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FOREWORD

The development and application of mathematical models for predicting the 
consequences of releases of radionuclides into the environment from normal opera
tions in the nuclear fuel cycle and in hypothetical accident conditions has increased 
dramatically in the last two decades. Along with this development has come the 
recognition that it is riot enough to have results presented as single value estimates 
of radiation dose or of environmental concentrations of radionuclides. Models are 
only approximations to real environmental systems and therefore there will always 
be some uncertainty associated with predictions obtained from their use. A model 
prediction without some estimate of the associated uncertainty is of little value to 
decision makers.

This Safety Practice publication has been prepared to provide guidance on the 
available methods for evaluating the reliability of environmental transfer model 
predictions. It provides a practical introduction to the subject and particular emphasis 
has been given to worked examples in the text. It is intended to supplement existing 
IAEA publications on environmental assessment methodology.

Although the book addresses the subject of environmental dose assessment, the 
methods described in it are of general application and are equally useful in other 
areas where modelling techniques are applied.

The text of this publication was produced through a series of consultants meet
ings and one Advisory Group Meeting. The IAEA wishes to acknowledge the work 
of F.O. Hoffman of Oak Ridge National Laboratory and E. Hofer, Gesellschaft fur 
Reaktorsicherheit mbH, who were largely responsible for producing the final text, 
and J.C. Helton, University of Arizona, who critically reviewed the draft document.
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1 . INTRODUCTION

The IAEA guidance on principles for limiting releases of radioactive effluents 
into the environment [1] establishes the role of mathematical models in quantifying 
the link between releases of radionuclides to the environment and the resulting radia
tion exposure of man. Guidance on the modelling methodologies which may be used 
for predicting the transfer of radionuclides through the environment to man and for 
estimating radiation doses to individuals and to populations as a whole has also been 
provided in several IAEA publications (see, for example, Refs [1-5]). In these 
reports the need to establish the uncertainties in the results o f assessments is clearly 
identified, recognizing that mathematical models only approximate the behaviour of  
radionuclides in the environment and that the results of model calculations are of  
little value without some understanding of the associated uncertainty. This Safety 
Practice supplements the IAEA’s guidance on modelling methods by describing the 
available approaches to establishing the uncertainty in model predictions.

1.1. BACKGROUND

1.2. OBJECTIVE

The purpose of this publication is to introduce and describe procedures for 
evaluating the reliability of predictions made by environmental transfer models. It 
aims to encourage those engaged in assessment modelling to produce results in a 
form which includes some statement of the associated uncertainty. It is mainly 
intended as an introduction to the subject and starts from a fairly basic level but 
includes methods which require a minimum knowledge of statistics and mathematical 
notation to allow a full understanding.

1.3. SCOPE

This Safety Practice describes a methodology which is generally applicable in 
the field of predictive modelling. However, it refers specifically to radionuclide 
environmental transfer modelling in the biosphere and the examples used are taken 
from this subject area. It describes various approaches o f differing complexity for 
dealing with uncertainty in models, ranging from simple methods which avoid the 
need for explicit uncertainty statements (the screening model approach), to model 
validation and parameter uncertainty analysis. Uncertainty evaluation is dealt with 
in both deterministic and probabilistic model predictions.

1
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1.4. STRUCTURE

Section 2 contains an overview of the factors that are likely to affect the relia
bility of model predictions and the distinctions necessary for meaningful reliability 
statements. The procedures for evaluating reliability are discussed in Section 3, and 
these include model verification, model validation, parameter uncertainty analysis 
and model intercomparisons. Examples o f the application of these procedures are 
given in the text and appendices. A glossary of terms has been included to facilitate 
familiarity with the numerous relevant technical terms.

The procedures discussed in this publication may in principle be applied to 
assess the reliability of all types of assessment model and although in the examples 
emphasis is given to routine releases of radionuclides to the biosphere the techniques 
are equally applicable to other release scenarios such as potential accidental releases 
to the atmosphere and releases to the geosphere from waste repositories.

2 . GEN ERAL A SP E C T S OF  
M O D EL R E L IA B IL IT Y  E VALU ATIO N

Reliability, as used in this publication, is defined as a measure of confidence 
in model predictions. This measure of confidence can be expressed either qualita
tively or quantitatively. Examples of quantitative reliability statements are:

— “ at a high level of confidence, a model prediction is accurate to within a factor
of three” , or

— “ a model is unlikely to underpredict by more than one order of magnitude” . 

Examples of qualitative statements are:

— “ a model prediction is conservative” , or
— “ a model prediction is realistic” .

Quantitative statements of accuracy are preferable to those which are qualita
tive in nature since they provide a much firmer basis for decision making. For 
example, when the stated limits of accuracy of the model prediction approach some 
established level o f concern (for example, a dose upper bound or a derived limit in 
some environmental material), there is incentive to re-evaluate the model and its 
parameters. Qualitative statements, on the other hand, give no indication as to the 
possible extent of underprediction, and re-evaluation of the model might only be 
undertaken when calculated values exceed an established limit.

All procedures used to evaluate the reliability of model predictions contain
some element of subjective judgement and statements about the reliability of model
predictions will depend to some extent on the scientific expertise of the individuals

2
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who have performed the reliability evaluation. Decisions based on the model predic
tion will depend on the reliability statement and the extent to which the prediction 
approaches some level of concern (such as a dose upper bound).

The evaluation of the reliability of model predictions is directed towards 
answering the following linked questions:

— How large is the uncertainty associated with the model prediction?
— Is this uncertainty estimate acceptable for decision making?

These questions must be considered on a case by case basis. Their answers will 
depend on the specific problem being addressed by the model and the criteria used 
for making decisions.

2.1. FACTORS AFFECTING THE RELIABILITY OF MODEL PREDICTIONS

The principal factors affecting the reliability of results from environmental 
transfer models have been arranged into five classes (Fig. 1):

(1) Specification of the problem (scenario)
(2) Formulation of the conceptual model
(3) Formulation of the computational model
(4) Estimation of parameter values
(5) Calculation and documentation of results.

FIG. 1. The five  classes affecting the reliability o f  model predictions.

3
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The present section discusses how each of these factors can affect the reliability 
o f model predictions.

There are strong interrelations between the different classes of factors. For 
example, the choice of an assessment problem or scenario should result in a model 
or chain of models specifically adapted for that scenario. Thus, the assumptions 
required in formulating model structure and the database used to estimate parameter 
values should be consistent with this scenario. In actual practice, however, internal 
consistency between the scenario, the model structure, and estimates of parameter 
values is not always maintained because few model users are familiar with all the 
decisions and assumptions made during development of the model and its database. 
Furthermore, site specific data relevant to specific assessment questions may simply 
not be available.

2.1.1. Specification of the problem (scenario)

The first step in evaluating model reliability should be an evaluation of the 
scenario (or problem) that is to be addressed by the model. The factors that should 
be considered in evaluating the scenario are:

(a) The intended use of results (e.g. in licensing decisions, optimization calcula
tions, technology assessments, emergency planning);

(b) The temporal resolution required (consideration of the time in the year of a 
release and/or time after a release, predictions for times far in the future versus 
predictions only for the next few decades, estimates of dose rates or time 
integrated exposures, consideration o f the length of time for averaging 
exposures);

(c) The spatial resolution required (site specific for an identified critical population 
subgroup; regional specific for an identified population; generic calculations 
for a hypothetical receptor or population);

(d) The degree of process level resolution required (processes and mechanisms to 
be simulated that are specific to each exposure pathway and/or conceptual 
submodel);

(e) The character of a release of radionuclides (routine or planned releases, small 
or large scale accidents, future releases from a waste disposal facility).

Improper scenario definition could result in a model predicting correct results 
for the wrong problem. Differences between predictions and reality may be due 
entirely to a failure to specify, with sufficient accuracy, the characteristics o f the 
release, the important mechanisms and pathways of environmental transfer, the 
attributes of the exposed population, and the time and space over which calculations 
should be averaged.

4
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2.1.2. Formulation of the conceptual model

When a specific scenario has been selected for assessment, an appropriate 
model concept has to be chosen to address the scenario. The model concept takes 
into account the number of distinct compartments, interconnections between com
partments and the number of processes and mechanisms to be considered explicitly. 
Within the conceptual model, the amount o f process level detail that must be con
sidered will depend on the particular assessment problem, the extent to which 
extrapolation must be made beyond the realm of experience, and the extent to which 
data exist to quantify distinct processes.

Although it is an ideal objective, it may not often be practical to include all 
conceivable processes and mechanisms within the conceptual structure of the model. 
This is because relevant data on distinct processes are either not available or because 
the data that do exist are empirical and implicitly include several interacting mecha
nisms. For a given assessment scenario, many processes have only a marginal 
influence on the environmental transfer o f radionuclides. The decision as to which 
processes to include or exclude will be based on the requirements of the scenario and 
on scientific knowledge of natural laws and principles, interpretation of laboratory 
and field measurements, and inferences drawn from events that have occurred in the 
past. Rarely can all results produced by a model be tested directly against available 
or accessible experimental observations (e.g. committed organ dose equivalents, 
time and space averaged concentrations of radionuclides or exposures). Therefore, 
judgement must be used to evaluate whether or not the conceptual structure for a 
specific scenario is appropriate.

2.1.3. Formulation of the computational model

Whereas the conceptual model primarily identifies the processes, pathways, 
compartments and interactions between compartments necessary to address a given 
scenario, the computational model is the tool that is used to produce a quantitative 
result. The computational model is a set of equations and parameter values. It 
includes the algorithms and input data implemented on a computer to produce a solu
tion. Testing of the computational model requires the use of such quality assurance 
procedures as model verification and model intercomparison.

Model verification involves testing a model against a known solution to iden
tify errors in the equations, specification of input and numerical solutions to the 
equations. Thus, once a computational model has been verified, the model is deemed 
to be a proper mathematical representation of the conceptual model, and the equa
tions are deemed to be correctly encoded and solved. There is no single approach 
to model verification. The model builder or evaluator must determine which tech
niques are needed to obtain the degree of confidence desired, and this selection

5
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process should take into account the requirements of the scenario. The extent of 
verification will depend on the intended use of the model (see Section 2.1.5 and 
Ref. [5]).

2.1 .4 . Estimation of parameter values

The constants and independent variables of the equations that make up environ
mental transfer models are referred to as model parameters. The parameter values 
used in environmental transfer models should be estimated or derived from 
experimental evidence obtained under conditions relevant to the specific situation for 
which the assessment is to be performed. It must be recognized that even if the 
scenario and model structure are correctly selected, accuracy of model calculations 
cannot be achieved if the parameter values chosen are inappropriate for the problem 
under consideration.

The relative importance o f specific parameters will depend on the assessment 
question, and on the dominant exposure pathways and radionuclides that contribute 
to a dose to humans.

Four categories of model parameters are considered:

(1) Source related parameters, e.g. time and duration of a release, nuclide spec
trum and source strength, chemical and physical form of the released radio
nuclides and release rate.

(2) Parameters related to physical transport, e.g. quantities describing 
atmospheric or geospheric transport (such as wind speed and direction as a 
function of height, precipitation rate and duration, temperature, diffusion 
class, flow velocity, porosity, suspended matter concentration, sorption, parti
tion coefficients, and hydrogeological and geochemical properties of rock 
strata).

(3) Parameters related to biological transfer, e.g. bioavailability of nuclides 
dependent on the type of soil, transfer from plant surface and from soil into 
edible tissues of plants as a function of time of the year and time after the 
release, agricultural practices, bioaccumulation in marine food products and 
loss of nuclides from food products by weathering.

(4) Exposure related parameters, e.g. living and consumption habits, health sta
tus, metabolic properties of local and/or general population groups.

Often, very few experimental data. exist to permit quantification of all 
parameter values as a function o f time, location, pathway, radionuclide, chemical 
form, atmospheric conditions and agricultural practices. In addition, processes 
within and between compartments in environmental models are subject to a large 
natural variability in time and space. Many of the important parameters describing 
these processes are known on a purely empirical or theoretical basis. Furthermore, 
the data from which parameter values have been derived may not be relevant to the

6
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specific set of conditions to be addressed by the modeL Thus, model parameters can 
be associated with large margins of uncertainty. Examples of such problematic 
parameters are those associated with the health risks of radiation exposure at low 
doses and dose rates, with the hydrological properties o f unexplored underground 
strata, and with the location and size of human populations for time periods extend
ing far into the future.

2.1.5. Calculation and documentation of results

Among the more obvious factors affecting the reliability of model predictions 
are those associated with the calculation and documentation of results. These factors 
include: numerical approximations for solutions to mathematical equations, com
puter programming techniques and common procedures of calculation and report 
writing. The first two factors are o f special concern to the computer programmer and 
to the numerical analyst. The numerical analyst is responsible for the adequacy of 
the specific algorithms chosen and for their implementation on a computer. In 
particular, possible ranges of parameters in future applications should be taken into 
account when testing numerical solutions.

Quality assurance procedures related to model verification (Section 2.1.3) 
should minimize errors associated with numerical approximations, programming 
errors and common mistakes. Quality assurance procedures include built-in accuracy 
tests o f numerical approximations, testing numerical solutions of equations against 
analytical results, performing benchmark studies that involve intercomparison of 
model results for a range of assessment questions and peer review of the final 
documentation of results. Large uncertainties in model predictions may result from 
common mistakes in programming, calculating and report writing. No further dis
cussion of these sources of uncertainty is given here; it is assumed that a model has 
been adequately verified and is essentially free o f common errors.

2.2. NECESSARY DISTINCTIONS FOR UNCERTAINTY ANALYSES OF
MODEL PREDICTIONS

It is important to recognize that some uncertainty will be associated with model 
predictions regardless of the extent to which models have been verified and vali
dated. To obtain a measure of confidence in model predictions, an uncertainty ana
lysis should be made for each model application. The following sections discuss 
various distinctions that are required in order to obtain meaningful results from the 
uncertainty analysis. These distinctions involve: the type of answer required to an 
assessment question; the type of uncertainty; the probability concept to be used; the 
type of prediction to be made; and the type of model needed to obtain the prediction.
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2.2.1. Distinction between deterministic and probabilistic answers to 
assessment questions

Typically, model predictions are used to answer questions like: “ How many 
units of a particular quantity will there be per reference unit?” For environmental 
dose assessments, some typical quantities of interest and reference units are shown 
in Table I.

