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We have derived the dielectric function e(k,«) in the Lindhard

approximation for a medium consisting of electrons individually bound by

harmonic forces. The dielectric function is expressible in terms of a

hypergeometric series and approaches well-known results in the limits of

negligible binding, large momentum transfer, and long wavelength,

respectively. The stopping power of a moving point charge scales very well

with the shifted resonance frequency aQ - («0^ + wp2)l/2 (UQ _ oscillator

frequency; wp - plasma frequency) that follows from classical dispersion

theory. The results differ noticeably from free-electron behavior even at

rather high electron density. The discrete excitation levels of an isolated

harmonic oscillator are increasingly shifted and broadened with increasing

electron density.
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1. Introduction

Electronic excitations induced by charged particles in a dilute

medium, i.e., an atomic or molecular gas, are described with considerable

rigor by the Bethe theory [1]. For several reasons, this theory does not

apply directly to dense media such as solids and liquids. Firstly, target

polarization effects may be significant [2] but have been ignored in the

Bethe theory. Secondly, the frequency distribution of collisions does not

necessarily obey Poisson's law; this affects at least the higher moments of

the excitation or energy loss spectrum [3],

Electronic excitations in solids and liquids can conveniently be

modelled by replacing the penetrated medium by a homogeneous electron gas

[4-6]. This implies that the medium is characterized by an electron density

N which determines a plasma frequency wp and a Fermi speed vp. Several

questions may be asked in this connection. Most of all, what is the optimal

choice of electron density in such a theory? Is it the total number of

electrons per atom, or the density of conduction electrons only, or anything

in between? Does the answer to the question depend on the measured effect

and/or the experimental parameters? Along the same line, are there essential

differences between insulators and conductors with regard to penetration

parameters? Moreover, how does a discrete excitation spectrum of an atom

translate into the continuous excitation spectrum of an electron gas? Some

relation must exist, in view of the strikingly close analogy between the

expressions found for the corresponding stopping cross sections [6].

In the present communication, we wish to address some of the above

questions by analysing particle penetration through a medium containing an

arbitrary density of bound electrons.



In the simplest explicit version of the Bethe theory, the target

atom is modelled as a harmonic oscillator [7], in much the same way as in

Bohr's classical theory of particle stopping [8]. The essential parameter in

this theory is the resonance frequency uo of the individual oscillator. From

classical dispersion theory, it is well known that in a medium consisting of

harmonic oscillators, the resonance frequency is shifted toward

1/2
» (1)

where wp is the plasma frequency j4srNe2/m. One may expect this shifted

resonance frequency also to play a role in a quantum theory of electron

excitation.

Although identified commonly with the free electron gas, the

Lindhard description [4] is generally not restricted to this case. The

general scheme is readily applicable also to bound electrons. For the

specific case of harmonically bound electrons, the dielectric function is

no more complicated than that of the Fermi gas, as will be shown below.

A system of harmonically bound electrons should exhibit the

limiting properties of the free electron gas and an isolated harmonic

oscillator for high and low electron density, respectively. Therefore, it

must be suitable to study variations in the excitation spectra with

increasing electron density as well as the relevance of eq. (1) in the

quantum theory of particle stopping.

In the present study, we restrict our attention to the lowest

order in the projectile charge e\. In a separate paper, some aspects have

been analysed to the next order in ei (Barkas effect) [9].



2. Selfconsistent Hartree Field of an Assembly of Oscillators.

Following the procedure outlined in ref. [4], we consider the

response of an electron to a longitudinal electric field characterized by

some scalar potential

i(k.r-ut)
$(r,t) - Jd3k Jdw *(k,«) e , (2)

where *(k,w) is arbitrary except for the condition **(k,«) - *(-k,-u) which

ensures that $(r,t) be real.

The interaction between the potential (2) and an electron bound

harmonically to some point R is described by time-dependent quantal

perturbation theory. Let the oscillator be in its ground state ^o(£"E) at t

- - oo. To first order in $, the perturbed wave function is given by

e -iwot fnOQO i(k.R-wt)

*(D - - e 2 ifo(i-E) Jd3k Jdu> $(k,a>) e , (3)
tl n nwQ - « -17

where i/^ is the wave function of an excited state, fno(k) ~ <exp(ik»r.)>no,

and 7 an infinitesimal damping constant that generates retarded solutions.

