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Abstract 

A general result for the eigenenergies of the one-
dimensional Dirac equation for an arbitrary array of delta-function 
potentials of either Lorentz scalar or vector type is developed. This 
result is then used to discuss a finite one-dimensional model of the 
nucleus from which the energy bands of the constituent quarks 
may be obtained. The resulting energy eigenvalues are compared 
vith those obtained previously via a similar model based on a 
Klein-Gordon equation. In contrast to this alternative treatment a 
system consisting of massless quarks confined to a regular 
periodic one-dimensional nucleus is found to be unbound. The 
possible surface states are examined and it is found that the so-
called Dirac surface states are not expected for potentials of either 
Lorentz character. The existence and effect of quark surface states 
is also discussed in terms of our nuclear model. Finally the 



scattering coefficients for a relativistic particle in an arbitrary 
array of delta-function potentials are determined and their 
implications with regard to quark tunneling in nuclei are 
discussed. 

I. INTRODUCTION 

Since the SLAC deep inelastic electron scattering 
experiments twenty years ago the traditional view of the nucleus, 
as consisting of point nucleons bound by meson exchange, has had 
to change to accomodate the known quark substructure of nuclear 
matter. This change has been very slow in coming to be accepted 
but in the last few years has been seen as a necessary 
development in nuclear physics. However the opposite extreme, a 
model of the nucleus based solely on a quark shell model, must be 
reconciled with the knowledge that baryons form color singlet 
states comprising a triplet of quarks. As a consequence various 
models of the nucleus have been developed which occupy the 
region between these two extremes, bag^usually containing at 
least 6 quarks) and potential2 models being two such examples. 

In this paper a one-dimensional potential model of the 
nucleus in which the effective gluon field manifests itself as a one-
dimensional lattice of confining potentials will be employed. Any 
realistic nuclear model must include ',ne fact that the spatial 
extent of a nucieon in a nucleus is comparable to. or possibly 
greater than,3 that of a free nucieon. This implies that at nuclear 
matter densities significant overlap of the nucleon's wavefunctions 
must occur. We incorporate this feature in our model by allowing 
quark tunneling between adjacent nucleons via a finite 



internucleon potential. In our model this condition will be 
fashioned by the introduction of an effective delta-function at the 
nucleon boundary. The confinement potential for our nucleus will 
be of Lorentz scalar type4 as strong Lorentz vector type potentials 
may be shown to suffer from Klein paradox problems.4'5 

Similar potential models of the nucleus have appeared 
previously in the literature. Goldman and Stephenson6 have shown 
that quark tunneling in such a system results in a significant 
increase in the binding energy of the nucleus due to the inherent 
decrease in quark localization. The quark energies for their finite 
three-dimensional model were obtained via an effective Klein-
Gordon equation incorporating a Lorentz scalar confining potential. 

The advantage of the Klein-Gordon model is that it permitted 
analytic solution in three dimensions. However it ignored the Dirac 
nature of the quarks. To explore the latter, McKellar and 
Stephenson7 analyzed a one-dimensional Dirac-Kronig-Penney 
model in which periodic boundary conditions are imposed and the 
energy bands for relativistic quarks, in the presence of both 
Lorentz scalar and vector potentials, are obtained. As our paper 
also utilizes the Dirac equation we momentarily digress to discuss 
the use of delta-function potentials in this equation. As Woods and 
Callaway8 first noted a discrepancy exists between results 
obtained by solving the Dirac equation for a delta-function 
potential as compared to solving the Dirac equation for a square 
well and then taking the delta function limit. Many authors9 have 
since chosen to integrate the Dirac equation over the delta-
function, a procedure which McKellar and Stephenson7 and Calkin 
et. a/.10 have now shown to be incorrect. As they demonstrated the 
correct result emerges by considering the delta-function as the 



limit of a square veil and in Section II vc use this prescription to 
derive a general solution of the Dirac equation for an arbitrary 
array of delta-function potentials of both Lorentz scalar and vector 
types. 

With this formalism as a basis in Section III a determination 
of the energies of a quark confined to a one-dimensional box of 
finite length and impenetrable •alls, our model of the nucleus, is 
made. The implications of these results for both small systems and 
for a finite periodic model are discussed. These results are then 
used to determine binding energies for a system of massless 
quarks. It is found that for periodic potentials the system is 
unbound. This feature is discussed and compared with the 
contrasting results of the Goldman-Stephenson and McKellar-
Stephenson analyses. 

Section IV introduces the relativistic Tamm model which is 
studied with regard to determining the surface states of the 
system and in resolving the problems associated with previous 
treatments of this model.11 Both the Lorentz scalar and vector 
cases are discussed. Our treatment confirms the Subramanian and 
Bhagwat12 calculation which showed that states which violate the 
Tamm existence condition1? in the nonrelativistic limit, the Dirac 
surface states of Steslicka and Davison,11 do not exist for the 
vector potential. Moreover no abnormal surface states are found 
when the Tamm potential enters the Dirac equation as a Lorentz 
scalar. The energies of the quark surface states in our nuclear 
model are then obtained. The energy region occupied by these 
localized states is shown to occur at a much greater energy that* 
that of the bulk bands and as such their relevance with regard to 
the ground state of the nucleus is quite limited. 



In Section V ve derive the scattering coefficients of a 
relativistic particle in an arbitrary array of delta-function 
potentials of either Lorentz type. The formalism of Section II is 
used to avoid the irregularities involving the delta-function 
encountered by previous treatments of this problem 1 4 In the 
infinite strength limit a comparison is made between the 
suitability of vector and scalar potentials in providing 
confinement. Transmission coefficients for several simple systems 
are explicitly calculated and discussed in terms of quarks 
tunneling in nuclei. 

Cur conclusions are outlined in Section VI. 

II. GENERAL FORMALISM 

The one-dimensional time-independent Dirac equation for a 
particle of rest mass m in a potential U(x) is given by 

(kb^«E-flm-U(x)]'!'(i)-0. (2.1) 

•here we have taken 1i - c - 1. As the potential U(x) may consist 

of both Lorentz vector and scalar components ve write it explicitly 
as 

U(x)-V(x)*pS(x). (2.2) 

In one dimension ve are able to represent the Dirac matrices 
ocx and p by 2x2 matrices. Initially it is not necessary to choose a 
specific representation for the Dirac matrices, instead ve proceed 



simply by introducing a general algebra of 2x2 matrices, choosing 
as a basis â  (u-0.1.2.3). defined in terms of aK and 0 by 

oo » 1.01 - a i . 02 - i«iP. <*3 • P. (2.3) 

which may be shown to satisfy the following algebra 

OQIO\I • Op , OJO; - Sij • ieijkOk . Tr o^ » 26̂ o . (2.4) 

Clearly one possible representation is to take the ai as the 
usual Pauli matrices. This particular representation of the algebra 
is not necessary in much of our analysis. Utilizing this notation we 
may rewrite (2.1) as 

i io!~* (E- V) -o 3(m • S)jy(x) -0 . (2.5) 

where Y(x) is a two-component spinor. Rearranging (2 5) we 
obtain 

^V(i)-C(x)'F(x). (2.6) 

where G(x) - i(riik - aiV • iofcS)andtii -(l/k)(aiE* io^m). The 2x2 
matrix i\i belongs to a similarity class of the oM defined by 
% - C-^C where C - (l/2)l(r* 1 )OQ • (r-1 )o3] and r - k/(E*m). As a 
consequence, the % also obey the algebra (2.4), and in particular 

V-l. 