In this publication, two basic types of assessment questions are considered: 
those that have a deterministic answer and those that have a probabilistic answer. If 
there is no variability in the quantity of interest with respect to the reference unit, 
there can only be a deterministic answer to the question. If there is stochastic varia
bility in the quantity of interest with respect to the reference unit, such that it can 
be thought of as randomly selected from a constant population of values, there can 
only be a probabilistic answer. Probabilistic answers are provided in the form of a 
distribution of the population of values. In all other instances, there is neither a deter
ministic nor a probabilistic answer unless the reference unit of the question is 
changed to produce either of the two situations mentioned above. The following 
example shows how changes in the reference unit o f the assessment question deter
mine whether the answer to the question will be deterministic or probabilistic.

Example 2.1

Performance assessments of waste disposal facilities must take into account 
continuous processes such as corrosion of the waste containers and the long term 
movement of radionuclides from the geosphere to the biosphere. As a result of these 
processes the annual dose to an average member of the most exposed population 
group varies over time in such a way that it cannot be considered as randomly 
selected from a constant population of values for every year. Therefore the question: 
“ What is the dose per year to an average member of the most exposed population 
group?” has neither a deterministic nor a probabilistic answer. The prediction of the 
annual dose from a repository to an average member of the most exposed population 
group can be provided as a function of time after closure of the repository. However, 
for a specific year (tj) there is only one true value for an average member of the 
most exposed population group. For this reason, there is a deterministic answer to 
the question: “ What is the dose to an average member of the most exposed popula
tion group in the specific year tj?” . Note that the reference unit o f the question was 
changed from ‘per year . . . ’ into ‘... the specific year tj’. On the other hand, the 
question: “ What is the dose per individual o f the most exposed population group in 
the year tj?” would require a probabilistic answer given the impracticality of deter
mining the dose to each specific member of this group. In this latter case the 
reference unit has been changed from an ‘average member’ to ‘per (unspecified) 
individual’ in the most exposed population group.

9
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Because o f the distinction between deterministic and probabilistic answers to 
assessment questions, it is essential to distinguish between two fundamentally 
different types of uncertainty, subsequently referred to as Type A and Type B.

Type A uncertainty is due to stochastic1 variability with respect to the refer
ence unit of the assessment question.

Type B uncertainty is due to lack of knowledge about items that are invariant 
with respect to the reference unit o f the assessment question2.

The presence of Type A uncertainty in the quantity of interest requires a 
probabilistic answer to the question. A probabilistic answer represents the stochastic 
variability of the quantity of interest in the form of a distribution.

In practice, deterministic as well as probabilistic answers can be determined 
only imprecisely because of Type B uncertainties. Type B uncertainties suggest a 
range, not of variability but of alternative, possibly true deterministic or probabilistic 
answers to the assessment question. The following examples, one theoretical and the 
others of a more practical nature, should serve to illustrate the distinction between 
Type A and Type B uncertainties.

Example 2.2

Suppose there are two dice. Die No. 1 will be thrown several times, but die 
No. 2 is left untouched and unseen. Let K! denote the number shown by die No. 1 
after a throw, and let K2 denote the unknown number shown by die No. 2. The 
question “ What is the value of the quantity of interest (S =  Kj +  K2) per throw of 
die No. 1?” does not have a deterministic answer. The reason is that Kt exhibits 
stochastic variability with respect to the reference unit ‘throw o f die No. 1’ and it 
is therefore uncertain which value to use for K,.

For every throw o f die No. 1, the quantity of interest S can be thought of as 
randomly selected from a constant population of values. Thus, the above question 
has a probabilistic answer. A probabilistic model expressing S as the sum of a 
random variable K, and a constant K2 provides a probabilistic answer to the ques
tion in the form o f a distribution. This distribution quantitatively expresses the

2.2.2. Distinction between types of uncertainty

1 The term stochastic implies the presence of a random variable.
2 The terms Type A and Type B uncertainty should not be confused with Type I and 

Type II errors in statistical hypothesis testing. The terms Type A and Type B uncertainty are 
used here only for the sake of convenience so that the complete definition of the types of uncer
tainty does not have to be repeated throughout the text.
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influence of the uncertainty that is due to the stochastic variability of Kj. This 
uncertainty is of Type A. However, there is additional uncertainty due to lack of 
knowledge about K2. The value of K2 is invariant with respect to the reference unit 
‘throw of die No. 1’; thus, this additional uncertainty is o f Type B. If there is also 
lack of knowledge as to whether or not die No. 1 is fair, there would be further 
uncertainty about the distribution to use for K, in the probabilistic model. This 
uncertainty is also o f Type B because the distribution for K, is invariant with 
respect to the reference unit ‘throw of die No. 1’.

Example 2.3

For the assessment question:

“ Given a release of radioactivity to groundwater, what is the maximum annual 
committed effective dose equivalent to the average individual of the most 
exposed population group?”

there is only one true value of the quantity of interest. Thus, this question has a deter
ministic answer and all uncertainty in the quantity o f interest is of Type B. Type B 
uncertainty is due to lack of knowledge about the appropriate mathematical models 
and parameter values to use for hydrologic dispersion in groundwater and receiving 
surface water bodies, retardation and remobilization in aquifers and sediments, food 
chain transport, and the life and dietary habits as well as the metabolic and anatomi
cal properties of the average member of the most exposed population group.

Example 2.4

The assessment question:

“ Given a release of radioactivity to groundwater, what is the maximum annual 
committed effective dose equivalent per individual of the most exposed popula
tion group?”

does not have a deterministic answer because there is variability from individual to 
individual. Since it is impractical to model each individual in the population 
explicitly, the dose per individual is treated as a random variable. The question is 
thus answered probabilistically in the form of a distribution of doses per individual 
in the exposed population. This distribution is a quantitative expression of the 
influence of Type A uncertainty.

The source of this uncertainty is the stochastic variability of the life and dietary 
habits, as well as the metabolic and anatomical properties with respect to the refer
ence unit ‘individual of the most exposed population group’. Additional uncertainties 
are those of Type B, which are due to a lack of knowledge about those quantities 
that are invariant with respect to the reference unit o f the question (i.e. those listed 
additionally in Example 2.3).
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Example 2.5

“ Given a specific nuclear {rawer plant, what is the number of induced health 
effects per year as a consequence of accidents?”

has only a probabilistic answer since there is stochastic variability with respect to 
the reference unit ‘year’. For every year, the number of induced health effects can 
be thought of as randomly selected from a constant population of values, provided 
that the effect of plant ageing is negligible. The corresponding distribution of induced 
health effects per year expresses the Type A uncertainty which in turn is due to 
stochastic variability of the time between accident initiating events, the time between 
safety system failures, the characteristics of meteorological conditions prevailing at 
the time of the accident, etc. Type B uncertainties are due to lack of knowledge about 
quantities that are assumed to be invariant with respect to the reference unit, such 
as the rates with which accident initiating events occur, failure rates of technical 
components, the strength o f the containment, and the appropriate mathematical 
models and parameter values to use for environmental transport, human exposure 
and health effects.

Example 2.6

The assessment question:

“ Given a specific nuclear power plant, what is the number of induced health 
effects in the specific year tj as a consequence of accidents?”

has a deterministic answer as there is only one true number o f induced health effects 
in this specific year. All uncertainties are of Type B. This includes uncertainty due 
to the lack of knowledge about whether there will be any accident initiating events 
in this specific year, about the type of event, as well as the times of their occurrence. 
In addition, there is lack of knowledge about whether the safety systems will fail in 
these instances. By changing the reference unit o f the question from ‘year’ to 
‘specific year t;’, the uncertainties that were of Type A in Example 2.5 are now of 
Type B.

2.2.3. Interpretation of the term ‘probability’ and the distinction between 
probabilistic and deterministic models

“ Probability can be thought of as the mathematical language o f uncertainty”
[6]. The practical interpretation o f the term probability is, however, different for 
Type A and Type B uncertainties. For Type A uncertainty, probability is interpreted

The assessment question:
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Suppose the quantity of interest Y  is a function of the 
quantities S-|, S 2  and S 3 , which exhibit stochastic variability 
with respect to the reference unit of the assessment question

A  probabilistic model expresses the Type A  uncertainty in 
S-], S2, and S 3  via probability distributions Fg^, F g j, and Fg^,

d Fe
1

d F „
L 2 1

r x  * 1 ds2

/  \

S1 s2

and produces a prediction in distributional 
form which is often presented as a 
probability density function (pdf)

or as a cumulative or a complementary cumulative
distribution function (cdf) distribution function (ccdf)

FIG. 2. Probabilistic model prediction.

as the relative frequency3 o f values from a specified interval among a sample of 
randomly selected values (i.e. the firequentistie interpretation). For Type B, probabil
ity is interpreted as the degree of belief that a determined but vaguely or imprecisely 
known value is within a specified interval (i.e. the subjectivistic interpretation). If 
probability is used in the classical or frequentistic interpretation, it simply is called 
probability. If it is used in the Bayesian or subjectivistic interpretation, it is called 
‘subjective probability’. If in the frequentistic case the probability value is largely 
based on relevant observations (sample evidence), it is called an ‘estimate’. If, 
however, it is largely based on expert judgement rather than sample evidence, it is

3 More precisely, the limiting value that the relative frequency approaches as the sam
ple size increases.
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called a ‘subjective estimate’. If in the subjectivistic case the probability value is 
largely based on relevant observations (sample evidence), it is called a ‘confidence 
level’. If, however, it is largely based on expert judgement rather than sample evi
dence it is called a ‘subjective confidence level’.

Quantities that are employed in a model to produce a prediction are often single 
values (i.e. the quantities are deterministic). In the extreme case, all quantities in the 
model are deterministic and the model produces only a single predicted value for a 
given assessment question. In this case, the model is ‘deterministic’. This is the situa
tion for most environmental radiological assessment models (see, for example, 
Ref. [2]).

A model that uses probabilities to represent Type A uncertainty is called 
probabilistic. A probabilistic model produces predictions in distributional form

a ) Both Type A  and Type B uncertainties are negligible

Deterministic prediction

( b ) Type A  is negligible but Type B is not

Subjective
probability
q(Y<y)

Representation of Type B uncertainty 
in the deterministic prediction

Deterministic (reference) prediction

( c ) Type B is negligible but Type A  is not 
1T

Probability
p{Y>y)

Probabilistic prediction 
representing the stochastic variability 
of the quantity of interest

d ) Neither Type A  nor Type B are negligible

Probability 
P<Y>y)

Probabilistic (reference) prediction

Bounds derived from the 
representation of Type B uncertainty 
in the probabilistic prediction

FIG. 3. Prediction formats accounting fo r  the presence o f Type A and Type B uncertainties.
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(Fig. 2). Most often the probability for the quantity of interest Y (concentration, 
dose, consequence, etc.) to exceed a level o f concern y is desired. In these cases, 
it is preferred to present the distributions provided by probabilistic models in com
plementary form (see Fig. 2). Note that the customary cumulative distribution func
tion (cdf) provides the probability p (Y <  y) while the complementary cumulative 
distribution function (ccdf) provides the probability p(Y  >  y).

Modelling Type B uncertainty via subjective probabilities has received 
increased attention in the past one or two decades. The reason for this is the increas
ing need to predict the behaviour of complex systems under conditions in which a 
substantial lack of knowledge prevails. In this situation, the stochastic variability of 
a quantity about its mean value is quite often negligible compared to the lack of 
knowledge about the mean value itself.

If the assessment question has a deterministic answer, a Type B uncertainty 
analysis will provide a subjective confidence limit or interval for the quantity of 
interest. If the question has a probabilistic answer, a Type B uncertainty analysis will 
also provide a subjective confidence limit or interval, but since the answer to this 
question is a distribution function, the limit or interval may either be for the probabil
ity that the quantity of interest exceeds a given value of concern y* or for the value y 
that is exceeded by the quantity of interest with a given probability p*.

It is preferred to present the subjective probability distribution provided by a 
Type B uncertainty analysis in the form of a cumulative distribution function. From 
this function, subjective confidence limits and intervals can be immediately obtained 
for any percentage. The upper 95% subjective confidence limit, for instance, is the 
95% fractile o f the subjective probability distribution.

Figure 3 illustrates the typical prediction format for four analysis situations:

(1) The assessment question has a deterministic answer and Type B uncertainty is 
negligible.

The prediction is a single value (Fig. 3(a)). For the case where the prediction 
is for multiple radionuclides or is a function of time and/or space there is a 
single value for each radionuclide and each point in time and space.

(2) The assessment question has a deterministic answer and Type B uncertainty is 
not negligible.

The prediction is again a single value, but the correct value is unknown because 
of Type B uncertainties. Only one value is correct, and the subjective proba
bility distribution (Fig. 3(b)) provides the degrees of belief for the correct 
value to be smaller or equal to any given value y.

(3) The assessment question has a probabilistic answer and Type B uncertainty is 
negligible.
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The prediction is a single probability distribution (Fig. 3(c)). For the case 
where the prediction is for multiple radionuclides or is a function of time 
and/or space there is a single distribution for each radionuclide and for each 
point in time and space. The complementary cumulative distribution provides 
the probability for values larger than y to occur per reference unit o f the assess
ment question.

(4) The assessment question has a probabilistic answer and Type B uncertainty is 
not negligible.

The prediction is again a single probability distribution, but the correct distri
bution is unknown because of Type B uncertainties. Only one distribution is 
correct. The subjective probability distribution along the probability axis at any 
value y on the abscissa Fig. 3(d) provides the degrees of belief that the correct 
probability for values larger than y to occur per reference unit is smaller or 
equal to any given value p. To keep the figure simple, none of these subjective 
probability distributions is shown in (Fig. 3(d)). Instead, the probability values 
to 5% and 95% degrees of belief (equivalent to 0.05 and 0.95 cumulative sub
jective probability) at any given value y are indicated by the dashed lines.

