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MÉTAUX ET DES ALLIAGES BINAIRES

par

P. Mani Mathew

RÉSUMÉ

Dans le cadre du Programme Canadien de Gestion des Déchets de
Combustible Nucléaire, on évalue des métaux et alliages coulés quant à leur
capacité de supporter une enveloppe métallique do conteneur de déchets de
combustible dans les conditions existant en enceinte d'évacuation et pour
déterminer leur efficacité en tant que barrière de protection supplémentaire
contre la libération de radionuclldes. On coulerait ces matériaux pour
combler l'espace vide résiduel à l'intérieur du conteneur et on les laisse-
rait se solidifier sans vides importants- Pour modéliser les caractéris-
tiques de solidification après coulage, on a adopté un modèle à éléments
finis, FAXMOD-3. On a modifié les paramètres d'entrée pour représenter la
chaleur de diffusion latente des métaux et alliages étudiés. Le présent
rapport décrit la mise au point du modèle de solidification et la
vérification théorique de celui-ci.

Pour modéliser la solidification des métaux purs et alliages
fondant à une température distincte, on a incorporé la chaleur de fusion
latente sous forme de grandeur à rampe double de la relation chaleur
massique-température dans un intervalle de t 1 K au voisinage de la tempéra-
ture de solidification.

La comparaison des résultats calculés pour des masses fondues de
plomb, d'étain et de mélange de plomb et d'ëtain refroidies dans une seule
direction avec et sans surchauffe, a montré qu'il y avait un bon accord avec
une autre technique appelée 'méthode du profil de l'intégrale'.

Pour modéliser la solidification des alliages fondant au-dessus
d'un intervalle de température, on s'est servi de la fraction de solide de
la zone solide-liquide calculée à partir de l'équation de Scheil, pour
déterminer la fraction de chaleur latente à libérer au-dessus d'un inter-
valle de température de la zone solide-liquide. La comparaison des
résultats calculés pour une masse fondue de mélange d'aluminium et de cuivre
â 4,5% en poids, refroidie dans une seule direction, a montré un bon accord
avec d mtres méthodes des différences finies.
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by

P. Man! Mathew

ABSTRACT

In the Canadian Nuclear Fuel Waste Management Program, cast
metals and alloys are being evaluated for their ability to support a
metallic fuel waste container shell under disposal vault conditions and to
determine their performance as an additional barrier to radlonuclide
release. These materials would be cast to fill residual free space inside
the container and allowed to solidify without major voids. To model their
solidification characteristics following casting, a finite-element model,
FAXMOD-3, was adopted. Input parameters were modified to account for the
latent heat of fusion of the metals and alloys considered. This report
describes the development of the solidification model and its theoretical
verification.

To model the solidification of pure metals and alloys that melt
at a distinct temperature, the latent heat of fusion was incorporated as a
double-ramp function in the specific heat-temperature relationship, withx..
an interval of ± 1 K around the solidification temperature.

Comparison of calculated results for lead, tin and lead-tin
eutectic melts, unidirectionally cooled with and without superheat, showed
good agreement with an alternative technique called the integral profile
method.

To model the solidification of alloys that melt over a
temperature interval, the fraction of solid in the solid-liquid region, as
calculated from the Scheil equation, was used to determine the fraction of
latent heat to be liberated over a temperature Interval within the
solid-liquid zone. Comparison of calculated results for unidirectionally
cooled aluminum-4.5 wt.% copper melt, with and without superheat, showed
good agreement with alternative finite-difference techniques.
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NOMENCLATURE

a Thermal Diffusivity
[c] Heat Capacity Matrix
C Specific Heat
C^ Concentration of Solute in Liquid
C Concentration of Solute in Solid
dS Density
f Weight Fraction of Solid in Solid-Liquid Region
HS Latent Heat of Fusion

