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ABSTRACT

The existence of a Landau-Ginzburg (LG)-field for the SU(2>-coset models is motivated
and conjectured. The general form of the LG potential for the A-series is found, and the RG-
ftow pattern suggested by this is shown to agree with that found by other authors, thereby further
supporting the conjecture.
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Landau-Ginzburg (LG) theories have begun to play an increasingly impor-
tant role in the plan, based on Singularity (Catastrophe) Theory, for the
classification of conformal field theories. This is done by the identification
of a conformal theory with the critical points of some LG theory whose
potential-term is then identified with a given type of singularity. Various
types of singularities have been classified by the mathematicians. LG the-
ories also provide a suitable environment for a study of Renormalization
Group (RG)-flow patterns.

For N — 2 superconforrnal discrete-series, the LG potentials that
appear fall into the ADE list of modality-zero complex singularities [lj.
The ADB classification of the modular invariants of TV = 0,1 discrete-
series are also accompanied by a similar pattern of LG potentials, this time
in the context of real singularities [1,2]. (However, see [3] for a different
view point regarding JV = 0.) Although the classification plan of the real
singularities is fundamentally different from that of the complex ones, the
form of each of the A,D,E complex singularities persists even in the real

N = 0 and 1 happen to be the first two members of the class of SU(2)-
coset theories [4,5j. In fact, it appears that the modular invariants of all the
SU(2)-coaet models fall in the ADE scheme [5], suggesting that the entire
class of these theories is potentially classifiable via Singularity Theory. This
calls for the construction of the LG potentials for the discrete-series of this
coset.

The construction of the LG potential, however, requires detailed knowl-
edge of the fusion-rules of the theory which, in the case of SU(2)-coset
models, are not completely known. (See [6] for some of the fusion-rules.)
A more serious problem is the lack of any information regarding the basic
field of the LG theory. This is crucial, in particular, for the classification
program; real scalar fields suffice for the N = 0 LG potentials to resemble
real singularities, whereas the N = 1,2 LG potentials take the form of ADE
singularities (real and complex, respectively) only when written in terms
of superfields. It is not known what the LG-field for the other members
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of the S[/(2)-coset should be. Although we cannot avoid these difficulties
entirely, by resorting to more indirect means at our disposal we can indeed
deduce the general form of the the LG potentials. Our task is considerably
simplified by concentrating on the A-series and the NS-sector of the models.
The D, E-series will be treated elsewhere [7].

The outline and summary of the present work is as follows: In sec-
tion 2, we will briefly review the GKO construction of the SU(2)-coset
models, with the aim of highlighting the aspects which concern us, and
establishing our notation. Section 3 is devoted to a non-rigorous rederiva-
tion of the N = 0,1 LG potentials, and the pattern of RG-flow suggested
by them; the central role played by the number of relevant operators is
emphasized. These two examples set the foundation over which we build
the LG potentials (and the RG-flow pattern) for the remaining members
of the SU(2)-coset models. In section 4 we discuss some of the obstacles
which need to be overcome in constructing an LG theory. In particular,
we elaborate on the nature of the LG-field(s). We conjecture the existence
of a "super" LG-field $, give its central charge and conformal weight, and
discuss the role that the currents of the algebra play in relating the various
"components" of this "super" field. Next, justification for this conjecture
is given. The LG potential (for the LG-field * ) for all the members of the
i?J7(2)-coset is presented in Bection 5. It is shown that the RG-flow sug-
gested by this LG picture agrees with that found by other authors, thereby
further supporting our conjecture.

2 Si7(2)-coset models.

The SU (2)-coset models [4,5] refer to a series of unitary conformal field
theories labeled by two integers L and m. The GKO construction for these
models is based on the algebra SU(2)L x SU(2)m/SU[2)L+m. L = 1 and
2 correspond to the conformal and N = 1 superconformal discrete-series,
respectively. L = 4 reproduces the 53-model of Zamalodchikov and Fateev
[81. The central charges are given by

ZL
[ 1 -

2(2, + 2)
m = 2,3,4,5,... (1)

Notice that there is an inherent "symmetry" in the GKO construction;
under the operation m <-» L + 2, one obtains two "different" models (i.e.
different L's) having the same central charge, the most famous example

being the Tricritical Ising-model (c — 7/10) which appears at L — l ,m = 4
and at L = 2,m = 3. We will refer to models related by this operation as
"equal-c" models.