From eq. (3), one obtains an induced charge density per electron. After

integrating over a spatially uniform distribution of oscillators, Nfd^R, we

obtain the total induced charge density in the medium,

Ne^ fon(-k) fnO(^) ^OndO fnO("k)

n nwo - u - iy



in Fourier space. This yields the dielectric function

« ( 3 E , « ) - 1 - 1 + — s { + }, (5)

^ n nwQ - w - i *

where w^ - Rk2/2m and wp2 - 4wNe2/m.

For a harmonic oscillator, the eigenstates factorize when

expressed in terms of cartesian coordinates. The same is true for the

matrix elements fnOQs)- In (5), the denominators depend only on the sum n

n x + ny + nz, where the n^ are the quantum levels of linear oscillators.

With [7]

-1/2 -«x/2w0 nx/2
f (k) - (nx!) e (-wx/«0> , (6)
nx0

where WJJ — n"kx2/2m, one may carry out the sums at fixed n,

1 wfc n
2 S 2 f0n(-k)fnO(k) - e ~ (—) , (7)

nx+ni-+nz—n n! UQ

so that

WP -wfc/wQ » 1 ujj n 1 1
(fc,»)- 1 + e S — (—) { + ). (8)

n-1 n! «Q

This expression for the dielectric function will be analysed and

utilized in the following.



A word of caution is indicated, however. Unlike in case of the

Fermi gas [4], the Pauli principle is not strictly obeyed here because the

set of oscillator wave functions ^o(£"S) f° r randomly distributed £ is not

orthogonal. This implies that for a high-density medium, the zero-point

motion will generally be underestimated. In a recent numerical study with

a somewhat different aim, this problem was overcome by constructing a set

of orthogonalized wave functions [10].

3. Properties of the Dielectric Function

Eq. (8) can be expressed in terms of a hypergeometric series,

2a>it(w+i7) wo wo wo wo

where M(a,b,x) is Rummer's function [11]. By means of the integral

representation of that function, eq. (9) can be brought into still another

form

1 + Jd| e {(1-woO + (l-w0O >. (10)
0

where w' - « + i-y.

In the limit of wo - 0, i.e., for negligible binding, eq. (10) can

be integrated and reads

e - 1 + , for «o
w^ - 2



which is the standard expression of e(k,w) for a free electron gas at rest

[4], as it was to be expected. Note that because of the neglect of the

Pauli principle, the system has no zero-point motion in the limit of wo ~

0.

Conversely, in the classical limit h" — 0, the only nonvanishing

contribution to e(k,w) stems from the term n - 1, since wfc - ^V^-flm - 0.

Then,

p

e - 1 + , for n - 0, (12)

wo2 - («^+i7)2

which is the well-known expression from classical dispersion theory [12].

Setting k - 0 has the same effect as setting h" - 0. Therefore, eq.

(12) is also the long-wavelength limit of (8), (9), or (10). This is

consistent with the fact that only dipole transitions (n - 1) contribute to

the classical dispersion formula.

In the opposite limit of short wavelength, i.e., for large k, eq.

(9) approaches the asymptotic limit

e ~

which does not contain wo a t a H - This reflects the well-known fact that

for large momentum transfers, the target electron acts as a free particle

[8]. Evidently, (13) is identical with the corresponding limit for the

free-electron gas, cf. eq. (11).

According to eq. (8), €(k,w) has poles at u + i7 - I/WQ with v —

±1, ±2, ... There have to be zeros between neighboring poles. As a function
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of w at fixed k, all these zeros are located in the lower half of the

complex u-plane.

4. Stopping Power and Energy Loss Cross Section

For a point charge in uniform motion through the medium at a speed

v, the stopping power is written in the standard form dE/dx -

x N x L with [4]

1 « dk kv iw
J — J du . (14)

2 0 k -kv e(k,«)

The related energy loss cross section reads

da 8ei2e2 w dk 1
- - j Im , (15)

dE mv2(h«p)2 u/ v k e(k,w)

where E - hw is the energy transfer per interaction event. Note that unlike

in (14), w is always positive in eq. (15).

In the evaluation, dimensionless variables x — wk/uO> fc ~ w/w0»

and A - up^/wQ2 were introduced. Before showing numerical results, we

sketch an analytic, estimate that is valid for moderately small electron

densities. Expanding l/e, eq. (8), in powers of A, taking the imaginary

part for w > 0, and rearranging, we find



Im ™ -
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00
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n!
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x n-l
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x n- l
x [1 - 2Ae-x S' + - e-x J, (16)

«/-l v! n^-y2 2 nn!

where 5 is the Dirac function, and 2' indicates ommission of the term v - n

from the sum. Eq. (16) is valid up to second order in A.

