interaction as in [75],
we parametrized the effective interaction directly in terms of talmi integrals. The
required number of talmi integrals depends on the model space concerned; see
chapter 2. These talmi integrals are determined from energies as well as electro-
magnetic multipole moments, in a way similar to that used in [44,110]. The reason
for applying this approach to the region of exotic nuclei is the following. It was
found that several talmi integrals are not determined well enough from binding
energies alone. If we determine the effective interaction as described above we ob-
tain better results for energies and dipole moments of normal p-shell nuclei [44]
and we expect to see the same improvement for exotic p-shell nuclei.
In this chapter we will present the results of the calculation reported in [76], which
will be called XI from now on, and those of a new calculation, which we will call
X2. In both calculations the effective interaction was determined empirically, as
described above, but the sets of experimental data used in the two calculations
are different.

3.1 Model space and effective interaction

The present shell-model calculations are performed on exotic isotopes of nuclei
with Z=2-9 in a complete (0 + l)£u model space. This means that all nuclear
excitations within major shells are taken into account, and also excitations of
energy lftw, i.e, one nucleon is excited from one major shell to the next higher
major shell. In this way we obtain states of both normal and non-normal parity.
The two effective interactions used in this model space are parametrized in terms
of tuv and 29 talmi integrals. The parametrization in terms of talmi integrals is
treated in chapter 2.
The set of experimental data used to determine the first effective interaction,
XI, consisted of 215 binding energies of ground states and excited states, and
all experimentally known magnetic dipole moments (47) and electric quadrupole
moments (20) of T < 2 states of both normal and non-normal parity in A = 4-21
nuclei with N > Z.
In a preliminary calculation we found that a few parameters of the effective in-
teraction are not determined accurately enough from data on nuclei in the mass
region A = 4-21 and that the values of these parameters can be fixed by including
the binding energies of the ground state of 40Ca and the lowest two states of 39K
in the least-squares fitting procedure.
If experimental data on normal nuclei would be sufficient to extract all details
of the effective interaction, one would expect that the resulting interaction XI
would also produce good results for the exotic nuclei with Tz > 2. The results of
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Table 3.1. Parameters of the effective interaction (in MeV unless indicated otherwise).

XI X2
Parameter
hu
6(fm)
Talmi integrals:
central S = 0, T

central S = 1, T

tensor T = 0,

LS 71 = 0,

central 5 = 0, T

central 5 = 1 , 7 "

tensor T = 1,

LS T = 1,

= 0,

= 0,

1

= 1,

P =
P ~
J) —

P ~
P =
P =
P =

P =

P =
P ™

P ~
P =
P ~
P ~"

P =

P =

P =
P =

p —

P =

P =
P =

p =

1
2
3
0
1
2
3
4
1
2
3
4
2
3
4
0
1
2
3
4
1
2
3
1
2
3
1
2
3

Value
+8.84
+2.18

+0.32
-3.52
-2.61
-9.75
-3.49
-1.38
-0.76
+0.57
+0.09
+0.60
+1.97
+ 1.22
-0.45
+0.77
+0.57
-6.13
+0.29
+0.85
-1.08
-3.15
+1.18
+1.39
+ 1.10
+0.51
+0.85
+0.98
-0.89
-0.13
+0.02

6 error
0.01
0.00

0.03
0.08
0.07
0.01
0.03
0.01
0.03
0.04
0.29
0.15
0.19
0.46
0.06
0.11
0.14
0.01
0.03
0.01
0.03
0.04
0.00
0.01
0.01
0.21
0.15
0.19
0.03
0.08
0.03

t error
0.92
0.12

1.80
3.98
5.57
1.43
0.69
1.27
2.32
3.38
1.27
0.72
1.47
2.67
0.35
0.79
1.10
1.34
0.62
1.17
1.99
2.85
0.19
0.65
0.93
0.53
1.04
1.34
0.23
0.35
0.28

Value
+8.55
+2.20

-0.03
-5.72
-3.52
-9.72
-3.06
-0.97
-0.09
+1.54
+0.65
+0.89
+1.29
-0.12
-0.44
+0.58
+0.11
-5.78
+0.20
+0.81
-0.69
-2.59
+1.10
+1.33
+0.89
+0.19
+1.17
+ 1.54
-0.81
-0.15
+0.10

S error
0.01
0.00

0.03
0.08
0.07
0.01
0.03
0.01
0.04
0.05
0.30
0.15
0.18
0.43
0.06
0.15
0.15
0.01
0.03
0.01
0.03
0.05
0.00
0.01
0.01
0.20
0.14
0.16
0.03
0.06
0.02

e error
0.96
0.12

1.95
4.04
5.13
1.41
0.76
1.3i
2.03
2.54
1.47
0.84
1.42
2.67
0.39
0.78
0.83
1.45
0.74
1.24
2.04
2.97
0.21
0.56
0.77
0.56
0.91
0.94
0.24
0.34
0.20

"Vms energies
o-rm5 moments"

0.81
0.10

0.91
0.13

"dimensionless
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calculations with this effective interaction indicated that this is not the case, as
will be shown in section 3.3.
Therefore we added 17 binding energies and 2 magnetic dipole moments of exotic
nuclei with N > Z to the experimental data that were used to obtain X2. In
table 3.1 we present, for both effective interactions XI and X2 the resulting values
for the parameters hw and the talmi integrals, and the 6 and e errors for those
parameters - see section 2.6. Table 3.1 also gives the total deviations for the
energies and electromagnetic moments, and the value of the harmonic-oscillator
size parameter b = Uh/mw.
In figure 3.1 we show the behaviour of the parameters of the effective interaction
in the least-squares fitting procedure. In this figure iteration 1 corresponds to XI,
iteration 6 corresponds to X2 and the other iterations are intermediate steps in the
procedure. Two cases in particular deserve attention: the central S — 0, T = 1 and
the tensor T = 0 channels. In both these cases we observe that the talmi integral
of maximum order, 7p. with p' defined in section 2.4, is strongly correlated to 7p._i
and that a change in either of the correlated pair of talmi integrals is compensated
by a change in the other talmi integral with no drastic change in the total r.m.s.
deviation. This tells us that for these two cases - central S = 0, T = 1 and tensor
T = 0 - the highest-order talmi integral cannot be determined independently from
the lower-order talmi integrals.
From an analysis of the results shown in figure 3.1 and table 3.1 it follows that the
sets XI and X2 are rather similar, and that the 6 errors for XI and X2 are nearly
the same. Only two out of twenty-nine talmi integrals, central S = 0, T = 0,p = 1
and tensor T = 0,p = 4, change sign. The differences between XI and X2 are
found mainly for the p > 2 talmi integrals.

3.2 Interpretation of talmi integrals
In the previous chapter we derived a simple formula, equation (2.47), with which
one can estimate the value of talmi integrals from the values of talmi integrals of
lower order. In tables 3.2 and 3.3 we compare the empirical value and the value
calculated with this method, for the case of the talmi integrals of X2.
The columns labelled N = 1 contain estimates for the talmi integrals Ip for which
values for the talmi integrals Ip_] and Jp_2 are available. The columns labelled
N = 2 contain estimates for the talmi integrals Ip for which values for the talmi
integrals /p_i, Iv-i and Jp_3 are available. This implies that equation (2.47) can be
applied to only a small subset of the empirically determined talmi integrals.
In general the N = 1 and JV = 2 estimates are not radically different from each
other, especially if one takes into account that the £ errors of the talmi integrals
increase with increasing order p, so that the talmi integrals that we are trying to
calculate, the high-order ones, have the largest errors.
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hud /central S=0, T=0
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p=1

p=3
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Figure 3.1. Behaviour of the parameters of the effective interaction in the empirical procedure.
Iteration 1 corresponds to XI, iteration 6 to X2 (see text).
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The N = 1 estimates for the T = 0 talmi integrals with p — 2 and p = 3
correspond with the empirical values within a factor of about two. The fact that
the p = 4 talmi integrals are poorly determined by the empirical procedure may
not be significant. For example, one should recall that the tensor p = 4 talmi
integral could also have a positive value of approximately one, as one can deduce
from the fluctuations shown in figure 3.1. In that case the empirical value would
agree much better with the estimated value.
The N = 1 estimates for the T = 1 talmi integrals of order p > 2 also correspond
with the empirical values within a factor of about two. An exception is formed by
the central S = 0 talmi integrals of order p > 3, which have large e errors.
The conclusion that can be drawn from the above is that, due to the correlations
between the empirically derived talmi integrals, it is not easy to judge whether
their values can be reproduced well enough by effective radial potentials of a
simple analytical form.

3.3 Energies
Using the interactions described above, we have calculated binding energies of
ground states and excited states in normal and exotic nuclei with Z = 2-9. The
coulomb energy is included in the theoretical binding energy and has been calcu-
lated as described in section 2.3.
In subsection 3.3.1 we discuss the ground-state binding energies calculated with
the two effective interactions XI and X2, and in subsection 3.3.2 the energy spectra
for the second interaction.

3.3.1 Binding energies
In figures 3.2-3.3 we compare theoretical binding energies of the ground states of
normal and exotic nuclei, calculated with both effective interactions, with exper-
imental data [45,88,102,105,112] and with the values calculated from the garvey-
kelson mass formula [46]. In comparing the theoretical results with those obtained
from the garvey-kelson mass formula one should keep in mind that mass formulae
(a) are capable of giving only ground-state binding energies and no other observ-
able properties, and (b) contain considerably more parameters than the effective
interaction used in this chapter.
The figures show that for normal nuclei there are no significant differences between
the binding energies calculated with the two effective interactions. The general
trend of the observed binding energies, over an energy range of — 200 MeV up
to OMeV, is reproduced by both the mass-independent interactions Xi cuid X2.
This general trend shows roughly a parabolic behaviour as a function of the mass
number A. This behaviour can be explained in a simple model. One can express
the total binding energy of the ground state of a nucleus with proton number Z
and neutron number N as
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Table 3.2. Relations for T = 0 talmi integrals (MeV) for interaction X2.

Channel Empirical value 6 error Prediction

central 5 = 0
central 5 = 0
central 5 = 0
central 5 = 1
central 5 = 1
central 5 = 1
central 5 = 1
central 5 = 1
tensor
tensor
tensor
tensor
LS
LS
LS

1
2
3
0
1
2
3
4
1
2
3
4
2
3
4

-0.03
-5.72
-3.52
-9.72
-3.06
-0.97
-0.09
+1.54
+0.65
+0.89
+1.29
-0.13
-0.44
+0.58
+0.11

0.03
0.08
0.07
0.01
0.03
0.01
0.04
0.05
0.30
0.15
0.18
0.43
0.06
0.15
0.15

N = 1
-
-

-5.71

-
-0.63
-0.21
+0.15

-
-

+0.73
+1.07

-
-

+0.69

N = 2
-
_
_
_
-
-

-0.38
+0.21

-
-
-

+1.35
-
-
-

Table 3.3. Relations for T = 1 talmi integrals (MeV) for interaction X2.

Channel Empirical value 6 error Prediction

central 5 = 0
central 5 = 0
central 5 = 0
central 5 = 0
central 5 = 0
central 5 = 1
central 5 = 1
central 5 = 1
tensor
tensor
tensor
LS
LS
LS

0
1
2
3
4
1
2
3
1
2
3
1
2
3

-5.78
+0.20
+0.81
-0.69
-2.59
+ 1.10
+1.33
+0.89
+0.19
+1.17
+1.54
-0.81
-0.15
+0.10

0.01
0.03
0.01
0.03
0.05
0.00
0.01
0.01
0.20
0.14
0.16
0.03
0.06
0.02

N = 1
-
-

+1.65
+0.76
-0.89

-
-

+1.06
-
-

+1.12
-
-

+0.05

AT = 2
-
-
-

+0.34
-1.62

-
-
-
-
-
-
-
-
-
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He

10 15 20 25

20 25 10 15 20 25

Figure 3.2. Binding energies (MeV) of ground states of He-B isotopes (dashed line: XI, solid line:
X2, dotted line: garvey-kelson mass formula, black dots: experimental energies).
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Figure 3.3. Binding energies of ground states of C-F isotopes; cf. caption of figure 3.2.
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E(Z,N) = f ^ W + IZ\n + NZe*u, (3.2)

where evv, eww and enl/ are the average neutron-neutron, proton-poton and proton-
neutron interaction energies. For fixed Z this is obviously a quadratic function of
N. The coefficient of N2 should be positive to explain the shape of E(Z,N) as
a function N and therefore euil should be positive. The minimum of this curve
occurs at TV = i — Zevvfevv and since one has JV > 0 the energies env and evv

have opposite signs. From a close inspection of figures 3.2-3.3 we can deduce
that, within this simple model, the neutron-neutron interaction is repulsive, the
proton-neutron interaction is attractive - as one would expect - and the proton-
neutron interaction is approximately 2.2 times as strong as the neutron-neutron
interaction.
Around the minimum of these curves one observes most clearly the effect of neutron
pairing: nuclei with an even number of neutrons have a considerably lower binding
energy than the adjacent nuclei, which have an unpaired neutron.
An important result is that for nuclei with large neutron/proton ratios the binding
energies obtained with XI deviate rather strongly from the experimental values
and from the values obtained from the garvey-kelson formula. This is due to the
fact that only experimental data of light nuclei with T < 2 have been used in the
determination of the effective interaction for XI.
From this one may draw the conclusion that an effective interaction appropriate
for a unified description of normal and exotic nuclei could not be determined
uniquely from data on normal nuclei only. In other words, details of the effective
interaction that do not show up in normal nuclei are important for a description
of exotic nuclei. Indeed, the addition of experimental data on exotic nuclei, to be
more precise nuclei with T > 5/2, results in an effective interaction which gives
binding energies that are in much better agreement with experiment.

3.3.2 Excitation energies
The low-lying parts of the theoretical spectra calculated with effective interaction
X2 are compared with experimental data [3,4,5,6,7,34,88] in figures 3.5-3.9.
If one inspects the theoretical spectra one observes that often, for the even-mass
or odd-mass isotopes of a given element, the excitation energies of states with a
given J" change systematically with the neutron number N. We illustrate this
effect, which can be clearly observed in the case of the 0+ , 1" and 0~ states
in even-mass helium isotopes, in figure 3.4. Each of the three curves shown in
this figure appears to have a minimum at a different value of N. This suggests
that tTvjt.vu - see equation (3.2) - is different for each of these three spin-parity
combinations and that this ratio depends on the configuration. We also observe
that the binding energy of the ground states gradually changes with increasing
mass number A, whereas the binding energies of the negative-parity states show a
more pronounced variation with increasing A.
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Figure 3.4. Behaviour of the 0+, 1~ and 0"
states in even-mass helium isotopes.

The non-normal parity of the ground state of 9He is remarkable. In a naive shell-
model picture one expects the ground state of this nucleus to have a pi/2 neutron-
hole configuration, or in other words to be a J " = l/2~ state. Instead, our calcu-
lation results in a J ' = l / 2 + ground state. The same phenomenon occurs in "Be
[94], where it has been verified experimentally, and I0Li. In all these three cases
the parity of the ground state is non-normal.
Another remarkable fact is that, although almost all ground states have the normal
parity K = ( — ) A , not all of them have the spin that one expects from a simple
shell-model picture. In the odd-iV boron, nitrogen and fluorine isotopes we find
indeed J* — 3/2", J* = l/2~ and J* = 5/2+, respectively, but in all other isotopes
there are exceptions, in other words the spin of the ground state is often different
from what one expects.
Finally, in 27O we observe the well-known reversal of single-hole states. The lowest
three states in this nucleus can be described in a simple picture as a neutron hole
coupled to the doubly magic nucleus 28O. In such a case the order of the states
that can be looked upon as single-hole states is precisely the reverse of the order
of their single-particle counterparts in the nucleus 17O.

