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ABSTRACT

It is shown that the forward matrix elements ofj£} the flavor singlet axial vector current,
do not measure the helicity carried by quarks and anti-quarks but also include a spin-dependent
gluonic component due to the anomaly. Detailed phenomenological and field theoretic reasons
are given for the necessity of a gluonic component in the matrix element of j$. The first higher
order corrections to the basic box and triangle graphs are discussed and shown not to modify
the conclusions drawn in the leading order calculation. We close with a few comments on the
possible phenomenological implications of the anomalous contribution.
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1. Introduction

Recently the European Muon Collaboration (EMC)1! reported results from a deep in-

elastic scattering experiment using a polarized muon beam on a polarized target. They found

i: = 0.114 ± 0.012 ± 0.026 (1)

for {Q2) = 10.7 GeV2. When this result is combined with the Bjorken sum rule2! a n d the F/D

value obtained from semi-leptonic hyperon decays3! a seemingly straightforward analysis leads

to4!

Au' = 0.74 ± 0.08, Ad' = -0.51 ± 0.08, As' = -0.23 ± 0.08 (2)

where

2MAq'iSti(p) = {pfcjrfsqilp). (3)

Here s^p) is the usual axial four-vector characterizing a polarized spin 1/2 particle, M is the

mass of the proton, and 75 = if0^1^2^3.

In the most naive and straightforward interpretation of the parton model Au', Ad' and

As' represent the fraction of the proton's spin carried by up, down and strange quarks. This

naive interpretation is incorrect due to the axial anomaly. We reserve the notation Ag,- (without

primes) to refer to the actual parton spin fractions defined below in Eq. (13). The perhaps

surprising result that oae finds is

Au' + Ad! + As' = 0.00 ± 0.24. (4)

That is, very little of the proton's spin seems to be carried by quarks. This result and its

interpretation have been widely discussed recently.5"15!

The approach which we take in this lecture follows closely our earlier paper.11! We are

in complete agreement with the discussions given in Refs. 9 and 12, and we are in agreement

with the spirit of the discussion given by Efremov and Teryaev6! where the importance of the

anomaly in the present circumstance was first emphasized. We have some disagreement with

the position taken in Ref. 15 and we shall try to clarify that disagreement in Sec. 3.

The axial vector current which corresponds to (4) is the flavor singlet current

2 M A 9 V = 2M(Au' + Ad' + A * V ( p ) = (p\jg\p).- (5)

Because of the anomaly16'17' associated with the current

« = ̂  £ W T̂̂ T, (6)
8 7 r ,=1



we shall see that it does not measure quark spins alone. (In the above our convention for e^po

is that e0i23 = +1-)

In the discussion which follows it is important to have a clear understanding of what

exactly is meant by a partonic (quark or gluon) component of a hadron, in order to be able to

identify correctly the amount of spin carried by the various partons, as is our task here. There

are two ways to do this. The first way, a phenomenological procedure, is to identify the final

state jets or massive lepton pairs in a hard reaction. From the final state jets one infers a hard

scattering subprocess of which the initial states are either leptons or partonic components of

an initial state hadron.

Let us illustrate this process of parton identification in deep inelastic lepton scattering.

We will reconstruct the hard scattering from observations of the outgoing lepton and of the jets

produced at large transverse momentum.

i) Suppose that one and only one jet is produced at large transverse momentum in a deep

inelastic event, as illustrated in Fig. 1. (In addition, there is always a beam jet at

zero tritnsverse momentum.) In QCD such an event can only come from the subprocess

7(9) + quark(xp) —> quark jet(q + xp). (At the level of the present discussion we do not

try to determine the flavor of the struck quark nor whether it is a quark or anti-quark.)

By measuring the momentum of the jet and the probability of production of such jets

one determines the number density of quarks having longitudinal momentum fraction x,

in the initial proton.

ii) Suppose one measures events with two distinct jets (in addition to the beam jet), and

further, that one determines that these jets are quark rather than gluon jets. The situation

is illustrated in Fig. 2. (In principle, at very high energies, quark and gluon jets can be

distinguished on a statistical basis by, for example, the multiplicity of particles in the

jet.) One may then infer the hard scattering subprocess 7(9) + gluon(xp) —»• jet 1 +

jet 2 and so, in principle, the gluon number density in the proton can be determined

phenomenologically.