In analogy with the standard technique for solving the one-
dimensional time-dependentSchrodinger equation we obtain an 
iterative solution of (2.6) 

X X X ' 

¥(x) - P, (1 • J dx'G(x) • J dx'G(x') J dx"G(x"? • iM'Cxo) 

which can be rewritten more concisely as 

¥(x)«T<x0.x),F(xo). (2.7) 

x 
where T(xo.x) - P z exp[ J G(x')dx') and P x is the spatial ordering 

u 
operator. Continuing the analogy with the Schrbdinger equation we 
may interpret T(xo.x) as a 'spatial' evolution operator as it 
describes the development of tho wavefunction with displacement 
from the point XQ to the point x in the presence of a potential U(x). 
Intuitively we would expect T(xo.x) to be related to the transfer 
matrix. 1' In Section V this relationship will be explicitly 
determined. 

For certain potentials, namely square-barriers or delta-
functions of either pure Lorentz scalar or vector type. T(xo.x) 
assumes a particularly simple form. Since this paper will primarily 
be based on this class of potentials we include a brief discussion of 
them. We choose to analyze the scalar case in detail while simply 
quoting the vector results which may be developed in an 
analogous fashion. 



s A. Square barrier 

For a potential consisting of a series of square barriers of 
width aiand height Hi separated by field-free regions of length 
(lj-aj-i)we have 

Z' 0 if Zo < x < xi 

S(x) - < Hi if Xi < x < Xj • aj (2.8) 

\ 0 if Xi • a* < x < XM 

for i - 1,2,3 ,N-1 as in Fig.l. The total length of the region of 
interest is L - XN - xo - ^i-ili 

By substituting (2.8) into (2.7) and utilizing Feyn man s 
notation for spatially ordered operators16 we find thatT(xo.x) 
assumes the form 

T(io,xN) - exp(ii)ik(lN-AN-i)] expUajj-idhk îozHiM)) 
exp[î ik(lN-i-aN-2)) exp[iiiik(l2-ai)] exp(iaiOiik+io2Hi)l 
eiptiTijkhl, (2.9a) 

where li -Xi- Xi-i. 
For the vector equivalent potential of (2.8) we obtain 

T(xo..««) - expIiink(lM-»N-i)l exp[iaii-i(Tnk-oiHN-i)) 
eip[iTnk(lN-i-ftN-2)l •••• exp[iTiik(l2-ai)) exp[iai(f|ik-oiHi)l 
explimklil. (2 9b) 



This form results because the elements of the exponent 
commute at spatially separated points for regions where the 
potential remains constant. 

It is interesting to note that for a massless particle in a 
vector potential m - 01 and the exponential elements of (2.9b) 
commute allowing us to write 

N-l 
T(xo.xN) - eipl idCkL - £ 1 ^ ) ] . (2.10) 

i-1 

As T(XO.XN) is merely a phase we see from (2.7) that the 
amplitude of the wavefunction of a massless particle is not 
diminished by the presence of the vector potential. The vector 
potential is transparent for a massless particle. This phenomena is 
discussed with regard to tunneling in Section V. 

For a massless particle in a scalar field T(XO,XN) does not 
reduce to a single exponential analogous to (2.10). On a purely 
mathematical level we can see that this occurs because of the non-
commutivity of oi and 02. From a more physical standpoint we 
note that the scalar potential enters the Dirac equation with the 
mass term and thus the particle obtains an effective mass 

M(x)-m*S(x). (2.11) 

which is non-zero even for a massless particle. An infinite scalar 
potential in (2.11) implies an infinite effective mass for the 
particle. This property of the scalar potential makes it suitable for 
confinement of massless quarks. 



10 B. Delta-function limit 

We may simplify the square barriers to delta-functions by 
taking the barrier width to zero and the barrier height to infinity 
while allowing the product to remain finite viz 

Hi -> oo , ai -»0 but Hia» - Xt. (2.12) 

The potential described by (2.8) now becomes 

N-l 
S(x) - £ Xi 8(x-Xj) . (2.13) 

i-1 

and for the scalar potential Tf XO.XN) is then, given by 

T(XO.XN) - explitiiklN) "PI-C^XN-IJ explituklN-il... 
... expliiuklzl eip[-a2Xi] expliTuklil. (2.14a) 

Similarly for the vector potential we obtain 

T(xo.xj,<) - expliTiiklif] expI-ioiXN-il expIimklN-i)... 
... exp[iT)ikl2l expl-ioiXil expliiukli]. (2.Mb) 

The discontinuity in the wavefunction due to the delta-
function is in agreement with the results of McKellar and 
Stephenson7 and Calkin etal. 1 0 



C. General properties of T(xo.x) 

The general structure of T(xo.x) may be deduced by 
considering the effect of an infinitesimal translation. For Ax small, 
to first order in Ax. using (2.6) and (2.7) we find that 

T(x0 ,x0 • Ax) - I • Ax G(xo) . (2 15) 

Since T(xo.x) is a linear operator we may utilize the group 
property to "write 

T(xo.xo*Axi*Ax2) -T(xo*AxiXo*Axi*Ax2)T(xo.xo*Axi). (2.16) 

for translations of Axi and then AX2 respectively. Writing 
G(x)-i(o1E(x)*io2M(x)].vhere E(x)-E-V(x) and M(x)=m*S(x) are real 
quantities, and substituting this into (2.16) shows thatT(xo.x) has 
the form 

T(xo.x) - pc(x)oo • ipi(x)oi • 02(1)02 * P3^)o3, (2.17) 

where the pji(x) are real functions of E and M. This particular 
representation of T(io.x) will prove most useful in Section III. 

This particular form of T(xo,x) is intimately related to 
current conservation in the interval (xo.x). For a stationary state 
the continuity equation reduces in one-dimension to the current 
conservation condition (d/dx)js-0. In our notation this implies 
ji-yfxtaiWxl-constant. Applying this condition at the points xo 
and som© distant point x>xo ve find from (2.7) that the function 
T(io.x) must satisfy the constraint 



T*(io.x)oiT(xo.x) - 01. (2 18) 

If ve multiply both sides of (2.18) by each of the four ô  . 
take the trace and then invoke (2.4) , then a system of four 
complex equations will result, the solution of which is consistent 
with the representation of T(xo.x) as given in (2.17). Furthermore 
we find that T(io.i) must satisfy detlT(xo.x)] -1, a feature of 
T(xo.x) that may previously have been deduced from (2.7). In 
terms of the parameters p .̂ the condition det{T(xo.x)] -1 implies 
thatpj*p?-p|-p^- 1. 

D. Unit e e l 

In most of this paper we will use potentials of the form 
shown in (2.13) As such it is convenient to define a unit cell as in 
Fig2 

The delta-function of strength Xj is situated at the point Xj-e. 
If we define 6i(Xj) as the operator connecting the wavefunction at 
Xj to the wavefunction at Xj-i then for the scalar potential we have 
(fore-»0) 

ei(Xj)s - eip[-o2Xj] explhiiklj]. (2.19a) 

For the vector potential we obtain 

eiUj) v - eipt-iaiXj] expliiiiklj]. (2.19b) 

where h - x. -1\.\ andrii is as given in (2.6). 