3.4 Stability with respect to neutron emission
From the calculated binding energies one can immediately derive which isotopes
are stable with respect to neutron emission. A nucleus ^X is unstable with respect
to m-neutron emission if it is less bound than the nucleus ^""X. A neutron-
rich exotic nucleus that is stable with respect to neutron emission will decay by
/3 emission. Exotic nuclei that decay via neutron emission cannot be observed
experimentally since the time of flight from the place where they are produced to
the detection system is much larger than the time scale of the neutron emission

•? process, which is typically of the order of 1O~20 seconds. Exotic nuclei that decay
via beta emission, however, can be observed since the halflives are often of the
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order of milliseconds. In some cases this is even long enough to determine other
interesting properties of these nuclei.
From the ground-state binding energies shown in figures 3.2-3.3 we can deduce
whether or not a certain isotope is stable with respect to neutron emission. These
estimates should be compared to the results of experiments aimed at detecting
new exotic isotopes [18,37,36,71,88,91,112]. We want to stress that the estimates
sometimes critically depend on the accuracy of the theoretical binding energies,
which in our calculation is approximately 1 MeV.
The observed particle-stability properties of 62 nuclei with N > Z and Z = 2-9
is reproduced by interaction X2 in all cases except nLi, 19B and 19C. The results
obtained with the interaction XI do not seriously differ from those obtained with
X2. The exceptions in this case are the nuclei mentioned above plus 14Be, 17B, 17C,
26F and 27F. The fact that both interactions predict 22C to be unstable by several
MeV, whereas it has been established that this isotope is particle stable, could
point in the direction of a defect in the T = 1 part of the effective interaction.
Unfortunately, the binding energy of 22C has not yet been measured.
In summary, we can conclude that the effective interaction X2 reproduces the
binding energies and neutron-emission stability for the exotic nuclei much better.
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The tables show that, despite the deviation between theoretical and experimental
binding energies, the predictions for particle stability agree with the experimental
data, except for a few cases that critically depend on the difference between binding
energies. For the latter cases the obtained uncertainty in the theoretical energy
do<\s not allow reliable predictions.

3.5 Magnetic dipole moments

For some exotic nuclei magnetic dipole moments have already been determined
experimentally. We expect that dipole moments can be quite accurately reproduced
by our model, especially since we use an effective interaction that was determined
from both energies and electromagnetic moments.
The theoretical magnetic dipole moments discussed in this section were calcu-
lated with effective gyromagnetic ratios, which account for model-space effects
and the possible effects of meson exchange. Therefore the parameters of the mag-
netic dipole and electric quadrupole operators were also treated as free parameters
in the least-squares fitting procedure with which the effective interactions have
been determined. The effective gyromagnetic ratios corresponding to the effective
interactions XI and X2 are close to the barenucleon values; see table 3.4.
For normal nuclei it has been established that the empirical method reproduces
the observed magnetic dipole moments of normal light nuclei very well [44,110].
The theoretical values for the magnetic dipole moments of exotic nuclei, shown in
figures 3.10-3.11, should be compared with the results of experiments to estab-
lish whether or not our approach to describing exotic nuclei is valid. At present,
however, experimental information on light exotic nuclei is rather scarce.
In figures 3.10-3.11 we present theoretical ground-state magnetic dipole moments,
calculated with X2, and represented by solid lines. These theoretical values are
compared with experimental data [11,12,13,61,82], represented as black dots, and
simple theoretical estimates of the magnetic dipole moments, which are derived
from the schmidt formula and the additivity relation [24]. For even-even nuclei no
figures are given, since for these nuclei the magnetic dipole moment of the ground
state vanishes.

Table 3.4. Bare and effective (/-factors

Parameter
9'r
9'r

9l

bare value
1.00
5.59
0.00

-3.83

XI
1.02
5.51
0.02

-3.84

X2
1.03
5.47

-0.01
-3.72
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Figure 3.10. Magnetic dipole moments of normal and exotic nuclei in the region He-B as a function
of N. (solid line: X2, dashed line: schmidt formula/additivity relation, black dots: experimental
values).
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Figure 3.11. Magnetic dipole moments of normal and exotic nuclei in the region C-F as a function
of JV; cf. caption of figure 3.10.
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The schmidt value for the magnetic dipole moment is the value obtained in a
simple model, where one assumes that the nucleus consists of a core with 7 = 0
and one nucleon. The schmidt value is given by

u, forj=/±l, (3.3)

where j and / are the total and orbital angular momentum of the last nucleon, gl

and g' are the bare-nucleon gyromagnetic ratios, and the nuclear magneton is de-
fined by /XN = eh/mc. For even-mass nuclei another simple relation, the additivity
relation, can be derived. If one assumes that the nucleus consists of three groups,
two single nucleons and a core with angular momentum zero, the magnetic dipole
moment is given by

'ji " * + g £ J~I J J) / T Ti r | T n ,{JJ\JZ\JJ)HN,WA JlJ+l)

where J is the total angular momentum of the nucleus, gx and g2 are the ^-factors of
the two nuclcons, and j \ and jj are the angular momenta of the two nucleons.
Generally, the agreement between the theoretical and experimental values is very
good, with the exception of 20F. In this case, the additivity relation results in
a magnetic dipole moment that is closer to the experimental value. Note that
the observed quenching with respect to the 'simple model' in even-iV isotopes of
lithium, boron and nitrogen, and in odd-iV isotopes of beryllium and boron is well
reproduced.

3.6 Matter radii of lithium isotopes

It has been argued [19,62] that nuclei with a large neutron/proton ratio show an
effect that could be described as a neutron halo. Due to the low binding energy of
some of the neutrons with respect to the rest of the nucleus, these neutrons tend
to be found on the outside of the nucleus. A signature of this phenomenon would
be matter radii that are considerably larger than the corresponding charge radii.
This phenomenon might occur in the case of the exotic lithium isotopes, where for
the isotope "Li a matter radius of 3.10(23) fm has been measured [49,95,96].
The square of the charge radius is defined as

-R?) (3.5)
k=\

and that of the matter radius as

. , . 1 A

• - • « ) > . (3-6)
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Table 3.5. Root-mean-square charge and matter radii (fin) of Li isotopes

Nucleus

6 Li
7Li
"Li
9Li

10Li
" L i

Oftui
2.48
2.50
2.52
2.54
2.55
2.56

Charge radius
(0 + 2)fiui

2.49
2.49
2.52
2.53
2.59
2.62

Exp."
2.57(10)
2.41(10)

-

-
-

Ohw
2.37
2.47
2.53
2.59
2.63
2.66

Matter radius
(0 + 2)hw

2.38
2.48
2.64
2.73
2.87
2.93

Exp.»
2.32(03)
2.33(02)
2.37(02)
2.32(02)

-
3.10(23)

"reference [104], model-independent analysis
'references [95,96], point nucleons

where R is the position of the centre of mass, given by equation (2.4). The summa-
tion that occurs in the definition of the charge radius runs only over the protons,
whereas the summation in the definition of the matter radius runs over all nucle-
ons.
The matter radii reported in [95,96] have been obtained in the following way.
A beam of an exotic lithium isotope is scattered on various targets. From the
measured cross sections one then derives a matter radius, by making use of a 'soft-
spheres' model [47]. The matter radius obtained in this way for the heaviest lithium
isotope, "Li, is surprisingly much larger than the matter radii of the neighbouring
isotopes and also much larger than the measured charge radii of 6Li and 'Li; see
table 3.5.
If we assume that the last two neutrons in "Li have the same expectation value
of {(nt — R)2), namely r"2, we can derive

2r'2 = llP
2

u-9pl (3.7)

with pi and p\x the squares of the matter radii of 9Li and uLi, respectively, given
by equation (3.6). If we use the experimental values for the matter radii of 9Li and
nLi, which are given in table 3.5, we find that r* = 5.35(74)fm, which appears to
be a rather large number compared to the matter radius of 9Li, 2.32(02) fm.
It is interesting to see whether such an effect shows up in our calculations. In the
Qhw model space it is almost trivial to calculate charge radii and matter radii, if
we make use of the fact that in our model the single-particle wave functions are
of harmonic-oscillator type. If we assume that all active nucleons are in the s shell
or the p shell, a simple formula for the charge radius can be derived [42] and, in
analogy with the derivation given there, we can also derive a simple formula for
the matter radius

charge radius: <rc
2) = ( | - JL _ | ) tf, (3.8)ch

matter radius:: (r^) = ( | - ^ ) b2. (3.9)
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For the charge radii one can also derive a correction term that takes into account
the finite size of the proton [99]. One uses the following expansion of the shell-
model charge form factor with respect to the transferred momentum q

(3.10)

and then multiplies the shell-model form factor with the proton's intrinsic charge
form factor

F(q) = Fsm(9)e-<^2»2 (3.11)

where the intrinsic charge distribution of the proton is taken proportional to
exp(— r2fa2) and where a typical value of a is 0.59fm. If one now makes a se-
ries expansion of the corrected form factor with respect to q2, one obtains the
corrected charge radius from the coefficient of q2. The same correction is applied
to the expression for the matter radius, so that one obtains the following formu-
lae

charge radius: (r2
c) = (jj - ~ - § ) b2 + \a2, (3.12)

matter radius: (r^> = ( | - ^ ) b2 + \a2. (3.13)

In table 3.5 we present theoretical charge radii and matter radii, which are com-
pared with experimental data [95,96]. The theoretical charge radii have been cal-
culated for nucleons of finite size, whereas the matter radii presented in table 3.5
have been calculated for point nucleons, that is for a = 0, precisely as was done in
the analysis of the experimental results [95,96].
In a (0 + 2)hu) model space, radii are calculated as expectation values of the cor-
responding operators, again with finite-size (point) nucleons for the charge (mat-
ter) radii. For this latter calculation we used an interaction for p-shell nuclei in
a (0 + 2)fiLj model space, also determined empirically from energies and static
electromagnetic moments [111].
Although it would seem more consistent in shell-model calculations of radii and
quadrupole moments to use a parameter b derived from the parameter ku>, we use
an effective value bcg in table 3.5. We have found that the parameter fiw is not
independent from the other parameters of the effective interaction: hu> is strongly
correlated to some talmi integrals of order p = 0. This observation implies that,
within reasonable bounds, we are free to modify %u and thus also to modify 6,
since b is directly related to fiw via equation (2.15). Such a change wili result
in a different set of p = 0 talmi integrals, but this set will produce nearly the
same results. We have therefore used an effective value bea that reproduces the
observed charge radii of 6Li and 7Li as well as possible. For the calculations in the
Qkw and (0 -I- 2)hu model spaces this results in bca = 1.88fm and 6eff = 1.91 fm,
respectively.
The results of the Ofiw and the (0 + 2)hu> calculations are given in table 3.5.
This table shows that only the predicted matter radii of 6Li and '1 Li agree fairly
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well with the measured values. Furthermore, our calculations predict a gradual
increase of the matter radii with increasing mass number A, in contradiction with
the model-dependent experimental results, and therefore do not support the idea
of a neutron halo in nLi.
One should of course take into consideration the fact that harmonic-oscillator
wave functions have an asymptotic behaviour that makes them less suitable for
the description of loosely bound states. For these states the use of woods-saxon
wave functions would probably give different results.

3.7 Beta decay

Neutron-rich exotir nuclei can decay in various ways. These decay modes fall into
three groups

1. prompt emission of one or more neutrons,
2. (3 decay, and
3. /^-delayed neutron emission.

Due to their very short halflife exotic nuclei that decay by emitting neutrons axe
not observed in any experiment, as was explained in section 3.4. An interesting
number of examples of exotic nuclei that decay through /? emission have been
found [16,29,30,31,69,85]. It is well known that the allowed beta-decay transitions
are parity conserving: the parity of the initial state, usually the ground state of the
parent nucleus, and the parities of the various final states in the daughter nucleus
are identical. This means that in some cases we should have wave functions for the
\hu> excited states in the daughter nucleus. To obtain the possible $~ transitions,
all lhu) states that can energetically be reached by /? decay and all transitions for
which we had to consider only the s, p and sd major shells have been taken into
account.
For some of the cases where experimental halflives are available, namely those
cases where the daughter nucleus (Z < 8) has N > 8, in other words there are
neutrons in the sd shell, we do not present theoretical values. The reason for this

j is that, in order to describe the allowed fermi and gamow-teller transitions, we
\ should calculate wave functions of lftw states in these nuclei. To describe this

class of states we need to include the fp major shell as well. Inclusion of the fp
shell, however, requires a different effective interaction, since the interactions that
are used in this chapter have been derived especially for model spaces constructed

^ from the s, p and sd major shells. If one describes these lhu states in an incomplete
§ model space, containing only configurations built from the s, p and sd major shells
|? their eigenfunctions are not eigenfunctions of the centre-of-mass motion, in other
i*i words we have unknown admixtures of spurious states [42]. As we do not know
j ^ what the influence of spurious components in the wave functions on the theoretical
p$ halflives is, we have '.ot performed calculations for the cases just described.
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Instead of using the halflife ti/2 to characterize the decay process, one usually
calculates log fti/2 values, where the factor / takes into account phase-space effects
in the decay process. The formula used to obtain log ft\i? values is a simple one
[24]. It is derived by describing the nucleons as non-relativistic particles and by
evaluating the lepton wave functions at the origin r = 0. The resulting expressions
describe the allowed beta transitions, which are characterized by the following
selection rules

AJ = 0, AT = 0, II, =11/ (3.14)

for a fermi transition, and

A J = 0 or 1 (no J, = 0 - • J, = 0)

AT = 0 or 1 and II, = 11/ (3.15)

for a gamow-teller transition.
The following expression can be derived [24]

K/Gl

where K is a constant, and (MF) and (MGT) are the fermi and gamow-teller matrix
elements, respectively. Substitution of the experimentally determined values for the
coupling constants GA and Gv - given in [24] - leads to the following expression
for fti/2

6163 s
ftl'2 = {MF)» + ( 3 1 7 )

In the theory of allowed /?-decay the fermi transition operator is given by

MF = I f (3.18)

and the gamow-teller operator by

MGT = ST, (3.19)

where 1 is the identity operator in spin space, and a and f are the pauli spin and
isospin operators, respectively.
The results of the calculations on allowed beta decay are presented in table 3.6.
The / values that are used in converting log / t1 / 2 values to halflives are based
on a parametrization of Wilkinson et aJ. [108]. The theoretical halflives shown
in table 3.6 are, in general, in fair agreement with the experimentally observed
halflives [2,3,4,6,85], especially if we consider that we used the theoretical energies
in the calculation and that the decay rate depends on Eg.
The halflives of 10B and 14C, however, could not be calculated since the experi-
mental Eg is very small and can therefore not be calculated accurately enough. In
fact the theoretical /? energy is negative in these cases.
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Table 3.6. Theoretical halflives for allowed transitions compared with experimental values
[2,3,4,6,85].

Nucleus
6 He
"He
sLi
9Li

"Li
10Be
" B e
12Be
12B
1 3 B

H B

1 4 C

1SC
1 6 N

r
3+
5/2+
2+
3/2"
3/2"
0+
1/2+
0+
1+
3/2"
2~
0+
1/2+

o-

Theoretical t j /2

180 ms
81 ms

540 ms
160 ms

2.0ms
-
18 s
6.2ms

24 ms
19 ms
16 ms
-
11 s
72 s

Experimental ti/2

806.7 ± 1.5 ms
119±2ms
838 ± 6ms
178.3 ± 0.4 ms
8.7 ± 0.1ms
(1.51±0.6)106a
13.81 ± 0.08 s
24.4 ± 3.0 ms
20.9 ± 1.8 ms
17.6 ± 1.2 ms
16.1 ± 1.2ms
5730 ±40 a
2.449 ± 0.005 s
7.13 ± 0.02s

3.8 Conclusions
In this chapter we have shown the results of a shell-model study of exotic nuclei
in the region Z = 2-9. We have presented theoretical values for ground-state
binding energies, excitation energies, magnetic dipole moments, ladii and halflives.
In previous papers [44,110] it was shown that a shell-model description with an
empirically determined, mass-independent effective interaction gives good results
in the case of ordinary, that is non-exotic, p-shell nuclei. From the present study
it appears that such an approach can be successfully extended to exotic p-shell
nuclei, provided that one also uses data on nuclei with isospin values T > 5/2 to
determine the effective interaction. Nevertheless, the uncertainty of the theoretical
energies is too large to give accurate theoretical values for beta-decay halflives and
to describe the particle stability of a few isotopes.