2.3. SUMMARY OF THE APPROACH ADOPTED

The factors affecting the reliability of model predictions have been identified 
as belonging to five distinct categories:

(1) Uncertainty due to improper definition and conceptualization of the assessment 
problem or scenario

(2) Uncertainty due to improper formulation of the conceptual model
(3) Uncertainty involved in the formulation of the computational model
(4) Uncertainty inherent within the estimation of parameter values, and
(5) Calculational and documentation errors in the production of results.

The assessment of the reliability of model predictions is extremely difficult 
with respect to possible errors in the formulation of the assessment problem, includ
ing incorrect specification of the scenarios of release and exposure and incorrect 
specification of the quantities to be predicted. In this respect, an evaluation of the 
reliability of model predictions will be entirely judgemental.

The appropriateness of model formulation will also be subject to judgemental 
assessment unless data are obtained from experiments that are specifically designed 
to test model predictions over the intended range of application. In the absence of 
such data, it may not be possible, for example, to be confident that a significant 
environmental pathway has not been omitted.
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Because of the difficulties in recommending general rules or prescriptions on 
how to assure that the formulated assessment problem and the formulation o f the 
mathematical models are correct, this publication mainly indicates procedures for 
reliability assessment when the predominant sources o f uncertainty in model predic
tions are due to uncertainties in the estimation of parameter values. Despite this 
emphasis, the best procedure for assessing the extent o f potential misprediction due 
to both improper model structure and parameter estimation is the testing o f model 
predictions against independent (and appropriately derived) sets o f data. This proce
dure is referred to here as 'model validation ’.

Irrespective o f whether or not the model went through a validation process, 
there will be uncertainty in the accuracy of the model prediction in practically all 
relevant model applications. Consequently, it will be necessary to accompany the 
model prediction by a parameter uncertainty analysis. The analysis provides quan
titative statements of the uncertainty in the model prediction that is due to parameter 
uncertainty as well as a ranking o f the uncertain parameters according to their contri
bution to this uncertainty. It is expected that uncertainty in model predictions will 
be smaller for those applications that are closely related to situations in which the 
model has been validated than for applications where validation for related situations 
was either impossible or impracticable. Model intercomparisons and the quality 
assurance of computation and documentation of model results can be seen as methods 
that are complementary to the procedures of model validation and parameter uncer
tainty analysis.

This publication contains examples demonstrating the use of model validation 
procedures and parameter uncertainty analyses in both the text and the appendices. 
The ability to evaluate the reliability of the predictions of environmental transfer 
models will directly affect both the defensibility o f decisions about the acceptability 
of potential radiological impact and decisions about priorities for research to improve 
the predictive accuracy o f environmental assessment models.

3 . P R A C T IC A L  A PPR O A C H E S TO THE 
E VALU ATIO N  O F M O D EL R E L IA B IL IT Y

The discussions within this section are devoted to the procedures of testing 
model predictions against independent data sets (model validation, Section 3.2) and 
analysing uncertainty in model predictions due to the ̂ lfluence of uncertain 
parameters (parameter uncertainty analysis, Section 3.3). In addition, the process for 
and interpretation of the comparison of predictions from several models for a set of 
standardized questions (model intercomparison, Section 3.4) are included. It is 
assumed that quality assurance procedures have been conducted to remove any 
common errors in calculation and report writing. Also, it is recognized that the
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judgement concerning the correct match between the conceptual model and the 
specific scenario is subjective and may depend on the decision of a single individual 
or a group of model evaluators.

3.1. REDUCING THE SCOPE OF THE PROBLEM

It is often useful, if  not essential, to reduce the scope of the reliability analysis 
prior to conducting specific tests and evaluations. The scope of the analysis can be 
reduced by first identifying the exposure pathways, radionuclides and other model 
components of predominant importance to the calculation of dose and health risk. 
Two methods are discussed for this purpose: the use of screening models and sensi
tivity analysis.

3.1.1. Screening models

Screening models are designed, by choice of modelling assumptions and 
parameter values, to overpredict actual concentrations, exposures and doses. They 
are useful for identifying radionuclides, model components and exposure pathways 
of potential importance and those that are unimportant for the specific problem or 
scenario under consideration. If the use of a screening model shows that particular 
radionuclides and exposure pathways lead to radiation doses substantially below 
levels of concern they may be excluded (‘screened out’) from further analysis. In 
some cases this screening out process may show that the release as a whole produces 
doses well below appropriate limits and may therefore be acceptable without need 
for further assessment. However, the screening approach must be used with caution 
since it is necessary to be sure that all important processes are included and to have 
confidence that the conservative assumptions used in the model design and choice 
of parameter values take due account of the full range of conditions which could 
occur. More complete descriptions of the screening model approach for application 
to dose assessment in the biosphere are given in Refs [2, 7].

3.1.2. Sensitivity analysis

Once screening models have been used to identify important and unimportant 
radionuclides and exposure modes for a given assessment question, further reduction 
o f the scope can be achieved through sensitivity analysis. A sensitivity analysis is 
used to identify the components of a model that are potentially important contributors 
to predictive uncertainty.

A sensitivity analysis is often performed by perturbing each parameter in the 
model separately by a specified amount (‘one-at-a-time analysis’) and determining 
the influence of the perturbation on the predicted quantity [8, 9]. However, rather 
than vary each parameter by some constant quantity (Tomovic sensitivity), it is
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recommended that each model parameter be perturbed over a range covering the 
maximum extent of values considered possible for that parameter.

For practical purposes, it is often useful to first simplify the structure of the 
model by aggregating detailed process level parameters into lumped parameters 
representing major groups or model components. Examples of aggregated 
parameters representing major components of assessment models are those 
associated with: release rate, physical dispersion, deposition and sedimentation, 
biospheric transport, human exposure and dosimetry. A sensitivity analysis is then 
performed on this simplified aggregated model to identify which model components 
have the greatest potential for contributing to uncertainty in the predicted quantity 
and which will have a negligible influence.

By identifying the major model components of concern, the scope of the ana
lysis is reduced. Model validation experiments (Section 3.2) need only be designed 
to test important model components, and parameter uncertainty analyses (Sec
tion 3.3) can focus on obtaining defensible estimates of uncertainty for the para
meters of these major model components. Once the scope has been effectively 
reduced, the other parameters of the detailed assessment model belonging to model 
components of negligible importance can either be treated as constants or assigned 
crude estimates of uncertainty.

The procedure of constructing a simplified model with aggregated parameters 
is mentioned because of the extensive computational effort required for a one-at-a- 
time sensitivity analysis of a detailed assessment model composed of numerous 
parameters. This effort is often far greater than that which must be invested to rank 
the importance of parameter uncertainties within a parameter uncertainty analysis.

Additionally, it is not possible by means of a one-at-a-time sensitivity analysis 
to indicate whether a given parameter would be important if values other than nomi
nal values had been selected for the other model parameters. For this reason, it is 
often preferable to perform a parameter uncertainty analysis on either the entire 
assessment model or on the simplified model composed of aggregated model compo
nents (see Section 3.3).

The resulting ranking of parameters will provide better sensitivity information 
with less computational effort than can be obtained from a one-at-a-time sensitivity 
analysis. This ranking indicates which of the uncertain parameters contribute most 
to the uncertainty in the model prediction. Ranking important parameters and model 
components using parameter uncertainty analysis is discussed in Section 3.3.

3.2. MODEL VALIDATION

Truly ‘valid’ models rarely exist. For practical purposes, however, a model 
can be considered valid when sufficient testing has been performed to ensure an 
acceptable level o f accuracy. The level o f accuracy that is ‘acceptable’ is a subjective
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determination that will vary case by case. Much has been written about model valida
tion and the determination of conditions in which the models are applicable to 
specific assessment problems (see, for example, Refs [10-12]). Within the context 
of this publication, the term ‘model validation’ refers to the process of testing model 
predictions against data that are independent from those used to develop the model.

3.2.1. Procedures

The process of model validation requires a suitable collection of data (i.e. 
estimates derived from field observations and experimental measurements) and a 
quantitative expression of uncertainty associated with these data. Care must be taken 
to ensure that the data are independent of those used to develop the model. The 
temporal and spatial scales represented by the data sets must also be relevant to the 
conditions for which the model is to be tested. Once the appropriate data are derived, 
they are compared against model predictions, without calibration (i.e. testing for 
validation of a given model precludes adjusting the model structure and/or its 
parameter values to obtain a more perfect fit to the data).

Quantitative uncertainty statements should be represented by confidence limits 
derived from a statistical analysis of sample values and/or the use of expert judge
ment. Expert judgement may be required to account for imperfections in the quality 
o f the data, including measurement error, and imperfections in the experimental 
design from which the data were obtained. When the quantitative uncertainty state
ments are largely based on expert judgement, it is only possible to provide subjective 
confidence limits.

Once uncertainties in the test data have been quantified, a direct comparison 
can be made with the model prediction. Quoted statements about the intended stan
dard of performance for this prediction can also be tested. Performance standards 
are quantitative statements about the intended accuracy of the model’s prediction. An 
example is: “ The model is intended to be conservatively biased; therefore, true 
values will be overpredicted for most situations; however, circumstances should be 
extremely rare in which true values are underpredicted by more than a factor of 
three.”

The validation process is repeated as many times as necessary to encompass 
the range of conditions over which the model may be applied. The following two 
subsections describe general approaches for testing deterministic and probabilistic 
model predictions against independent data sets.

3.2.1.1. Validation o f deterministic models

Two cases are considered, one in which a deterministic model prediction is 
compared against a single value and the other in which the deterministic prediction 
is compared against a sample of observed values. The first case is one where the
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assessment question has a deterministic answer. There will be one value of the quan
tity of interest derived from one or more measurements and only a single value for 
the model prediction. The second case is where the assessment question has a 
probabilistic answer. There will be several values of the quantity of interest and only 
a single value for the model prediction. In this case, a probabilistic model should be 
used to account for the stochastic variability o f the quantity of interest; however, the 
use of a deterministic model may be justified when variability in the quantity of 
interest is either negligibly small or is sufficiently encompassed by the performance 
standard quoted for the model prediction.

Testing a deterministic model for assessment questions with deterministic answers

Quantities of interest that are specific for a given event, individual, location 
and time or are integrated or averaged over a given region and time period will have 
a single value derived from measurements and a single model prediction. The single 
value obtained from measurements for model testing may be the result of a con
tinuous, integrated sample or a characteristic value derived from a sample of 
observed values. Uncertainties may be due to measurement error, imperfections in 
the experimental design and the number of observations taken (in the case where the 
mean value or any other characteristic value is derived from a random sample of 
observed values). These uncertainties can be expressed by upper and lower confi
dence limits or by a confidence interval. The associated confidence level will usually 
be 95% or larger. If quantification o f the uncertainties is largely based on expert 
judgement, the confidence level is subjective.

To investigate whether there is sufficient evidence for the statement that the 
model overpredicts the true value of the quantity of interest, the model prediction 
is compared to the upper confidence limit o f the true value. Alternatively, the state
ment that the model will not overpredict the true value requires that the model predic-' 
tion be compared to the lower confidence limit.

For the statement that the model underpredicts the true value of the quantity 
of interest, the predicted value is compared to the lower confidence limit of the true 
value. Alternatively, the statement that the model will not underpredict requires that 
the model prediction be compared to the upper confidence limit.

For example, to be confident (usually at a level of 95 % or greater) that the true 
value is overpredicted by the model, the model prediction must be larger than the 
upper confidence limit (g3). To be confident that the true value is underpredicted by 
the model, the model prediction must be smaller than the lower confidence limit 
(g4). For a performance standard that specifies that a model should not underpredict 
the true value by more than a factor of three, the model prediction must not be 
smaller than g3 by more than a factor of three. If the model should not overpredict 
true values by more than a factor of three, the model prediction must not be larger 
than g4 by more than a factor of three.
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Standard statistical methods for determining confidence intervals and confi
dence limits are presented in Appendix I (Section 1.5). These methods are applicable 
to the ideal case where the data have been derived from a random sample of observa
tions and in which the primary contributor to uncertainty in the data is the sample 
size. Judgement must often be used in addition to the methods presented in Appen
dix I to specify subjective confidence limits and subjective confidence intervals for 
the true value when imperfections in experimental design and measurement error 
also contribute to the uncertainty.

For situations in which performance standards quoted for the model prediction 
cannot be justified (at an acceptable level o f confidence), detailed investigations 
should be conducted to explain the reasons. These investigations should lead to either 
an increased validation effort involving a longer sample size and improved 
experimental procedures, or to improvements in the model and/or adjustment of the 
quoted performance standards. If the assessment question requires predictions as a 
function of time and space, the comparison of the model prediction to a single 
observed value (or to an estimate derived from observed values) should be made for 
different times and locations and the overpredictions or underpredictions analysed 
for temporal and spatial trends. These trends will indicate the capacity of the model 
to simulate the dynamics and spatial resolution of a system as well as to produce 
accurate results for a specific time and location.

Example 3.1

For the assessment question: “ What is the average concentration of 226Ra in 
water for a specific location and year due to a prolonged release of 226Ra into a 
river?” a deterministic model has predicted 250 Bq/m3. It has been declared that 
this model should not underpredict nor overpredict the true average concentration 
by more than a factor of three. To test this prediction and its quoted performance 
standard, 35 observations have been taken at random over the year in the vicinity 
of the location of interest. The mean value of these observations is 120 Bq/m3 with 
a standard deviation of 78 Bq/m3. Since these observations are assumed to be from 
an appropriate experimental design and the measurement error is assumed to be 
negligible, upper (g3) and lower (g4) confidence limits can be obtained directly from 
Appendix I (Section 1.5).