The conformal weights of the highest-weight states of the algebra,
and hence that of the primary fields of the level-L conformal field theory
[9], are given in [4,5], which we find more useful to rewrite as

[(m + L)p — mq}1 — I? s(L -

" = 4mL(m + L) + 2h{L- 2) (2)

where 0 < p < m, 0<q<m + L,3 labels the allowed sectors (s = 0 is
NS-sector; a = 1 is R-sector; etc.) with s = 0, l,2,.. . ,£/2 \(L - l)/2) for
L =even [odd], and in the s-sector | p — q \ — \ $ mod L \.

The algebra of the iSJ7(2)-coset models is generated by the stress-
energy tensor (generating the conformal algebra) and by non-local currents,
denoted by J(z)t of spin (L + 4)/{L + 2). It appears that for a given L
there exist \L/2] independent currents. The various allowed modings of
these currents is determined by the OPE's in a given sector s (see the first
paper in [6j for examples).

LG-potential and RG-flow for N = 0{L
1) and N — 1(L — 2) discrete-series.

For L = 1, Zamalodchikov [10] constructed the following LG potential:

: * * - ' > : , ( 3 )

where 4> is a real scalar field. The relevant perturbations are

Note that the last relevant perturbation has a power which is two less than
the power of <j> in the potential. This is because the equation of motion
involves the :^1fm-»-i ; fold, i.e. it's not a primary field. In this case
Zamalodchikov identified the various relevant perturbations in (4) with a set
of primary fields whose conformal weights satisfy hM < 1. Indeed, relevant
perturbations in 2-d are those whose anomalous dimension d (= k + h)
satisfies d < 2. From (2) one can see that the p,q's satisfying this equation
are the p = q and p = q + 1 points in the Kac-table. Given the range



of p and q, one can easily count 2m — 3 relevant operators (including the
identity), which is, of course, the same as the number of terms in (4).
Zamolodchikov's identifications were

t-1,1+1 for 1 < / < m - 2
for m - 1 < I < 2m - 4.

The normal-ordering is defined via the fusion-rules (OPE's).

For L = 2 a similar approach was adopted [10] and the LG potential
proposed was

: $ m : , (5}

where $ ia an N = 1 real superfield. The relevant perturbations

1, * , : * J : , : * ' : , ..., : * 1 - 1 : , (6)

were then identified with superconformal fields in the NS-sector, i.e.

•• • ' ; = *(+i,(+i 1 < ' < m - 2 ,

whose primary conformal weights satisfy

hn < 1/2 . (7)

Of course, the descendant (superpartner) generated by J-m provides the
fields whose conformal weights fill the range between 1/2 and 1. These are
simply the top components of the JV = 1 superfield. From (2) we see that
only the p = g points in the Kac-table satisfy (7). Therefore, there are
m — 1 relevant superfields in the superconformal theory, which is the same
as the number of relevant perturbations in (6).

It is important to note that the relevant (super) fields in the conformal
and superconformal discrete-series are those whose primary weights satisfy

< 1 [L = 1) and h^ < 1/2 {L = 2) , (8)

respectively.

The RG-flow pattern that is suggested by the LG potentials in (3)
and (5) is quite simple [11]. Consider a perturbation of the LG by the last
(least) relevant perturbation in (4) and (6) [12]. Since smaller powers of tf>
(or *) are more relevant [11], for N = 0 (L = 1) we have

Thus the least relevant perturbation takes the discrete-series theory at level
m to one at level m — 1, i.e.

c(L = l,m) —• e(L = l.m - 1) .