Particle-hole excitations in the 208Pb
mass region

Much attention is being paid, experimentally as well as theoretically, to nuclei in
the region around the doubly magic nucleus 208Pb. It is often assumed that the
properties of these nuclei can be described in a simple shell-model picture. Recently
the interest in this region has been increased further because of difficulties in
explaining the observed low occupation numbers of the 2s!/2 orbit [28,74,80].
In this chapter we will discuss the effect of particle-hole excitations on spectra,
p-factors, Ml transition strengths and 5-factors. This chapter contains the results
of two shell-model calculations. In the first one excitations up to lp-lh, and in the
second one up to 2p-2h are taken into account. These shell-model calculations are
performed on several nuclei near the closed core 208Pb, that is 205.207TI (Z=81),
206-209Pb ( £ = 8 2 ) and 209Bi (2=83).
The model spaces, described in section 4.1, are built on the same set of orbits in
both calculations and are the same for all nuclei of interest. In section 4.2 we discuss
the resulting energy spectra and in section 4.3 a comparison is made between
experimental and theoretical (/-factors. In section 4.4 we discuss Ml transitions,
in section 4.5 we present spectroscopic factors for / = 0 proton pick-up from 208Pb
and 206Pb, and in section 4.6 we will summarize our findings.

4.1 Model space and interaction

Since one of our aims is to investigate single-particle spectroscopic factors, which
correlate wave functions in different nuclei, it is essential to use one and the same
interaction and model space for ail nuclei concerned.
For a study of the nuclei with .4=205-209 we used the proton-neutron formalism
and a model space constructed from a set of fourteen orbits, namely the nearest six
particle-orbits and eight hole-orbits with respect to the 208Pb core, see figure 4.1.
For all nuclei lp-lh excitations have been taken into account since it is believed
that, among the particle-hole excitations, these are dominant. Adding more orbits
would have resulted in hamiltonians of unmanageable dimensions. At present the
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Figure 4.1. Single-particle energies (MeV) in the 208Pb region for (a) pure single-particle (single-
hole) states in M7T1, 207Pb, 209Pb or 209Bi, (b) lp-lh excitations included, (c) lp-lh and 2p-2h
excitations included.

maximum dimension of 2910 x 2910 is reached in the case of the JK = l / 2 + ground
state of 2O5T1.
It is of particular interest to obtain an impression of possible effects of excita-
tions beyond lp-lh. However, the inclusion of 2p-2h excitations is feasible only for
A=208 and A=209, while moreover the seniority must then be limited to v < 3.
This means that either the hole pair or the particle pair (or both) has J = 0.
Since the pairing term in the effective interaction is quite strong, components in
the wave function with broken J — 0 pairs have small amplitudes. For this reason
it is physically reasonable to take into account only configurations with zero or
one broken J = 0 pair, that is configurations with v < 3.
Other authors have used different truncation schemes. Vergados [100] takes into
account all low-lying lp-lh states in 208Pb and the 0+ ground state and 2+ states in
206Pb, 206Hg, 210Pb and 210Po, making simple assumptions for the wave functions
of these states. An important disadvantage of the method of Vergados is that
the lp-lh configurations are not anti-symmetrized, which could lead to noticeable
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effects. Lee and Pittel [59] take into account all 2p-2h configurations that can be
constructed from a set of 24 proton orbits and 26 neutron orbits, but only those
configurations with E2p + E2h + £p_h less than 8.2 MeV above the ground-state
energy. This truncation scheme has a weak point: the possibility exists of ignoring
important configurations that do not obey the above criterion, but that come down
in energy if the two-body interaction is turned on.
In order to have a meaningful comparison of the results of the lp-lh and 2p-2h
calculations, the same set of active orbits has been taken into account. The hamil-
tonian is written, in second-quantization notation, as [84]

H = £ e A ' a 9 + \ £ VpXaTala{aTaa, (4.1)
P p\(7T

where a* and ap are the usual creation and annihilation operators, the numbers ep

are single-particle energies and the numbers VP\,,T are the matrix elements

VPx,r = (pA|F|ar). (4.2)

As residual interaction we used the surface delta interaction, denoted SDI, that
has the form [24]

Vr(n -?,) = AT«(fi - r2)6(\rl| - R), (4.3)

where R is the nuclear radius and T is the isospin. The strength parameters of
the SDI in the T=0 and T = l channels, given by Ao and A\, are in general not
identical. Although the SDI is a schematic interaction, it produces, as was shown
in [114], about the same results as the kuo-herling matrix elements, which were
derived from a realistic NN potential.
Since the low-lying states in the A=207 and J4=209 nuclei are no longer treated as
pure single-particle or single-hole states, the corresponding single-particle energies
should not be taken directly from experiment, but should instead be treated as
free parameters. Because a fit has been performed to the experimental excitation
energies, one can only determine relative single-particle energies. For the lp- lh
calculation the interaction parameters AQ and A\ and all single-particle energies,
with respect to the proton 2sjy2 and neutron 2pi/2 orbits that were fixed at the
experimental values, have been obtained from a least-squares fit of calculated ex-
citation energies to 74 experimental energies in the nuclei J4=207-209 . All yrast
and yrare levels with well determined spin and parity were used in this procedure.
The interaction strengths obtained are A\ = 0.166 MeV, AQ — 0.204MeV.
For the 2p-2h calculation the interaction strengths and the single-particle energies
of the particle orbits were determined from a fit to the same set of experimental
energies, but restricted to the nuclei A = 208 and 209, as was mentioned earlier.
In this fitting procedure, however, the first 1+ state in 208Pb was disregarded, as
our 2p-2h calculation produces additional 1+ states below the experimental yrast
1+ state. The relative single-particle energies of the eight hole orbits were kept
fixed at the values derived in the lp-lh calculation since the single-hole states in
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J 4 = 2 0 7 were not included in this case. The interaction strengths obtained in the
extended model space are Ai = 0.128 MeV, Ao = 0.210 MeV.
The empirically determined single-particle energies for both cases are given in
figure 4.1. In this figure are shown three sets of theoretical values we derived
from a fit of calculated spectra to experimental data (a) with the assumption that
the states are pure single-particle (single-hole) states in 207Tl, 207Pb, 209Pb, or
209Bi, (b) with lp-lh excitations included, (c) with lp-lh and 2p-2h excitations
included.
This figure shows that in both the lp-lh and the lp-lh plus 2p-2h model spaces
the energy gap between the particle orbits and the hole orbits is smaller than
the energies derived under the assumption that the corresponding states can be
described as pure single-particle or single-hole states. The relative separations of
the particle (or hole) orbital energies within a group change only slightly. The
quite large downward shift of the single-particle energies occurring in the largest
model space can be explained as an effect of the 2p-2h admixtures in the wave
functions of the excited states. We will illustrate this in the case of 208Pb. In a
model space where particle-hole excitations are not allowed, we obtain only the
0+ ground state. The inclusion of lp-lh excitations of the core gives rise to a
considerable number of excited states, but no additional 0+ states in 208Pb. By
adding 2p-2h excitations we obtain extra 0+ states, a modification of the ground-
state wave function, and small admixtures of 2p-2h configurations to those excited
states that have a predominant lp-lh nature. Due to configuration mixing with
the excited 0+ states, the ground state will be pushed downwards, thus increasing
the gap between the ground state and the excited states. If we allow the single-
particle energies to vaxy, we observe a decrease of the distance between single-hole
and single-particle energies, such that the effect described above is neutralized. A
more consistent extension of the model space with respect to the lp-lh excited
states would be to include also 3p-3h excitations. However, this is unfeasible at
present.

4.2 Spectra and wave functions
The resulting spectra are given in figures 4.2-4.14. For each nucleus, first the
low-lying states are compared with the experimental data. This is followed by a
discussion of a complete set of calculated excitation energies. The latter are pre-
sented in a plot of Ex as a function of J for the lowest four states of each / ,
whenever present in the model space. These Ex( J) graphs in general are expected
to show a parabolic shape [67,114,68]. This parabolic behaviour is much less strik-
ing in the present spectra, where Ex is sometimes almost independent of J for
wide ranges of J . This unusual behaviour follows from the fact that the active
single-particle orbits near 208Pb are quite widely spaced compared to the strength
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of the residual interaction. Hence, one obtains a situation where Ex is mainly de-
termined by the single-particle or single-hole energies. Since in A=209(207) one
has J = Jcote + Jpartideihoie)! °n« obtains a large number of almost degenerate states
for a given set of orbits when the values of Jcon, and Jparticie or Jhok are large. This
is demonstrated for example with the positive-parity states of 209Bi. The low-lying
set of seven, nearly degenerate states at Ex w 2.5 MeV with J* = 3/2+ . . . 15/2+
can be described by the weak coupling of a 0h9/2 proton to the 3~ state of 208Pb,
see figure 4.7.
In the EX{J) graphs the states with a given spin Jn are presented only for n < 4.
Hence, the full range of degenerate states cannot be recovered from the EX(J)
graphs in cases where the low-J part corresponds to states with n > 5.

4.2.1 The nucleus 208Pb
For 208Pb, a doubly magic nucleus, it is of course essential for a calculation of the
excited states to take into account particle-hole excitations. In the study described
in this chapter we have studied this nucleus in both a lp-lh and a 2p-2h model
space, but we will focus the present discussion on the results obtained in the latter
model space. It follows from figure 4.2 that 2p-2h excitations do not much affect the
lp-lh spectrum of low-lying states in 208Pb. However, only in a 2p-2h calculation
do we obtain excited 0+ states. Figure 4.2 shows that reasonable agreement with
the excitation energy of the first excited 0+ state and also with the other excitation
energies is obtained. The large gap between the ground state and the excited states,
and in particular the position of the 3~ state, are reproduced well.
It turns out that nearly all J* = 2+ . . . 12+ and J* = 1~ ... 14~ yrast states
have a single dominant lp-lh component, which in most cases is a neutron lp- lh
component. Exceptions are for instance the 3~ state and the 5~ state, which have
a complex lp-lh structure in which both neutrons and protons are excited. The
2+ state contains about 30% 2p-2h components. For J* = 3 + and JT = 9~ we find
that the lowest state in our calculation is a 2p-2h state, while the second state is
a lp-lh state. The 2p-2h components of the JT = 4 + . . . 12+ and J" = 1~ . . . 14~
yrast states have an intensity of less than 1%. The 0+ ground state and yrast

; 1+ state, contain 20% and 89% neutron 2p-2h excitations, respectively. For the
description of many yrare states in 208Pb the 2p-2h excitations are found to be
essential. These states are characterized by neutron 2p-2h configurations.
The complete sets of levels with positive and negative parity calculated in the
2p-2h model space are presented in figure 4.3. All tentative spin assignments are
confirmed by the present theory, except in the case of the yrast 9~ state. It follows

, from these figures that the present description reproduces the observed levels in
j 208Pb of positive-parity states up to 12+ and negative-parity states up to 14".
f
i__ 4.2.2 The nucleus 209Pb
%js This nucleus, mainly described as a neutron coupled to the 208Pb core, is treated
y ' in both a 2p-lh and a 3p-2h model space. We will concentrate on the results of
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the calculation in the larger model space.
The excitation energies of the low-lying states calculated in both the small and the
large model space are practically the same. The admixtures of 2p-2h excitations
to these low-lying states are not larger than 15%. Our model space includes the
Ig9/2i Oin/2 an<l OJ15/2 neutron orbits, see figure 4.4.
The intensities of these pure single-particle configurations in the lowest three states
are 77, 80 and 73%, respectively. The remaining part of the intensity is distributed
almost equally over the lp-lh and 2p-2h excitations. All other yrast states have a
2p-lh character with sometimes considerable admixtures of 3p-2h configurations.
The calculated Ex( J) graphs for 209Pb with J < 41/2 are presented in figure 4.5 for
the positive-parity and negative-parity states, respectively. The observed low-lying
states at Ex ss 2MeV with J" = 1/2+ . . . 7/2+ - see figure 4.5 - cannot be repro-
duced by the present theory and must be interpreted mainly as lds/2, 2sj/2, lg7/2
and ld3/2 single-particle neutron states. However, as explained in section 4.1, these
orbits had to be excluded from the present calculation because of computational
limitations.
Experimentally the situation above Ex ~ 3 MeV is quite uncertain as far as spin
assignments are concerned, but the number of observed states below Ex = 4 MeV
[65] agrees well with the calculated number (about 50).

4.2.3 The nucleus 209Bi
As in the case of 209Pb, we will concentrate on the results of the 3p-2h calcula-
tions. The nucleus 209Bi can be described most simply as a single proton coupled
to the 208Pb core. The lowest three states of the spectrum are expected to be
predominantly single-particle proton states 0h9/2, lf7/2 and Oii3/2, see figure 4.6.
Both calculations confirm this expectation: in the 3p-2h calculation we obtain in-
tensities of 78, 74 and 73%, respectively, for these single-particle configurations.
The admixtures of lp- lh excitations in these three states are about 6% with the
remaining part, about 20%, consisting of 2p-2h components.
The set of calculated states is compared with the available data in figure 4.7, for
both the positive-parity and negative-parity states. Figure 4.7 indicates that the
yrast J* = 5/2~, 3/2~ and 1/2" states should be interpreted as lf5/2, 2p3/2 and
2pi/2 single-particle proton states, that are excluded from our model space.

4.2.4 The nucleus M7T1
The states in the lower part of the spectrum of 2O7T1 can be described well by a
2si/2, ld3/2, ld5/2 or 0h n / 2 proton hole coupled to the 208Pb core; for excitation
energies see figure 4.8. These components have an intensity of 91, 93, 85 and
84%, respectively, with the remaining part being predominantly neutron lp-2h
configurations. All other states have a lp-2h character.
The experimental information on positive-parity and negative-parity states in 2O7T1
is very scarce, see figure 4.9. The spin assignments, though uncertain in some cases,
agree well with the present theory. The contribution of the proton lds/2 orbit to
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the ground-state wave function of 2O7T1 is not as large as is expected [10,72,90]. It
has been suggested that an important part of the wave function of the J* = 1/2+
ground state is |208Pb(2+) x Trld^). However, in our calculations we find that
the total contribution of ld5/2 components in the ground-state wave function is
smaller than 2%. The dominant component (91.4 %) is |208Pb(0+) x TT2S~J2).

4.2.5 The nucleus 207Pb
The simplest description of 207Pb is that of a neutron hole coupled to the dou-
bly magic nucleus 208Pb. It follows from figure 4.10 that the lowest four states,
described predominantly by a neutron hole in the 2p!/2 (96%), lf5/2 (95%), 2p3/2

(92%) and 0ii3/2 (88%) orbits, respectively, are reproduced quite well by the present
theory. The remaining calculated states, shown in figure 4.11, have a lp-2h na-
ture.
The 7/2" state at Ex = 2.34 MeV and the 9/2" state at Ex = 3.41 MeV axe
missing in the theory, since the neutron lf7/2 and 0h9/2 orbits were not included
in our model space. Above Ex = 2.7 MeV the experimental situation becomes
unclear, because of uncertain spin assignments. Some of the calculated negative-
parity states in the Ex = 4-5 MeV region (see figure 4.11) may have been observed
experimentally [86].