The calculation of the upper 95% confidence limit is as follows:

g3 =  x +  (z95 x  sx/Vn) =  120 +  (1.645 x  78/V35) =  142 Bq/m3

The lower 95% confidence limit is:

g4 =  x -  (Z95 X  sx/Vn) =  120 -  (1.645 x  78/V35) =  98.3 Bq/m3
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Since the ratio (x/g3) of the model prediction (x =  250 Bq/m3) to the upper confi
dence limit (g3 =  142 Bq/m3) is greater than 1.0, one can be more than 95% confi
dent that the model overpredicted the true mean concentration o f 226Ra in water at 
this location. Since the ratio x/g4 is less than 3.0, one can also be more than 95% 
confident that the model has not overpredicted the true mean value by more than a 
factor of three. One can also be more than 95% confident that the model has neither 
underpredicted nor overpredicted by more than a factor of three since the interval 
delimited by x/3 and 3x contains more than the 95 % confidence interval delimited 
by g! and g2 (see Appendix I).

Suppose, however, that the appropriateness of the experimental design was 
questioned and that it was necessary to account for this imperfection using expert 
judgement to adjust the upper and lower confidence limits to 200 Bq/m3 and 
50 Bq/m3, respectively. In this case, the ratio x/g4 becomes greater than 3.0, and 
one cannot be confident (at a subjective level of 95%) that the model has not over
predicted by more than a factor of three.

Testing a deterministic model for assessment questions with probabilistic answers

This is the case where the quantity of interest exhibits stochastic variability 
with respect to the reference unit of the assessment question. The use of a determinis
tic model producing a single predicted value may be justified in this situation when 
variability in the quantity of interest is either negligibly small or is sufficiently 
accounted for by the performance standard given for the model prediction.

When performance standards are stated as an interval about the deterministic 
prediction, upper confidence limits (g3) are derived for the proportion of true values 
that are outside this interval and lower confidence limits (g^) are derived for the 
proportion of true values that are inside. For performance standards that are stated 
as an upper bound in terms of the deterministic prediction, upper confidence limits 
are derived for the proportion of true values above this bound and lower confidence 
limits are derived for the proportion below. For performance standards that are 
stated as a lower bound, upper confidence limits are derived for the proportion of 
true values below this bound and lower confidence limits are derived for the propor
tion above. These limits are used to determine whether there is sufficient evidence 
for statements like: “ At a given confidence level (usually 95% or greater), less 
than 0.1% of the population of true values are larger than the predicted value by 
more than a factor of three or are smaller than the predicted value by more than a 
factor of three” . Procedures for deriving upper (g3) or lower (g4) confidence limits 
for proportions of populations of values are given in Appendix I (Section 1.5).
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Example 3.2

For the assessment question: “ What is the concetration of 137Cs in catchable 
fresh water fish 1 km downstream from a nuclear installation?” a deterministic 
model has predicted a value o f 300 Bq/kg. The performance standard given for this 
model states that the model is intended for screening calculations; thus, the predicted 
value should not be exceeded by true values. To test this model prediction and its 
performance standard, 535 fish have been collected from this location and analysed 
for 137Cs in their edible tissues. Two fish were found with concentrations exceeding 
300 Bq/kg.

From Appendix I, an upper 95 % confidence limit (g3) can be calculated for 
the proportion of the population of catchable fish having 137Cs concentrations 
greater than 300 Bq/kg:

g3 =  (m +  1) a/((m +  1) a +  n -  m) 

where,

n is the sample size (535)
m is the number of fish with concentrations o f 137Cs larger than 300 Bq/kg
(2), and
a =  vQ kl k2, where k] =  2(m  +  1), k2 =  2(n  -  m)

(from statistical tables of the F distribution, a =  2.099 for kj =  6 and k2 =  1066 
degrees of freedom and Q =  95%).

This calculation produces a value of the upper confidence limit of

g3 =  (2 +  1) X  2.099/((2 +  1) X  2.099 +  535 -  2) =  1.2 X  10'2

meaning that one can be 95 % confident that the proportion of the present population 
of fish having 137Cs concentrations greater than 300 Bq/kg is not more than 1.2%.

Alternatively, a lower 95% confidence limit (g4) can be calculated for the 
proportion of the present population of catchable fish having I37Cs concentrations 
not exceeding 300 Bq/kg. In this case,

g4 =  m/(m 4- (n -  m +  l)b )  

where,

m is the number of fish with concentrations of 137Cs equal to or less than
300 Bq/kg (533), and
b =  v Q,k, k2> where kj =  2(n -  m +  1), k2 =  2m
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(from statistical tables o f the F distribution, b =  2.099 for kt =  6 and k2 =  1066 
degrees o f freedom, and Q =  95%).

Thus,

g4 =  533/(533 +  (535 -  533 +  1) x  2.099) =  0.988

meaning that one can be 95% confident that at least 98.8% of the present population 
o f catchable fish have 137Cs concentrations not exceeding the screening prediction 
given by the model.

3.2.1.2. Validation o f probabilistic models

Probabilistic models are needed for assessment questions that have proba
bilistic answers. Testing the probabilistic model involves a comparison of charac
teristic values associated with the predicted distribution (e.g. mean value, variance, 
distribution fractiles, and/or proportions) with those of the unknown true distribu
tion. An approximation of the true distribution is provided by the empirical distribu
tion derived from a random sample o f observed values. The smaller the sample size 
(the number of observed values), the larger the difference that is to be expected 
between the empirical and the true distribution.

A comparison of the mean value of the predicted distribution and the mean 
value of the true distribution is required in order to conclude whether or not the 
model prediction is biased. A major objective of the comparison o f the empirical and 
the predicted distributions will therefore be to see whether there is sufficient evi
dence for statements such as:

“ The predicted mean value is not smaller than the true mean value” , or
‘ ‘The predicted mean value is within a factor of three of the true mean value’ ’.

To be 95 % confident that the predicted mean value is not smaller than the true 
mean value, the predicted mean must not be smaller than the upper confidence limit 
for the true mean value (g3). To be 95% confident that the true mean value is within 
a factor of three of the predicted mean Value, the respective interval must include 
a 95% confidence interval for the true mean value. Procedures for calculating confi
dence limits and symmetrical confidence intervals (g1( g2) are given in Appendix I 
(Section 1.5).

In addition to conclusions about bias, it is of interest to see whether there is 
sufficient evidence for statements such as: “ The predicted 99% fractile (y99) is not 
smaller than the true 99% fractile.” With respect to this statement, an upper 95% 
confidence limit (g3) is derived for the true proportion of values above y99 (Appen
dix I). To be 95% confident that the true proportion of values above y99 is not 
larger than 0.01 (meaning that y99 is not smaller than the true 99% fractile), 0.01/g3
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must be >  1.0. One could, however, derive an upper 95 % confidence limit g3 for 
the true 99% fractile (see “ Tolerance limits” in Ref. [13]). To be 95% confident 
that ygg is not smaller than the true 99% fractile, y<&lgi must be > 1 .0 . Statements 
about distribution fractiles and proportions can be used to investigate whether the 
variability expressed by the predicted distribution is comparable to that expressed by 
the true distribution.

Example 3.3

An accidental release of radioactivity has occurred at a nuclear facility. For 
the assessment question: “ What is the whole body concentration of 137Cs per 
individual (Bq/kg) in the population living 30-50 km downwind of the facility?” a 
probabilistic model has predicted a distribution of 137Cs concentrations with a mean 
value of 180 Bq/kg, a standard deviation of 95 Bq/kg and a 99% fractile of 
510 Bq/kg. From the same region, measurements of I37Cs whole body concentra
tions have been taken of 157 randomly selected individuals. The mean value esti
mated from these 157 measurements is 161 Bq/kg and the standard deviation 
105 Bq/kg. None of the 157 observed values was larger than 510 Bq/kg.

To be 95% confident that the predicted mean value is not less than the true 
mean value, the upper 95 % confidence limit (g3) for the true mean value must not 
exceed the predicted mean. The upper 95% confidence limit for the true mean is cal
culated from Appendix I as:

g3 =  161 +  (1.645 X  105/V157) =  175 Bq/kg

which is less than the predicted mean value of 180 Bq/kg.
To be 95% confident that the true 99% fractile is not larger than the predicted 

99% fractile, the upper 95% confidence limit (g3) of the proportion of true values 
larger than 510 Bq/kg is computed.

From Appendix I,

g3 =  (m +  1) a/((m +  1) a +  n -  m) 

where

n is the sample size (157)
m is the number of observed values that are larger than 510 Bq/kg (0), and
a =  vQ kl k2, where k! =  2(m  +  1), k2 =  2(n -  m)

(from statistical tables of the F distribution, a =  2.996 for kj =  2 and k2 =  314 
degrees of freedom and Q =  95%).
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This calculation produces a value of the upper 95 % confidence limit of

g3 =  (0 +  1) X 2.996/((0 +  1) X 2.996 +  157 -  0) =  1.9 x  10“2

meaning that one cannot be 95% confident that the true 99% fractile is not larger 
than the predicted 99% fractile. To derive an upper 95 % confidence limit for the true 
99% fractile, a sample of at least 299 measurements would be needed (see ‘Tolerance 
limits’ in Ref. [13]). If there is sufficient evidence for the assumption that the true 
distribution is normal or lognormal, 95% upper confidence limits for desired frac- 
tiles can be obtained with the estimate of the mean value and standard deviation 
derived from the untransformed or logtransformed values of the observations using 
statistical tables found in Ref. [14]). However, the effect of any deviation from the 
assumed type of distribution is not accounted for by these confidence statements.

3.2.1.3. Application o f regression analysis

The previous two sections discussed the validation of a model for individual 
sets o f conditions. Additional information is obtained by comparing predictions with 
observations over a range of environmental conditions in order to detect similarities 
in model performance across this range. To this end it will be of interest to see 
whether model performance for different sets of conditions can be expressed by an 
approximate functional relationship between the predictions and observations.

Sections 3.2.1.1 and 3.2.1.2, respectively, dealt with validation of determinis
tic and probabilistic model predictions for individual sets of conditions. In this 
section, the predicted and observed values will be used to derive an approximate 
functional relationship when the predictions and observations have been obtained 
under several sets of conditions. For a deterministic prediction the functional rela
tionship of interest will be between the predicted value and the true value. In the case 
of a probabilistic prediction, the relationship of interest will frequendy be between 
the mean value o f the predicted distribution and the true mean value.

In deriving this functional relationship, it is important to remember that the 
true value as w ell as the true mean value are unknown. The latter must be estimated 
from the observed values for each of the different sets of conditions. For simplicity, 
the subsequent discussion is limited to the case where the value to be compared to 
the prediction is observed directly; thus, the effect of sample size is eliminated. It 
is also assumed that measurement error in each of the observed values may be 
neglected.

For the sake o f brevity, situations where the value to be compared to the 
prediction is estimated from a sample of observed values are not discussed here. 
However, if  the number of observations is large for each set of conditions, sampling 
error will be negligible. It is then possible to proceed with the derivation of an 
approximate functional relationship using the estimated values.
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Suppose there are n pairs (yf, Xj), i =  1 ,2 ,  .. . ,  n, o f a predicted and a cor
responding observed value obtained under n different sets of conditions. As a first 
approximation, one may assume the existence o f a linear relationship:

X =  a +  bY +  e

where estimates a and 6 o f the constants a and b are derived from the n pairs (y;, X;) 
via regression analysis and e is an error term (see Glossary under ‘linear regres
sion’). The sample coefficient of determination r2 (see Glossary) indicates how 
much of the variation in the observed values to the n sets of conditions is explained 
by the linear relationship to the corresponding predicted values. Least squares linear 
regression provides estimates a, 6 such that the sum of the squares of x; -  Xi is 
minimized (where &j =  S +  fiy;, i =  1, 2, ..., n). The corresponding sample value 
r2 of the coefficient of determination R2 is identical to the square of the sample 
correlation coefficient ryx (see Glossary). The closer the relationship is to linear for 
the n pairs (yi; xj), the closer r2 is to unity. Values r2 close to unity indicate that 
differences among observations for different sets of conditions may be explained by 
the model except for an approximately constant factor = 6 .

Sometimes an r2 close to unity can be obtained if  a linear relationship is 
assumed for suitable transformations o f observed and predicted values. Often the 
linear relationship is assumed for logtransformed values (see Glossary under 
‘logarithmic transformation’)

lnX  =  a +  b-ln Y +  e

which is equivalent to the following assumed relationship between the untransformed 
values

X =  exp (e)-exp (a)-Y6

In this case, r2 close to unity indicates that differences among the logarithms of 
observations to different sets of conditions may be explained by the model except 
for an approximately constant factor »  6. If the linear relationship is assumed for 
rank transformed values (see Glossary under ‘rank transformation’), r2 close to 
unity indicates an approximate moiiotonic relationship between observed and 
predicted values. When r2 is clearly smaller than unity, this may indicate that the 
model used to obtain the predicted values is unable to account for processes controll
ing differences among observations for different sets of conditions.

It is possible for a model to be a poor predictor yet exhibit an approximate 
functional relationship between predictions and observations (Fig. 4). If the relation
ship is linear for either the untransformed values or their logtransforms, all that is 
required to empirically improve the performance of the model is correction of model
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n = 13 observations

Observations (pCi/m^)

FIG. 4. Comparison of predicted and observed annual average 85Kr ground level air con
centrations from thirteen sampling locations [16].

predictions (or their logtransforms) by an additive constant and a constant factor (the 
estimates of a and b, or a and b, respectively). It would, however, be desirable to 
find a mechanistic explanation for such an empirical correction. Application of this 
correction beyond the range of conditions used in the regression analysis is not 
encouraged.

Example 3.4 (adapted from Ref. [9])

In an attempt to test the atmospheric dispersion model contained within the 
AIRDOS-EPA computer code [15], a regression analysis was performed with 
predicted annual average air concentrations of 85Kr released from a nuclear fuel 
reprocessing facility and annual average concentrations obtained at 13 sampling loca
tions for the period o f the year o f prediction [16]. In this analysis, a linear relation
ship was assumed between the logtransformed predicted and observed annual 
averages. Each o f the 13 monitoring stations is represented by a point in Fig. 4. The 
position of each plotted point is determined by the location of the predicted value on 
the y axis of the figure and the location of the observed value on the x axis. All points 
with a predicted value equal to the observed value would be located on the solid line.