u

H* = -x—=— Dimension!ess Latent Heat
P s

HAC Latent Heat of Fusion of Al-4.5 wt.% Cu Alloy

h Overall Heat Transfer Coefficient

K = -jr- Distribution Ratio

[K] Thermal Conductivity Matrix

K Thermal Conductivity of Solidified Metal

N Number of Finite-Difference Steps

{q} Heat Flow Vector
•
q Heat Flux

T Temperature

T Temperature of Coolant

{T} Temperature Vector

T Initial Melt Temperature

T Eutectic Temperature

T. Liquidus Temperature

T., Melting Point of Pure MetalM
T Solidus Temperatures

T . Temperature Change of the Nth Element During a Time

Increment, dt

t » . ° Dimensionless Solidification Time
<JC K

P s

t time

continued.



NOMENCLATURE (concluded)

At time step

* ho
x = rr— Pimensionless thickness

K
s

x Thickness of Solid Metal

* x
$ = •=— Dimensionless Surface Temperature

s



1. INTRODUCTION

In the Canadian Nuclear Fuel Waste Management Program f11, metals
and alloys with low melting points, such as lead, zinc and aluminum-7 wt 7,
silicon alloy, are being evaluated for their ability to support a metallic
fuel isolation container shell against hydrostatic pressure in a flooded
disposal vault and to determine their performance as an additional barrier
to radionuclide release f2,31. These low-melting materials would be cast
info all remaining free space between the container shell and fuel bundles
and into the subchannels between the fuel elements comprising the fuel
bundles. The cast material should be solidified in a manner that will
produce no significant voids in the solid matrix f4]. Such voids could
lead to significant container deformation under hydrostatic loading in the
disposal vault and thereby increase the possibility of container failure.

Matrix solidification is associated with a volume decrease.
Cooling techniques incapable of allowing compensation for this volume
deficit could lead to large shrinkage cavities. The presence in the
container of used-fuel bundles, with different thermal properties, could
provide a potential heat sink during the solidification process. This
could lead to premature cast metal solidification on the fuel bundles,
leading to significant casting defects [5]. Further, the bundles are
radioactive and therefore the casting and solidification processes will
require remote procedures. Therefore, a good theoretical understanding of
the solidification process is required, to develop appropriate techniques
to achieve a high integrity matrix. For this purpose, it is necessary to
develop a theoretical solidification model capable of describing the
thermal history of a solidifying metal and alloy as a function of time.
The model should allow computation of the solid-liquid interface positions
during the cooling process so that regions susceptible to shrinkage cavity
formation can be identified and the effect of process parameters required
to obtain a high-integrity matrix determined. A good understanding of the
critical parameters will help to develop appropriate solidification
techniques.

This report reviews the development and theoretical verification
of a finite-element solidification model, capable of computing the
temperature-time transients and solid-liquid interface positions as a
function of time. The model was initially developed to determine solely
heat conduction.

2. THEORETICAL

Heat-transfer rates during solidification processes such as those
encountered in industrial casting procedures [6-12] cannot be predicted by
formal, analytical techniques since nonlinear boundary conditions are
involved. Therefore, approximate solutions such as integral-profile,
finite-difference and finite-element methods are normally used.

In this report, the extended applications of a finite-element
heat conduction model, FAXMOD-3, for solidification modelling are



presented. The model's results are compared to those of the Integral-
profile and the finite-difference models.

The finite-element model FAXMOD-3 was originally developed for
the complete thermoraechanical analysis of CANDU reactor fuel pins under
operating and accident conditions. Although designed for this specialized
application, the code contains a general-purpose mechanical and thermal
analysis for two-dimensional planar and two-dimensional axisymmetric
applications. It uses quadrilateral isoparametric elements with mid-node
formulation. In the thermal solution, the time Integration of the heat
conduction equation is performed using an implicit finite-difference
technique. The final equation used is

^-[C]({T(t)}-fTft-At)})+fK](Tft)} = fqi (I)

Details of the theoretical derivation of the equations are available In
reference 13. A special feature of this code Is that the allowable error
in the time-step integration procedure can he specified. An automatic
time-step control routine in the progra.ii allows the rejection of a time
step, backing-up, then the selection of a smaller time step so that the
allowable error is not exceeded. Continuous computation without manual
interruption is, therefore, possible.