The above procedure is precise so long as one only tries to give a determination of

parton densities to leading order in a,{Q), with Q the scale of the hard interaction. There are

ambiguities at higher order in a,(Q). For example, in the process illustrated in Fig. 2 suppose

"jet 2" is not quite hard enough to satisfy the particular jet criterion being used. Then the

event is classified as in Fig. 1 and one considers the process as being initiated by a quark rather

than a gluon. In fact this would be a higher order correction, in as(Q), to the quark parton

distribution. Thus at higher orders in cts{Q) the separation of quark and gluon components



JET

Figure 1: Production of single high-transverse momentum jet in deep inelastic scattering.
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Figure 2: Production of pair of high-transverse momentum jets in deep inelastic scattering.



of the proton will become ambiguous and dependent on the specific method used in denning

precisely what is a jet.

Instead of this phenomenological definition of gluon and quark densities in a hadron,

one can give them a precise definition in QCD as expectation values of renormalized gauge

invariant bilocal operators24^. The parton densities then have a simple and direct interpretation

in terms of the wave function of the hadron when light-cone quantization in a light-cone gauge

is used.25! This is a standard procedure, and it gives unique results at the leading logarithmic

level of approximation for the evolution of the distribution with scale. (The ambiguity in the

phenomenological approach beyond the leading logarithm approximation now reappears as the

dependence on the renormalization scheme.)

Many predictions are made from QCD using this formal definition plus the factorization

theorems, and these are in agreement with experiment. Much experimental data is analyzed in

terms of the jet content of the final state, and there is general agreement with the picture we

have described with the phenomenological definition of the parton distributions.

When no special subtleties exist, integer moments of the parton distributions can be

expressed as matrix elements of local gauge invariant operators. However, a subtlety does occur

if one examines the first moment of the spin dependent gluon distribution. This distribution

can be defined phenomenologically or in terms of the light-cone wave function. The subtlety is

that there is no local gauge invariant gluonic operator whose forward matrix element is equal

to this moment. But, as we shall explain below, a part of the matrix element of the axial vector

current serves to represent this gluonic distribution and "acts like" a local gluonic operator.

2. The Box Graph, the Triangle Graph and One-Loop Factorization

In this section we shall review the one-loop calculations which show that the anomaly

causes j$ to measure gluonic components as well as quark components in a hadronic wave

function. To that end consider the scattering of a polarized photon, q, off a polarized gluon, p.

The lowest order graphs are shown in Fig. 3. We choose p* = (p~,p+,0,0), gM = (q~,q+,0,0)

with x = Q2/2q • p = -q+/p+[l + 0{p2/Q2)}. We choose 2p+p~ = - P 2 to be non-zero for

purposes of infrared regulation.

The contribution to the above graphs to the spin-dependent structure function, g\, of

the gluon is11'

dkj f (1 - 2x)kj 2s(l - 2x)

l4* Jo

where K2 = Q2(l - x)/ix and <e2) = (1/Nj) £ ^ i e? with e; the charge of the quark of flavor i

relative to the electron charge. Eq. (7) has a remarkable property. For kx/Q <IC 1 the integrand



Figure 3: Lowest order graphs for deep inelastic scattering on a gluon target.

Figure 4: Process of Fig. 3 occurring inside a proton target target,

is odd under x <-+ 1 — x, and thus

M((Q2) = fo dx9l{x, <?2) = - ^ ( e 2 ) (8)

receives contributions only from k± ~ Q. If we now consider these graphs as part of a larger

process, as illustrated in Fig. 4, then the lines q + k and p— k have undergone large momentum

transfers and so the process is given completely by two jet events. According to our phenomeno-

logical definition of parton distributions we should understand the first moment of the process

illustrated in Fig. 4 as being given in terms of the spin-dependent gluon distribution of the

proton.

If we were to consider any higher moment of the structure function gx, we would find a

logarithmic contribution

V1°9V (9)

The In Q2/p2 term comes from the region that links the k±/Q •< 1 region of one-jet events with

the large k± region of two-jet events. Hence it corresponds to the quark distribution of the



Figure 5: Lowest order graphs for expectation value of current in gluon state.

proton when the box graphs are incorporated into the larger process shown in Fig. 4. When

n / 1 , the Cn term cannot be uniquely associated with either the gluon or quark distribution

of the proton since it partly corresponds to the borderline region between one-jet and two-jet

events; this gives the usual ambiguity in parton distributions beyond the leading logarithmic

approximation. But when n = 1, there is no logarithmic region of integration which connects

the hard and soft regions of the box graph, and the moment given in (8) corresponds uniquely

to two jet events; hence it measures the gluon distribution.