Note that all points are above the solid line. Upon initial inspection, it seems 
as if the atmospheric dispersion model is a relatively poor predictor of the observed 
values. However, the sample coefficient of determination r2 o f the assumed rela
tionship between the logarithms o f predicted and observed values is 86%, indicating 
that the relationship explains a large fraction o f the variation in the logarithms of the 
observations. Thus, although the model provides a poor fit to the observed points, 
the differences among the logtransformed observations are almost proportional to the 
differences in the corresponding logtransformed predictions.
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The model predictions may be ‘calibrated’ using a correction factor of about 
0.5 to improve the fit of the plotted points. This is indicated in Fig. 4 by the dotted 
line. Figure 4 is typical of situations where model predictions are biased but the rela
tive variability of the system (as measured by the coefficient of variation) is well 
represented by the model. In Fig. 4, model bias is conservative, i.e. predictions tend 
to overestimate observations. In this example, the bias is attributed to underestima
tion of the average mixing height of the atmosphere [16, 17].

3.2.2. Determination of sources of misprediction

Whenever possible, simultaneous data should be collected to test all model 
components affecting the differences between model predictions and observations. 
Such data are necessary to explain the reasons for similarities or discrepancies 
between model predictions and observations. These data can be of value in determin
ing whether misprediction is the result of poor parameter estimation or imperfections 
in the conceptual or mathematical structure of the model. Failure to test model com
ponents could lead to misinterpretations of the causes of similarities and/or differ
ences between model predictions and observations. Similarities between model 
predictions and observations are often the result of compensating errors in initial 
assumptions, model structure and parameter estimation. The simultaneous collection 
of data to test model components will serve to identify whether compensating errors 
are occurring. Compensating errors can give rise to a situation where a presumably 
accurate model for one set o f conditions may produce poor results for observations 
made under new conditions.

In the testing of models, care must be taken to ensure that independent data 
sets represent the same problem for which model predictions are intended. Each 
observed value must be considered as an interpretation of the ‘real system’ and there
fore the observed value is itself a form of model. It is assumed, however, that these 
data are a very close approximation to reality.

3.2.3. Limitations of model validation

Model validation requires a substantial investment in time and financial 
resources. In the past, most validation studies have been restricted to subcomponents 
of radiological assessment models, and tests have usually been carried out during 
relatively short time periods over only a limited set o f conditions. It is often difficult 
to distinguish between so-called ‘validation’ tests, in which model predictions have 
been prefitted to the observed data, and true comparisons between model predictions 
and independent observations. In other cases, validation is very difficult because of 
the extremely low levels of radionuclide concentrations in environmental materials 
or to the extensive time periods which have to be considered in the case of high level
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radioactive waste disposal. Because of the resources in time and costs required for 
model validation it is unlikely that tests will be performed over the entire set o f con
ditions to which a model may be applied.

3.3. PARAMETER UNCERTAINTY ANALYSIS

Irrespective of whether the model has been subjected to the process of valida
tion, there will be uncertainty associated with model predictions for all relevant 
model applications. Consequently, model predictions must be accompanied by an 
‘uncertainty analysis’, particularly for those situations in which models are intended 
to produce realistic rather than so-called conservative results. It is expected that 
uncertainty in model predictions will be smaller for those applications that are closely 
related to situations in which the model has been validated than for applications 
where validation for related situations was either impossible or impracticable [18].

For the purposes of this section, it is assumed that either a deterministic model 
is adequate to answer the assessment question or that the model is probabilistic, 
expressing by probability distributions all non-negligible Type A uncertainties (see 
Section 2.2). The prediction will then be a single value or a single ccdf (see Figs 3(a) 
and 3(c)). Consequently, all that is left for the analysis is to assess Type B uncertainty 
(Figs 3(b) and 3(d)). The procedures described in this section primarily address 
uncertainties in model predictions due to those in model parameters.

Uncertainties in the formulation of a specific portion of the model (modelling 
uncertainties) can be covered by a parameter uncertainty analysis if  they can be 
represented either by an uncertain correction factor (and/or additive constant), or by 
a set o f possibly correct alternative formulations. The uncertainty in the model for
mulation is thus represented by an uncertain parameter that represents either the 
appropriate correction factor or the index o f the correct alternative formulation.

3.3.1. Main steps in a parameter uncertainty analysis

The main steps involved in conducting a parameter uncertainty analysis are:

(1) List all o f the parameters that are potentially important contributors to uncer
tainty in the final model prediction.

(2) For each parameter listed, specify the maximum conceivable range of possibly 
applicable alternative values.

(3) Specify the degree of belief (in percentage) that the appropriate parameter 
value is not larger than specific values selected from the range established in 
Step 2 above and select a probability distribution that best fits the quoted 
degrees of belief.
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(4) Account for dependences among model parameters by introducing suitable res
trictions, by quoting appropriate conditional degrees of belief, or by specifying 
suitable measures of the degree of association.

(5) Set up a subjective probability density function (pdf) for the combined range 
of parameter values. This will subsequently be referred to as a joint pdf4. 
Propagate this joint pdf through the model to generate a subjective probability 
distribution of predicted values.

(6) Derive quantitative statements about the effect of parameter uncertainty on the 
model prediction.

(7) Rank the parameters with respect to their contribution to the uncertainty in the 
model prediction.

(8) Present and interpret the results of the analysis.

These steps are discussed in detail in the following sections.

3.3.2. Guidance for selecting distributions for uncertain parameters

Once a list of uncertain model parameters has been made (Step 1), the next 
steps are to select a distribution of values for each parameter in this list to quantita
tively express the present state of knowledge about the appropriate parameter value. 
These steps (Steps 2 and 3) require a complete understanding of the model and of 
the assessment question. The appropriate procedure for deriving distributions for 
uncertain parameters is to use the expertise of individuals who are intimately familiar 
with the parameter and its relevant base of data. The uncritical adoption o f published 
distributions o f parameters is not recommended as these data seldom correspond to 
a description o f parameter uncertainty within the context o f the assessment question 
to be addressed by the model.

Once the appropriate experts have been identified, they are asked to specify 
the maximum conceivable range of values (Step 2) and to quote their degrees of 
belief (in percentage) for the appropriate parameter value not to be larger than values 
selected from this range (Step 3). To the knowledge of the expert there should be 
no possibility that values outside the given range are applicable to the question asked 
of the model. Experts should be required to individually document their views in 
writing with appropriate references to experiments, theoretical investigations, 
experience from related situations, etc., that are at the basis o f the range specified 
in Step 2 and o f the degrees of belief quoted in Step 3. Additionally, they are asked 
to quote a single value (so-called ‘best estimate’) that they would use if they were

4 Note, however, that the measures of the degree of association (for instance, correla
tion coefficients) specified in Step 4 will not generally determine a unique joint pdf.
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required to compute a model prediction. Such a ‘best estimate’ is dependent on the 
specific question to be addressed. Except for the case where data are directly applica
ble to the assessment question, the quoted degrees o f belief will largely be the 
expert’s personal quantitative expression of his or her state o f knowledge about the 
appropriate parameter value. The expert’s responses should be examined for con
sistency and any inconsistencies should be resolved through discussion. Finally, a 
distribution function is fitted to the expert’s responses [19]. This fitted distribution 
is subsequently discussed with the expert to obtain approval.

In the case of minimum knowledge, the distribution will be uniform (see, 
however, Ref. [20]) over the maximum conceivable range. With additional 
knowledge the degrees of belief given by the experts will suggest distributions that 
are either unimodal and symmetric or are skewed to the lower or higher end of the 
range. For large ranges, it is usually preferable to give the degrees of belief for 
logarithms of parameter values and to fit a uniform, triangular or normal distribution 
to the logarithms (i.e. loguniform, logtriangular, and lognormal distributions for the 
parameter value).

Often piecewise uniform distributions (see Appendix I (Section 1.1)) are 
selected to fit the information provided by the expert. When the familiar distribution 
functions (loguniform, logtriangular, triangular and beta, or.lognormal, normal and 
gamma, and any of their truncated versions) are used, a good fit to the information 
provided by the experts may be difficult to obtain. In this situation, and where 
degrees of belief are provided for very few values of a parameter, it will be necessary 
to investigate the extent to which the final result o f the parameter uncertainty analysis 
is sensitive to the choice of a specific distribution type.

Quite frequently, parameters in a model are dependent. For example, it might 
not be physically possible for the value o f one parameter to be larger than that of 
another parameter, or when the value of one parameter is small, the value of another 
is very likely to be large, etc. These relationships need to be expressed by suitable 
restrictions (say, A not larger than B), by specifying conditional degrees o f belief 
(for B under the condition that the true value of A is within a given part of its range) 
or by appropriate measures of the degree o f association (for instance correlation 
coefficients) (Step 4). This step requires the identification of any relationships that 
might exist among the uncertain parameters. Either these relationships are known in 
analytical form and can therefore be expressed as functional relationships between 
model parameters, or they are not known in analytical form and can only be 
expressed via conditional subjective probability density functions or correlation 
coefficients.

When correlation coefficients are estimated, each coefficient needs to be com
patible with the distributions specified in Step 3 for the corresponding pair of uncer
tain parameters, and the full set of correlation coefficients needs to be consistent (see 
the remark in Appendix I (Section 1.2)) . Also, the specified dependences have to 
be scrutinized with great care as they can have a pronounced effect on the result of
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the uncertainty analysis. In the extreme case, the assumption o f very strong depen
dence between model parameters may completely eliminate the effect o f parameter 
uncertainty.

The larger the extent to which there exists theoretical and experimental infor
mation that is directly relevant to the parameter (within the context of the assessment 
question), the smaller the extent to which expert opinion has to enter into this exer
cise. Where there is a large base of information about a parameter, it is expected 
that experts should not differ substantially in their opinions. Where information is 
scarce, experts must rely on experience, theoretical insight and the ability to extra
polate information from one situation to another. In this case, the opinion of different 
experts is expected to differ considerably. Therefore, it will be mandatory to have 
a survey of expert opinion when model predictions provide input to important 
decisions.

It must be recognized in such a survey that agreement among experts’ opinions 
may simply be the result o f similarities in education, access to published data and 
attendance at conferences. Other sources of bias that must be recognized in a survey 
o f expert opinion are the interview technique selected and the reliance on judgemen
tal heuristics in quantifying uncertainty [21, 22]. These latter sources are also of con
cern when only one expert is engaged in the analysis. Further information on how 
to conduct a survey and how to process information obtained from a survey of expert 
opinion may be found in Refs [23-25].

3.3.3. Practical methods to propagate parameter uncertainties

Step 5 of the uncertainty analysis involves propagation through the model of 
the joint distribution of the uncertain parameters to produce a distribution of model 
predictions (Fig. 5). This process involves the transformation of the joint parameter 
pdf into the subjective pdf of the model prediction. The objective is to permit quan
titative uncertainty statements in Step 6 and rankings of the parameter uncertainties 
in Step 7. Examples of quantitative uncertainty statements would be the degree of 
belief, in percentage, for the actual value to be predicted by the model to be below 
(or above, or between) given limits 5.

Two main classes of propagation methods are considered in this book: ana
lytical methods and numerical methods. In practice, the choice of a specific propaga
tion method will depend on the complexity of the model, the amount of information 
desired from the uncertainty analysis, and the effort and costs required to obtain this 
information. In the case of large computational models it is not uncommon to apply 
different propagation methods to different model components.

5 These limits are referred to as ‘subjective confidence limits’ to distinguish them from 
the well known confidence limits derived in statistics from sample evidence (see Section 2.2).
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The state of knowledge about uncertain parameters 
of a model is described by subjective probability  
d istr ibu tions Fp or the ir density functions fp = dFp/dp

Y  = h(Pr P2 .P 3 )

to produce a subjective probab ility  
d istr ibu tion  of the model prediction

Pred iction Y

FIG. 5. A  diagrammatic sketch o f  Step 5 (propagation o f  parameter uncertainties through the 
model) o f  a parameter uncertainty analysis o f  a deterministic model prediction.

3.3.3.1. Analytical methods

Analytical methods for parameter uncertainty analysis can be used to rapidly 
provide necessary information on the subjective pdf of the model prediction without 
the assistance of a computer. However, they are only practicable for simple models. 
Sometimes the model structure is simplified in order to make analytical methods 
applicable. Analytical methods require that the relationship between the model 
prediction and the set of uncertain parameters be expressed as an algebraic equation. 
Among the most common analytical methods are variance propagation and moment 
matching.
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Analytical expressions exist for various simple models to explicitly calculate 
the effect of variances and covariances of the uncertain parameters on the model 
prediction [9]. Variance propagation is easily applied to simple additive or multi
plicative models and many models used for environmental radiological assessment 
can be simplified to a chain of additive or multiplicative terms.

For instance, if a prediction Y is obtained from a model where Y =  A +  
B +  C, then the variance of Y, D 2(Y], is calculated from:

D 2[Y] =  D 2[A] +  D 2(BJ +  D 2[C]

+ 2 [p(A,B)D[A]D(B] +  p(B,C)D[B]D[C) +  p(C,A)D[C]D[Aj]

where D 2 represents the variance, D the standard derivation and p the correlation 
coefficient (see Glossary for definitions). An expression of this form can also be used 
for multiplicative models (or models composed of ratios of parameters) if  parameters 
and predictions are first subjected to a logarithmic transformation. The only condi
tion is that the parameter values of the ranges specified in Step 2 and the correspond
ing prediction are positive quantities. Thus, if Y =  A -B -C , then logarithmic 
transformation of parameters and prediction results in a simple additive model 
In Y =  In A +  In B +  In C and the above expression for the propagation of vari
ances through an additive model can be used to compute D 2[ln YJ, which is the vari
ance of the resulting subjective pdf of the logarithm of the model prediction, from 
the variances and correlation coefficients of the logarithms of the uncertain 
parameters.