3. VERIFICATION OF THE MODEL

To allow its use with confidence, the FAXMOD-3 model must he
verified by comparing its results with those from other existing
solidification models. Several techniques to model solidification
processes are available in the literature [6-121. In the following
sections, descriptions of the verification of the FAXMOD-3 model with an
Integral-profile method [14-16] and a finite-difference solution [17] are
presented.

For metals and alloys solidifying at a constant solidification
temperature, the FAXMOD-3 model will be compared with the integral-profile
technique; the finite-difference solution is used for alloys solidifying
over a temperature range.

3.1 MODELLING OF METALS AND ALLOYS WITH A CONSTANT SOLIDIFICATION
TEMPERATURE

Pure metals and alloys such as eutectics and intermetallic
compounds differ from other metallic alloys in that they solidify at a
discrete, constant temperature, called the solidification temperature.
Alloys solidifying over a temperature range are discussed in Section 3.2.

3.1.1 Preparation of Thermophysical Input Data

For solidifying pure metals, eutectics and Intertnetallic
compounds, the latent heat evolution due to the liquid-to-solid phase
transformation Is dissipated at the solidification temperature. In
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addition to the parameters required to define the houndary conditions, such
as heat transfer coefficients or constant temperatures, the Input data
required for the heat transfer analysis are specific heat, density and
thermal conductivity. These are generally temperature dependent. Between
the solid and liquid states, these properties show an abrupt change at the
solidification temperature,as indicated hy the solid lines in Figure 1. To
accommodate the latent heat of fusion In the specific heat-temperature
relationship, the specific heat-temperature curve was modified to a double-
ramp function- The dotted area under the modified specific-heat curve
equals the latent heat of fusion. This allows latent heat dissipation
within a short temperature interval of ± 1 K around the true solidification
temperature, T . Density and thermal conductivity w?>re also allowed to
vary linearly from CT.-l) and (T +1) (see Figure 1).

A review of published data on the solidification modelling of
metals and alloys with a constant solidification temperature [15-16]
revealed that sufficient computational results on the solidification
modelling of lead, tin and the lead-tin eutectic alloy exist using the
Integral-profile method. Therefore, input data for these materials were
collected and prepared for computation. Figures 2, 3 and 4 show the
modified data of the specific heat, density and thermal conductivity of
these materials. For model verification, the modified data accommodating
the latent heat of fusion was used. In Figure 2, the area corresponding to
the latent heat Is shown hatched. The true solidification temperatures are
also indicated in Figure 2 for reference.

3.1.2 Computation of Temperature-Time Transients and Solid-Liquid
Interface Locations During Unidirectional Solidification

The finite-element code FAXMOD-3 was used to model the
solidification of lead, tin and lead-tin eutecttc. First, a finite-eleir.ent
mesh (see Figure 5) was generated, representing a cylinder with a melt
height of 150 nun and radius of 10 mm. The heat-transfer boundary condition
was specified by the heat-transfer coefficients for the side, h , and the
top, h , and were set at zero to represent fully insulated boundaries. The
heat-transfer coefficient for the base, h , was set at finite values to
represent unidirectional heat flow in that direction. Values of 119, 168
and 227 W«TH"2*K"' were selected for lead and lead-tin eutectic and 114, 163
and 227 W«m"2«K'' for tin to permit comparison of the computational
results with those of a solidification model based on the integral-profile
technique. The coolant temperature was assumed to be constant at 313 K.
In some cases, the initial temperature of the melt was allowed to vary to
assess the effect of superheat on the solidification process. For lead,
the initial temperature was allowed to vary from 602 K to 664 K,
corresponding to a superheat range from 2 to 64 K. For lead-tin eutectic
the initial temperature was varied between 458 and 5^7 K, for a superheat
range of 2 to 141 K. Thus, the influence of low and high superbeat was
investigated for an example of a pure metal and a eutectic alloy. For tin,
the initial melt temperature was held constant at 507 K, corresponding to a
2 K superheat.