Let us now turn to an evaluation of the graphs in Fig. 3 by using the operator product

expansion. For the lowest moment, only the operator j'5 appears in the short distance expan-

sion of the two electromagnetic currents contributing to spin-dependent virtual-photon-gluon

scattering. We are thus led to consider the forward matrix element of j£ between polarized

gluon states as illustrated in Fig. 5. We take the gluon to have a polarization vector

corresponding to positive helicity when p3 > 0, as we suppose is the case. In order to regulate

the ultraviolet divergence of this graph, it is convenient to work in n ^ 4 dimensions but to

keep18"19' 75 = i7°717273 in the n-dimensional calculation.

One finds

with 1 = Jk+/p+. Eq. (10) is easily evaluated to be9'11-12!

2p+ 5
 2TT "

The operator product expansion predicts a relation between moments of the structure functions



and matrix elements of local operators. In particular, it predicts

M({Q2) = \(<?)^t + h iSh er twist, (12)

which is satisfied by our calculations.

The value of the triangle graph is given completely in terms of the anomaly — as is clear

from (10), where only the part of the integrand proportional to n — 4 contributes to the result

(11). (In dimensional regularization the anomaly arises from the fact that 75 commutes rather

than anticommutes with the Dirac matrices in the n — 4 regulator dimensions.) As explained

in some detail in Ref. 11 a "naive" evaluation of the triangle graph in light-cone perturbation

theory gives zero since the quark and anti-quark lines in that figure have opposite helicities and

so the net spin carried by quarks in the physical Fock space is zero. The value (11) is obtained

from quarks outside the physical Fock space. The fact that this value comes entirely from the

region of integration in (10) where k± -+ 00 as n —» 4 lends support to the idea that the axial

vector current here measures directly the spin carried in the gluonic component of the Fock

space, since the triangle graph has become local.

Thus at the level of the box and triangle graphs we have consistency between our two

views of determining which distributions, quark or gluon, are involved. From the phenomeno-

logical point of view the box graphs correspond to a gluonic component of the parton since the

process has purely two jet final states. From the light-cone perturbation theory point of view

the triangle graph is a point-like contribution in the gluonic component of the Fock space wave

function of the proton.

We are thus led to conclude that9'11-12!

{p\jt\p) = 2Ms+ £ (A* - gAtf) (13)

gives the correct relationship between the forward matiix element of the singlet axial vector

current between proton states and the components of the proton's helicity carried by quarks

and gluons. In (13) A<?,- is the fraction of the helicity of the proton carried by quarks and

anti-quarks of flavor i while Ag is the helicity carried by the gluons.

3. Higher Order Corrections

Is (13) an exact expression or is it just a property of the box and triangle graphs?

Of course we must recognize that aa(Q
2) is dependent on the renormalization scheme, while

Aqi(Q2) and Ag(Q2) are dependent on both the renormalization scheme and the factorization

scheme. However, these ambiguities are higher order effects in at(Q
2) and cannot affect the



basic validity of (12). In fact we shall argue below that we may choose schemes for which (12)

is an exact expression. This element of choice should not, however, stop us from remembering

that (12) must be correct to leading order in as(Q
2). The element of choice is only in higher

orders of as(Q
2), an element of choice to which we have become accustomed in defining higher

order parton distributions in many other contexts.

These remarks imply that we do not consider the Adler-Bardeen theorem to be valid

without reservation. This theorem asserts that Eq. (6) holds to all orders of perturbation theory.

However, such a statement only has content if one has a natural definition of the operators in

(6) to all orders of perturbation theory. Since the Ward identities for Green's functions of

the current with the elementary fields of QCD are anomalous, there is no nonrencrmalization

theorem that gives us a unique natural renormalization condition for the current. Consequently

there is no reason to suppose that the coefficient of the last term on the right of (6) does not

acquire higher order corrections. But we may choose the renormalization conditions such that

these corrections are zero.

We begin examining higher order corrections by considering order a, corrections to the

basic box and triangle graphs considered earlier. Schematically, the operator product expansion

of the two electromagnetic currents in a gluon state at order o?s can be represented as

Mx)JM - El°}(x)jM+(0) + a,E$(*)A1)+M, (14)

where the superscripts '(0)', '(1)', and '(2)' refer to the order in as to which we evaluate

the coefficient E(x) and the gluonic matrix element of the current j+(0). E^ and E^ are

unambiguous since they may be determined by evaluating quark matrix elements of jpjv at

order as, a level of approximation at which j£ is unambiguous. From now on we shall not

further discuss the second term on the right hand side of (14) since it only involves a one loop

matrix element of jf, which term we have previously considered. Instead we turn to the first

term on the right-hand side of (14), the two loop matrix elements of j£.