It is important to note that both the direction and magnitude of the correlations 
among parameters can significantly affect model prediction uncertainty. Only in very 
specific cases is the resulting subjective pdf of the model prediction immediately 
derived from the joint pdf of the uncertain parameters. If for instance, in the additive 
case, the uncertain parameters have a joint normal distribution, then the model 
prediction has a normal distribution. The same is true for the logarithm of the model 
prediction if in the multiplicative case the logarithms of the uncertain parameters 
have a joint normal pdf. Otherwise only the variance and mean value of the model 
prediction (or of its logarithm) may be available to judge the effect of the uncertainty 
in parameters since variance propagation provides no information about the shape 
of the distribution.

Frequently, the assumption is made that the subjective pdf of the model predic
tion is reasonably well approximated by a normal6 or lognormal7 distribution and

Variance propagation

6 If the prediction is the sum of many independent uncertain terms not necessarily with 
normal pdf.

7 If the logarithm of the prediction is the sum of many independent uncertain terms, 
not necessarily with normal pdf.
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a 95% subjective confidence interval is then easily calculated as a function of the 
mean value and variance of the model prediction or its logarithm. In practice this 
assumption will require sufficiently rigorous justification.

In the case of a normal distribution the 95% interval end points are:

and in the case of a lognormal distribution:

exp [E[ln Y] -  Z97 5 D(ln Yj] and exp [E (In YJ +  Z97 5 D(ln YJ]

where Z97 5 ~  1.96 is the 97.5% fractile (see Glossary) of the standard normal dis
tribution (mean value =  0, standard deviation =  1) tabulated in most textbooks on 
statistics.

Example 3.5

By means of screening techniques and sensitivity analyses, a model is simpli
fied to the following form: Y =  P]P2P3/P4. Type A uncertainty is found to be 
negligible so that a deterministic model is adequate; however the parameters P1( P2, 
P3 and P4 are subject to uncertainty of Type B (Step 1). Their uncertainties were 
quantified (Step 2) and expressed via subjective probability distributions (Step 3). 
The results are shown in Table II.

A correlation was seen between P2 and P3 only. It was expressed via the 
correlation coefficient p(P2,P3) =  + 0 .7  (Step 4).

With the best estimate values of the uncertain parameters the model predicts 
Y =  4. The total resulting uncertainty range of Y is [0 <  Y <  20 000]. A more 
informative quantitative expression of the uncertainty in the model prediction is the 
resulting subjective probability distribution of Y. Variance propagation provides 
mean value and variance of this distribution. Transformation into logarithms for 
variance propagation (Step 5) yields:

In Y =  In P] +  In P2 +  In P3 -  In P4

Using the equations in Appendix I (Sections 1.1 and 1.2) for the mean value and vari
ance of triangular, normal and uniform distributions as well as correlations of 
logarithmically transformed parameters produced the following results:

E[Y) -  z97.5D[YJ and E(Yj +  z97.5 DfY]

p(ln P2,ln P3) =  0.875 

D 2[lnP,J =  0.884 

D 2(lnP2) =  1.414

EflnPj) =  6.908

E[ln P2) =  -5.175
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D 2(lnP3] =  2.594 

D 2[ln P4j =  0.442

E(ln P3j =  -11.166  

E(ln P4J =  -11.055

where p denotes the corresponding correlation coefficient, D 2 the variance and E 
the mean value (for simplicity, truncations of P2 and P3 are neglected). The vari
ance of the logarithm of the model prediction is obtained from:

D 2[ln YJ =  D^lnPjJ +  D 2[lnP2J +  D 2{ln P3] +  D 2[lnP4J 

+ 2p(lnP2, In P3) D[ln P2J D[ln P3J =  8.69 

The mean value of the logarithm of the model prediction is obtained from:

E[ln Y) =  E(lnP,J +  E(lnP2J +  E[lnP3J -  E[ln P4] =  1.622

To provide an impression of the uncertainty in the model prediction (Step 6) a ‘± z  
standard deviation interval’ about the mean value of the logarithm can be calculated. 
Using z =  2 provides:

[E[ln YJ -  2D[ln Y], E(lnYj +  2D[lnYj] =  [ -4 .2 7 , 7.52]

Thus, with respect to the model prediction Y, the lower end of the interval 
corresponds to e x p (-4 .2 7 )  =  1.4 x  10~2 and the upper end to exp(7.52) =  
1.8 x  103. Such intervals from variance propagation, defined by given multiples of 
the standard deviation on either side of the mean value of Y or In Y, do not permit 
quantification of the subjective probability for Y to be within the interval. The latter 
would require knowledge about the type of distribution of Y. If a lognormal distribu
tion is assumed for Y, the above interval approximates a 95% subjective confidence 
interval. In those cases where the assumption of a normal or lognormal distribution 
cannot be justified, such intervals from variance propagation provide only qualitative 
information by saying that there is a relatively high degree of belief for the value 
of Y or of In Y to be inside the interval and a relatively low degree of belief for it 
to be outside.

Moment matching

Moment matching permits the derivation o f subjective confidence limits and 
intervals by identifying a distribution function with the same mean, variance, and 
third and fourth central moments as the subjective pdf of the model prediction. Thus, 
moment matching requires that the above four moments of the unknown pdf are 
obtained from given moments of the uncertain parameters. Appendix I (Section 1.3)

39

This publication is no longer valid 
Please see http://www-ns.iaea.org/standards/



provides the moments of the model prediction as functions of the moments o f the 
uncertain parameters for simple algebraic relationships between prediction and 
parameters. Additional information on moment matching is to be found in Refs [26, 
27] and on fractiles of approximate distributions of the model prediction in Ref. [28].

Example 3.6

The model, parameters and distributions are the same as for Example 3.5 and 
again a transformation into logarithms is performed. The correlation coefficients are 
as before and for simplicity, truncations of P2 and P3 are again neglected.

The third (m3) and fourth (1114) central moments are related to the asymmetry 
or skewness and to the peakedness or kurtosis o f a distribution, respectively. For 
details on skewness and kurtosis see the Glossary.

With the substitution V =  P2P3, the equations in Appendix I can be used to 
calculate the values of m3(lnY) and m^lnY).

Since the subjective pdfs of In Pb In V and lnP4 are symmetrical about their 
mean values it immediately follows that m3(ln Pj) =  m3(ln V) =  m3(ln P4) =  0. 

Furthermore (Appendix I)

- 12 , 
nvtOnPO =  —  m |(ln P ,)

m4(ln V) =  3m 2 (lnV)

9
in*(In P4) =  y  ml (In P4)

with

m2(ln P]) ■  D^lnPj) =  0.884 

m2(lnP4) =  D 2[lnP4] =  0.442

and

m2(ln V) ■  D 2{ln V] =  D 2(ln P2] +  D 2[lnP3]

+  2/0 (In P2, InP3)D(ln P2jD[ln P3J =  7.360.
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Therefore one obtains for the mean value and second to fourth central moments 
of the logarithm o f the model prediction:

EflnY] =  1.622

m2(ln Y) =  8.686

m3(lnY) =  0

nuOnY) =  225.66

A relative measure o f the skewness is given by the quantity VjSi, with 
0! =  m2/m 2. A relative measure of the kurtosis of a distribution is given by 
02 =  m4/m 2. For In Y one obtains =  0 and /32 =  2.99. Since for all normal dis
tributions (/3[ ,/32) =  (0,3) [26] it seems reasonable to represent In Y by a normal 
distribution (and thus the model prediction Y by a lognormal distribution) with

mean value E [In Yj =  1.62
and

variance D 2[ln Y] =  8.69.

Thus estimates of the upper and lower end points of a 95 % subjective confi
dence interval (Step 6) for the model prediction Y are immediately given by

exp (1.62 +  z97 5 VjT69) =  1.63 x  103

exp (1.62 -  z97.5 V8^69) =  1.56 x  10_2

and an estimate of the upper 95% subjective confidence limit of Y is exp (1.62 +  
+ Z95 V8l69) =  6.45 x  102.

Here, Z95 ( ~  1.645) is the 95% fractile and z97 5 ( ~  1.96) is the 97.5% fractile 
O f  the standard normal distribution tabulated in most textbooks on statistics.

The subjective probability distribution of Y would have clearly differed from 
a lognormal distribution if, for instance, the triangular distribution of In Pj had not 
been symmetrical but exhibited a third central moment significantly different from 
zero or if  the variance of lnP4 had dominated.

Again, proper treatment of the truncations would have complicated matters 
considerably.

The moment matching was performed for the logarithmically transformed 
model prediction. It provided an approximate normal distribution for InY.
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3.3.3.2. Numerical methods

Selection of one value for each uncertain parameter from its range of values 
specified in Step 2 defines an ordered m-tuple, where m is the number of parameters. 
An ordered m-tuple consists o f m values such that the value o f parameter Pt is 
designated as the first value, that of P2 as the second value and so forth. For 
example, if  the value 0.6 was selected from the range of Pt, 12.0 from that of P2, 
10 -4 from the range of P3 and 103 from that of P4, (0.6, 12.0, 10-4 , 103) is an 
ordered 4-tuple of parameter values.

Step 5 of the uncertainty analysis is to propagate the joint subjective pdf of the 
uncertain parameters through the model to generate the resulting subjective pdf of 
predicted values. Numerical methods8 for propagation simply involve the selection 
of several m-tuples and the computation of the corresponding predicted values with 
the prediction model. They are therefore applicable even when the model prediction 
cannot be provided as a simple algebraic expression of the uncertain parameters.

Numerical methods differ in the way the m-tuples are selected and the cor
responding model predictions are processed to arrive at the desired information on 
the resulting subjective probability distribution of predicted values. Various methods 
of selecting m-tuples of parameter values exist. The choice of method depends on 
the approach preferred for Steps 6 and 7 of the parameter uncertainty analysis.

The set of selected m-tuples is called a sample. In this publication the discus
sion is limited to random samples, that is samples which have been selected by a 
method of random selection. Non-random methods, such as fractional factorials [30] 
and the discrete probability distribution method [31] are not as widely applied in 
uncertainty analysis. In the case of random selection, parameter values are not 
selected deliberately but by chance. The chance of selection is generally determined 
by the subjective probability distribution specified for the uncertain parameters in 
Step 3. The methods of random selection most commonly used for parameter uncer
tainty analysis are simple random sampling (SRS) and Latin hypercube sampling 
(LHS) [32-36].

Simple random sampling (SRS)

Simple random sampling is conceptually straightforward. In order to obtain a 
value of parameter X at random, a value t is randomly selected from the unit interval 
[0, 1] such that every value of this interval has the same chance of being selected (uni
form distribution over [0, 1] — see Appendix I). The selected value t is transformed 
into a value x of parameter X by choosing the smallest value x such that Fx(x) >  t,

8 Because of their practical limitations and rather complex implementation, differential 
techniques will not be discussed here. A brief description of this class of methods may be 
found in Ref. [29],
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where Fx is the subjective probability distribution (cdf) specified for X in Step 3. 
If n values of X are needed (n is called the sample size) this procedure is repeated 
n times and each time every value from [0, 1] has the same and equal chance of being 
selected. This is a characteristic property of SRS.

In the special case where there are no correlations between the uncertain 
parameters, each of the m parameter values in an m-tuple can be selected indepen
dently. That is, m values are selected at random from the unit interval [0,1] and the 
first is transformed according to the cdf o f Pj, the second according to the cdf of 
P2 and so forth. If n m-tuples are needed, this procedure is repeated n times to 
obtain a simple random sample of size n. In the more general case of correlations 
among the uncertain parameters the transformation of the m values tx, t2, .. . ,  V  
randomly selected from [0, 1] into an m-tuple of parameter values has to account for 
the correlations specified in Step 4. Details on simple random sampling may be found 
in Ref. [37]; applications are presented in Example 3.7 and Appendix HI of this 
publication.

Latin hypercube sampling (LHS)

Latin hypercube sampling may be viewed as a randomized fractional factorial 
sampling scheme (n-level, m-variable, m -  1 fractional). If n values of parameter X 
are needed, the interval [0,1] is divided into n subintervals of equal length. A subin
terval l! is selected at random; this means every subinterval has the same chance 
(1/n) of being selected. Subsequently, a value t! is selected, again at random, from 
l! and is transformed into a value X] of the uncertain parameter X according to the 
cdf Fx as described above. To obtain the second value (x2), a subinterval I2 is ran
domly selected such that It has zero chance and each o f the other subintervals have 
chance l/(n  -  1) o f being selected. In the case of x3, the subintervals previously 
selected as ^ and I2 have zero chance while all others have chance l/(n  -  2) and so 
forth. The LHS method is described in more detail in Appendix II and an application 
is provided in Example 3.8.

Whereas for SRS it is entirely a matter of chance how evenly (with respect to 
probability) the n selected values cover the range of parameter X, LHS places restric
tions upon possible unevenness. Estimates derived from a Latin hypercube sample 
are therefore expected to exhibit less variation from sample to sample of size n and 
therefore to be more efficient, than those derived from a simple random sample of 
equal size. This has been proven for estimates of mean value and cumulative proba
bilities in the case of independent uncertain parameters and monotonic relationships 
between the prediction value and each of the uncertain parameters [32]. This
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advantage of LHS is, however, to be seen in perspective against several advantages 
that are specific to SRS:

— direct computability of confideilce limits on estimates of mean value, variance, 
fractiles, etc., o f the subjective probability distribution of predicted values

— the ability to aggregate independent samples of different size to sequentially 
arrive at a sufficiently large sample.

The prediction model transforms the joint subjective pdf o f the uncertain 
parameters into a subjective probability distribution of predicted values. This distri
bution provides those degrees of belief for the model prediction that are the imme
diate consequence o f those specified for the uncertain parameters via the joint pdf. 
Step 5 of a parameter uncertainty analysis is the propagation of the joint subjective 
pdf through the model to generate this subjective probability distribution of predicted 
values. The fractiles of this unknown distribution immediately provide subjective 
confidence limits or end points o f subjective confidence intervals for the model 
prediction Y. The percentage of the confidence levels is given by the fractile percen
tages or their differences. This permits statements such as:

“ At a subjective confidence level of 95%, the value to be predicted is 
below y95.” 9

with y95 being the 95% fractile of the subjective probability distribution of Y. 
Therefore, it must be the aim of an uncertainty analysis to obtain the desired fractile 
values, or sufficiently safe estimates thereof.