T(xo.x). for the potential as given by (2.13). may then be 
written as 

T(XO.XN) -explimklN]eN-i(XN-i)....ei(Xi). (2.20) 

where 9i(Xj) is given by either (2.19a) or (2.19b). depending on 
the Lorentz character of the potential. For future reference ire 
note that detlei(Xj)l» l.asTrai=Tro2=Tnn -0 . 

E. The periodic system 

The simplest structure is the periodic system where a 
particular unit cell structure is repeated along the entire length of 
the interval. This potential is normally referred to as being of 
Kronig-Penney type. 1 7 If the cell width and delta-function 
strength are given by 1 and X respectively then we can express 6 

i 

in a form analogous to (2.17) as 

6(X) - agO0 • ialal • a ^ • o 3 a 3 . (2.21) 

where % - (l/2)Td6(X)o t ll may be determined from (2.19a) or 

(2.19b) and are given explicitly below in equation (3 4) It is now a 
simple matter to determine (e(X)]Q for any integer n as this will 
prove useful in our later work. Two cases exist: 
Iflfll t 1 : If we let OQ - cos co, for some real co, then we can show by 

induction that 

[6(X)]° «o0cosno>+ (iojOj • ĉ ô * OJOJ )cose ceo sin nco.(2.22) 



IQQI > 1 : If we let OQ • (-1 )*cosh nv for some v >0 and q-0 cr 1 then 

we also find 

l©(X.)]n-(-l )n,loocoshnv*(-l )<Hia1o1*a202*0303)cosechv sinhnv) 

(2.23) 

III. THE ONE-DIMENSIONAL BOX 

In our model of the nucleus the constituent quarks, while 
being confined in nucleon-like structures, are permitted to tunnel 
into adjacent nucleons. This tunneling lifts the degeneracy of 
quark energies and results in the formation of energy bands. Using 
a similar model based on the Klein-Gordon equation Goldman and 
Stephenson6 have shown that an appreciable contribution to the 
binding energy of the nucleus arises, due to the splitting of the 
degenerate states, even where the barrier to tunneling is large and 
the corresponding band-width is small. 

For our model we introduce the internucleon tunneling along 
with the long range confinement property of the nucleus via a 
composite scalar potential of the form 

S(x)-S c(x)*Sin(x). (3.1) 

where Sc(x) represents the confining potential and Si Q d) is the 
internal potential representing the barrier to quark tunneling. In 
contrast to the Goldman and Stephenson formulation, which used 
the Klein-Gordon equation, our treatment is based on the Dirac 
equation. Regrettably this, with the desire to obtain insight from 



an analytic model, forces 'JS to limit our consideration to one 
dimension. The potential chosen is assumed to be of Lorentz scalar 
type for reasons discussed above and in Section V. 

For a scalar internucleon potential given explicitly by (2 13) 
we may relate the wavefunction at the point xo to the 
wavef'inction at some distant point Xj (immediately after the jth 
delta-function) via (2.7) as 

VUp-Tdoij)¥(*>) . (3 2) 

where T(io.Xj) is of the form given by (2.20) for a scalar potential. 
As such we may write 6i(Xj) for the jth cell in a form analogous to 
(2.21) as 

ei(Xj) -ajo 0 • ia\al • a£a2 • ajo 3. (33) 

where the a£ are given by 

A* - <x0 ± a | - (Cj • Y*J) expUXj) . (34a) 

B* - oj i o{ - t pjexpUXj), (34b) 

for Cj - cos klj acH s, - sin klj. 
Confinement is modeled by introducing delta-function 

potentials of infinite strength at the extremes of the system. As is 
shown in Section V this is sufficient to provide zero transmission 
of the wavefunction when the potential enters the Dirac equation 
as a scalar. In our model the confinement potential is given 
explicitly by 



Sc(x)-J£X{fi(x-xo)*6(x-xN)]. (35) 

The presence of an infinite strength delta-function places 
constraints on the wave function in its immediate neighborhood. To 
exhibit this ve recall from (2.14a) that the discontinuity in the 
vavefunction due to a scalar delta-function of strength X at some 
point ij is given by 

*F(xjtc)-exp(*o2X) ,F(xpe). (36) 

where e represents an infinitesimally small positive length. 
Writing £=exp(X) allows this to be rewritten as 

Y(xj t e) -£[$(oo • o*) • |-(ob± 02)] ¥<ij • e). (3.7) 

By multiplying both sides of (3 7) by (00102) and utilizing 
the algebra of the OJI given in (2.4) we obtain 

(00s o 2)¥(XJ 1 e) -r(ob t o2) V(XJ • c). (38) 

For an infinite strength delta-function \-*°° and hence 
(1/!;)-»0. This implies that the wavefunction adjacent to an infinite 
strength delta-function must satisfy the constraint 

( O b i O 2 ) ^ ( X j 1 c ) - 0 . (39) 



The presence of an infinite strength scalar delta-function 
potential therefore has the same effect as imposing the fixed 
boundary condition 024*=i4'. In the Bag model18 confinement is 
imposed by demanding that the current flow across the surface of 
the cavity is zero. This condition is obeyed if the wave function at 
the boundary of the cavity satisfies 4*F - 0. It is a simple problem, 
using the anticommutivity of the o^. to show that the constraint 
(39) necessarily implies that the wavefunction on either side of an 
infinite strength delta-function also satisfies4*P - 0. (This result is 
an example of the continuity of *W* over a scalar delta-function of 
arbitrary strength, a fact noted by McKellar and Stephenson 7) The 
resulting eigenenergies of our model will coincide with those of a 
one-dimensional bag with internal potentials. 

For our confinement potential the constraint (3 9) implies 
that the wavefunction at the points xo+e and xjj-e must satisfy the 
boundary conditions 

(oo* 02)^(10 • e ) - 0 . (310a) 
and 

(o 0 -o 2 )*F(xN-e)«0. (3.10b) 

respectively. The boundary conditions (3 10a) and (3 10b) 
represent the constraints on the quark wavefunction resulting 
from the confinement of the quark current to the region (XO.XNI 

and are responsible for energy quantization. 
On relating the wavefunction at the two extremes of the 

system via (2.7) we obtain 



¥(iN-e)-T(xo.XN)¥<io*e). (3-11) 

where T(XO.XN) is given explicitly by (2.20) for a scalar potential. 
In order to derive the eigenvalue condition it is not necessary to 
resort to this explicit representation. Rather we may substitute the 
general form of T(XO.XM) from (2/7) into (311). By applying 
(3 10b) to (3.11) and utilizing (310a) ve are able to show that the 
following condition must hold for general T(XO,XN) 

(po(xN)-p2(xN)l*(xo*e)-0. (3 12) 

Since Y(xo * e) * 0 the quantized energy levels of the system 

must be given by the solutions of the linear equation 

Po(xN)-p2(xN)-0. (313) 

To solve this equation for a general system of N cells it is 
convenient to define the following functions 

Fj - po(xj) - P2(XJ) - j(Tr[ooT(x0.xj)]-Trlo2T(x0.xj)J). (3.14a) 

Gj - pjdj) • pi(xj) - j(Trlo3T(xo.Xj)]- iTrfoiKxo.Xj)]}. (3.Mb) 

In this notation the energy eigenvalue equation (3 13) 
obtains the simple form 

FN-O (315) 



Since for arbitrary j we may write 

T ( x H . x H ) - ei*i(XH)T(xH.x j). (3.16) 

we are able to use (33) and (3.4) to derive the relationships 

(3 17a) 

m £ 
Gj.i - B ,̂Fj • A^Gj - C(Cj»i - -£"Sj,i)Gj • ^Sj*iFj]ezp(-Aj*i). 