A sample of the graphs involved is shown in Fig. 6. Each of these graphs is meant

to stand for a whole class of graphs. For example, the graph of Fig. 6a corresponds to all

the self energy corrections to one of the external lines. Inclusion of this term makes our Tf

renormalization group invariant at order o£. The graph of Fig. 6b stand for all graphs where

both ends of the internal gluon connect to the fermion loop. In Fig. 6c both ends of the

internal gluon line connect to external ggg vertices. Counterterms for the elementary ggg and

qqg vertices and the self energy corrections are assumed to be included. Finally, the graph of

Fig. 6d stands for all graphs where one end of an internal gluon lite, £, connects to an external

ggg vertex while the other end connects to the fermion loop.



(a) . (b) (c) ;

Figure 6: Typical one loop graphs for expectation value of current in gluon state.

We imagine doing the calculation using dimensional regularization and in light-cone

gauge. For purposes of discussion let us also suppose that the d£- and dk- integrations have

been done. Then for the graphs of Fig. 6b and Fig. 6d one gets zero unless both £±_ and k±

go to infinity as n —> 4, as we will now show. There are four possible momentum regions to

consider for these graphs: (i) ty, &x fixed as n —* 4, (ii) £± fixed, k± —+ oo as n —» 4, (iii) &x

fixed, £± —*• oo as n —> 4 and (iv) l±, k± —• oo as n —* 4.

Region (ii) is suppressed by power counting in light-cone gauge. Region (iii) reduces

to the basic triangle graph, as far as the A-integration is concerned, and we have earlier seen

that the finite-fcx-region gives no contribution. (In the case of Fig. 6d, region (iii) is suppressed

by power counting.) Region (i) vanishes because the quark and anti-quark are of opposite

helicity causing the different graphs to cancel, after the integral over the longitudinal momentum

fraction; i.e., j * measures quark helicity and the quarks carry no net helicity. Thus only region

(iv) survives, and this region is a point-like region corresponding to a measurement of the gluon

spin. We postpone a discussion of the actual contribution of this region of integration, along

with the appropriate counterterms, until we have considered the contributions of the graphs in

Fig. 6a and Fig. 6c.

The graphs of Fig. 6a and Fig. 6c give a \np2/(i2 factor along with a constant term. In

each case, because of helicity conservation, the contribution comes only from k± —» oo as n —> 4.

The Inp2//i2 factor is indicative of the evolution of the spin-dependent gluon distribution with

the renormalization scale fi. Here p. is the scale factor which appears in the QCD Lagrangian

when n ^ 4. Thus putting all the contributions together from the graphs shown in Fig. 6 one

has

for the order a£ contribution to T j . Here, as - as(fi
2) and b = (33 - 2NJ)/(12TT). Eq. (15) can



be obtained directly from the graphs of Fig. 6 or, even more easily by using the renormalization

group equation for the matrix element, which reads

at the level to which we are working. (Since the anomalous dimension of the current starts at

two-loop order, it does not affect the present calculation.) Since /3(a3) = — ba2
a> the fld/dcts

term in (16) acts only on the lowest order contribution to T$ given by (11), while, at order a?,

the /i2d/d(i2 term acts only on (15).

Thus the only part of r$ we have not managed to calculate through order a* is the

constant c in (15). However, consider a renormalization group transformation of Tf and Ag3.

Here Tf is the gluonic matrix element of the current, and Ag3 is the gluonic matrix element of

the bilocal operator representing the gluon distribution integrated over x. After applying the

renormalization group, we may write, through order o^,

independently of the exact value of c. Here

Of course one could also write, say,

where we have chosen a modified gluon distribution defined by

In the above, Ag3 or Ag3 is the helicity carried by gluons at scale fi given a polarized gluon of

external momentum p.

Physically, the ambiguity in this concept is associated with the imprecision in exactly

what one means by a 'gluon at scale fi'. Because fi is a scale introduced in the n ^ 4 Lagrang.an

and p is an external momentum, (18) is not necessarily more natural then (20). In any case we

may choose Ag9 to be given by (18) a choice which defines, at this order, the scheme one is

using for Ag3. Now Ag9/Ag3 = 1 + 0 (as((i
2)), so that the ambiguity in the choice of Ag" is

of higher order in a,(/*2), the level at which parton distributions normally become ambiguous.



Figure 7: Graph from Fig. 6 inside matrix element in proton state.