4.2.6 The nucleus 206Pb
As can be seen from figure 4.12, very good agreement between experiment and
the present calculation on 206Pb, which includes lp-lh excitations, has been ob-
tained. The complete sets of calculated positive-parity and negative-parity states
are compared with the data in figure 4.13. The observed J* = 10+ and 12+

states at Ex « 4 MeV are reproduced well by the theory. Good agreement is
also found for the few negative-parity states observed at Ex « 2 MeV; see fig-
ure 4.13. The pronounced staggering of the positive-parity yrast states of even J ,
J* = 2 + , 4 + , . . . , 12+, that is observed in figure 4.13, can be simply explained by
a semi-classical interpretation of the two-body interaction for a (i/13/2)~2 config-
uration [24].

4.2.7 The nucleus 205Tl
For 2O5T1 only the J" = l / 2 + states could be calculated due to computational
limitations. The results for the J" = l /2 + states are compared with the data in
figure 4.14. Theoretically one expects many J" = 1/2+ states with Ex < 2.5 MeV,
whereas experimentally at most three of these have been observed so far. The
total contribution of components with 2s!/2, ld3/2 and ld5/2 proton holes to the
wave function of the ground state of 2O5T1 is 63%, 27% and 10%, respectively. The
wave-function component with the largest contribution (36%) is



64 Particle hole excitations

2.5-

>
0>

11/2+

11/2+

9/2+
7/2+

5/2+

7/2"

13/2+

3/2"

5/2-

1/2"

11/2+
9/2 +

7/2+

11/2+

5/2+
7/2+
9/2 +

•xp 1p-1h

207Pb (-+>
82 125

13/2+

3/2"

5/2"

1/2"

2-1 i

1 II 21 31
2J

Figure 4.10. Low-lying states of 207Pb spec-
trum. Experimental data are taken from [86].

51 1 11 21 31 41 51

Figure 4.11. Positive-parity and negative-parity states in 207Pb. Experimental data are taken
from [86]; cf. caption of figure 4.3.



4.2 Spectra and wave functions 65

2-)

1.5 H

1-1

2 + • • • • _

1 +
 • • =

2+
3+

0+

ftxp 1p-lh

. V , *

5 10 15
J

Figure 4.12. Low-lying states of 206Pb spec-
trum. Experimental data are taken from [106].

20 25 10 15
J

20 25

Figure 4.13. Positive-parity and negative-parity states in 206Pb. Experimental data are taken
from [106]; cf. caption of figure 4.3.



6 6 Particle hole excitations

2 0 5 n
81 124

1/2+.3/2+
1/2+.3/2+

(1/2+)

1/2+

- 1/2+

- 1 / 2 +

- 1/2+

_ 1/2+
- - 1 / 2 +

- 1/2-

1/2+
1p-1h

-1/2+
Figure 4.14. J" = 1/2+ spectrum of 2O5T1.
Experimental data are taken from [87].

4.3 The effect of configuration mixing and core
polarization on ^-factors

The present wave functions, which include particle-hole excitations, may be suited
for a more detailed study of the nuclear ^-factors in the ̂ 4=205-209 mass region.
The magnetic dipole operator used here is given by [9,48,113]

it = g'Ug's + g*{Y2 x s]M, • (4.4)

where gl and g" are the free-nucleon orbital and spin gyromagnetic ratios, respec-
tively. The last term of equation (4.4), arising from effects of core polarization, has
a strength gp. In table 4.1 three sets of nucleon gyromagnetic ratios are given: (a)
the bare-nucleon value, (6) the value corrected for first- and second-order configu-
ration mixing and meson exchange [9], and (c) the value corrected for second-order
configuration mixing and meson exchange [9].
Table 4.2 presents the theoretical ^-factors for the nuclei discussed in the previous
section. Column (6) of this table shows the ̂ -factors that result from the dominant
component of each state (intensity normalized to 100%) in the lp- lh model space,
with the bare-nucleon gyromagnetic ratios given in table 4.1. Columns (c) and (d)
contain the g-factors calculated with the bare-nucleon gyromagnetic ratios, with
9T = ff? = 0 a n d t n e lp-lh and 2p-2h wave functions, respectively.
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Table 4.1. Gyromagnetic ratios: (a) bare-nucleon value, (t) value
corrected for first-order and second-order configuration mixing and
meson exchange, and (c) value corrected for second-order configura-
tion mixing and meson exchange.

Parameter

A
9%
9l
9l

a

1.00
5.59
0.00

-3.83

b

1.13
3.63
0.07

-1.83

c
1.13
5.36
0.06

-3.43

From a comparison of the results in columns (6) and (c) it is clear that for A=205-
207 the latter results, where lp-lh admixtures have been taken into account, are
in much better agreement with experiment. Vergados [101] has calculated the g-
factors of the 5/2" excited state in 207Pb and of the 1/2+ ground state of 207Tl.
For the excited state in 207Pb he obtains a ^-factor of 0.41, slightly inferior to our
result, and for the ground state for 207Tl he obtains a ^-factor of 4.05, slightly
bettor than our result.
It follows from column (d) of table 4.2 that the inclusion of 2p-2h admixtures has
a very small effect on the calculated moments. The contributions of the terms
proportional to g% and gp

v are, for g? and g* less than 1, small in nearly all cases.
Exceptions are the J* = 12+ state in 206Pb and the J* = 1/2" state in 207Pb. The
dipole moments of the latter states depend strongly on the value of g* but limit
this parameter to a small value (absolute value less than 0.1). The measured, large
^-factors for the 1/2+ states in 2O5T1 and 2O7T1 are about 60% of the corresponding
single-particle value, given in column (b) of table 4.2. The present lp-lh admix-
tures reproduce this reduction, although the calculated quenching is somewhat too
strong. The relative effect of the lp-lh admixtures is also very large in most other
cases, as follows from table 4.2.
An interpretation of the difference Aff(Tl) between the ^-factors of the ground
states of 2O7T1 and 2O5T1 in terms of the coupling of a proton hole to the 2+ state
in 2Q6Pb and 208Pb has been given recently by Arima and Sagawa [10].
Arima and Hyuga [9] have calculated explicitly the changes in the gyromagnetic
ratios gl and g' due to configuration mixing and meson exchange separately. In
column (c) of table 4.1 we give their results for the gyrorcagnetic ratios, including
meson exchange and second-order configuration mixing, and m column (b) of this
table the same numbers with an additional correction due to first-order config-
uration mixing. The use of these effective g-factors in our calculations does not
improve the average agreement with experiment, however. The same holds for the
use of non-zero values of gp.

The difference between the experimental g-factors and the schmidt values, given
by equation (3.3), can be attributed to core polarization and meson exchange.
Protons with j = I + 1/2 always exhibit j-factors not far from the schmidt value,
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Table 4.2. Comparison between theoretical and experimental g-factors in 4=205-209 nuclei.
Experimental data are taken from [82]; experimental errors are given only if larger than 10"2.

Nucleus

205T]

207p b

207-J-]

208p b

209p b

209Bi

J*

1/2+
7"

6-

12+

1/2-
5/2-
1/2+
3 "

5"
9/2+
9/2"
7/2"
13/2+
9/2+
15/2+
19/2+

£exp
(MeV)
0

2.20
2.38
4.03
0

0.57
0
2.61
3.20
0
0
0.90
1.61
2.56
2.74
2.99

Dominant
configuration"

j/i-3' P7/ 2

"^3/2
"Pi/2

irhjyjd^1.,

"g9/2Pr/2

"g9/2
irhg/2
7rf7/2
T113/2
7rhI/2d3/2
7rh9/2i/(g9/2p-/

1
2

Th 9 / 2 i / (g 9 / 2p-/ 2

(%)

(36%)
(84%)
(88%)
(82%)
(96%)
(95%)
(91%)
(45%)
(31%)
(91%)
(95%)
(87%)
(84%)
(32%)

) (26%)
) (73%)

b
+5.59
-0.17
-0.40
-0.29
+ 1.28
+0.55
+5.59
+0.77
-0.26
-0.43
+0.58
+1.66
+1.35

-
-

-

Theory
c

+2.81
-0.03
-0.22
-0.14
+0.95
+0.34
+3.08
+0.40
+0.27
-0.38
+0.44
+1.03
+0.84
+0.42
+0.31
+0.40

d
-
-

-

-

-
-
-

+0.39
+0.21
-0.23
+0.42
+1.05
+0.86
+0.42
+0.30
+0.16

Exp.

+3.28
-0.02
+0.13(7)
-0.15
+ 1.19
+0.32(1)
+3.7">(1)
+0.62(8)
+0.02
-0.33
+0.91

?
•?

±0.78(16)
±0.83(16)
±0.37

"dominant component in lp-lh model space
'9-factor for the dominant configuration
c (/-factor with lp-lh excitations included
''g-factor with lp-lh and 2p-2h excitations included

since the contributions of mesonic effects and core polarization tend to cancel.
States with j = I — 1/2, however, might show large deviations from the schmidt
value. An example of this is the j-factor of the ground state of 209Bi. Only half of
the deviation between theory and experiment for this ^-factor can be explained by
effects of core polarization [8], The rest of the deviation could be due to mesonic
effects.
The rather large deviations between experimental and theoretical ^-factors occur-
ring in A = 208 and 209 - see table 4.2 - could be due to limitations in the present
model space or to mesonic effects.

4.4 Magnetic-dipole transition rates

Much theoretical and experimental attention has been paid to the magnetic-dipole
transition strength of the transitions 1+ -+ 0+9 in 208Pb, see [27,70] and references
therein. Earlier calculations in a lp-lh model space [59,101] have indicated the
existence of two J* = 1+ states in 208Pb at Ex w 6 MeV. These states could be ex-
cited strongly by Ml transitions from the ground state. Some recent experiments
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Table 4.3. Excitation energies (MeV) and Ml

Theory"
Ex B(M1)T

Theory'
Ex fl(Ml)T Ex

— 1+) transition

Theory1

fl(Ml)T

6 9

strengths ( ^ ) in 208Pb.

Experiment"1

Ez B(M1)T
4.11
5.22
5.46
5.81
5.97

0.00
0.00
6.70
0.00
0.00

-
-
5.85
7-8

-
-
1.6(5)
1.6

5.45 1.20 5.58 11.3

7.52 48.1 6A3 13.6 6.39 12.50 5.8-7.4 11

"see [100]
'present study, lp-lh excitations included
'present study, lp-lh and 2p-2h excitations included
dsee [57,58,70]

[70,51] revealed only part of the predicted Ml strength, but the most recent ex-
periment reported in [58] accounts quite well for the much discussed 'missing' Ml
strength [101]. It is worthwhile to use the present wave functions to investigate
the effect of 2p-2h excitations on calculated Ml transition strengths.
We obtain 22 states with J" = 1+ in 208Pb, the properties of the lowest six of
which will be discussed in some detail. The 1+ states that result from our calcu-
lation, except the third and sixth state, turn out to be 2p-2h excited states that
can only very weakly be excited because the presence 2p-2h admixtures in the
ground state are weak; see table 4.3. The wave functions of the third and sixth
1+ states are almost pure lp-lh states. The summed Ml strength for the bare-
nucleon gyromagnetic ratios is about 25 fijj for the lp-lh calculation and about
19 ̂  for the 2p-2h calculation; see table 4.3. The influence of the third term in
equation (4.4), gp[Y2 x s*]^', is negligible for gp less than 1. Both strengths are
considerably smaller than 49 (iff calculated by Vergados [101]. Lee and Pittel [59]
have also calculated the Ml strength distribution and their result is similar to that
of Vergados, although the calculation of Lee and Pittel predicts that some of the
total Ml strength is to be found in the 1+ states of 2p-2h nature. Our calculation
predicts no significant Ml strength for the low-lying 2p-2h states, which seems to
be confirmed by recent experiments [51,57,58]. The extra quenching in the 2p-2h
result is mainly due to the 10% admixtures of 2p-2h states in the 208Pb ground
state. The large strength calculated for the second 1+ state of lp-lh character at
Ex = 6.4 MeV is not observed experimentally [51,57,58].
However, this discrepancy could be explained if the calculated strength were spread
over many excited states not included in our model space. A recent experiment [58]
indicates the existence of a giant Ml resonance centered at an excitation energy
of about 7.3 MeV, a width of 1 MeV and a total strength of ££(M1)T= 1.56/i&.
Laszewski et al. find a total strength of £.B(M1)T= 10 .7 t o i / ^ between 5.8 and
7.4MeV, of which £fl(Ml)T= 1.9+S:IA«N

 i s f o u n d b e l o w 6.7MeV.
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The present result does not completely reproduce the observed strength for the
lowest lp-lh state [107], since the distribution of the Ml strength over the two
lp-lh states depends rather critically on the amplitudes of the two components
|7rh~1

I,2h9/2) and |i^i^3
1,2i11/2) of the wave function and the contributions of these

two components interfere destructively for the lowest lp-lh state. The observed
Ml strength in the excitation-energy region between 5.8 and 7.4 MeV, 11 / $ , is
nevertheless in good agreement with the strength predicted for the second 1+

state around Ex = 6.4 MeV.

4.5 Spectroscopic factors

An interesting question concerns the validity of the nuclear shell model, that is,
can the properties of an atomic nucleus be described in terms of single-particle
orbits? Experimental groups have attempted to answer this question for the case
of nuclei near the magic nucleus 208Pb and to probe these orbits through precise
measurements of the charge distributions of 206Pb and 2OST1. These charge distri-
butions are measured by means of (e,e') experiments [25]. Another possibility is to
use one-particle knock-out reactions such as (d,3He) and (e,e'p). It is said that the
results of these reactions can be interpreted as direct measurements of the momen-
tum distribution of the particle knocked out from the nucleus. The results of these
experiments seem to show a discrepancy with shell-model calculations: the exper-
imental results could be explained by assuming that the occupation of the 2sy2

orbit is roughly half of what is expected from a shell-model calculation. Friedrich,
however, argues that the results of the proton knock-out reactions (d,3He) and
(e,e'p) can only be interpreted as direct measurements of the momentum distri-
bution of the knocked-out proton if rearrangement effects are properly taken into
account [35].
Spectroscopic factors, scalar numbers that contain the nuclear-structure informa-
tion for a particle transfer reaction, can be related to the momentum distributions
of nucleons in a nucleus. Spectroscopic factors relating the ground states of Tl and
Pb have been accurately measured for the pairs 2°6pb/20STl and 208Pb/207Tl. In
shell-model terms a spectroscopic factor for a given orbit is related to the proba-
bility of finding a particle in that orbit and contains information on the structure
of nuclei with different mass numbers. Via a sum rule one can also determine the
occupation numbers of the shell-model orbits. These 5-factors can also be related
to the difference of the respective ground-state charge distributions 6p(r) [38] and
can be extracted from (d,3He) and (e,e'p) reactions.
We have calculated these spectroscopic factors for the reactions 208Pb—>2O7T1 and
206pb_>205T1 T h e r e s u l t s axe £ven i n t a b l e 4 4 ; for t h e c a s e 2O6pb_+205Tl t h e

theoretical S-factors are compared to experimental results. In both cases only lp-
lh excitations with respect to the ground state have been taken into account, since
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Table 4.4. Spectroscopic factors for / = 0 proton transfer. J^': sum over first ten states;
53: sum over all states.