(317b) 

Eliminating G from (3 17) produces a recursion relationship 
for the Fj 

Fj.i-DjFj* CjFj-i - 0 . (318) 

where Cs -(B. -,/B:) and Dj - A " • C.A*. 
1 J * I J * J * I J J , 

Since for the N - 0 and N - 1 systems 

Fo-1 andFi - Aj - aj - aj , (3 19) 

respectively we are able to use (318) iteratively to derive Fj for 
any integer j. Once FN is determined putting F N - O will give the 
energy eigenvalues. For general N we can rewrite the condition 
FN-O simply in terms of the a£ (u-0.1,2,3) as the continued fraction 



N-l Ci . . - C, A : * K < - £ - ) - A : - ^ — p - o . 0.20) 
1 j- i D i D i - ^ 

D 2 - p— 

where K is a continued fraction in the notation of Jones and 
Throng 

Equation (3 20) is the key result of this paper, it gives the 
energy eigenvalues for an arbitrary array of delta-function 
potentials confined in a finite box. We now apply it to some special 
cases and investigate some of the more simple systems. 

A. N-l 

The most simple system is that consisting of a single cell or 
nucleon. The N«l result is the relativistic analogue of a particle in 
an infinite box. 2 0 Putting Fi-0 gives the quark energies as 
solutions of 

tan kh •£«<>. (321) 

which is precisely the energy of a one-dimensional bag. Note that 
the allowed wavenumbers k depend explicitly on the quark mass. 
For a system of N such nucleons, widely separated, each energy 
level would be N-fold degenerate. To see how this degeneracy is 
split when tunneling is allowed we look at the N-2 case. 



B. N-2 

Putting F2 - 0 into (318) for j«l results in the condition 

Itankh^Htanklz*^-) - |jexp[-2Xi]tanklitankl2"0 (322) 

The quark energies no longer correspond to those given by 
(3 21) except in the limit that \\ becomes infinite, in whr:h case 
there is no tunneling. For finite Xi the second term in (3 22) 
remains non-zero thus splitting the degenerate energy levels into 
doublets. As Kronig and Penney shoved in the nonrelativistic 
system the band structure is therefore a natural consequence of 
quark tunneling. 

In principle we could continue this analysis to larger N 
systems, but it is simpler to consider the periodic arrangement of 
cells (or nucleons) as a general formula for the allowed energies 
may then be obtained. 

C. The periodic system 

For a regular array of delta-function potentials with 
separation and internucleon potential barrier strength 1 and X 
rerpectively we find that since Cj - 1 and Dj - ZOLQ we are able to 

rewrite (3 20) as 

o o - a 2 * K ( - T L - ) - 0 . (323) 
Za0 



This form of the eigenvalue equation allows us to calculate 
the energy eigenvalues for any N. However for large N the 
extraction of solutions is quite difficult and cumbersome. 
Therefore ve choose to derive an alternate form for (3.23) in 
which the properties of the solutions for general N become more 
transparent. In order to do this we must first show that only 
solutions satisfying laolil. the energies of the relativistic Kronig-
Penney band.21 are admissible as solutions of (3 23) 

For a periodic system (3 18) becomes, for j-N-1, 

FN-2OOFN-I*FN-2-0 . (3 24) 

From this recursion relationship we may write 

XN - ^ - (2oo - X N - ! ) ! - - j (325) 
2oo -

2ao 2ao 

XN is now a continued fraction of unit periodicity.19 From 
(3.24) we note that, for FN "0, if either of FN-I orFN-ziszero then 
both must be zero. This would imply that Fj« 0 for j any integer 
less than N. Since Fo - 1 this is not true. Therefore if we put FN - 0 
into (3 25) then FN-I #0 implies that 

x » - % ^ ~ 

or that XN must diverge. The behavior of XN as N-»°o is determined 

by considering the fixed points of the transformation (3 25), viz 



2 3 X ' - a < , t [ ( a o ) 2 - l ] 1 / 2 . 

As long as X* is real. XN -»X* as N-» ©o. If however X* is 
complex, then XN-» °° as *.-> °°. The condition FN - 0 but FN-I * 0 
thus requires complex X*. Hence lotolil is the condition that defines 
the band energies. 

Nov we need only consider (2 22) to determine the allowed 
energies. For FN - 0 and 

T(xo(xN)«exp(iihkl)[ea)]N-i . 

the required energies are found to be the solutions of 

nx 1 an 
«o«"5T* wtan-U—tana>). n-0.1.2 N-l (3 26) 

N N 02 

where coso>=an=coshXcosk1 • (m/k)sinhXsink1. 
The principal value of the inverse tangent is implied in 

(3 26) as is the case in this entire paper. 
Two interesting limiting cases of (326) occur for X large and 

for X«0. For X>1 we find to a good approximation 

«o- 7TT. (3 27) 
N*l 

while for X-0 and m-0 we find 

<o-k1- J ( n - J ) . (3 28) 



The N solutions of (326) represent the band of energy levels 
into which the N-fold degenerate ground state has split. 

In the limit that the number of nucleons becomes infinite an 
interesting result arises. From (3 26) for N-*» we have 

<o-»Y- ( 3 2 9 ) 

which is equivalent to the energies of a quark in a nucleus with 
the periodic boundary conditions *P(xo) «*F(xo*N1). This suggests 
that for large nuclei the band levels are essentially independent of 
the boundary conditions and therefore, as one may have expected 
by analogy with the nonrelativistic result, the quark energies are 
independent of the mechanism of quark confinement to the 
nucleus. 

We may determine the nonrelativistic limit of (326) by 
retaining only first-order terms in k/m and X, to obtain 

(330) 

a result that we have verified by a direct nonrelativistic 
calculation with the Schrodinger equation. 

Previously Goldman and Stephenson6 have made a study of 
a similar model using the Klein-Gordon equation. Their 
replacement of the Dirac equation by a Klein-Gordon type 
equation permits a separation of variables in cartesian 
coordinates, thus allowing a three-dimensional model of cubical 
nucleons to be developed. As in our model delta-function 
potentials are used to represent the internucleon barriers while 

cos( Y > 
mX 

coskl • -r-sinkJ, 



confinement is imposed via infinite strength scalar delta-functions 
at the extremes of the system 2 2 For massless quarks their one-
dimensional energy eigenvalue equation is given by 

nx v 
COS(-JT-)-coskl • jr-sinkl , (331) 

vherc 1 is the cell width and v is the internucleon delta-function 
strength (we have replaced 2b in their paper by 1 ). 