Distribution free fractile estimates

The number of m-tuples selected via SRS or LHS is called the sample size. 
Computation of the model prediction for each m-tuple in a sample o f size n provides 
a sample of size n of predicted values. In the case o f SRS this is equivalent to a simple 
random sample with the chance of selection determined by the unknown subjective 
pdf of the model prediction. From the n predicted values, quantitative statements of 
uncertainty can be derived (Step 6). To this end the n model predictions are arranged 
in order of increasing numerical value and the so-called empirical distribution func
tion is plotted by assigning the cumulative probability 1/n to the smallest value, 2/n 
to the second smallest and so forth (Fig. 6). The empirical distribution function pro
vides the sample fractiles. For instance, the k-th ordered prediction value is the 
(k/n)100% sample fractile. These sample fractiles may serve as estimates of the cor
responding fractiles of the subjective probability distribution of the model prediction. 
The estimates are called ‘distribution free* as they are derived without the assump
tion of a particular type of distribution for the predicted values.

9 Provided all uncertainties not quantified may be neglected.
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0
Pred iction Y y

FIG. 6. Empirical distribution and P% sample fractile % of the model prediction Y, 
obtained from a random sample of size n.

Fractile estimates under the assumption o f a normal or lognormal distribution

Quite frequently it can be justifiably assumed that the resulting subjective prob
ability distribution o f the prediction value is o f the normal or lognormal type. As a 
first step towards this justification the predicted values in the sample may be plotted 
on probability paper. If these values can be sufficiently well approximated by a 
straight line, a normal distribution o f the prediction value may be assumed. The same 
applies to the assumption of a lognormal distribution if  the logarithms o f the 
predicted values in the sample, plotted on probability paper, can be sufficiently well 
approximated by a straight line (see Fig. 7). For a test for normality, see Ref. [38].

Under the assumption of a normal distribution

j>95 =  y +  1.645sY

is an estimate o f the 95% fractile of the subjective probability distribution of the 
model prediction. In this expression, y and sY are the usual estimates (derived from 
the given sample o f size n) o f mean vjdue and standard deviation (see Appendix I 
(Section 1.4)) as contrasted with the true mean E(Y] and standard deviation D[Y).

Also, if  a lognormal distribution may be assumed

$95 =  exp(Jny +  1.645slnY)
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is an estimate o f the 95% fractile of the subjective probability distribution of 
the model prediction. Here, In y and Sjn Y are estimates (derived from the given 
sample of size n) of mean value and standard deviation of the logarithm of the predic
tion value.

The above fractiles are estimates in two ways. First, the distribution type is 
only assumed to be normal or lognormal and second, the mean value and standard 
deviation of Y or In Y are estimated from a (possibly small) sample.

How to account for the possible sampling error10 due to small sample sizes

Type B uncertainty analyses generally deal with very wide distributions, and 
interest usually centres on rather extreme fractile percentages like 95 or 97.5. 
Sample fractiles will be satisfactory estimates only if the sample size n is large (say, 
of the order o f a thousand or more). This constraint presents no difficulty when 
model computations are inexpensive (see the models in Example 3.7 and Appen
dix III (Section m .l) ) .

Quite frequently, however, models are complex (see the model in Appendix HI 
(Section III.2)) and the computation of the predicted value to just one m-tuple of 
parameter values is expensive, thereby severely limiting the feasible sample size 
(say, to less than a hundred). Consequently, sampling error will be a matter of con
cern. How close an estimate (from a random sample of size n) is to the true fractile 
value is entirely a matter of chance and is unknown in practice. The chance, 
however, that an estimate is a close approximation of the true fractile depends on 
the method of random selection, on the selected estimator11 and on the cumulative 
distribution function of the model prediction.

If underestimation of the uncertainty in the model prediction is considerably 
more undesirable than overestimation, an estimator that has a sufficiently low chance 
to underestimate the desired fractile Value must be selected. Under these circum
stances it will be desirable to compute an upper limit for the fractile value at a suffi
ciently high level of confidence and to use it as the fractile estimate. For instance, 
there is a chance of less than 5% that an upper statistical tolerance limit at a confi
dence level o f 95% will in fact be an underestimate of the desired fractile value.

At this point it should be mentioned that it is not known how to obtain confi
dence limits for fractile values from a Latin hypercube sample. Sometimes a second 
independent sample of equal size is drawn, the prediction values are computed, and 
the corresponding sample fractiles of interest are compared to those of the first

10 That part of the difference between the true fractile value and the estimate, derived 
from a random sample, which is due to the fact that only a finite sample of values is observed.

u That is the procedure by which the estimate is obtained from the n values in the 
sample.
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sample to obtain an impression o f the impact the sampling error might have on the 
fractile estimate [39].

Distribution free statistical tolerance limits from a simple random sample

Upper (u%, v%) statistical tolerance limits are upper v% confidence limits for 
the desired u% fractile. Therefore one may be v% confident that they are not 
underestimates o f the desired u% fractile. The smallest value n that satisfies the 
requirement

1 -  (fractile percentage u /100)n >  confidence level percentage v/100

is the size o f a simple random sample such that the maximum prediction value in the 
sample is an upper (u%, v%) statistical tolerance limit [13]. For u =  v =  95 one 
obtains a sample size of n =  59. Thus computation of the prediction value for only 
59 m-tuples of parameter values from a simple random sample suffices for the 
maximum prediction value in the sample to be an upper 95 % confidence limit o f the 
desired 95 % fractile of the subjective probability distribution of the model predic
tion. It is not necessary to assume a particular type of distribution of the model 
prediction in the derivation of these limits. For this reason they are called ‘distribu
tion free’ tolerance limits. It should be noted that the sample size required to obtain 
a distribution free (u%, v%) statistical tolerance limit is independent of the num
ber m of uncertain parameters and is determined by u and v only.

Example 3.7

The model, parameters, distributions and correlations are the same as in 
Example 3.5

A simple random sample has been taken of size n =  59 (Step 5) (see Table III). 
Within these 59 predictions, the ordered values are:

3.07E-2, 4.32E-2, 1.42E-1, ... ,  2 .23E +2, 9 .26E +2, 1.43E+3, 1.77E+3.

The empirical distribution o f the model prediction Y assigns 56/59 -  0.95 to the 
56th ordered prediction value and therefore the corresponding sample fractile 
2.23E +2 may be used as a distribution free fractile estimate (Step 6) o f the 95% 
fractile o f Y. In this way, the sample provides the estimate y95 =  223. However, 
there is insufficient (less than 50%) confidence that this is not an underestimate. In 
fact, from a simple random sample of size n — 50 000 the estimate $95 =  521 was 
obtained. Obviously the error in the estimate from a small sample (n =  59) can be 
of the same order of magnitude as the estimate itself. This shows that it is necessary
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TABLE m . DATA FOR EXAMPLE 3.7

4-tuple
No.

P.

Parameter values

P2 P3 P4

Prediction
value

1 5.50E+3 2.76E-3 1.20E-5 1.85E-5 9.83E+0
2 2.77E+3 9.17E-4 1.23E-5 2.00E-5 1.57E+0
3 3.51E+3 4.06E-3 1.27E-6 1.93E-5 9.32E-1

57 6.27E+3 5.06E-3 1.76E-5 2.74E-5 2.04E+1
58 8.47E+2 2.12E-2 3.51E-5 5.43E-6 1.16E+2
59 4.70E+2 7.65E-3 2.14E-5 2.66E-5 2.89E+0

to use estimates that are statistical tolerance limits at a sufficiently high level of 
confidence.

Since n =  59 is the smallest integer satisfying 1 -  0.95" >  0.95, the largest 
prediction value (1.77E+3) in the above sample o f size n =  59 is a distribution free 
upper (95%, 95%) statistical tolerance limit, i.e. an upper 95% confidence limit of 
the 95% fractile o f Y. If this limit is used as the fractile estimate y95 one can be 
95 % confident that it is not an underestimate of the true 95 % fractile of the subjective 
probability distribution of the model prediction.

Statistical tolerance limits from a simple random sample under the assumption o f a 
normal or lognormal distribution

Upper (u%, v%) statistical tolerance limits can be obtained from a simple ran
dom sample that make use of the information that the distribution of the prediction 
value or its logarithm is normal. If these limits are used as estimates of thg y% frac
tile one can be v% confident that, in spite of the possible sampling error in thg esti
mates for mean value and standard deviation of the prediction value or it§ Igg^rifjim, 
the fractile estimate is not an underestimate of the true u% fractile valug. (Corre
sponding tables, also for very small sample sizes n; may be found in Ref, [14]• The 
error due to any deviation from an assumed normal type of distribution is, o f eoilFse, 
not included in the confidence statement.
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In of the model prediction Y

FIG. 7. Approximation of the empirical distribution of In Y by a normal distribution 
(represented by the straight, line).

Example 3.8

The model, parameters, distributions and correlations are the same as in 
Example 3.5 and the simple random sample o f size n =  59 is from Example 3.7.

The prediction value Y is the product o f uncertain parameters and its subjective 
pdf assigns zero probability to negative values. The n =  59 value pairs [(In of 
smallest value, l/(n  +  1)), (In o f second smallest value, 2/(n +  1)), ...}12 entered 
on probability paper may be reasonably well approximated by a straight line (Fig. 7 
illustrates the procedure for a different sample). Therefore the subjective probability 
distribution of Y is assumed to be lognormal. With lny =  1.91 and sln Y =  2.53 
as the estimates of the mean value E {In Y) and standard deviation D{ln Y) of the 
assumed normal distribution of the logarithm of Y one obtains the fractile estimate:

y95 =  exp (1.91 +  1.645 x  2.53) =  433

12 Since n/n =  1 the largest value in the sample could never be entered on probability 
paper. To avoid the loss of this point, particularly in the case where the sample size n is small, 
the denominator n +  1 is generally used instead of n.
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TABLE IV. DATA FOR EXAMPLE 3.9

4-tuple
No.

P.

Parameter values 

P2 P3 P4

Prediction
value

1 6.45E+3 6.45E-4 1.33E-5 7.64E-6 7.22E+0
2 5.37E+2 1.71E-2 1.47E-5 3.03E-5 4.45E+0
3 1.98E+3 1.93E-2 4.97E-5 3.74E-5 5.06E+1

57 4.17E+3 7.55E-3 7.76E-6 1.674E-5 1.46E+1
58 1.03E+3 2.71E-3 2.83E-5 3.97E-5 2.00E+0
59 3.18E+2 4.49E-3 3.07E-6 1.27E-5 3.46E-1

Although there is insufficient confidence that this is not an underestimate, this esti
mate is in much better agreement with the true 95% fractile (y95 *  521) than is the 
distribution free fractile estimate $95 =  223 in Example 3.7.

An upper (95%, 95%) statistical tolerance limit (assuming a lognormal distri
bution of Y) is provided by

exp (1.91 +  K'(59; 95, 95) x  2.53) =  1137

with K'(59; 95, 95) =  2.026 [14].
If this limit is used as an estimate of the 95 % fractile o f the prediction value 

one can be 95% confident that, in spite of the possible sampling error in the estimates 
of mean value and standard deviation of In Y, it is not an underestimate of the 95% 
fractile o f the assumed lognormal distribution of the prediction value Y. The 
influence of any deviation from the assumed lognormal distribution type is, of 
course, not included in the confidence statement.

Example 3.9

The model, parameters and distributions are the same as in Example 3.5. The 
correlation between parameters P2 and P3 is interpreted as a Spearman rank correla
tion of 0.7.

A Latin hypercube sample was taken of size n =  59 (Step 5) with restricted 
pairing [40] to induce a sample rank correlation (see Glossary) of 0.7 between 
parameters P2 and P3 (Table IV).
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Within these 59 predictions, the ordered values are:

3.91E-2, 5.03E-2,' 1.85E+2, 6 .37E +2, 2 .69E +3, 7.09E +3.

The empirical distribution o f the model prediction Y assigns 56/59 ~  0.95 to 
the 56th ordered prediction value and therefore the corresponding sample fractile 
1.85E+2 may be used as a distribution free fractile estimate o f the 95% fractile 
of Y. In this way the sample provides the estimate %5 =  185. However, it is not 
known how to obtain a (u%, v%) statistical tolerance limit from a Latin hypercube 
sample and therefore it is not possible to quantify the confidence that y95 =  185 is 
not an underestimate of the true 95 % fractile.

If a lognormal distribution is assumed for the model prediction Y (as in 
Examples 3.6 and 3.8), with the mean value and standard deviation of the distribu
tion of In Y estimated (see Appendix I (Section 1.4)), we have from the above sample 
that

? 95 =  exp (In y +  1.645 si„Y) =  exp (1.64 +  1.645 x  2.68) =  424

is the fractile estimate from the LHS, assuming a lognormal distribution of Y.
Again, it is not known how to obtain (u%, v%) statistical tolerance limits for 

fractiles o f normal distributions with mean value and variance estimated from an 
LHS and therefore it is not possible to quantify the confidence that f 95 =  424 is not 
an underestimate of the true 95% fractile. However, for this particular model the 
particular Latin hypercube sample of size n =  59 provided estimates of mean value 
(lny =  1.64) and standard deviation (slnY =  2.68) which happen to be very close 
to the true mean value and standard deviation of In Y (as estimated from a simple 
random sample of size n =  50 000, lny =  1.64 and slnY =  2.78).

Table V summarizes the quantitative uncertainty statements (Step 6) obtained 
for the model in Example 3.5 via the analytical and numerical approaches that have 
been described in this and the previous sections for Step 5 of a parameter uncertainty 
analysis.

Application of the aforementioned approaches for Steps 5 and 6 to the simple 
model Y =  in Example 3.5 provided estimates of the 95% fractile of the
subjective probability distribution o f Y that range from 185 to 1773. The true 95% 
fractile is about 521. If parameters P2 and P3 were untruncated (as assumed by the 
examples using analytical methods), the true 95% fractile would have been about 
648, which is closely approximated by the y95 produced from moment matching.