For the JV = 1 (L = 2) discrete-series, we have

which we can write as

= 2,m)

These RG-flow patterns as suggested by the LG description have been
confirmed, in the large-m limit, by explicit computation of the fixed points
of the correponding /9-function [13]. The large-m limit is necessary, in the
calculation of the ^-function, because in this limit the least relevant fields
(^u and $ l s for N = 0,1, respectively) become nearly marginal, as required
for the application of perturbative techniques.

One lesson that we learn from these examples (i.e. L = 1,2) is that
the numbtr of relevant operators in a (super)conformal theory plays an
important role in determining the corresponding LG potential. We shall
capitalize on this fact, in what follows.

4 LG-fleld(s).

For L > 2 there are some major difficulties in constructing the LG La-
grangian. Here we will elaborate on only those issues which concern us, i.e.
the form of the LG potential.

Most importantly, the very nature of the LG-field has not been ad-
dressed. In other words, whereas the LG-field for the conformal case
[L = 1) is a real scalar field and that of the superconformat case (£ = 2) is
a real superfield, the basic LG-field for L > 2 is not known. We can take
the value onto which c accumulates -

ZL

as indicating the nature of the LG-field (see the second paper in [l] for a
hint at this claim). For I = \,c -> 1 ; the value c = 1 suggests a real



scalar field as the LG-field. For L = 2, c —• 3/2, and this suggests that the
LG-fields should be a real scalar field (c = 1) plus a real fermion (c = 1/2),
which may be combined into a real superneld. Indeed, these are the LG-
fields considered by Zamaiodchikov (in JV = 0,1). This can be understood
in the following way: In a power potential where the exponent grows as a
function of m, the potential flattens, i.e. the field becomes free, as m —» oo.
So the accumulation-value of c should be equal to the c of the corresponding
free field. Continuing in the same manner, the L = 3 theory would have, as
LG-fields, a real scalar field plus another field whose c is 4/5. The Z = 4 has
c -+ 2, i.e. a complex scalar LG-field, and the L = 5 theory with c —> 15/7
would suggest an LG-field consisting of a complex scalar and another field
with a central charge of 1/7. For higher values of L (in fact, for L > 4),
since e —> 2 + (L — 4) / ( i + 2), we would expect, for example, a complex
scalar field (c = 2) and another field with c - (L - 4)/(L + 2) to enter into
the Lagrangian of the corresponding level- L theory.

Another issue that arises in connection with the form of the LG po-
tential is that of the existence of a "super" field whose component-fields
are those discussed above. Recall that in the case of the superconformal
theory ( i = 2) the superpartners (descendants) of the primary fields, in
the NS-sector, are generated by J-i/j, i.e. the generator of SUSY in the
NS-sector. This is simply a consequence of the fact that the N = 1 su-
perconformal algebra admits the finite dimensional subalgebra consisting
of L0,L±i and J±i/j. For L > 2 the algebras, although somewhat studied
[5,6,8], are not in a form suitable for the search of finite dimensional subal-
gebras (see [8]). Thus the very existence of a "super" field for these cases
is, at best, a conjecture.

However, if we restrict our attention to only the NS-sector of the
level-// theories (i.e. the s = 0-sector), then there exists a generalization
of the J~i/i operator of the L = 2 case. Indeed, we have found that in
this sector there exists a unique operator, J-t/(t,+1), which generates non-
null "super" partners for all the primary states, rendering a "super" field
construction more plausible. That this operator acts non-trivially on all the
primary states in the NS-sector can be most easily seen by matching the
primary, as well as secondary (descendant) states of the equal-c models (see
section 2). In doing this, one can also see that the other sectors suffer from
(a less severe case of) the same problems that plague the R-sector of the
N = 1 superconformal theory. In the latter case the first descendants of the
primary states in the R-sector, given by J-i/t, axe all zero-normed (null).
For L > 2, although not all the descendants in the other sectors are null,

the presence of some null states prevents us from a consistent construction
of a "super" field (as it did also in the R-sector of the N = 1 case).

Therefore, we shall hereafter restrict ourselves to the NS-sector only,
where the existence of our conjectured "super" field is plausible. We will
use the same symbol as the ordinary JV = 1 superfield, $, to represent this
field. Then * M will correspond to the primary "super" field in the level-L
conformal theory, whose primary (i.e. lowest) conformal weight is given by
(2).