As the internucleon strength is reasonably large (so that 
quark barrier penetration is small) the N-plet of allowed states in 
the first band are confined to the small region of energies 

k e l y t a n - l ^ . y ] . (332) 

As Goldman and Stephenson have shown such a small 
decrease in quark localization may still result in quite significant 
binding energies. 

In contrast our calculation with the Dirac equation shows 
that for massless quarks the quark energies are confined to the 
region 

2 X 2 X 
ke[-tan-^tanh^).-tan-^cothj) 1 . (333) 

The fact that differences exist between the two treatments is 
quite evident. The reasons for this are varied and will now be 
discussed in terms of their ef*ects on the respective binding 
energies of the systems. 



D. Binding energies 

Using results developed in the previous section it is nov 
possible to study the problem of determining the binding energy 
associated with the formation of a nucleus from its constituent 
nucleons in our one-dimensional model. Indeed the first question 
ve may ask is: which configuration of nucleons possesses the 
lowest ground state energy? Is it the 'discrete' system [Fig.3(a)] 
representing N widely separated nucleons each of uniform width 1 
with each of the quarks in the N-fold degenerate ground state or 
is it the 'composite' system [Fig.3(b)]. the nucleus of our model, 
comprising a single box of width Nl in which the quarks occupy 
the N lowest energy states (which are singly filled due to the 
absence of the spin degree of freedom in one-dimension). 

In the Goldman and Stephenson formulation for massless 
quarks it is found that the composite system is the energetically 
favoured configuration if the internucleon potential remains finite 
(In the infinite limit the discrete and composite systems are 
identical and therefore energetically degenerate). This feature also 1 
persists if the quarks arv given masses. Naively we would expect 
this behavior because of the extended nature of the quark 
wavefunctions in the composite system compared to the well-
localized quark wavefunctions of the discrete system. Furthermore 
it was found that, even where the internucleon potential is large, 
significant binding energies are still found because of the large 
quark momenta involved. 

In contrast in our model we find that for massless quarks 
not only are the energies of the composite and discrete systems 
equivalent but that this feature is independent of the internucleon 



potential in the composite system! There is no binding associated 
with the composite system for any delta-function strength 
JU[0*>) 

This result has a precedent. In fact McKellar and 
Stephenson7 have found that for a similar model of the nucleus 
with periodic boundary conditions the system is unbound if the 
width of their internucleon square barriers tends to zero, as is the 
case in the delta-function limit. To obtain binding they had to use 
finite width square barriers. 

In order to elucidate this remarkable result it is convenient 
to consider a specific example, tne N-2 nucleus is the obvious 
choice as many features relevant for general N are also exhibited 
in this analytically simple system. 

The ground state and first excited state energies for a 
massless particle confined to a one-dimensional box of width 1 are 
in general given by 

k - f a n d k - ' - ^ . (334) 

respectively where g e (0,1] is a model-dependent parameter. For 
the discrete N-2 system the total energy Ed is then given by 
Ed - 2gx/1 . For the composite system the total energy Ec will 
obviously be a function of the appropriate internucleon potential 
strength, say, X. The effect of a non-zero delta-function potential is 
to either raise or lower the energy of a particular eigenstate, the 
choice being dependent upon the parity of the corresponding 
wavefunction. However the movement of these eigenstates is such 
that for increasing X the sum of the individual eigenenergies Ec 



remains a non-decreasing function. As such a minimum of Ec will 
occur for X-0. which is simply given by Ec(X-0)-gx/21 • (g+l)x/21 
-(g •£)*/! . 

The maximum binding energy of the composite system is 
then 

EbU«0)«Ed-E ca«0)-<g-j)^ . (3.35) 

thus implying that the composite system will be bound if and only 
if g > 1/2. 

In the Goldman and Stephenson model the ground state 
energy is k - n/1 and hence g - 1. As such the composite system is 
bound by an amountEb(v«0)-n/21. If v*0 the binding energy is 
found to decrease because the ground state energy is shifted 
upwards to k-n/21 * (l/1)tan-l(v/2k) while the first excited state 
remains unaffected [Fig.-f(a)]. This lack of symmetry in thev#0 
case is directly related to the different parities of the ground state 
(even) and first excited state (odd) wavefunctions. At the position 
of the delta-function the wavefunction is zero for the odd parity 
solution and as a such the energy remains unaffected. The even 
parity solution however is non-zero at this point and hence the 
energy of the state is a function of the delta-function potential 
strength. However for v finite the binding energy will always 
remain non-zero 

E b - f [ | - t a n - i ( ^ ) ] . (336) 



When using the Dirac equation for massless particles the 
ground state energy is found to occur at k« x/21 thus implying 
g-1/2. As such the maximum binding energy of the composite 
system is Et,(X-0)-0, the discrete and composite systems are 
degenerate. Since this result maintains in the limit X-*°° (when 
the composite system reverts to the discrete form) it is perhaps 
not surprising to find that this feature also persists for any Xe 
lO.oo). To see how this arises we must look at the wavefunction of 

the confined particle explicitly. 
In Section II in order to describe the particle correctly in 

one-dimension a two-component spinor wavefunction was found 
to be necessary. The relative magnitude of the lover component is 
of order r- k/(E+m) smaller than the upper component. In the 
nonrelativistic limit r-»0 and the lover components become 
negligible however in the ultra-relativistic limit (i.e., when m-*0) 
they assume a magnitude equal to that of the upper components 
of the wavefunction. Since the mass of the particle determines the 
magnitude of the lower components of the wavepacket it would 
seem reasonable to expect the particle's eigenenergies to be 
explicit functions of the mass, as is the case in (3 21) and (322). 

In the massless case the upper and lower components of the 
wavepacket have equal magnitudes and therefore the ground and 
first excited state energies for N-2 and X-0 are, from (3 28), 
k-x/41 and k-3*/41 respectively (Fig 4(b)] This ground state 
energy corresponds to a wavefunction having an even parity 
upper component and therefore the lower component is 
necessarily of odd parity 23 As such for non-zero X we would 
expect only the even part of the wavefunction, the upper 
components, to be affected. In analogy with the Klein-Gordon 



analysis we would expect the energy of the ground state to rise 
and indeed we find it to be given by k - ( l / l ) ( x / 4 
•(ji/4-tan-ilexp(-X)]». 

For the first excited state the wavefunction now has an 
upper component of odd parity and a lower component of even 
parity. The lower, even component can be expected to feel the 
delta-function potential so. for non-zero X, it seems reasonable to 
expect that this would result in an analogous lowering of the first 
excited state energy. Indeed not only is the energy of the state 
lowered but. due to the inability of the scalar potential to 
differentiate between positive and negative energy states, it is 
found that this reduction is equal in magnitude to the increase in 
energy of the ground state. For non-zero X the first excited state is 
given by k«(l/l)(3x/4- (x/4 - tan-Mexp(-X)])). 

This symmetry persists only in the massless system. As the 
mass increases the lower component of the wavefunction 
decreases so that the decrease in energy of the first excited state 
becomes smaller than the increase in energy of the ground state. 
This loss of symmetry is most evident in the infinite mass limit 
where the lower component of the wavefunction becomes 
negligible and the wavenumbers of the allowed states coincide 
with those of the Klein-Gordon or Schrddinger formulations. This 
result is not surprising as the Klein-Gordon equation of the 
Goldman and Stephenson theory was derived from the Dirac 
equation by ignoring the connection between the two energy 
states of the wavefunction. Another way of looking at this 
involves recognizing that the Klein-Gordon equation is a second 
order differential equation while the Dirac equation is only of first 
order. There fore in order to completely specify the development 



of the Klein-Gordon wavefunction we must specify the first 
derivative of the wavefunction in addition to the wavefunction 
itself. This procedure is equivalent to choosing the sign of the 
energy. 