208p[,_,
ET (MeV)

0.00
4.83
5.28
5.74
5.82
5.94
6.08
6.25
6.32
6.34

207Tla

S
1.83
0.00
0.10
0.00
0.01
0.00
0.00
0.01
0.00
0.00

£'S=1.95
£ 5 = 2.00

2 0 6 p b ^ 20

Ex (MeV)
0.00
1.26
1.40
1.56
1.59
1.85
2.19
2.36
2.56
2.64

I5T1"
S
1.27
0.48
0.03
0.01
0.03
0.00
0.00
0.00
0.00
0.03

r' S = 1.85
f]S = 1.99

206 pi,—,

Ex (MeV)
0.00
1.22
1.43
-
-
-
-
-
-
-

5

205-pjt

S
1.10(5)
0.20(2)
0.08(1)

-
-
-
-
-
-
-

2' S = 1.37(10)

"Ip-lh model space
'experimental results [80]

a 2p-2h calculation of the ground state of 206Pb and the 1/2+ states of 2O5T1 is at
present unfeasible.
The calculated ground-state S-factor for / = 0 proton pick-up from 206Pb is smaller
than that for 208Pb. This can easily be explained, since 206Pb has a low-lying 2 +

state at Ex = 0.9 MeV that is coupled to a ld5/2 or ld3/2 proton hole to produce a
low-lying 1/2+ state in 2O5T1. In 208Pb, however, this 2+ state is found at a much
higher excitation energy (Ex = 4.3 MeV). Therefore, the degree of configuration
mixing for the low-lying l /2 + state in 2O7T1 is smaller; see also sections 4.2.4 and
4.2.7.
The spectroscopic strength for / = 0 proton pick-up summed over all states is equal
to the occupation nambpr for the 2si/2 orbit in the target nucleus. The present
lp-lh calculation predicts a higher occupation number for the 2s!/2 orbit in 206Pb
than is indicated by experiment [80,81].
From data for the reactions (d,3He) and (e,e'p) [38,80,109] the ratio of spectro-
scopic factors for the transitions to the 1/2+ ground state of 2O5T1 and 207Tl has
been deduced with high accuracy. Experimentally, the ratio of the spectroscopic
factors for / = 0 proton pick-up in the transitions 206Pb -» 20STl(g.s.) and 208Pb
-• 207Tl(g.s.) is 0.69(3) from (e,e'p) and 0.77(1) from (d,3He) [79]. The calculated
value is 1.27/1.83 = 0.69, see table 4.4, which is in excellent agreement with the
result obtained with the (e,e'p) reaction.
Our calculations confirm the experimental observation that nearly all of the / = 0
strength for the reaction 208Pb —* 2O7T1 is contained in the ground-state transition.
For the reaction 206Pb -> 2O5T1 a much larger part of the / = 0 strength is located in
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the second l /2+ state. The theory reproduces this effect, although the calculated
value, 38% of the ground-state transition strength, is larger than the observed
value of 18(2)%, see [80].

4.6 Summary and conclusions
In this chapter a theoretical description is given of spectra, electromagnetic prop-
erties and spectroscopic factors for a number of nuclei around 208Pb. A large model
space that includes configuration mixing has been used. Excitations up to 2p-2h
have been taken into account for A=208 and 209, whereas in the other nuclei
excitations up to lp-lh were considered. Because of computational restrictions
the seniority had to be limited to v < 3 in the 2p-2h case. The hamiltonian has
been derived from the SDI two-body matrix elements with empirical single-particle
energies for the proton and neutron orbits that were taken into account.
In general, very good agreement has been obtained for the spectra of all nuclei,
including those for states of rather high spin. Nearly all experimentally still ten-
tative spin-parity assignments were found to be in agreement with the present
theoretical description.
The presence of 2p-2h excitations in the model space used in this chapter produces
a considerable number of additional low-lying states in A=208 and 209, for which
there is some experimental evidence. A good example is the excited 0+ state in
208Pb.
Both lp-lh and 2p-2h excitations also have an effect on the structure of single-
particle states. The latter states in the A=209 nuclei contain roughly 10% lp-lh
components and 10-20% 2p-2h components in the larger model space. The 208Pb
ground state has 20% 2p-2h admixtures.
The results of section 4.3 show that the influence of lp-lh excitations on calculated
(/-factors is large and in several cases is needed to produce reasonable agreement
with the experimental data. The effect of 2p-2h admixtures on magnetic moments
is insignificant. No improvement could be obtained by using a magnetic dipole op-
erator with empirically determined, state-independent gyromagnetic ratios.
In the case of the 1+ states in 208Pb we saw that the 1+ states of 2p-2h nature
have very small J?(Ml)f strengths which makes experimental observation difficult.
The agreement between the calculated and the measured B(Ml)f strength for
the lowest observed 1+ state in 208Pb is improved by taking into account 2p-2h
excitations. The predicted large strength of B(Ml)f= 12.50/z^ to another low-
lying 1+ state in 208Pb may have been observed experimentally, if the strength can
be assumed to be spread over many excited states that are not included in our
model space.
The ratio of the spectroscopic factors for single-proton transfer reactions on the
even-mass lead nuclei 206Pb and 208Pb to the ground states of 2O5T1 and 2O7T1,
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respectively, agrees excellently with the value that is extracted from (e,e'p) exper-
iments.
The present results indicate that for the predominantly lp-lh excited states no
significant improvement is obtained by allowing admixtures of 2p-2h configura-
tions. We expect that this result carries through unaltered to model spaces built
from larger sets of orbits. If we take into account the possibilities of present-day
computers and computer programs a very interesting extension of the theoretical
work described in this chapter seems to be an investigation of nuclei in the lead
region with a larger set of orbits, but with only lp-lh excitations included.



Effective interactions

In this chapter the construction of effective hamiltonians for shell-model calcula-
tions will be continued. However, we will not use an effective hamiltonian para-
metrized in terms of empirically determined talmi integrals, but instead we will
use an effective interaction, derived directly from a realistic NN potential, such as
the paris or bonn potential. Furthermore we will employ the fact that substantial
simplifications arise if this method is applied in shell-model calculations without
an inert core.
We will be concerned with the nucleon-nucleon interaction that is used in nuclear-
structure calculations. For a detailed discussion the reader is referred to the mono-
graph by Brown and Jackson [22].
There are in fact two categories of NN potentials:

• phenomenological potentials obtained from fits to NN scattering phase
shifts,

• theoretical potentials derived from meson-exchange models.

In order to determine the values of certain parameters in the potentials of both
categories bound-state properties of the deuteron are used as well.
For many years the nucleon-nucleon interaction was considered as one of the fun-
damental forces of nature, produced by the exchange of mesons between nucleons,
an idea first proposed by Yukawa. Today we know that nucleons are not elemen-
tary particles but can be regarded as composite particles made up of three quarks.
In this picture the NN interaction must therefore be viewed as being generated
by gluon exchange between the six quarks involved and should - in principle -
be calculated from quantum chromodynamics. This, however, is exceedingly com-
plicated and so far NN potentials derived from QCD are not yet of such quality
that they can serve as a basis for nuclear-structure calculations [41]. On the other
hand, the NN interaction is well reproduced by a model based on the exchange
of various mesons, resulting in the paris and bonn potentials [56,63]. Both these
potentials have been used in recent years to calculate the properties of nuclei and
nuclear matter.
Since reliable theoretical potentials have become available only recently, all the
pioneering calculations in the field of effective interactions and effective operators

75
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were performed with the older, phenomenological potentials, such as the hamada-
johnston [40] and reid [83] potentials.

5.1 Introduction
In order to calculate the properties of a nucleus with mass number A we need to
solve the schrodinger equation for a system of A fermions. The prototype nucleus
that is often used as an example is 18O. The full schrodinger equation for this
case is of course too complicated to be solved exactly. The simplest approximation
that one can make in the case of 18O is assuming that the problem consists of two
nucleons moving outside a closed 16O core in the three orbits of the sd shell.
Several methods exist to reduce the schrodinger equation to an equation in a
model space of finite dimension. Inside this model space we should use an effective
hamiltonian that also accounts - as far as possible - for the degrees of freedom
that are not taken into account, that is, the part of the original hilbert space that
is discarded.
We will concentrate in this chapter on the shell-model approach [24]. In the shell-
model approach one starts with a hamiltonian

H = T + V, (5.1)

where T is a simple hamiltonian with eigenfunctions given by

Ity. = zj». (5.2)

The operator H is the full hamiltonian, the eigenfunctions of which describe the
properties of the many-body system under consideration

H** = £A*A . (5.3)

Every eigenfunction of H is written as a linear combination of the eigenfunctions
of T

However, H is an operator in a hilbert space of infinite dimension, the configuration
space C, and the wave functions 0M can be looked upon as infinite-dimensional vec-
tors. It is obvious that we should restrict the problem to a finite subspace of C, the
model space M, hoping that, as we use larger and larger model spaces, the descrip-
tion of the properties of the nucleus improves. So instead of infinite-dimensional
^4-particle wave functions $ j we use finite-dimensional .A-particle wave functions
$l'x that are vectors in the model space M

•A = E <**.• (5.5)
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The fundamental assumption in the description of low-lying states in many-body
systems is that the most important components of the wave functions of these
states can be constructed from configurations of a small number of active orbits.
The set of dominant configurations is denoted M.
Our objective now is to find effective operators that yield the same values for
the observables when applied to the finite-dimensional wave functions *f!'x as the
corresponding true operators applied to the true wave functions $>.
The first operator that should be considered is the hamiltonian. One would like to
derive an effective hamiltonian Hea that has the property

Heff% = E,<b'x, (5.6)

in other words, the effective hamiltonian should have the true energies as eigen-
values.
We introduce projection operators P and Q

P = £

Q = E

where P projects onto M and Q projects onto the complement of M. These
projection operators have the following properties

P + Q = l, P2 = P, Q2 = Q, PQ = QP = 0, (5.7)

[ P , T ] = 0 , [Q,T] = 0, (5.8)

so that we can rewrite the complete wave function as

* = (P + Q)tf = * ' + Qtf. (5.9)

Now apply P and Q to the original schrodinger equation 5.3,

P(H-E)V =0

and then formally solve the last equation for Q\t [24]. This expression for Q$ can
be substituted in the first expression, which results in a new schrodinger equation
with an effective hamiltonian

P(T-E + VW)*' = 0, (5.10)

where the effective interaction Ve« is given by

VeS = V + VQ(E -T- QVQ)-1 QV. (5.11)

This expression for the effective interaction can be cast into a form that will be
used in the remainder of this chapter [24,89].
From now on, to simplify the notation, the product of an operator A and the
inverse of an operator B will be written as a formal quotient of A and B, under
the assumption that the inverse of B exists
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Using this notation we obtain the following equation for the effective interac-
tion

Vea = V + V ^ V e j . (5.12)

This equation is an integral equation, siace it contains the inverse of the differential
operator T. This operator T is a hermitian differential operator with a discrete
spectrum of real eigenvalues, so the inverse of E — T exists for all values of E that
are not eigenvalues of T.
Our main problem is to calculate, from this equation, the effective two-body in-
teraction, which entails the evaluation of a perturbation series in the realistic NN
interaction. This expression is formally exact, but actual calculations can of course
only be approximate, given the many-body nature of the problem.
Many-body theories are often expressed in diagrammatic language. These meth-
ods have several advantages over purely algebraic methods. First, many terms
that cancel are eliminated from the outset. Second, one has a systematic way of
enumerating the various contributions and is less likely to omit terms. Third, di-
agrams illustrate in a rather direct way the physical processes involved, allowing
one to use physical intuition in selecting the important terms. The diagrammatic
perturbation expansion for the effective interaction contains folded diagrams and
can be generated with either a time-dependent perturbation theory [53,54,55] or
a time-independent perturbation theory [33]. Reviews of the current state of the
art in the area of effective interactions can be found in [33,73].

5.2 Similarity transformation

In this section we will not use the formulae that were derived in the previous
section, but we will, instead, derive a general, non-linear equation for the effective
interaction by the use of a similarity transformation of the eigenvalue problem that
corresponds to the full schrodinger equation. It can be shown [92] that this equation
is a generalization of the bloch equation in degenerate perturbation theory.
Consider again the full schrodinger equation for a system of A nucleons

iJtfA = Ex%x (5.13)

with the hamiltonian

H = f+V, (5.14)

where T is an unperturbed hamiltonian that gives rise to bound states and V the
residual interaction. Consider now a similarity transformation of the hamiltonian
H. It is well-known that a similarity transformation has no effect on the spectrum
of eigenvalues. Let X be an invertible operator defined in the hilbert space C. Then
we have
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XHX~lX9x = ExXVi (5.15)

or, in other words, H = XHX~X has the same eigenvalues as H. If we now in-
troduce the model space M and appropriate projection operators P and Q as in
section 5.1, we can decompose the transformed hamiltonian into four terms

H = PHP + PHQ + QHP + QHQ. (5.16)

If we let the decomposed hamiltonian operate on the vector PX^\ we obtain

HPX9X = PHPX*X + QHPX9X. (5.17)

At this point we impose an extra condition on the transformed hamiltonian H,
namely that the image of any state in M under H is also a state in M, in other
words the condition

QHP = 0. (5.18)

In that case the effective hamiltonian H^g is given by

Hen = PHP = P(XHX~l )P. (5.19)

Different choices of the operator X lead to different many-body theories [55]. Here
we will use the following similarity transform

X = e~n, (5.20)

where SI is an operator that must satisfy the following conditions

n = Q9.P and PQ.P = QO.Q = PQ.Q = 0. (5.21)

This implies Q.2 = Q,3 = ... = 0 and the four parts of the hamiltonian in equa-
tion (5.16) can be rewritten as

PHP = PHP + PHSIP, (5.22)

PHQ = PHQ, (5.23)

QHQ = QHQ-Q.HQ, (5.24)

QHP = QHP-o.HP + Qim-nim = a. (5.25)

If we use equations (5.1), (5.8), (5.19), (5.20) and (5.21) we find

= P(XHX~l )P = PTP + P{V + Vn)P, (5.26)

since the unperturbed hamiltonian T commutes with the projection operators P
and Q. For arbitrary operators A we find similarly

* )P = P{P + Q- Q)A{P + Q + Q)P = P(A + Att)P. (5.27)

We now define the effective interaction V^ as the difference between the effective
hamiltonian Hef{ and T in M.

Vat = tfeft - PtP = P(V + VQ)P. (5.28)
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One should note that this definition of the effective interaction, the definition that
will be used in this chapter from now on, is not identical to the one given by
equation (5.12).

5.3 Hamiltonian with a centre-of-mass term

So far we have not specified which hamiltonian will be used in the derivations in
the remainder of this chapter. From now on we will use one specific hamiltonian,
namely the one that is derived in chapter 2

% . (5.29)

The operator Hu is given by

H" = T1 + V1" (5.30)

with

?" = £ ( § + Wfc
2) and (5.31)

V" = £ [v« - = £ ( * - ?,)»] • (5.32)
The operator B^ is given by - see also equation (2.12) -

(5.33)

According to equation (5.19) the effective hamiltonian then assumes the form

Hea = P{XH"X~X)P T P{XBW
0X-X)P - ffiwP. (5.34)

The second and third terms of the right-hand side of this equation simplify con-
siderably as we will now demonstrate. If we make use of equations (2.5) and (2.6)
we can H^ rewrite as

Equation (5.35) implies [H^T"] = 0, since H^ is the sum of Tw and an operator
defined in terms of the intrinsic coordinates, the latter of which obviously com-
mutes with H^. Then we apply equation (5.27) and use the definition of i?£ given
by equation (5.33), so that we obtain

P(XB%X~X )P = PB%P + PB^ilP = PB%P, (5.36)
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where we have used PB%QP = PH?mSlP = 0, which follows directly from Q. =
QQ.P and [ff£n,T

u/] = 0. Consequently we find that

1 )P + PB%P - \huP. (5.37)

5.4 Iterative solution
In section 5.2 we showed that the effective hamiltonian can be calculated ac-
cording to equation (5.19), provided we find an operator fi that is a solution of
equation (5.25) and satisfies equation (5.21).
The condition stated in equation (5.25) can be trivially rewritten by adding a term
eQ.P to each side. After some algebra one obtains the non-linear equation

In the special case where the eigenvalue spectrum of the operator Tu is degenerate,
i.e. all eigenstates of Tw have eigenvalue £o, a term CQCIP enters the equation in a
natural way [55]. In the general case of non-degenerate Tu we introduce this term
in order to obtain an equation with an analogous structure.
The non-linear equation (5.38) cannot be solved directly and therefore we have
to use an approximation method to find solutions to this equation. There are two
ways of linearizing equation (5.38) [55,92]

^ ^ ^ ^ (5-40)

The first linearization, given by equation (5.39), can be shown to result in the
following iteration formula [55,92]

lT^Xxlr1'!, (5-41)

where IxjT"1') a n d •E£B~1' are the right eigenvectors and eigenvalues of the non-
hermitian operator Tu — e + V}£ , respectively, and (xj,™"1'! is the left eigenvector
for the eigenvalue Ej?'1). In this equation a new operator Q-box appears, which
is defined as [55]

Q{e) = PV"P + PV"Q ^-piQVP. (5-42)

As is obvious from equation (5.41), to be able to compute Veg from this iteration
formula, one has to calculate Q-boz: for many different energies and one has to
diagonalize non-hermitian matrices.