Having made evident some properties of the field $, i.e. its central
charge, conformal weight (also see above (18)), and the generators con-
necting the partners to the "super" partners, we attempt to study the
consequences which follow from its conjectured existence (also as means of
better defining the field itself). It is these consequences, in the context of
LG and RG, which we will present next. Further justification for the con-
jecture will follow from self-consistency and upon comparison of our results
with what is known from other approaches.

Many issues will be left un-addressed; such as the free action for fields
with c = [h - 4)/(L + 2), the "super" space over which * is denned, the
measure entering into the LG action, inclusion of the s ^ 0-sectors, etc.
Our conclusions, however, do not rely on the resolution of these issues.

5 LG potential and RG-flow VX.

As we have been advocating, our final goal is the establishment of a con-
nection (if any) between level-L conformal theories and the theory of Sin-
gularities (Catastrophes). For now, only the form of the LG potential of
the A-series is of interest to us; concentrating on the NS-sector, we adopt
the following ansatz for this quantity:

(9)

where JV(L, m) is at most linear in m. This linearity condition is motivated,
partly by the L = 1 and 2 cases, and partly by RG-flow considerations,
which we will address below (see the end of this section). We shall now
appeal to what has been said so far, with the aim of finding the functional
form of N(L,m).



The relevant perturbations are then

1 , * , : * ! : (10)

The identification of these fields with those of the level-i conformal theory,
*TC, will be given in what follows. The normal-ordering indicated in these
equations is determined by the fusion-rules of the theory. However, our
conclusions are insensetive to the precise definition of a composite field,
since we rely only on the number of perturbations, R(L,m), in (10):

R{L,m) = N(L,m) - 1 . (11)

Our demand that N(L,m) should be linear in m, now translates into
the claim that the number of relevant operators in the level-L conformal
model is linear in m. This strong condition actually manifests itself in two
ways. Firstly, it places an upper-bound on the primary weights of the fields
*„,,, thereby "defining" (in analogy with (8)) the relevant "super" fields in
the theory. Secondly, through this, it allows us to compute the number of
these relevant fields, and hence N{L,m) from (11). Specifically, if hf, is
the primary conformal weight of the relevant 4N ' s in the NS-sector, we can
write (in the spirit of (8))

hK < x , (12)

and ask for the value of x which is necessary to render the number of such
fields linear in m. As a result of the quadratic powers of p in (2), even
in the NS- sector where | p - g |=| 0 mod L |, the envelope of (12), for
arbitrary x and L, is a non-linear curve in p — m space. Since the number
of relevant operators is now simply the number of p's (and allowed q'a)
satisfying (12), the linearity condition demands of x to be such that (12)
becomes a linear equation in p and m. Recall that 0 < p < m. Upon
substituting (2), with | p — q |=| 0 mod L | and a = 0 for the NS-sector,
into (12) it becomes evident that the value of x which is necessary for the
m-linearity of R(L,m) is x = 1/L, for then

becomes linear, i.e.

lm(p-q)+pL\1-Li
 < 1_

4mL(m + L) L

\m{p-q)+pL\< 2m + L . (13)

In the NS-sector one can use the symmetry AM = /im-p,m+i-» to restrict
the ranges of p and q, such that

N = 0,1,2,3 (14)

Then (13) becomes
p < (2m/L) - mN + 1 (15}

Let us briefly review the significance of these equations. For given L
and m, the values of p and q satisfying (14) and (15) are those which render
the number of relevant operators, i.e. the number of *M ' s with hn < 1/L,
linear in m. The exact number of relevant operators is the number of p's
and j ' s satisfying these conditions.