The temperature-time transients were calculated with FAXM0D-3
using these modified input data. A small time step must be used in the
calculational procedure to ensure that the latent heat, which is now



modelled as a double-ramp function across a narrow temperature range in the
specific heat-temperature relationship, is not "missed" in the computation.
The thermal histories of nodal points 2, 12, 32, 52, and 67 in the
finite-element mesh (see Figure 5), corresponding to 0, 15, 45, 75 and
97.5 rrm from the base were calculated. Figures 6 to 9 are examples of
calculational results for lead and lead-tin eutectic.

Figures 6 and 7 show results for lead with initial superheats of
2 and 64 K, respectively, with constant heat transfer coefficient (h =
119 W*m'2 *K"' . Similarly, Figures 8 and 9 show results for lead-tin°
eutectic with initial superheats of 2 and 49 K, respectively, with constant
heat-transfer coefficient (hQ » 227 Wm'

2 *K*' ).

As expected, all curves show a decrease of temperature with time
for different locations inside the melt. The points of intersection of the
solidification (or eutectic") temperature with the calculated temperatures
of the various nodal points indicate the solidification time of the nodal
points, that is, the location of the solid-liquid interfaces. For example,
Figure 8 shows that after 930 s, a 75-mm height of lead-tin eutectic would
solidify under unidirectional heat flow conditions, if the initial
temperature of the melt were 458 K, the coolant temperature were 313 K and
the heat transfer coefficient 227 W*m"2 'K*1 . Therefore, the location of
the solid-liquid interface could be determined as a function of time from
these graphs.

In Figures 10 to 13, the location of the solid-liquid interface
from the base (called the "solidified layer thickness'"), as determined
from the calculated temperature-transient relationships, are plotted
against time for lead, tin and lead-tin eutectic.

Comparison of the calculated results for lead and tin with
h = 227 W«m"2 »K'' (Figures 10 and 11) indicates that lead solidifies
faster than tin. This is due to the low latent heat of lead (24.7 kJ/kg
compared to 60.7 kJ/kg for tin - see Figure 2).

3.1.3 Discussion

In this section, the FAXMOD-3 finite-element results are compared
with those from the integral-profile method and general conclusions are
drawn.

Hills et al. f14-16] developed an integral-profile method that
can predict the solidification rates of metals and alloys with constant
solidification temperature under unidirectional heat flow conditions with
zero superheat. Assuming that the heat flow from the cooled surface
satisfies the Newtonian heat-transfer boundary condition,

q = ho(T-To) , (2)

the authors derived the following equation for the solidification rate of
metallic melts with low superheat in terms of dimenslonless parameters:
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At-*
...

+ 1+x*

where X = 3H*+2(l-**)-x*4>* .

The following equation is valid for the temperature change In the
solidifying mecal:

dT*

1+x* • <V

Equations (3) and (4) were solved numerically starting from the initial
boundary conditions:

At t* = 0, x* = 0 and T = T .
s

The dimensionless thickness, x*, and dimensionless temperature, T*, were
calculated for varying dimensionless latent heats, H*, and are plotted
against dimensionless time, t*, in Figures 14 and 15. For a material with
high latent heat of fusion, corresponding to a high H*, an increase in the
solidification time is predicted. Figure 15 shows that the Gurface
temperature of the solidifying material decreases with increasing time and
that the rate of decrease will be slower for a material with high latent
heat of fusion.

Equation (3) was used to calculate the solidification rate of
lead, tin and lead-tin eutectic. These calculations (dashed lines') are
compared with the FAXMOD-3 result (solid lines) in Figures 10, 11 and 13
for2 K superheat and show good agreement. In Figure 16, the lead surface
temperature calculated from Equation (4) (dashed lines) is compared with
the FAXMOD-3 predictions (solid lines) for 2 K superheat. Here also, the
two methods agree well. As expected, the surface temperature decreases
faster with increased heat transfer coefficient.