82 Effective interactions

Since the problem of diagonalizing non-hermitian matrices leads to serious numer-
ical complications, we will not discuss the first method of solving equation (5.38)
any further, but instead we will present a different method of solution, which
requires Q-box and its derivatives with respect to e at only one energy.
The second linearization, given by equation (5.40), can be rewritten in terms of
Zn = PT»P -eP + VJT1' as

- eP + PV"P + PVWQ
e-QH«Q

= PT"P-eP + Q(e), (5.43)

where Q-box has been defined above. In terms of Q-box and its derivatives evalu-
ated at the energy value e

l - d - ^ (5.44)
n\

we can now define an iteration scheme that results, if the iteration scheme con-
verges, in a solution to equation (5.43)

Initializing QQ — 0 in equation (5.45) one obtains the following expression for
Zn

- Q, - Q2Z2

(5.47): i . ,

i-Qi-ZQk n
fc=2 (=n-fc+l

If the iteration scheme given by equation (5.47) converges to a certain matrix Z,
we obtain tbe effective interaction by subtracting PTWP — eP from Z

VJT" =Zn- PT"P + eP. (5.48)
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Figure 5.1. The Q-box series expressed in terms of diagrams with two valence lines (NN interaction
indicated by dashed lines, intermediate states by hatched lines).

Comparing this result with equation (5.41) we notice that Q-box and all of its
derivatives are to be calculated, but for only one energy e.

5.5 Evaluation of the Q-box
The operator Q can be evaluated with diagrammatic methods [55,73]. Up to now
we have used A-body operators, so Q-box is also an A-body operator. In cases
like 180 and 42Ca one usually describes the nucleus as a system of two nucleons,
the valence nucleons, outside a closed core of A — 2 particles that is considered
to be inert. Then Q-box is simply a two-body operator. If, however, we describe
a nucleus of mass number A in a model space that has no inert core, i.e. no set
of orbits that are considered to be inactive, Q-box is a sum of n-body terms with
n = 2 ,3 ,4 , . . . , A. In practice only the two-body terms and some of the three-
body terms can be calculated, due to computational difficulties. From now on we
will assume that the n-body terms in the expansion of Q, with n = 3 , . . . , A,
are negligibly small. Shell-model studies of p-shell nuclei that use a hamiltonian
with one-body and two-body terms only, show good agreement with experimental
observations [43,44]. Another study, by Linden et al. [60], shows that shell-model
calculations without effective three-body interactions result in excellent agreement
with a large set of experimental data on high-spin states in 2O5Pb. The conclusion
of these authors also is that effective three-body interactions are not needed to
explain the experimental data for that nucleus.
If we disregard all ri-body terms (n = 3,4, . . . , A), we can write Q-box as a sum
of irreducible, valence-linked diagrams [52,54,73]; see figure 5.1. Here we define an
irreducible diagram as a-diagram with at least one V vertex; the intermediate state
between any two successive V vertices must be a state outside the model space. So
in order to determine Q-box we must evaluate the infinite series of diagrams shown
in figure 5.1. Note that the diagrams can be either connected or disconnected. It
can be shown however that only connected diagrams need to be taken into account,
since the disconnected diagrams cancel among themselves [54].
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> o j —
2 r (fm) 2 r (fm)

Figure 5.2. Schematic pictures of the NN interaction with (left) finite and (right) infinite short-
range repulsion

Before Q-box can be calculated by some suitable approximation, we must find a
way to handle the singular behaviour of the NN interaction at the origin - see
figure 5.2. Because of the strong short-range repulsion each NN vertex of the Q-
box diagrams shown in figure 5.1 is very large: of the order of 1000 MeV, or even
infinite in the case of hard-core repulsion. To overcome this problem we need to
use the brueckner reaction matrix or G-matrix [23], which is related to the NN
interaction by the integral equation [52,73]

^ I G . (5.49)
2 ?Qa

£ —

Here Q2 is the operator that projects off the model space of two-particle states
M.2, and T% and V" are operators defined in equations (5.53)-(5.54).
From the defining equation (5.49) it follows that G can be expressed as an infinite
sum of ladder diagrams with vertices Vw and intermediate states in the complement
of A^2- Despite the fact that the individual contributions to G are very large or
infinite, the resulting matrix elements of G are very small and typically of the order
of a few MeV. One can now group the Q-box diagrams, as shown in figure 5.3, in
terms of vertices given by the G-matrix [73].
At this point we make the following observation: for a model space without an
inert core, if we ignore vacuum polarization diagrams, Q-box is identical to the
G-matrix, since no particle-hole diagrams contribute - see figure 5.3. This makes
the region of the light nuclei especially interesting for investigations of effective in-
teractions.

5.6 The G-matrix
Various methods have been developed for the calculation of the G-matrix [15,52],
the details of which can be found in the literature. Instead of adopting the method
for deriving the G-matrix as given by Krenciglowa et ai. [52], where intermediate
states of plane-wave type are used, we will use a simple method for calculating the
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0

Jjj +

Figure 5.3. The Q-box series expressed in terms of the vertices of the G-matrix (G-matrix inter-
action indicated by wavy lines).

G-matrix in a harmonic-oscillator basis, derived from the method given by Barrett
efc al. [15]. To derive the equations., however, we will use a slightly more abstract
formulation than Barrett and co-workers did.
In the previous section the G-matrix has been defined. An intermediate step in
calculating the G-matrix is the calculation of the reference matrix R. It is possible
to derive a simple relation between G and R, and after truncation of an infinite
sum that appears in the definition of R it is easier to calculate than G [17,52].
Let the G-matrix be denned by the bethe-goldstone equation G = VU + VUUGG,
where the propagator lie is defined by IIQ = Q(e — T"')"1; cf. equation (5.49).
Now introduce a second operator, R, which is defined by a bethe-goldstone-type
equation R = Vu + VWURR with UR = (e - T")-1 . For hermitian R, UG and n n

and the same interaction F " in both bethe-goldstone equations, one obtains the
following relation between G and R

= R-RP(E-T')-1G. (5.50)

Instead of the original definition of G, which contains an infinite sum over all states
outside M.-i

£-£„'

we now have a finite sum in equation (5.50)

£ — 6

(5.51)

(5.52)

Obviously, the infinite sum has been moved from G to R. The reference matrix R
can be derived from T2

W and V?; see also equations (5.31) and (5.32). Here T? and
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Vjw are the two-particle operators

(5.53)

V? = y ( r - ] - F 2 ) - ^ ( r 1 - f 2 ) 2 . (5.54)

One finds after some algebra

JB = (I? - e) + (I? - e ) £ ^ W - e), (5.55)
it £~ Afc

where the states |Jt) are the eigenstates of T% + V£ with corresponding eigenvalues
A*.
The infinite sum over k in equation (5.55) is approximated by a finite sum, as we
compute the eigenstates of T% + V? in a finite basis of products of relative and
centre-of-mass states.
Equation (5.55) can now be rewritten now with respect to a basis in M-i as

Ra0{e) = (£„-£) \sa0 + (ep-e)Yt ^f] (5-56)
L k £ ~ AfcJ

with the two-particle overlap integrals given by

bh, = (k\a). (5.57)

This equation displays explicitly the poles and some of the zeroes of Rap. It is
also clear at this point that the reference matrix is hermitian, in contrast to the
G-matrix, see below.

5.6.1 Two-particle eigenvalue problem
The calculation of the reference matrix R and the G-matrix can be conveniently
separated into three steps. First we solve the eigenvalue problem for a pair of
interacting nucleons that is bound in the centre-of-mass oscillator potential. As
the modified two-particle interaction Vf, defined in equation (5.54), contains a
mass-dependent term the eigenvalue problem needs to be solved for each mass
number A. The hamiltonian for a pair of interacting nucleons that is bound in the
centre-of-mass potential well is given by

1 = T2
W + V?

- i^ + v[2m

where we have again used the position vectors

x = (n - r2)/V5, As = (?i+f2)

and the momentum vectors

(5.58)
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<?= (pi - P2)/\/2, Q = (pi +

which were introduced in chapter 2.
It is clear from equation (5.58) that the two-particle hamiltonian separates into
intrinsic and centre-of-mass parts W;ntr and Wcm/In other words: instead of one
eigenvalue problem for a two-particle system we now have two independent eigen-
value problems, corresponding to the motion of a quasi-particle moving in a po-
tential well

V (V2*) + -^frnu2^ (5.59)

and to the motion of the centre of mass of the two nucleons in a harmonic-
oscillator well, respectively. The schrodinger equation for the hamiltonian We,
can be solved exactly, which results in eigenfunctions \NL) with eigenvalues ejvt =
[2N + L + | j flu, where N and L are the harmonic-oscillator quantum numbers
corresponding to the motion of the centre of mass. The schrodinger equation
for Wjntr can be solved by expanding the eigenfunctions in a basis of harmonic-
oscillator states \nlSjT;NL;JT). Thus we can construct eigenfunctions \k) =
\dSjT;NL; JT) and energies A*., where the eigenenergies At are obtained simply
as

At = \dSjT + CNL (5.60)

Here S represents the total spin, j the relative angular momentum and T the
total isospin of these eigenfunctions; the index d labels eigenfunctions of the same
SjT in order of increasing energy. Some of the eigenfunctions for the relative
motion can also be labelled by the relative orbital angular momentum /. All other
eigenfunctions are mixtures of two wave functions with / = j ± 1, coupled by the
tensor part of the nucleon-nucleon interaction. In either case we can write

\dSjT) = 2^ \d(tS)]T) (5.61)
l

with the summation running over either one or two I values.
The size of the harmonic-oscillator basis that is used to expand the eigenfunctions
of the relative motion, can be given by the maximum value of the principal quan-
tum number nmax that occurs in the expansion. Alternatively, the size can be given
by J\f = 2nmax + /. For large Af one expects the approximated eigenfunction to be
almost exact.

5.6.2 Evaluation of overlap integrals
The next step in the calculation consists of an evaluation of the two-particle overlap
integrals &jta, defined by equation (5.57). To make this step we must transform the
two-particle states |Q) to intrinsic and centre-of-mass coordinates, as explained in
chapter 2.

3 The two-particle state \a) is the product of two single-particle harmonic-oscillator
states coupled to a specific J and T
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\a) = \nalaja,nklbjb;JT). (5.62)

The two-particle state \k) is the product of an eigenstate of Wintr and an eigenstate
of Wcmi coupled to a total angular momentum J and total isospin T

(5.63)

The transformation of \a) to relative and centre-of-mass coordinates is written
as

I") = E C«(nTlrSrjrTT; NTLT; JT) \nTlTSTjTTT; NTLT; JT), (5.64)
T

where the index r labels the quantum numbers nlSjT and NL of the relative and
centre-of-mass eigenstates, respectively. The coefficients Ca are given by equations
(2.25)-(2.28). With this expansion, the two-particle overlap coefficients bka can be
expressed as

bka = E c« (n'l'SjT; NL; JT) (d(l'S)jT\n'l'SjT), (5.65)
n'l'

where the summation over I' is restricted to the total orbital momenta contained
in \k), and n' is given by the energy-conservation relation

ri = (2na + la + 2nb + lb-2N-L- V)/2. (5.66)

5.6.3 Calculation of the reference matrix
We are now in a position to carry out the third step, the summation over k in
equation (5.56). One finds

E ^ r r = E E E Ca(n'l'SjT; NL; JT)C0(n"l"SjT; NL; JT)
k £ Ak SjNL n'l' n"l"

v (d(l'S)jT\n'l'SjT)(d(l"S)jT\n"l"SjT)

All summations, except the one over d, are finite because of restrictions on the
angular-momentum and harmonic-oscillator quantum numbers that are built into
the transformation coefficients Ca. The infinite summation over d must be trun-
cated. In [15] it is shown that the truncation point of this summation should be
chosen such that \k is much larger than the three energies ea, e0 and e. In practice
it is found that the matrix elements of R are accurate enough when A> is cho-
sen approximately 4ftw larger than the largest of these three energies [16]. Then
the error resulting from truncating the summation is smaller than the numerical
inaccuracy in evaluating and diagonalizing the two-particle hamiltonian.
The reaction matrix G can now be obtained from the reference matrix R with
equation (5.50). Introducing the matrix
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we can write the G-matrix as

G = A~1R. (5.69)

The G-matrix elements can thus be calculated for various energies e and then be
approximated by a chebyshev-series expansion [78]

\ci (5-70)

with A'ch = 40 a suitable value for the number of terms in the chebyshev-series
expansion. This series expansion can be differentiated exactly since the chebyshev
polynomials obey the relation [1, eq. 22.8.3]

(1 - x2)T'n+x(x) = -nxTn(x) + nrn_,(x) (n > 1). (5.71)

The results of these calculations showed that, for all cases considered, the matrix
elements of G possess third-order derivatives of the order of 10~8 and fourth and
higher-order derivatives at least one or two orders of magnitude smaller, in other
words, that the matrix elements of G behave approximately as cubic functions
of e.
Finally the application of the set of iterative equations (5.47) produce a set of
matrix elements of the effective interaction that is then used in the standard shell-
model calculations.
As can be seen from the definition of the matrix A, this matrix is real but not
symmetric and this implies that the G-matrix is non-hermitian. Since in shell-
model calculations one customarily uses hermitian hamiltonians the anti-hermitian
part V̂ fj = (V ÎT — V^(j)/2 of the effective interaction that is derived from this G-
matrix is discarded and instead of using the full matrix V^ one uses the hermitian

<+> t

5.7 Results

In the preceding sections we have given the relevant formulae for calculating an
effective interaction from a realistic NN interaction. In this section we will present
results of this three-step calculation for the reid soft-core potential, and establish
the effect of variations in parameters used in the computation. In the literature no
results have been presented of the method treated in the preceding sections. The
only evaluation concerning results of this method is the statement in reference [55]
that the iteration scheme given by equation (5.47) converges to a solution in a few
steps, a statement that has been verified by our calculations.
In the entire calculation there are three important parameters, namely

• N, which is related to the expansion of the intrinsic wave function for the
motion of a nucleon pair in the potential well, given by equation (5.59),
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Figure 5.4. Spectrum of 4 He as a function of N.

• huj, the spacing of the harmonic-oscillator levels,
• e, the energy for which Q-box and its derivatives are calculated.