As the Dirac system is bound for an infinite quark mass ve 
may now look to see if this property also persists in the finite 
mass domain. For small m the single nucleon energy is. from 
(3 21). approximately given by k - x/21 • 2m/x and therefore we 
find a binding energy of order Et>(A.«0) - 2m/x associated with the 
composite system. For small non-zero X this will be sufficient to 
overcome the small rise in energy due to the loss of symmetry 
between the positive and negative states and to effectively bind 
the system. 

The nonexistence of binding in the composite system, whilst 
demonstrated for the massless N-2 system, persists for any N2l as 
we shall now show using (326). We first note that for any 
ni-l.2.3 N we may express the corresponding energy 
eigenvalue solution of (3 26) from the first band in the form 
k - x/21 - Ak where Ak e [-x/21, x/21 ]. It is now a simple matter to 
show that the energy k- x/21 • Ak is also a solution of (3 26) for 
n«N*l-ni.For even N this results in N/2 pairs of solutions of the 
form k- x/21 ±Ak while for N odd there are (N-D/2 pairs of 
solutions of the form k- x/21 ± Ak as well as the single solution 
k- x/21 which occurs for n- (N+D/2 . In either case we find that 
Ec - Ed - Nx/21 and hence Eb - 0 for any Xe I0.«>). 

This general feature of the model is unfortunate. Our aim in 
this instance was to develop a simple one-dimensional model of 
the nucleus from which nominal binding energies could be 
determined with a minimum of parameters. However, as we have 



shown, our in issless ox dmensional nucleus with delta-function 
internucleon barriers is insufficient in this respect as the system 
remains unbound independent of the internucleon delta-function 
strength. 

This property of the system remains unchanged even upon 
the introduction of an additional quark degree of freedom, spin 
and/or color being the relevant choices. As stated previously in 
one-dimension spin is not a well defined concept whilst color, 
while succeeding in tripling the occupancy of the energy 
eigenstates. ultimately forces the baryons to form color singlets, 
with zero binding being the net result (color magnetic spin 
splitting would be expected to act in a repulsive fashion2 and so it 
would not contribute to binding). 

There are several ways of rectifying this difficulty. These 
include replacing the delta-function potentials with more realistic 
square barriers (as the increase in the potential strength as the 
quark moves away from the center of the confining potential 
could then be modeled more effectively) or attributing a mass to 
the quarks or introducing some random fluctuation of the 
internucleon barrier position or height. We may also replace the 
pure scalar potential with a combination scalar/vector potential as 
the presence of the vector potential component would destroy the 
symmetry between the two energy states of the particle without 
compromising the confinement properties of the scalar component, 
as long as Sd)-V(x) is positive at the position of the delta-function 
(as we will show in Section V). 



As our primary purpose is insight rather than numbers ve 
will continue to study the possibilities exhibited by the one-
dimensional system, leaving these developments for possible 
future work. 

IV. THE TAMM MODEL 

The formalism of Section II may also be utilized to analyze 
the problem of energy states localized about a particular surface. 
The potential chosen for this model is the relativistic analogue of 
the Tamm potential13 comprising a semi-infinite array of periodic 
delta-functions. Previous analyses have considered only a vector 
Tamm potential. However, as surface states arising from a scalar 
potential are of obvious significance with regard to our nuclear 
model of Section III. we will derive conditions for the existence of 
surface states for both potential types. 

The Tamm potential for a scalar potential is given by (Fig .5) 

ee 

S(x) - Soe(xo-x) • X£8(x-Xi). So>0 . (4.1) 
i-1 

In order to solve the Dirac equation for this potential we are 
forced to specify a particular representation for the <v Without 
any loss of generality we choose the Dirac representation where 

OQ - I, ai * o% . 02 m Oy , 03 » Cz f (4.2) 

with Ox, Oy and <h the usual Pauli matrices. 



Solving the Dirac equation in this representation in the 
region (-oo.xo) we obtain the general form 

¥(x) -(gjAexpl iK,x ] • (_{jBeip[ -iK,x 1. (43) 

where R, - KS/(E • So • m) and K,2 -E 2 - (m*So)2. 
A surface state by definition is an energy state 

corresponding to a particle localized about a surface. As a 
consequence the wavefunction of such a particle must diminish as 
its displacement from the surface increases. In the interval (-oo.xo) 

the vavefunction given by (4.3) will be oscillatory for energies 
E>m+So. Therefore ye may confine our analysis to those energies 
which produce a wavefunction of exponential nature, namely 
m<E<m*So As the quarks of our model satisfy this constraint the 
possibility of quark surface states arises. We shall comment on 
this prospect after the equation for the existence of the surface 
states has been developed. 

Similarly with a vector potential the wavefunction is 
exponential for m<E<m* Vo for Vo<m. and Vo-m<E<Vo*m for Vo>2m. 

As the wavefunction must be bounded in the region (-M,XO) 

we choose the exponentially decaying part of (4.3) viz 

*<*>-(-j|R|)BeipUIIiJ. (4.4) 

where we have used R - ilRI and K - ilKI. 
For the region (xo.ee) we may relate the wavefunction at the 

beginning of the first cell to the wavefunction a. "ie beginning of 
the (N*l)* cell via 

http://xo.ee


•p(xN)-(e(X)lM'P(xo) (4.5) 

Since the wavefunction is continuous at the point x - xo we 
find from (4 4) and (4 5) that 

¥(xN) - leCXJlN^JBexptlKlr^l. (4.6) 

The allowed energies are those for which Y(XN) is bounded 
in the limit N-*». The two distinct classes of energies satisfying 

this criterion form the energy bands and the surface states. 

A. Energy bands 

For the case where Ictol s 1 we have for n - N in (2.22) 

[8(X))N - OQ COS N<D+(iotioz • c&Oy • 030̂ ) cosec cosin N© (4.7) 

which is obviously bounded as N-»«> for all values of <o except 
maybe where co «\% (laol - 1 , j an integer ). That this divergence 
does not eventuate for loci - 1 becomes evident by noting that, for 
co -jjt,(4.6) becomes 

( 1 • N(-l)i[o3 • IRK01-02)] ^ 
¥(xN) «(-!)*' IRK-1 • N(-l)i[o 3* |g<oi*fltt)J) BeipdKlxol 

For *F(XN) to remain finite in the limit N->°o the coefficients 

of N in the spinor part of the wavefunction must both be zero. This 
in turn iirplies that the a» must satisfy the condition 



a \ - <4 - a \ - ° S i n c e <*«*M*M - oj • a] - a\ - af - 1 we find that 
for tool - 1 this condition is obeyed and thus *F(XN) remains finite. 