For L = 1, we find m — 1 points (including p=g=0, i.e. the identity)
on the p — q = 0 line, and m —2 points on thep — q = 1 line in the Kac-table.
Indeed, 2m — 3 is the correct number of relevant operators in the conformal
discrete-series. For L = 2, only the diagonal points p - g — 0, with p
saturating its range, solve (14) and (15), giving m - 1 relevant operators
- again the correct result for the superconformal discrete-series, thus we
see that by simply concentrating on the number of relevant operators (with
"relevant" defined above), and by using (11), we can arrive at the correct
form of the LG potential for £ = 1,2 — ;$J(m- I) : for £ = i , and :$">:

for L = 2, where * represents a real scalar field in the former, and a real
superfield in the latter case (see section 4).

For L > 2 we see that the only allowed solutions are the diagonal
ones, i.e. p = q, as in the L = 2 case. So for L > 2 we can simplify (14)
and (15) to

p < (2m/ L) + 1 , p = q . (16)

Again, the number of relevant operators R(L,m), for L > 2, is simply the
number of p's (0 < p < m) that satisfy (16). With a bit of calculation we
arrive at the following result: For L — odd > 3,

if m = (-M) mod L
| + 1 if m = (+M) mod L (M + 0)

(17a)
where M = 0,1,2,..., (£ - l)/2 and m > 2 (for m = 2 - the c = 0 theory
- fi(£,2) = 1, corresponding to the vacuum). For L = even > 4,

R(L,m) = (2m/I) + (2Af/£) for rrc = (-A/) mod L/2 , (17b)

with M = 0,1,2,...,(L - 2)/2 and m > 1. The exponent of * in the LG
potential is then simply obtained by the addition of 1 to the above expres-
sions (see (11)). Note that tnspite of the appearance of these equations, the
values of R{L,m) and N(L,m) are integers, as they should be [14],



As promised, the identification of the relevant perturbations (10) with
the relevant fields of the level-i conformal theory, now follows from (I7a,b)
and (2):

(I,*,: 4 ' :,...,: * , , *«(£,*).*(*.«)) •

Strictly speaking, the identification must be done with consideration given
to the fusion-rules, and some prescription of normal-ordering. The criteria
to which we have resorted, in the above identification, is simply that higher
powers of $ must correspond to conformal fields with larger conformal
weights (see below). Also note that the most relevant field of the level-L
conformal theory, $22, >s appropriately identified with the basic LG-field *,
as it should be [10]. In short [15],

The conformal weight of the lowest component of the composite field : *' :
should then be

L)
1-0 ,1 ,2

As a justification of our ansaU we now consider the RG-flow gener-
ated by the least (last) relevant perturbation. The result follows from the
standard argument (see the N = 0,1 section) that smaller powers of * are
more relevant;

i.e. the {L,m) theory flows to the [L,m - L) theory. Use of (11) and (17)
has been made in the first and the last equality, respectively. We can write
this result in the following form:

c(L,m) —• c(L,m-L) .

Although we have confined ourselves to the NS-sector, this RG-flow pattern
is exactly that found in |l6j whose authors considered the RG-flow (gen-
erated by a descendant of 4>is) from a computation of the ^-function and
its fixed points. This adds further support to our ansatz (and conjecture)
regarding the form of the LG potential.

To further motivate the linearity condition demanded in (9), and
also as an independent test of (17), one can consider the converse of our
argument, i.e. begin with the RG-flow pattern found by the authors of [16]

10

(i.e. c(L, m) —> c(L,m— L)) and then deduce the restrictions placed on
N{L,m). For the least relevant perturbation to generate this RG-flow, i.e.

N(L,m - L) = 2, since in reality the destination is :^H[L,m)-t ._ T n i s

simply means that in the N-m plane, N(i, m) is a straight line with slope =
21L, since slope= \N(L,m) - N{L,m - L)\jL = 2/L. Thus the RG-
&o\i pattern advocated in [16] also demands the linear relation N(L,m) =
(2m/L) + y- intercept, which is in fact consistent with our result in (17).

Note added: Landau-Ginzburg potentials for the 5[/(2)-coset models
have also been discussed in a recent preprint by Keke Li [17]. The LG-
potentials in that article, however, are written in terms of scalar fields,
whereas our's are expressed in terms of the conjectured "super" field, $.
We are grateful to C. Crnkovic for bringing this preprint to our attention.
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