We will start with the influence of the parameter N. Figure 5.4 shows the spectrum
of 4He calculated in a (0+l)ftu> model space for fius = 14MeV, e = 0 and increasing
values of M". From this figure we can draw the conclusion that the minimum value
for vV that is needed to obtain convergence is jV = 140, the value used for the
present calculations.
In figures 5.5 and 5.6 we show the spectrum of 4He for various values of e with
Af = 140, and ftw = 14 and 21 MeV, respectively. For the calculation with hu =
14 MeV it is seen that the calculated ground-state binding energy is close to the
experimental value and that the ordering of the lowest three levels agrees with the
experimental data.
For hw = 21 MeV we see that the separation between the negative-parity states on
the one hand and the ground state on the other hand is larger than for the case
of hut = 14 MeV. This can of course be expected since tuv is roughly the energy
required to excite a nucleon from one major shell to the next higher major shell.
The negative-parity states in 4He are indeed, in a simple shell-model picture, states
where one nucleon is excited from the s major shell to the p major shell.
A second observation that can be made is that the separation between these Ittw
states and the ground state is larger than the value observed in the experimental
spectrum, which seems to suggest that large values of ftw, such as Tiui = 21 MeV,
are less appropriate for the present shell-model calculations.
A third conclusion that can be drawn from figures 5.5 and 5.6 is that the calculated
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spectrum depends significantly on the value of £. A closer look reveals that this
dependence is more pronounced for Uw = 14 MeV. Theoretically one expects the
effective interaction that follows from the iterative solution of equation (5.38),
not to depend on the value e, since the origin of this variable e is the term efiP
that was added to both sides of equation (5.25). The e-dependence of the effective
interaction, and the relation of this dependence with the value of the harmonic-
oscillator parameter fiw is a matter that requires closer study.
The e-dependence that is observed in the calculated spectrum of the simple nu-
cleus 4He is even more pronounced in the calculation for 6Li. For this nucleus
the (0 -+- l)f)u> model space is constructed from the 0si/2, Opi/2, 0p3/2, lsi/2, 0d3/2

and 0d5/2 orbits. For the s-shell nucleus 4He the (0 + l)huj model space is con-
structed from the Os^, 0pi/2 and 0p3/2 orbits. This difference in the construction
of the model space and the orbits involved could be part of the explanation for
the different behaviour of the spectra as a function of the energy e.
In figure 5.7 we present the spectrum of 6Li as a function of e, for M — 140 and
huj ~ 14 MeV. For this nucleus as well we observe that the calculated binding
energy for thr 1+ ground state is, depending on the value of e, close to the ex-
perimental value. The low-lying excited positive-parity states occur in the same
order as their experimental counterparts and the calculated excitation energies are
relatively close to the experimental values. We can also remark about figure 5.7
that the excitation energies of these low-lying excited positive-parity states do not
depend on e as strongly as the binding energy of the ground state.

5.8 Energy dependence of results

In this section we will argue that the reason for the energy dependence of the
effective interaction calculated with the method given earlier is our inability to
compute aJJ derivatives of Q-box. We have pointed out that Q-box is equal to
the G-matrix if the model space that is used in the calculation is constructed
without an inert core. In principle this allows us to compute the derivatives of
Q-box to an arbitrary order, since we have closed expressions for the reaction ma-
trix G, namely equations (5.56), (5.68) and (5.69). Although these expressions are
relatively simple, algebraic differentiation of G as a function of e results in un-
manageable expressions. Therefore we have to resort to numerical approximation
methods, as was explained in section 5.6.
For scalar, i.e. one-dimensional, versions, of equation (5.47) we will now demon-
strate the following: if Q-box has a finite number of non-vanishing derivatives,
equation (5.47) does not have solutions that are independent of e. As a first
example take a one-dimensional Q-box that is locally a linear function of e:
Q(e') = qo + qi(e' - e). In that case the iteration scheme given by equation (5.47)
has a simple solution
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Lir {5-72)

with q0 = q0 + Tw and qi ~ q\ - 1.
An analogous result can be obtained for a Q-box that is locally a quadratic function
of e. In this case the solution Z is the solution of

which can be re-cast into the form of a quadratic equation

q2Z
2 + q1Z + qo-e = 0 (5.74)

with the same definition for 50 and 91 as in the first example. Equation (5.74) has
two solutions that both depend on e

1

91 £ - 9 o , g2(e-go)2 2q^(eq0) ,
•&- — —— :̂  1 ^ ^ r . . . .

92 9i 9i 9i

These considerations do not constitute a definite proof, but they do suggest that
the energy dependence of the effective interaction is related to the hmited number
of derivatives we can compute with the method of chebyshev-series approximation
or any other numerical method. The formulae derived in the previous sections
suggest that for a realistic Q-box an infinite number of non-vanishing derivatives
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should be taken into account in order for equation (5.47) to have an t-independent
solution. But in actual calculations we are of course unable to compute all deriva-
tives of such a Q-box.

5.9 Conclusions
In this chapter we have presented a method that should allow us to compute the
energy-independent effective interaction Veff. In figures 5.4-5.7 it is seen that this
prescription gives reasonable results, but that the method results in an effective
interaction that not only depends on the parameter Tiw, but also depends on an
energy variable e that does not have any physical meaning. We have argued that
this is related to our inability to compute the derivatives of Q-box, i.e. the deriva-
tives of the G-matrix, to arbitrary order. The fact that the results are nevertheless
reasonable suggests that a similarity transformation of the form given by equa-
tion (5.20), with the conditions for the operator fi stated in equation (5.21), can
indeed be found.
We could of course attempt to determine the value for e that yields the theoretical
energy spectrum that agrees best with the experimental energy spectrum, but
since we cannot attach any meaning to the parameter £ this does not seem to be a
meaningful method. Another solution to this problem would be to fix a value for
z using simple arguments. In fact, two criteria can be given for e, which result in
different values. We could

• choose e = 0, since this amounts to adding vanishing terms to both sides
of equation (5.18), or

• choose e « Zhui, since the energy £ is related to the unperturbed energies
of the two-partice model states that enter the G-matrix calculation.

In other words, there does not seem to be an unambiguous prescription ad hoc, so
we are compelled to draw the conclusion that the method outlined in this chapter
is not a practically useful one, since there is no reg ie of the energy variable £ for
which the effective interaction does not depend on the value of £.
This leads us to conclude that, in contrast to what is stated in reference [92],
the method applied in this chapter is not appropriate for actual problems, even
though we are able to calculate Q-box. Since the problem of computing an effective
interaction directly from the realistic NN interaction is still of considerable interest,
we suggest that attention should be paid to

• the first method of linearizing equation (5.38), that is, the method given
by equation (5.39), or

• to other choices of the operator -Y that is used to transform the hamiltonian.
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What prevents theoretical insights from going beyond
existing limitations and changing to meet new facts is

just the belief that theories give true knowledge of reality
(which implies, of course, that they need never change).

Although our modern way of thinking has, of course,
changed a great deal relative to the ancient one, the two

have had one key feature in common: i.e. they
are both generally 'blinkered1 by tie notion that

theories give true knowledge about 'reality as it is'.

— David Bohm, Wholeness
and the implicate order (1980)



Samenvatting

In 1869 brengt de Russische scheikundige Mendelejew orde aan in de lijst van
chemische elementen die in die tijd bekend zijn. Een verklaring voor de rangschik-
king die het periodiek systeem, zoals de door Mendelejew bedachte ordening wordt
genoemd, vertoont kan dan echter nog niet worden gegeven. Later ontdekt men
dat de atomen van ieder element bestaan uit negatief geladen deeltjes, elektronen,
die om oen kleine, zware, positief geladen pit, de atoomkern, ronddraaien. Het
blijkt dat het rangnummer van een element in het periodiek systeem gelijk is aan
het aantal elektronen in het atoom. De elektronen bepalen door hun aantal de
chemische eigenschappen van een element.
Verfijndere onderzoekmethoden brengen aan het licht dat de atoomkern een afme-
ting heeft van ongeveer 10~15 m, terwijl het atoom een middellijn heeft van onge-
veer 10~10 m; de kern is dus ongeveer honderdduizend maal kleiner dan het atoom.
De kern blijkt te bestaan uit twee soorten kerndeeltjes of nucJeonen: de positief
geladen protonen en de ongeladen neutronen. Het aantal protonen in de atoom-
kern is even groot als het aantal elektronen dat om de kern beweegt en doordat het
proton en het elektron gelijke maar tegengestelde ladingen hebben, is het atoom
als geheel elektrisch neutraal. Het aantal protonen en neutronen samen bepaalt de
massa van de atoomkern.
Op deze manier ontstaat het volgende beeld van een atoom met atoomgetal Z
en massagetal A: om de kern van het atoom draaien Z elektronen en in de kern
bevinden zich Z protonen en N neutronen. Het aantal neutronen ligt niet geheel
vast bij een gegeven Z en zo kunnen er van een bepaald element varianten bestaan
die chemisch identiek zijn maar verschillen in de massa van de kern; deze varianten
noemt men isotopen. De massa van een kern wordt aangegeven door het massagetal
A, dat gelijk is aan de som van Z en N.
Voor de beweging van de elektronen rond de kern stelt de Deense natuurkundige
Niels Bohr later een model voor, een wiskundige beschrijving, dat de systematische
ordening van Mendelejew's periodiek systeem en andere waargenomen verschijnse-
len bevredigend verklaart. In het atoommodel van Bohr bewegen de elektronen in
banen rond de kern, zoals de planeten van ons zonnestelsel in banen rond de zon
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bewegen. De banen van de elektronen kunnen alleen voorkomen in afmetingen die
een geheel veelvoud zijn van een bepaalde minimumafmeting en worden daarom
schillen genoemd.
Voor de beweging van de nucleonen in de kern wordt later een soortgelijk model
opgesteld, waarin de nucleonen in banen van verschillende afmetingen rondom een
denkbeeldig middelpunt van de kern bewegen. Dit kemschillenmodel, dat nauw
verwant is aan het model van Niels Bohr voor de beweging van de elektronen in
het atoom, is ook in staat diverse eigenschappen van atoomkernen te verklaren. Er
zijn echter belangrijke verschillen tussen het atoommodel en het kernschillenmodel:
in het atoommodel is er sprake van een soort deeltjes, de elektronen, die op rela-
tief grote afstanden van elkaar in banen om de zware kern bewegen onder invloed
van een bekende kracht, de elektrische kracht. In het kernschillenmodel is er daar-
entegen sprake van twee soorten deeltjes, de protonen en de neutronen, die zeer
dicht op elkaar gepakt zijn, om een middelpunt bewegen dat slechts denkbeeldig
is en een kracht op elkaar uitoefenen die niet zo eenvoudig te begrijpen is als de
elektrische kracht.
Naast de verschillen zijn er tevens diverse overeenkomsten tussen de twee model-
len. In beide modellen zijn er beperkingen aan het aantal deeltjes dat een baan of
schil maximaal kan bevatten. In het periodiek systeem onderscheiden we een reeks
elementen, de edelgassen of inerte gassen, die als kenmerk hebben dat bepaalde
groepen van schillen volledig gevuld zijn, dat wil zeggen het maxiinaal toege-
stane aantal elektronen bevatten. In de rangschikking van de bekende atoomiernen
komen we ook dergelijke inerte of magische kernen tegen. In magische kernen is het
aantal protonen of het aantal neutronen gelijk aan een van de magische getallen
2, 8, 20, 28, 50, 82 en 126. Wanneer zowel het aantal protonen als het aantal neu-
tronen magisch is, spreken we van een dubbelmagische kern. Geheel onafhankelijk
van elkaar geven M. Goeppert-Mayer in de Verenigde Staten en J.H.D. Jensen in
Duitsland in 1949 een verklaring voor deze magische getallen.
Centraal in het model voor de beschrijving van de structuur en eigenschappen
van atoomkernen is een wiskundig object dat de hamiltoniaan wordt genoemd. De
hamiltoniaan kan worden voorgesteld als een vierkant schema, te vergelijken met
een schaakbord, waarin ieder vakje een getal bevat. De afmeting van de hamilto-
niaan wordt bepaald door het aantal schillen dat we in beschouwing nemen en de
toegestane mogelijkheden om de A nucleonen over die schillen te verdelen. Omdat
de kerndeeltjes in feite oneindig veel bewegingsmogelijkheden hebben zijn er in
principe oneindig veel schillen - en omdat er oneindig veel schillen zijn zou de
voorstelling van de hamiltoniaan oneindig groot worden. In de praktijk is daar
uiteraard niet mee te werken. Daarom wordt er een keuze gemaakt voor het aantal
schillen dat in het model wordt betrokken, zodat we een hamiltoniaan overhouden
van eindige afmetingen, bijvoorbeeld tien bij tien of duizend bij duizend.
We veronderstellen doorgaans dat de oorspronkelijke hamiltoniaan, van oneindige
afmetingen, een goede beschrijving oplevert voor de atoomkernen die we onder-
zoeken. De hamiltoniaan wordt echter teruggebracht tot eindige afmetingen zodat
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we er mee kunnen rekenen. Het kan worden nagegaan dat de afgeknotte hamilto-
niaan die we dan overhouden niet leidt tot een goede beschrijving. Op dit punt
kunnen we twee vragen stellen.

1. Hoe moeten we de afgeknotte hamiltoniaan aanpassen, omzetten in een zo-
genaamde effectieve hamiltoniaan, zodanig dat ook deze effectieve hamil-
toniaan leidt tot een goed model?

2. Hoeveel schillen moeten we in de berekening meenemen en wat is de relatie
tussen dit aantal schillen enerzijds en de effectieve hamiltoniaan anderzijds?