The energy bands for a scalar potential are therefore where 

I coskl coshX • -r- s* n*l sinhX 111. (4.8a) 

while for a vector potential the energy bands are given by 

E 
I coskl cosX • r-sinkl sinX 111. (4.8b) 

As mentioned previously these solutions result because of 
the geometry of the potential in the region (xo.<») [they form the 

RKP band 2 1] and as such they are independent of the boundary 
conditions at xo The surface states however critically depend on 
the boundary conditions at the interface as we shall see in the 
next segment. 

B. Surface states 

For the case where Ictol > 1 we put n • N into (2.23) to obtain 

[6(X)]N - (-1 )*«[E(X)sinhNv + Iexp(-Nv) 1. (4.9) 

where S(X) - I • £(iaiOs • c&oy • ayat) and £-* - (-1)« sinhv with v 
defined as in (2 23) 

For that range of energies satisfying 

E(X)M'(x0)-0. (4.10) 



37 the wavefunction (4.6) becomes 

«F(xN) - (-DN« expl-NvMxo). 

where »K(xo) is given by (4.4). This vavefunction decays 
exponentially as N increases thus implying that states which 
satisfy (4.10) are localized about x <* xo .i.e.. they represent surface 
states. From the two-component equation (4.10) we may derive 
the following two conditions for the development of surface states 

-o 3 • IR|(o 2-ai)« l /£ . (4.11a) 

03IRI • (a 2 *ai)-IRI/§. (4.11b) 

which, upon eliminating £, result in the following condition 

a 3 - j(IRI - IRI-O02 *~(IRI • IR|-l)a! -0 . (4.12) 

which must be satisfied by any surface state. 
For the scalar potential (4.12) becomes 

kcotkl - S0cothX - |K,| . (4.13a) 

while for the vector potential we have 

kcotkl - V 0coa - IKyl: (4.13b) 

where Ky2-(E-V0)2-m2 



All surface states are solutions of (4.12) [and consequently 
(4.13)1 however, due to this method of derivation, solutions not 
representing surface states may also occur. To extract the true 
surface states we must develop an existence condition which will 
exclude these extraneous solutions. A prescription for deriving 
this condition has been exhibited previously by Subramanian and 
Bhagwat.12 at least for the vector potential case. For the scalar 
potential we will use a different technique to that of Subramanian 
and Bhagwat in order to derive the appropriate necessary and 
sufficient condition for the existence of surface states. We begin 
by re-introducing the definition of 04 in terms of v as given in 
(2.23) along with a rearrangement of (4.11a) to reveal the two 
relationships 

(-Dicoshv-OQ, (4.14a) 

and 

( - l ) i s inhv--o 3 * |RI(a 2-ai) . (4.14b) 

From (4.13a) we have 

coskl - ̂ (SocothX- |K,I) sinkl, 

which, upon substitution into both (4.14a) and (4.14b), gives the 
two conditions 

(-l)<isinhv-T-sinklsinhJU(m* S0) - IKJcothX], (4.15a) 



(-Oicoshv -rsinklsinhXKm • So) - IK,lcothX+SoCosech2X] . 

(415b) 

We may construct tanhv by dividing (4.15a) by (4.15b). 

(m+SoHKJcothX 
(m+SoHKjlcothX+SoCosech2X 

As 0<tanhvil for v>0 then, since Socosech2X>0, we must have 

(m • S0) - IK,|cothX > 0 . (4.16) 

This condition is necessarily obeyed by all surface states for 
a scalar potential. To show that it is sufficient we note that any 
solution of both (4.13a) and (4.16) must also be a solution of both 
(4.14a) and (4.14b) as well. Therefore any solution of (4.13a) 
which satisfies (4.16) and lo$>l represents a surface state for the 

scalar potential. 
We may derive a necessary and sufficient condition for the 

existence of surface states in a vector potential in an analogous 
fashion. The desired result is given explicitly by 

(E - V0) - IKT|cotX > 0 . (4.17) 

for energies satisfying lajl > 1 in agreement with the Subramanian 

and Bhagwat result. 
In the nonrelativistic limit if we take £ * m*£ where e«m 

then both (4.13a) and (4.13b) reduce to (where IV0I - IS0I - U0 « 1) 



4 0 kcotkl-^-|K a rl. (4.18) 

where IKnrl - 2m(Uo- c). The existence conditions also become 
indistinguishable in the nonrelattvistic limit 

U 0-e<jmX2. (4.19) 

for energies satisfying 

IcoskW—sinklhl. (4.20) 

in accordance with the Tamm results. Steslicka and Davison11 have 
contended that relativistic surface states having no nonrelativistic 
counterparts - the Dirac surface states (DSS) - exist for the vector 
Tamm potential. Our results concur with those of Subramanian 
and Bhagwat in finding that these DSS do not exist. We have 
further shown that DSS do not exist in the scalar case either. 

For mass less quarks with So»E(-k) we find that surface 
states can exist for large X for k satisfying [from (4.16)1 

k>S0sechX, (4.21) 

as well as (4.13a) and lajhl. 
Since in our model So is extremely large the lower band edge 

for the surface states trill occur at large k even where the 
internucleon tunneling is not large (Xis small). The presence of 
these higher energy surface eigenstates in the quark energy 
spectrum is therefore of minimal importance in our model as the 



lowest energy states will be preferentially filled. Admittedly the 
potential at the surface of our model is quite idealistic, a potential 
rising linearly with displacement from the boundary of the 
nucleus would be a more realistic representation of the actual 
physical situation.2 4 however the point remains that large 
potential gradients at the surface of the nucleus will force the 
surface eigenstates into energy domains which would be 
inaccessible to the constituent quarks of a ground state nucleus. 

V. TRANSMISSION 

We now investigate the phenomena of transmission for a 
relativistic particle in both Lorentz vector and scalar potentials 
respectively. Recently Gumbs14 determined the relativistic 
scattering states of a particle in a one-dimensional system 
consisting of a finite array of delta-function potentials of arbitrary 
position and strength. The Green's function method chosen 
required the value of the wavefunction at the position of each 
delta-function potential be known. To solve this problem Gumbs 
chose to represent the wavefunction by an average of the 
wavefunction before and after the delta-function. However the net 
effect is equivalent to integrating the Dirac equation over a delta-
function and whereas this procedure is permissible in the 
nonrelativistic treatment2' its use in the relativistic case is, as 
discussed in Ref.7. incorrect. As the formalism of Section II 
resolves this problem we are now able to determine the 
transmission coefficients of the relativistic system in such a way 
as to avoid this anomaly. 



We begin by solving the Dirac equation in the Dirac 
representation [see (4.3)1 for a single, arbitrary cell, such as the jth 
cell of Fig 2 comprising the interval (Xj-i.Xj).The solution is given 
by 

*F(x) - (j.) Ajexplikx] • (.^Bjexpl-ixxl. (51) 

We may then introduce the function 4>(x). via the 

relationship 

^ - Q - . ^ x ) . ^ ^ ] . (5.2) 

where 

In analogy with the definition of ei(Xj), which relates the 
wavefunction ¥(x) at the two extremes of the cell, we may define 
a similar function Qi(Xj) via 

CKXjJ-OKXjXWxj-i). (5.3) 

which relates the coefficients of a general solution of the Dirac 
equation, such as the Aj and Bj of (5 1) above, with the 
appropriate coefficients of the wavefunction at some distant point. 
The function Oi(Xj) therefore represents the transfer matrix1' 
across the jth cell. 