We must now consider a similar discussion for Ag, the gluon distribution in the proton.

We can use our work on the gluon distribution inside a gluon, by treating the gluon line p as

part of the proton's wave function, with the gluon's virtuality p2 being much less than the Q2

of the hard scattering. An example is illustrated in Fig. 7. Eq. (13) is thus maintained through

next to leading logarithms though this involves a choice of. prescription for Ag. That (13) is

correct as fi —> oo, that is, as as(/x) —» 0, is however prescription independent. When referred

to deeply inelastic scattering at virtuality g2 — —Q2 the scale /z2 in (13) should be chosen

proportional to Q2. Remember that Eq. (13) refers to distributions and expectation values in

a proton state, whereas Eqs. (14) to (20) refer to corresponding quantities in a gluon state.

In Ref. 15 higher order corrections to the triangle graph were also briefly considered,

and worry was expressed over the Inp2//z2 terms which arise. We have argued here that these

logarithmic terms are natural and must occur because of the evolution of Ag3 (see (15) and

(16)) and do not at all indicate that the fermion loop in Fig. 6 is not point-like. In fact the

point-like nature of the fermion loop for the graphs of Fig. 6 follows directly from helicity

conservation exactly as in the case for the basic triangle graph of Fig. 5.

We also remark that our proposal for modifying the parton distributions, so that one

works with the unprimed distributions rather than with the primed ones amounts to a change of

definition at order a,. The particular redefinition we have in mind is given by Eqs. (5) and (13).

In general, one regards such redefinitions as minor higher order effects. However the lowest order

off-diagonal redefinition can be very significant, since .the distributions of different flavors of

parton may be very different in size. (Note in particular that at large Q, Ag(Q) is proportional

to In Q, while the Aqt for the quarks go to constants.) Once one has identified corrections at

the lowest nontrivial order of corrections, further alterations are relatively unimportant.



4. Phenomenology

Our main conclusion is simply summarized in Eq. (13). Thus the first moment of the

gi structure function of the proton, or neutron, involves four #2-dependent functions Au{Q2),

Ad(Q2), As(Q2) and Ag(Q2) with Au, Ad and As representing the fraction of the proton's spin

carried by up, down and strange quarks, respectively, and Ag representing the ^-component

of spin carried by gluons. (At the Q of the EMC experiment, the distributions of the charm

and heavier quarks are irrelevant.) Since only three pieces of independent information are

presently at hand, namely the EMC measurement, the F/D ratio for semi-leptonic hyperon

decays, and the Bjorken sum rule, one is not yet in a position to determine Au, Ad, As and

Ag uniquely. A small value of (a, JV//2ir) Ag along with (2) would certainly be a great success

for the Skyrme model7' and perhaps somewhat uncomfortable for the constituent quark model.

A large value for (a,Nj/2n) Ag, whether or not such a large value allows Au -f Ad + As to

be near unity20' would indicate a failure for the Skyrme model in the sense that the large-iVc

limit would not be realized in nature. {{aaNff2ir) Ag is a higher term in an expansion in terms

of 1/NC with Nc the number of colors.) If one is able to determine Ag and if one finds, say,

As ;< 0.1 and Au + Ad + As > 1/2, the constituent quark model could be considered to be

reasonably successful, the level of success depending of course on the exact values for Au, Ad,

As.

Recent phenomenological analyses13'21'22' indicate that it may be difficult to have |As|

as large as 0.23, which would be the suggestion from (2) if (as/2n)Ag is small. It may be

equally difficult to make (aa/2ir)Ag large enough to make As w n.13'21"23' We feel that an

actual measurement of Ag is very important. Such a measurement would certainly be possible

at HERA, by measuring the contribution of two-jet events to the first moment of gi(x, Q2),

if polarized proton and electron beams are available. The situation is not quite so clear for

similar experiments at fixed target energies, but it may be possible to get an indication of the

size of A5.13 ' Direct photon production may furnish another method of measuring the spin-

dependent gluon distribution.23' Other potential candidates for probing the polarized gluon

distribution include muon pair production at large transverse momentum and jet production,

both in hadron-hadron collisions. However, jet identification may be difficult at the energies

currently available for such polarized experiments.

We would also like to suggest studying lepton pair production low transverse momentum,

which should be a very feasible experiment at Fermilab. This would not probe the gluon

distribution itself, but would probe the quark and antiquark densities as a function of transverse

momentum as well as x. In the language of the present paper, these densities correspond

unambiguously to a quark component of the nucleon.
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