Om de tweede vraag het eerst te beantwoorden: er moeten zoveel schillen wor-
den meegenomen als rekenkundig mogelijk is. Het gedrag van atoomkernen wordt
pas goed beschreven als de nucleonen zich op een groot aantal manieren kunnen
verdelen over de beschikbare schillen. Het gekozen aantal schillen wordt in de prak-
tijk bepaald door de computerprogramma's die we gebruiken en de computers die
we tot onze beschikking hebben om de berekeningen met die programma's uit te
voeren. De eerste vraag kan op diverse manieren worden beantwoord: er zijn veel
manieren om een effectieve hamiltoniaan te berekenen. In dit proefschrift zullen
we er drie toepassen.
Dit proefschrift behandelt een aantal onderwerpen uit de theoretische kernfysica.
In dit deelgebied van de natuurkunde wordt geprobeerd waargenomen eigenschap-
pen van atoomkernen te verklaren door gebruik te maken van wiskundige modellen,
zoals het schil'.enmodel dat in dit proefschrift centraal staat.
Hoofdstuk 2 bevat een samenvatting van de theorie van het schillenmodel. In hoofd-
stuk 3 wordt de in hoofdstuk 2 geschetste methode toegepast op lichte kernen, met
name op exotische lichte kernen: kernen waarin het aantal neutronen aanzienlijk
groter is dan normaal voor het desbetreffende massagebied. In het gebied van de
lichte kernen, dat wil zeggen kernen met tussen vier en veertig nucleonen, zijn
de aantallen protonen en neutronen normaal ongeveer gelijk. Exotische kernen
komen in de natuur dan ook niet voor, maar kunnen wel in een laboratorium
worden gemaakt en bestudeerd.
Er is de laatste tijd veel belangstelling voor exotische kernen, zowel van de kant van
experimentele als van de kant van theoretische kernfysici. Exotische kernen vormen
een toets voor bestaande kernmodellen onder extreme omstandigheden, namelijk
bij verhoudingen tussen aantallen neutronen en protonen veel groter dan één. De
grootste neutron-protonverhoudingen komen voor in het gebied tussen helium,
atoomgetal 2, en fluor, atoomgetal 9. In dat gebied zijn isotopen waargenomen
waarbij N/Z, de verhouding tussen het aantal neutronen en het aantal protonen,
groter is dan twee en in het geval van helium-9 (9He) zelfs groter dan drie.
Experimentele onderzoekgroepen hebben van diverse exotische kernen eigenschap-
pen bepaald; de resultaten van deze experimenten worden in hoofdstuk 3 ver-
geleken met de waarden die het schillenmodel voor die eigenschappen berekent.
Hierbij besteden we onder andere aandacht aan de vraag welke exotische kernen
in zeer korte tijd uiteenvallen in een lichtere kern en een aantal neutronen, en
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welke niet; alleen de laatste kunnen worden waargenomen. Daarnaast bestuderen
we de actuele en interessante kwestie van de zogenaamde 'neutronhalo1 in lithium-
11 ("Li). De conclusie van dit eerste systematische onderzoek aan exotische lichte
kernen is dat de op dit moment bekende eigenschappen bijna alle goed beschreven
kunnen worden met het model dat in hoofdstuk 3 wordt gebruikt. We stellen
tevens vast dat exotische kernen niet exotisch zijn in de zin dat ze op bepaalde
punten afwijken van andere kernen: het zijn slechts kernen met naar verhouding
veel neutronen.
In hoofdstuk 4 is aandacht besteed aan de kernen in de omgeving van de dubbel-
magische kern lood-208 (208Pb), een kern met 82 protonen en 126 neutronen.
Ook hier vergelijken we de resultaten van berekeningen met de in experimenten
bepaalde eigenschappen. Het gebied van kernen rond 208Pb heeft onlangs ook in
de belangstelling gestaan omdat er problemen waren met de theoretische verkla-
ring van bepaalde waarnemingen. Een van die problemen betrof de interpretatie
van experimenten waarbij een proton uit de kern wordt gestoten door een elek-
tron dat met een hoge snelheid op de kern botst. Uit de resultaten van dergelijke
experimenten leek te volgen dat bepaalde banen een groot deel van de tijd geen
protonen bevatten, terwijl uit het schillenmodel daarentegen volgt dat die banen
doorgaans twee protonen bevatten. De resultaten van de grote en vaak tijdrovende
berekeningen die in dit hoofdstuk worden gepresenteerd stemmen over het alge-
meen vrij goed overeen met de experimentele resultaten. Verder wordt aan het eind
van dit hoofdstuk aangegeven hoe de beschrijving van deze zware kernen verder
zou kunnen worden verbeterd.
In het laatste hoofdstuk gaan we dieper in op de twee vragen die eerder over
de hamiltoniaan werden gesteld en we proberen op fundamentele wijze, gebruik-
makend van een flinke dosis wiskunde, uitdrukkingen te vinden voor de effectieve
hamiltoniaan. Al in de jaren '60 en '70 probeert men hiervoor methoden te vin-
den, maar ondanks aanvankelijk enthousiasme boekt men slechts weinig definitieve
successen; de resultaten die worden behaald betreffen over het algemeen kernen
die kunnen worden gezien als een magische kern met twee extra nucleonen die er
omheen bewegen. Het laatste hoofdstuk behandelt een door K. Suzuki en S.Y.
Lee in 1980 beschreven methode, waarmee de effectieve hamiltoniaan rechtstreeks
afgeleid zou kunnen worden uit de kracht die vrij bewegende nucleonen op elkaar
uitoefenen. Deze methode is in wiskundige zin ingewikkelder dan de methoden
die in hoofdstukken 2 tot 4 zijn gebruikt. In hoofdstuk 5 laten we zien dat de
methode die Suzuki en Lee hebben beschreven een complicatie bevat die deze aan-
pak voor berekeningen in de praktijk nauwelijks bruikbaar maakt. De conclusie
van dat hoofdstuk is dan ook dat er moet worden gezocht naar alternatieve metho-
den.



Dankwoord

Onderzoek doen en een proefschrift schrijven doe je niet in je eentje; veel mensen
hebben bijgedragen aan het boekje dat nu voor u ligt. Allereerst zijn dat mijn
promotores, Piet Glaudemans en Piet Brussaard, die met hun kritische blik op de
inhoud van het proefschrift en de discussies die naar aanleiding daarvan werden
gevoerd een belangrijke bijdrage hebben geleverd.
Piet Glaudemans heeft me aangespoord aandacht te gaan besteden aan exotische
kernen in een tijd dat de belangstelling daarvoor van experimentele zijde sterk
toenam. Toen ik later zelf een idee voor een nieuw project suggereerde gaf hij me
ook de vrijheid dat zelfstandig uit te werken, zelfs toen bleek dat dat wat meer tijd
zou kosten. Hij heeft me tevens de gelegenheid te geven af en toe tijd te steken in
andere zaken clan kernfysisch onderzoek, met name het werk voor de Nederlandse
T^X- gebruikersgroep.
Piet Brussaard is vooral bij de berekeningen die in het laatste hoofdstuk zijn
beschreven belangrijk geweest als 'klankbord'. Daarnaast heb ik veel geleerd van
onze discussies op het gebied van de Nederlandse en Engelse taal. Een enkele maal
ontaardden die discussies in taalkundige spitsvondigheden, die helaas niet in het
proefschrift konden worden opgenomen. Ook zijn brede belangstelling voor diverse
onderwerpen uit de wiskunde en natuurkunde heeft de afgelopen jaren aanstekelijk
gewerkt.
Niet minder belangrijk zijn de overige medewerkers en ex-medewerkers van de
theorie-groep van de vakgroep Kernfysica: Niels Walet, Laurens de Winter, mijn
kamergenoot Lex Wolters, Fons van Hees, Piet Hans Bruinsma, Werenfried Spit,
Jan Haveman en Albert Booten. Zij hebben geluisterd, voorlopige versies van
hoofdstukken gelezen en vragen gesteld; vooral dat laatste was soms erg nut-
tig.
Lex heeft tegen de veelvuldige gesprekken over IßX en aanverwante zaken regel-
matig geprotesteerd, met name in het laatste jaar toen we samen een kamer
moesten delen. Protesten kwamen ook van mijn kant: iedere woensdagmiddag,
als hij onze kamer en de aangrenzende kamers vulde met niet nader te noemen
radioprogramma's. Desondanks was het een gezellige periode.
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Werenfried heeft - zonder succes overigens - geprobeerd me te overtuigen van het
bestaan van quarks. Zijn belangstelling voor de grondslagen van de natuurkunde
was voor mij een aansporing weer boeken en artikelen op dat gebied te gaan
lezen.
Albert heeft een aantal malen delen van het manuscript aandachtig gelezen en me
op onnauwkeurigheden gewezen. Daarnaast heeft hij me bij tijd en wijle geamu-
seerd met zijn experimenten met betrekkelijke voornaamwoorden, die tot nu toe
geen nadelige invloed hebben gehad.
Jan heeft herhaaldelijk geluisterd naar mijn verhalen over G-matrices of projectie-
operatoren en meegedacht over de problemen die daaraan vastzitten.
Fons heeft de afgelopen jaren regelmatig mijn vragen op het gebied van het schil-
lenmodel beantwoord, waarvoor dank.
Voor 'de theoreten' - zoals men ons pleegt te noemen - was een van de belangrijkste
onderdelen van de week de werkbespreking op donderdagmiddag in Het Bierhuys
Vanouds Jan Primus, een traditie die zijn oorsprong vindt in het bezoek van een
buitenlandse gast en die - naar ik hoop - nog jaren voortgezet wordt. Ik wil de vaste
kring van collega-bierliefhebbers bedanken voor de vele gezellige uurtjes.
Aan een deel van het werk dat in dit proefschrift is beschreven is meegewerkt door
een aantal studenten: Eric van Tol, Johan de Vries, Diederick Passchier en Klaas
Eikelenboom. Stukjes van hun werk zijn hier en in publicaties terug te vinden.
Lauren Wood is more or less responsible for what has become a tradition in the
theory group: the weekly meetings in Het Bierhuys Vanouds Jan Primus. Apart
from that important fact, she helped me start the work on exotic nuclei. I should
like to thank her for doing some of the, sometimes boring, computer work in the
early phase of the project, for her attempts at improving my command of the
English language and for reading through my manuscript.

Een belangrijke voorwaarde voor plezierig onderzoek doen is de sfeer waarin dat
onderzoek gebeurt. De vakgroep Kernfysica is een gezellige werkplek geweest en
ik heb me vanaf 1984 enorm thuis gevoeld tussen mensen waarmee je zomers kon
gaan zeilen en op gezette tijden film kon kijken en/of uit eten gaan.
Mijn ouders hebben me in de gelegenheid gesteld te studeren - in de tijd dat dat
nog betaalbaar was! Zonder hun inspanning zou ik nooit hebben kunnen studeren
en zou ik dus ook dit onderzoek niet hebben gedaan. Ook wil ik ze hier bedanken
voor hun belangstelling en steun in de afgelopen tijd.
Tenslotte wil ik Mariëlla bedanken. Ze heeft me de afgelopen jaren vaak aange-
spoord om te gaan werken als ik daar zelf geen zin in had, me vriendelijk doch
dringend verzocht te stoppen als het eens te laat werd en in de laatste maanden
allerlei werk uit handen genomen toen schrijven en corrigeren van dit proefschrift
het allerbelangrijkste was. Haar bijdrage aan dit proefschrift gaat nog verder: ze
heeft er in concrete zin aan bijgedragen, namelijk bij het schrijven van de Neder-
landse samenvatting en het redigeren van de overige Nederlandstalige delen van
het proefschrift.
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Op 6 april 1960 ben ik geboren in de Zuidhollandse gemeente Zwijndrecht. Na het
behalen van het diploma atheneum in 1978 aan het Develsteincollege aldaar, ben
ik begonnen aan de studie natuurkunde aan de Rijksuniversiteit te Utrecht.
In juni 1981 behaalde ik het kandidaatsexamen natuurkunde en in juli 1984 het
doctoraalexamen theoretische natuurkunde met groot bijvak wiskunde. Het daar-
bij behorende experimentele werk, dat ik verricht heb bij de vakgroep Func-
tionele Morfologie van de faculteit Diergeneeskunde, bestond uit onderzoek aan
het hoefmechanisme van het paard. Het onderwerp van mijn doctoraalscriptie was
neutronverstrooiing aan waterstof- en heliumatomen.
Vanaf juli 1984 ben ik als wetenschappelijk medewerker in dienst van de Stich-
ting FOM werkzaam geweest bij de vakgroep Kernfysica aan onderzoek op het
gebied van het fermion-schillenmodel. Gedurende de studie en de periode van het
promotie-onderzoek heb ik voor de Intervakgroep Onderwijs Natuurkunde pro-
grammatuur ten bate van het hoofdvakpracticum ontwikkeld en onderhouden
en heb ik als docent meegewerkt aan de cursussen 'Programmeren in Pascal'
voor eerste- en tweedejaars studenten. Tijdens de eerste helft van mijn promotie-
onderzoek ben ik tevens lid geweest van de gebruikersraad van het ACCU, het
computercentrum van de universiteit.
Door de Stichting FOM ben ik in de gelegenheid gesteld conferenties te bezoeken in
Tsjechoslowakije (Bechynë, 1985) en Canada (Rosseau Lake, 1987). Het deelnemen
aan de conferentie in Canada werd tevens mogelijk gemaakt door Shell Nederland
B.V. Het Franse instituut GANIL (Caen) heeft me in december 1987 uitgenodigd
een tweedaags seminarium bij te wonen en daar een gedeelte van het werk dat
in dit proefschrift staat beschreven te presenteren. In het najaar van 1988 heb ik

[ korte tijd gewerkt op het Hahn-Meitner-instituut in Berlijn.
[ In mijn vrije tijd ben ik redacteur van Holland SF, het tijdschrift van het Neder-
* lands Contactcentrum voor Science Fiction, probeer ik de Japanse taal te leren

en draag ik bij aan het werk van de Nederlandse T^X-gebruikersgroep. Mede als
uitvloeisel van dat laatste ben ik in maart en april 1989 werkzaam geweest bij een

v-j project van EJsevier Science Publishers.
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Vanaf 1 September 1989 ben ik als coordinator automatisering werkzaam aan
de faculteit Informatie en Communicatie van de Algemene Hogeschool Amster-
dam.



Stellingen

behorende bij het proefschrift

Exotic light nuclei and
nuclei in the lead region

1. When we divide some gross [or composite] matter, we can reduce
it to atoms. But as the atom will also be subject to further
division, all forms of material existence, whether gross or fine,
are nothing but the shadow of particularization and we cannot
ascribe any degree of [absolute or independent] reality to them.

The awakening of faith, Ashvagosha. (Open Court, Chicago 1900)

2. Topologische 'bootstrap'-theorie geeft een verklaring van de spin,
pariteit, lading en 'flavour' van hadronen. De daarbij gebruikte
topologische quarks kunnen een uit drie mogelijke kleuren en een
uit precies acht mogelijke 'flavours' hebben. Er is echter geen
sprake van gluonen of van een continue SU3 kleursymmetrie.

G.F. Chew en V. Poenaru: Z. Phys. C l l (1981) 59

3. De uitstoot van een / = 0 proton uit de kern 12C kan niet worden
gei'nterpreteerd als de verwijdering van een proton uit de Os^
baan.

G.W.R. Dean en P.J. Brussaard: Z. Phys. A323 (1986) 351

4. Voor een juiste beschrijving van /?-vibratiebeweging in collectieve
kernen is meer dan slechts een S-, D- en G-paar noodzakelijk.
De vorm en de breedte van de potentiele-energiecurve verbetert
aanzienlijk door de toevoeging van een extra S'-, D'- en G'-paar.

l.C. de Winter et al.: Phys. Lett. B179 (1986) 322



5. De klassieke limiet van een IBM-2 SU3 symmetrie vertoont het
karakter van twee axiale rotors met harmonische koppeling; daar-
naast treedt er in deze limiet een dynamische koppeling op tussen
de impulsmomenten van de proton- en neutronsystemen.

N.R. Walet et ai: Phys. Lett. B163 ( 1985) 1

6. De door Suzuki en Lee beschreven methode om de effectieve
wisselwerking rechtstreeks af te leiden uit een realistische NN-
wisselwerking vereist het uitrekenen van alle afgeleiden van de
'Q-box', als gevolg waarvan deze methode voor berekeningen in
de praktijk nauwelijks bruikbaar is.

hoofdstuk 5 van dit proefschrift
K. Suzuki en S.Y. Lee: Progr. Theor. Phys. 64 (1980) 2091.

7. Iedere involutorische projectieve collineatie is een harmonische
homologie.

S. Bisschop Bellido's uitspraak 'Elke poging om een infrastructuur
(i.e. het priesterschap) te veranderen binnen een grotere struc-
tuur (de kerk) zonder deze grotere structuur te veranderen, is een
utopie' is mutatis mutandis ook van toepassing op de verhouding
tussen de Acht Mei Beweging en de Nederlandse bisschoppen.

bisschop Damert Bellido in een aula-interventie tijdens de tweede ge-
wone bisschoppensynode (1971).

9. Een zorgvuldige analyse van de evangelieën van Lucas en Mat-
tcus suggereert dat deze evangelieën kunnen worden opgevat als
mïdrasjiem, dat wil zeggen exegetische commentaren op tenach-
verhalen.

W.J. Barnard en P. van 't Riet: Lucas de Jood (J.H. Kok b.v. Kam-
pen 1984)

10. Uit het feit dat promovendi een korte contract-periode hebben
kan niet worden geconcludeerd dat zij in bestuurlijke kwesties
slechts een korte-termijnvisie hebben.



11. Universitaire en facultaire computerafdelingen functioneren pas
dan optimaal als de daadwerkelijke gebruikers van de voorzie-
ningen in ruime mate invloed hebben op het beleid.

12. 'Most authors mistakenly believe that typographic design is pri-
marily a question of aesthetics—if the document looks good from
an artistic viewpoint, then it is well designed. However, docu-
ments are meant to be read, not hung in museums, so the pri-
mary function of design is to make the document easier to read,
not prettier.'

Leslie Lamport: lAT^X, A Document Preparation System (Addison-
Wesley, Reading 1986)

13. Vormgeving is ondergeschikt aan inhoud.

14. Beta-wetenschappers zijn bet-weters.

N.A.F.M. Poppelier 2 oktober 1989