Hills et al. [16] also developed an integral-profile technique to
determine the solidification rate of superheated pure metals and eutectics
under unidirectional heat flow conditions. Assuming a quadratic equation
for the temperature distribution in the liquid metal, they derived
mathematical expressions to calculate the solidification rate. This method
is very cumbersome since different mathematical expressions are valid
during the various stages of the solidification process. Figure 12
compares the solidified layer growth rate, as calculated by the integral
profile and the finite-element methods for three superheated lead melts,
unidirectionally cooled with two different heat transfer coefficients. The
two methods show excellent agreement. A similar comparison of the two
methods applied to the unidirectional solidification of superheated
lead-tin eutectics (Figure 13) also shows good agreement.

Figure 17 compares integral profile and finite-element calcula-
tions of the temperature of the cooled lead surface and, again, good
agreement Is shown. Similar agreement was obtained for the surface
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temperature of a lead-tin eutectic cooled from various superheats
(Figure 18).

3.2 MODELLING OF BINARY ALLOYS SOLIDIFYING OVER A TEMPERATURE
INTERVAL

As mentioned earlier, alloys other than eutectics and
intermetallic compounds solidify over a temperature Interval. Consider the
unidirectional solidification of an aluminum-4.5 wt.Z copper (Al-4.5 Cu)
alloy cooling from a temperature T (Figure 19). As the alloy cools,
initial solid-phase dendritic separation of K-A1 occurs at the liquldus
temperature, T. (920 K). As the remaining melt coola, dendritic growth
continues and the solid fraction in the solid-liquid region increases. If
complete solid-state diffusion occurs (i.e., equilibrium conditions), the
solidification will end at the solidus temperature, T (842 K). Under
actual conditions, for example in fast solidification processes such as in
castings, solid-state diffusion is very slow and the final solidification
of the remaining melt occurs at the eutectic temperature, T« (821 K),
Scheil [18] derived the following equation for the weight fraction of solid
in the solid-liquid region (f ) separating out under such conditions:

S

(5)

The quantity of latent heat liberated during the solidification
of such an alloy will be proportional to the weight fraction of solid
separated out between TT and Tp. The input data into the finite-element
model must, therefore, account for this.

3.2.1 Preparation of Thermophyslcal Input Data

To model the solidification of Al-4.5 Cu using FAXMOD-3, the
total latent heat of fusion of this alloy must be subdivided into various
fractions to represent the latent heat proportional to the weight fraction
of solid separating out between specific temperature intervals within the
liquid-solid temperature range. Equation (5) was used to calculate the
weight fraction of solid (f ) as a function of temperature (see Figure 20).
The weight fraction of solid increases to almost 507 by the time the melt
temperature falls 10 K below the liquldus temperature.

As for the case of pure metals and eutectics, the latent heat of
fusion of Al-4.5 Cu alloy (H*f) w a s accounted for In the specific-heat
temperature relationship. For this purpose, H _ was divided Into six
parts, so that the shaded area (Figure 21) under each section (representing
the fraction of liberated latent heat of fusion within that temperature
interval) corresponds to the fraction of solid separated out. The total
shaded area In Figure 21 corresponds to the total latent heat of fusion,
H.- (400 kJ/kg). These modified data were used as Input data for the
solidification model calculations. Thermal conductivity and density were
assigned constant values of 167.5 Win"2 'K'1 and 2750 kg-m*3, respectively,
over the entire temperature range.
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3.2.2 Calculation of Temperature-Time Transients and Solid-Liquid
Interface Locations

To calculate the temperature-time transients under unidirectional
heat-flow conditions using FAXMOD-3, a finite-element mesh with a melt
height of 100 mm and a diameter of 10 mm was generated (Figure 22). The
mesh consists of 10 elements and 53 nodes. The heat-transfer coefficients
for the side and top were set at zero to represent unidirectional heat flow
to the base, with heat transfer coefficient (h ).