43 
For more complicated systems we may denote the transfer 

matrix by M(XO.XN). as in the relationship 

<D(XN) - M(XO.XM) 4KXO) . 

where M(xo.xN) -«N(xN)QN-i(xN.,) ... ifi(^)aHXi). 

Returning to the single cell we find from (5 2) and (5 3) that 
the following relationship must exist 

ei(Xj)-QQJ(Xi)0-i. (5.4) 

Generalizing this relationship to any number of cells we 
obtain the relation between T(XO.XN) and the transfer matrix 
M(XO.XN) 

T(XO.X N )-QM(X 0 ,X N )Q-I. (5.5) 

The transmission (T) and reflection (R) coefficients may be 

expressed in terms of the elements of M(XO,XN)< 

T - IM22|-2 and R = IM21/M22I2 . 

In terms of the function T(XO.XN) we obtain 

T - 4( [TrT(xo.xN)]2 - [TnuT(xo(XN)P )-». (5 6a) 

D [TrnzT(x0<xw)l2 • [TmyTtxo.xw))2 

K " [TrT(xo.xN))2 - [TnhKx^XN)]2 ' 
or 



R - ^{[TnfcT(xo.xN)P• lTmyT(xo.xM)l2}. (56b) 

where the T^ are defined as in (2.6). 

Using the general form of T(XO.XN) as given by (2 17) along 
-with the constraint detlT(xo.XN)) - 1 ve can also show thatT*R«l 
as expected. 

We may use (56) to determine the scattering coefficients for 
any finite array of delta-functions of either scalar or vector origin. 

We begin by discussing some simple cases. 

A. Single delta-function 

As is well known for a single delta-function barrier of 
strength X the transmission coefficients are given by 

T s l m 1 * | l s i n h 2 x . 

and T^1 - 1 • - r^s in^ , 

for the scalar and vector cases respectively. It is evident from 
(5 7b) that the transmission coefficient for the vector potential is 
bounded to the region [(1 • m.2/t2Yl,\) irrespective of the 
strength of the potential. This manifestation of the Klein paradox 
is most clearly demonstrated in the massless limit where the 
barrier becomes transparent to the relativistic particle, as noted 
previously in Section II. 

In contrast, from (57a) we find that the transmission 
coefficient becomes zero in the presence of an infinite scalar field 

(57a) 

(57b) 



irrespective of the mass of the particle. Indeed for the massless 
case ve find that 

T s-sech 2X. (5 8) 

whence T < 1 forX*0. 

For a combination vector and scalar delta-function potential 
of strengths Xv and X* respectively it is a simple problem, using 
the formalism developed above, to show that the transmission 
coefficient is given by 

, (E • my) 2 

T " - 1 * * u " ^ T s i n h 2 A ' ( 5 9 ) 

•here A* - X2 - Xj and y « V V 

Using the appropriate limits in (5 9) allows the retrieval of 
the scalar and vector results given in (57) however, for the case 
where both X, and Xy are non-zero, the implications are not as 
apparent. 

If Xy > X, then, as A is necessarily complex, this implies that 
T > 0; even in the limit Xy -+ °°. Physically this result implies that 

there will always be leakage through the barrier where the vector 
potential dominates the scalar potential. This then is a 
manifestation of the Klein paradox which arises because the 
potential strength is such that the lower-lying particle states join 
the negative-energy continuum thus resulting in parti cle
an tiparticle pair creation in the field. 

If Xy - X, - X then A - 0 and y - 1, allowing (59) to be 
rewritten as 



r l - i > 3 - . (5.10) 
$-v f* 

In the limit that X becomes infinite there will be zero 

transmission through the barrier. 
If XT < Xs then A is necessarily real such that in the limit 

X, -»oo (A-> oo) there will be no transmission through the barrier. 

Accordingly we have shown that an infin^e strength scalar 
delta-function potential provides confinement irrespective of the 
strength of the vector potential. This result agrees with that of 
Fishbane et.al.u who found that the Klein paradox problems 
associated with a strong vector field may be avoided with a 
combination vector and scalar field if the scalar component of the 
field is considerably larger than the vector component. It was on 
the basis of this result and others from the literature*' that an 
infinite strength scalar potential was used in Section 3 to provide 
confinement in our one-dimensional model of the nucleus. 

B. Periodic delta-functions 

Again we consider the special case of a periodic system of N 
delta-functions of strength X and separation 1. We find the 
following relationship results for the scalar potential 

T V " l * ̂ sinh2XgJ(o5). (5.11a) 

while for the vector potential 

T'T

! « l*frs in2XgJ(o; ) . (511b) 



where gN(c£) - (2ag)N-i - (N:2)(2a§)N-3 • (N

2

3)(2a§)N-5 • and p 

denotes whether the scalar or vector potential should be used. 
While exhibiting the same gross features as the single delta-

function case we also find that for energies satisfying 

gN(ag)-0. N > 1 . (5.12) 

the transmission coefficient of (5 11) becomes unity for both 
Lorentz potentials irrespective of the strength of the potential 
(except for X-K» in the scalar case). This phenomena, which occurs 

in any symmetric many-barrier system, is known as resonant 
transmission. In this instance the reflection coefficient becomes 
zero due to destructive interference between multiply reflected 
waves. 

VI. CONCLUSION 

The prime motivation of this paper was to examine the 
prominent features of a simple one-dimensional nuclear model 
comprising a lattice of confining potentials and incorporating 
quarks as its fundamental constituents. By keeping the model in 
such an elementary form it was hoped that insight into the 
confinement problem in a many nucleon system could be obtained. 
Some of the results thus far obtained have been quite unexpected, 
showing that the new insights provided by this model are 
valuable. 

In light of previous work it had seemed reasonable to expect 
that the composite nucleus of our model would prove to be bound 



for massless quarks due to the inherent decrease in localization in 
the composite system. Surprisingly this is not the case in our most 
basic model and therefore we must focus our attention elsewhere. 
Either we upgrade our simple model by introducing further 
mechanisms, such as non-zero quark masses, random fluctuations 
in delta-function position and strength, composite vector and 
scalar delta-function potentials or replacing the delta-function 
potentials with square barriers, or else we dispense with the one-
dimensional system altogether and move onto the three-
dimensional problem, or attempt both generalizations at once. 

The main benefit of remaining in one-dimension is that we 
are able to investigate specific features of the nucleus, s *ch as was 
the case with surface states, without compromising the analyticity 
of our formulation or the ease with which solutions can be 
obtained. With most of the relevant features studied in this 
fashion we would then possess a physical intuition from which an 
informed assault on the three-dimensional system could be made. 
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FIGURE CAPTIONS 

FIG.l. An array of square barriers of height Hi and width aj 

FIG 2 The unit cell 

FIG3(a) The discrete system consisting of N widely 
separated nucleons each of width 1. (b) The composite 
system of width Nl. 

FIG.4. Firsthand energy spectrum for the massless N-2 
composite system for both the zero and non-zero 
internucleon potential strength cases. The parities of the 
appropriate wavefunctions are also given .(a) Klein-Gordon 
analysis, (b) Dir&c analysis. 

FIG.5. The Tamm potential comprising a semi-infinite array 
of delta-function potentials of strength X. 
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