If only terms of first order in A are retained in (16), eq. (15)

yields a spectrum

da i

2 — «(t - n) J dx x"*2 e-
x, (17)

dE 2 2 V

where y — 2mv2/h«o. This spectrum is discrete, with excitations at the

oscillator levels t - «/«o - n, the height being determined by the Poisson-

like factor that was derived in ref. [7].

In the next order in A, the argument of the Dirac function in eq.

(16) receives a negative increment that depends on the integration variable

x. Hence, the excitation spectrum becomes continuous and is shifted toward

values higher than the oscillator levels.

These features are illustrated in fig. 1, which has been found by

numerical evaluation of the expression

da
(18)

dE
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which follows from eq. (15). Here, e\ is the real part of the dielectric

function, and the XJ are the zeros of q at a given value of t.

Fig. 1 refers to a rather dense medium where A — wp^/wQ^ — 10,

i.e., ao - 3.32«o• This is seen to result in a noticeable broadening of the

spectral peaks, but the discrete nature of the oscillator spectrum is by no

means wiped out. Note that the width of the peaks depends on the

conservation laws through the energy parameter y - 2mv2/h"«o which was given

the value 10 in fig. 1.

While the height of the spectral peaks is largely determined by

the grid in the numerical calculations, and hence insignificant, the area

under the peaks appears largest for the peaks at t - «/w0 *• 3 and 4. This

is consistent with the value of the shifted resonance frequency ao quoted

above.

Fig. 2 shows the stopping number L, evaluated numerically from

1 a dx t
L - — S X — ( ) , (19)

2A j tj V y x dei/dt t-tj

which follows from eq. (14). Here, the tj are zeros of ei at a given value

of x.

Fig. 2 shows L for three values of the density parameter A, with

the abscissa variable chosen as 2mv2/ao, in accordance with eq. (1). Even

though the electron density varies over two orders of magnitude, the three

curves almost coincide.

5. Discussion
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It is evident from fig. 2 that the stopping power scales very well

with the shifted resonance frequency <XQ, eq. (1). This may readily be

deduced from the limiting behavior of the dielectric function, as discussed

in sect. 3. Indeed, for distant collisions, the classical limit applies,

for which eq. (1) is well-established. Conversely, close collisions are

essentially free, hence the exact form of the binding frequency is of minor

importance. It is striking, however, that major differences between the

three curves are not even seen in the low-speed part where deviations from

the standard Bethe logarithm are substantial. All curves resemble very much

the one for an isolated harmonic oscillator [7] which approaches zero well

below 2mv2/hwo - 1- Conversely, all curves differ noticeably from the free-

electron result [4],

L - Arcosh(mv2/tlwp), (20)

which approaches zero at 2mv2/h«p — 2. Thus, allowing for the effect of

atomic binding by introducing "by hand" a resonance frequency «o i n t o t n e

dielectric function of a free electron gas [13] is an improvement with only

limited accuracy.

Fig. 1 shows that even at a rather high electron density, when wp2

» wo^, the excitation spectrum differs qualitatively from that of a free

electron gas. The discrete nature of the oscillator spectrum is still

visible, although the peaks have been smeared and shifted. However, the

relative significance of the various excitation levels differs from that of

an isolated oscillator, such that excitation levels near w <* ao dominate,

much in the same way as the excitation spectrum of a free electron gas

peaks near the plasma frequency.
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Fig. 2 indicates that metal-insulator differences show up in the

stopping power mainly through differences in <XQ. Since they concern outer

shells, they must be most pronounced in systems of low overall electron

density, i.e., materials with low atomic number.

In view of the approximately logarithmic dependence of L onoo,

cf. fig. 2, even a pronounced variation in Q Q leads only to & moderate

variation in L. This, however, is different in the Barkas (or e]^)

contribution to the stopping cross section, as has been discussed in ref.

[9].

For high-Z solids, the total electron density may be equivalent

with a plasma frequency Hup exceeding 50 eV, such that a significant

fraction of the electrons, and certainly not only the conduction electrons,

contribute to target polarization. This may be important in the analysis of

"wake" phenomena [14,15].
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Figure Captions

Fig.l Differential energy loss cross section per target electron,

evaluated from eq. (18) for A - wp2/«o^ - 10 and y - 2mv^/tlaQ -

10.

Fig. 2 Stopping number per target electron, evaluated from eq. (19) for A

- 0.05, 0.5, and 5 (fulldrawn curves) and for a static electron

gas, eq. (20) (thin curve).
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