The temperature-time transient during the unidirectional
solidification of Al-4.5 Cu with h - 2000 W'm'2*K*' , coolant temperature
300 K and initial melt temperature 923 K was calculated. Figure 23 shows
the temperatures of nodal points 2, 7, 17, 27, 32 and 42 corresponding,
respectively, to heights of 0, 10, 30, 50, 60 and 80 mm from the base. The
points of intersection of the liquidus and eutectic temperatures with the
calculated temperatures of the nodal points indicate the locations of the
solid/solid-liquid and the solid-liquid/liquid interfaces as functions of
time. These interfaces are plotted as solid lines in Figure 24.

Figure 25 shows calculated temperature profiles (solid lines)
9 for Al-4.5 Cu, unidirectionally cooling fron

923 K with h - 2000 W*m"2*K'' and coolant temperature
after 50 s for Al-4.5 Cu, unidirectionally cooling from (a) 1020 K and (b)

th h - 2000 W*m"2*K'' and coolant temperature 300 K.

For a melt height of 80 mm, temperature-time transients were
calculated for Al-4.5 Cu, unidirectionally cooling from 923 K with
h - 4400 W«m'2 »K"' and coolant temperature 300 K. Figure 26 shows the
temperatures of nodal points 7 and 27, corresponding to distances from the
base plate of 10 and 50 mm, respectively.

3.2.3 Discussion

To determine the validity of the suggested FAXM0D-3 model, a
comparison was made with calculations by an explicit finite-difference
method suggested by Clyne [17]. For unidirectional solidification, Clyne
derived the following equation to determine the temperature change of the

element Inside the melt during a time increment, dt:

*• N4-1 f N - 1 ^ Kf r' fM

N,t+dt (dx) 1 _ £L{ s

C VdT
P ™N,J

The thicknesses of liquid, solid-liquid and solid phase regions were
calculated for Al-4.5 Cu using Equation (6) with h - 2000 W«m'2 >K'\
coolant temperature 300 K and Initial melt temperature 923 K. The results
are shown as dashed lines In Figure 24. Results from the FAXM0D-3 finite-
element method and the finite-difference method are in good agreement.

Figure 25 shows a comparison of the two methods for Al-4.5 Cu,
unldirectionaJly cooling from (a) 1020 K and (b) 923 K with hQ -
2000 Wm"2 *K"' and 300 K coolant temperature. The temperature profile
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corresponds to 50 s after cooling begins. Again, the two methods agree
well.

Figure 26 shows a comparison of the two methods for Al-4.5 Cu,
unldlrectlonally cooling from 923 K with h = 4400 Wm*2 *K"' and coolant
temperature 300 K. Calculated temperatures at 10 and 50 mm from the cooled
surface are In good agreement.

4. SUMMARY AND CONCLUSIONS

To model the solidification of pure metals, or alloys such as
eutectics with a single melt temperature, the latent heat of fusion was
incorporated as a double-ramp function in the specific-heat temperature
relationship within a - 1 K temperature interval around the solidification
temperature. Comparison of calculated results for lead, tin and lead-tin
eutectic melts, unidirectionally cooled with and without superheat, showed
good agreement with the integral-profile method.

To model the solidification of alloys that melt over a
temperature interval, the fraction of solid in the solid-liquid region
calculated from the Scheil equation was used to determine the fraction of
latent heat that must be liberated in a temperature interval within the
solid-liquid zone. The total latent heat of fusion of the alloy was
distributed within the solid-liquid temperature interval, such that in the
specific-heat temperature relationship for the alloy, the sum of the areas
under several step functions represented the total heat of fusion.
Comparison of calculated results for a unidlrectionally cooled aluminum-
4.5 wt.% copper melt, with and without superheat, showed good agreement
with results derived from finite-difference techniques.

These results indicate that the FAXM0D-3 finite-element code can
be used to model the solidification of metals and alloys.
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