What are the conclusions to be drawn from this comparison for the situation 
of many uncertain parameters o f a complex computational model? Since in most 
cases the model will not be provided as an algebraic expression, variance propaga
tion and moment matching will often not be applicable in their analytical form. If 
the model requires long computer times per run the permissible sample size of
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TABLE V. SUMMARY OF QUANTITATIVE UNCERTAINTY STATEMENTS
OBTAINED FOR THE DETERMINISTIC MODEL Y =  P A P 3/P4
(see Example 3.5 for details o f the joint subjective pdf of the uncertain parameters
PltP2,P3 and P4)

Approach
Quantitative 
uncertainty 

statement for Y

Analytical methods

Variance propagation:

± 2  standard deviation interval 
for In Y: [-4.3, 7.5] — *• [0.014, 1808]
Truncations of P2 and P3 neglected 

Moment matching:

(1.62, 2.95) normal distribution as an 
approximation to the subjective probability 
distribution of In Y — ► ?95 =  647
Truncations of P2 and P3 neglected 

Numerical methods
Simple random sample of size n =  59 

Distribution free fractile estimate ?95 =  223
Distribution free upper
(95%, 95%) statistical tolerance limit =  1773 '
Fractile estimate, if the subjective 
probability distribution of In Y is 
assumed to be normal ?95 =  433
Upper (95%, 95%) statistical tolerance 
limit, if the subjective probability 
distribution of In Y is assumed to be normal J>95 =  1137

Latin hypercube sample of size n =  59

Correlation between P2 and P3 is 
interpreted as Spearman rank 
correlation of 0.7

Distribution free fractile estimate S95 =  1^5
Fractile estimate, if the subjective 
probability distribution of In Y is 
assumed to be normal ?9S = 424

Approximation of the true fractile ?95

Distribution free fractile
estimate from an SRS of size n = 50 000 ?95 = 521
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numerical methods will be severely limited. Consequently, the sampling error will 
be a matter of concern. Usually, little is known in advance (before the sample is 
drawn) about the type of distribution of the model prediction. After the sample has 
been drawn a lognormal or normal distribution may quite often seem to be a reason
able assumption. In a considerable number of instances the sample may, however, 
not justify this assumption. In any case, it is recommended to use (u%, v%) statisti
cal tolerance limits at a sufficiently high level (v%) as estimates o f the desired u% 
fractiles of the subjective probability distribution of the model prediction. If the 
affordable sample size is small one can be sufficiently confident (v%) that this esti
mate is not an underestimate o f the desired u% fractile. The larger the sample size 
the smaller the difference to be expected between the statistical tolerance limit and 
the true fractile value.

3.3.4. Methods for ranking uncertain parameters

The second major objective of a parameter uncertainty analysis is to rank the 
individual parameters with respect to their contributions to the uncertainty in the 
model prediction (Step 7). This ranking provides guidance for further research 
efforts if the uncertainty in the model prediction is to be reduced efficiently. The 
methods available for ranking depend on the type o f propagation methods used in 
Step 5.

3.3.4.1. Analytical methods

The analytical methods discussed in Section 3.3.3 were variance propagation 
and moment matching. Both methods provide the variance o f the model prediction 
as a function o f the variances and covariances of the uncertain parameters. This func
tion may therefore be used to rank the individual parameters with respect to their 
contributions to the uncertainty in the model prediction. Correlated parameters, 
however, may complicate this procedure. It may be possible to aggregate correlated 
parameters prior to ranking to eliminate this complication.

Example 3.10

The model, parameters, distributions and correlations are the same as in 
Example 3.5. For simplicity, the truncations of parameters P2 and P3 are neglected. 
For variance propagation the variance D 2(ln Yj was computed from the variances 
and covariances of the logarithms of the uncertain parameters. The combined contri
bution of lnP2 and lnP3 to D 2[lnYj is D 2[lnP2j +  D 2[ln P3J +  2p(ln P2, lnP3) 
P[lnP2J D(lnP3) =  7.36, which is about 85% of D 2[ln Yj =  8.69. Consequently, 
parameters P2 and P3 are considered to be the main contributors to the uncertainty 
in the model prediction (Step 7).
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F or mom ent matching the variance D 2{ln Y] is computed in exactly the same 
way as for variance propagation and therefore provides the same ranking results.

3.3 .4 .2 . Numerical methods

The most com mon m ethod for ranking uncertain param eters using numerical 
propagation techniques involves the application o f  correlation and regression 
m ethods [41, 42] to  the param eter values and their corresponding model predictions.

Correlation coefficients

The simplest way to arrive at a ranking is to com pute the sample correlation 
coefficient (see Glossary) o f  the model prediction and each o f  the uncertain 
param eters from  the n pairs o f  values (model prediction, corresponding param eter 
value) in the sample o f  size n. The larger the absolute value o f  this coefficient the 
larger the degree o f  linear relationship between the sam ple values o f  model predic
tion and param eter. The direction o f  this relationship is indicated by the sign o f  the 
correlation coefficient. A positive sign means the model prediction tends to move in 
the same direction as the param eter value while a negative sign indicates opposite 
directions.

The sample correlation coefficient may thus serve as a  m easure o f  the im por
tance o f  the uncertainty in the param eter for the uncertainty in the model prediction. 
This m easure m ay, how ever, be m isleading. If, for instance, an uncertain param eter 
contributes little to the uncertainty in the model prediction but is strongly correlated 
to another param eter that is a m ajor contributor, the correlation coefficients com 
puted for both will be very sim ilar in absolute value. To eliminate this effect, partial 
correlation coefficients (PCCs) (see Glossary) may be computed.

Partial correlation coefficients

A PCC indicates the degree o f  linear relationship between those portions o f  the 
m odel prediction and the uncertain param eter that cannot be explained by a linear 
relationship o f each to  the rem aining uncertain param eters.

In the case o f  a prediction model that is linear in the uncertain param eters the 
absolute values o f  the sample PCCs will all be unity except for rounding effects. This 
is not very helpful for ranking. In the non-linear case the PCCs do not indicate to 
w hat extent the variation in the sample values o f  the model prediction may be 
explained by a linear relationship to the sample values o f  the uncertain param eters. 
These reflections lead to multiple linear regression and to the standardized partial 
regression coefficients (SPRCs) (see Glossary and Refs [42-44]) o f  the uncertain 
param eters as a m easure for ranking.
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A sim plified mathematical expression can be obtained that approxim ates the 
m odel prediction through m ultiple linear regression (see Glossary) o f  the model 
prediction on the uncertain param eters. Often this approxim ation expression is called 
a ‘fitted response surface’ [45-47]. I f  the regression is perform ed with standardized 
prediction and param eter values and if  the regression expression is linear in the 
uncertain param eters, the coefficients in this expression are the standardized partial 
regression coefficients (SPRCs) o f  the param eters. The SPRC o f  a param eter indi
cates by how many standard deviations sY the approxim ate model prediction 
changes if  this param eter is changed by one standard deviation sP, all other 
param eters in the expression rem aining constant. 13 The SPRC is therefore a very 
illustrative m easure for ranking. Additionally, the sample coefficient o f  determ ina
tion r 2 for the corresponding m ultiple linear regression indicates how much o f  the 
variation in the sample values o f  the model prediction is explained by a linear rela
tionship to the sample values o f  those uncertain param eters that are in the regression 
expression. It therefore indicates to how much o f  the variation the ranking by the 
SPRCs refers.

Strong correlations between any o f the uncertain param eters in the regression 
expression, how ever, may cause the SPRCs estim ated from  different random  
samples o f  size n to exhibit large variability. Consequently, the ranking by SPRCs 
may be less reliable in the case o f  strongly correlated param eters than in the case 
o f  only weak o r no correlations (cf. ‘m ulticollinearity’ in Ref. [42]). I f  the num ber 
o f  uncertain param eters (m) in the regression expression approaches the sample size 
(n), overfitting the sample data will becom e m ore and m ore o f  a problem  in the 
developm ent o f  an approxim ate expression for the model prediction with regression 
methods. C learly, if  m  =  n, the regression expression linear in the uncertain 
param eters perfectly reproduces the sample data (with r 2 =  100%) even when the 
relationship between the model prediction and the uncertain param eters is highly 
non-linear. A  stepwise regression procedure will therefore be useful as it selects a 
lim ited num ber m  <  m o f uncertain param eters to be included in the regression 
expression, such that r 2 is large. The so-called PRESS (predicted erro r sum o f 
squares) value [48, 49] can be com puted for the selected set o f  uncertain param eters 
as an indicator o f  the extent o f  overfit. Among alternative sets o f  param eters obtained 
via stepwise regression, the one with smallest PRESS value will be chosen from  
those o f  large r 2.

In the case o f  non-linear relationships between the model prediction and uncer
tain param eters the R 2 value to a regression expression that is linear in each o f  the 
uncertain param eters will often be small. In this case the SPRCs are to be interpreted

Standardized partial regression coefficients

13 sY and sP are the estimates (see Appendix I (Section 1.4)) of the standard deviation 
obtained from the model prediction and parameter values in the sample.
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TABLE VI. D A T A F O R E X A M P L E 3 .il

Parameter CC PCC SPRC

P. 0.30 0.51 0.35

P2 0.70 0.66 0.65

P3 0.40 0.16 0.13

P4 -0.18 -0.32 - 0.21

with caution as they refer to only a small portion o f  the variation in the model predic
tion. They are therefore not expected to be useful for ranking. Frequently, im prove
m ents in the value o f  R 2 can be achieved by com puting SPRCs for the logarithms 
o f  the model prediction and uncertain param eters as there is often a larger degree 
o f  linear relationship after logarithm ic transform ation. This effect is dem onstrated 
in Exam ple 3 .11.

Example 3.11

The m odel, param eters, distributions and correlations are the same as in Exam 
ple 3 .5 . The sim ple random  sample o f  size n =  59 from  Exam ple 3.7 is used to com 
pute sample values o f the correlation coefficients (CCs), partial correlation 
coefficients (PCCs) and standardized partial regression coefficients (SPRCs). (These 
m easures for param eter ranking could have also been com puted from  the Latin 
hypercube sample in  Exam ple 3 .9 .) The results are shown in Table VI.

The sample coefficient o f  determ ination r 2 o f  the multiple linear regression is
64%.

The SPRCs suggest that param eters P2 and Pi contribute m ost to the uncer
tainty in the m odel prediction Y  w hile one would expect P3 and P2 to be the main 
contributors. Owing to the correlation p(P2,P3) =  0 .7 , specified in Step 4, the 
sample SPRCs exhibit considerably m ore variability than would be the case with 
p(P2,P3) =  0. This increased variability contributed substantially to the misleading 
param eter ranking. Note that param eter P3 is ranked as the least important 
param eter by both the sample PCC and SPRC.

The value o f  R 2 indicates that 64% o f the variation o f the sample values o f Y 
is explained by a linear relationship to  the sample values o f the uncertain param eters.

Since it is known that the prediction model is o f  the form  Y =  P ,P 2P3/P4 it 
will be preferable to  rank the uncertain param eters according to SPRCs from  multi
ple linear regression applied to the logarithms o f  prediction and param eter values.
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TABLE VH. FURTHER DATA FOR EXAMPLE 3.11

Parameter SPRC

In P, D[ln P,J/D[ln Y) = 0.32

In P2 D(ln P2j/D[ln Yj =  0.40

lnP 3 D[ln P3j/D[ln Y] =  0.55

lnP4 -D[ln P4)/D(ln Yj =  -0.23

Since In Y =  In P! +  In P2 +  In P3 -  In P4, one can, in this special case, obtain 
SPRCs directly from  the ratio o f  the standard deviation o f  the logarithm  o f the 
param eter to the standard deviation o f  the logarithm  o f the model prediction (see 
Table VII).

In the com putation o f  these SPRCs the truncations o f param eters P2 and P3 
w ere neglected. These SPRCs for logtransform s o f  param eters and model prediction, 
suggest the same param eter ranking as the sam ple SPRCs obtained for rank trans
form s in Exam ple 3.12 below.

As a result o f  the linearity o f  the model for the logtransform ed prediction, 
m ultiple linear regression with the logtransform s reproduces the prediction model 
and thus r 2 is 100% for any sample.

Rank correlation coefficients

The sample correlation coefficients to the rank transform s (see Glossary) o f  the 
model prediction and each o f  the uncertain param eters are called sample rank corre
lation coefficients (RCCs) (see Spearm an’s RCC in Ref. [50]). They are indicators 
o f  the degree o f  m onotonic relationship between the sample values o f  the model 
prediction and those o f  the uncertain param eter. Rank correlation coefficients 
(RCCs) are therefore expected to be m ore generally suitable for ranking than indica
tors o f degrees o f linear relationship only. Tests can be perform ed to see w hether the 
absolute value o f  an RCC com puted from  a random  sample o f  size n is statistically 
significant at a given level a. This is done by com paring it to the absolute value that 
is not exceeded (with probability 1 -  a) by an RCC from  a sample o f  size n when 
in fact there is no relationship.

Argum ents analogous to those that led from  the correlation coefficients via the 
PCC to the SPRC as a m easure for ranking lead from  the RCC via the partial RCC 
to the standardized partial rank regression coefficients (SPRRCs) as m ore generally 
suitable m easures for ranking. To obtain the SPRRCs from  a given random  sample
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TABLE Vm. DATA FOR EXAMPLE 3.12

Parameter

Spearman

RCC PRCC SPRRC

P. 0.33 0.89 0.33

P2 0.83 0.90 0.49

P3 0.82 0.91 0.51

P4 -0.17 -0.79 - 0.22

TABLE DC. FU R TH ER DATA FO R  EX AM PLE 3.12

Param eter RCC PRCC

P. 0.23 0.34

P2 0.65 0.52

P3 0.64 0.54

P4 - 0.12 -0.26

o f param eter values and corresponding model predictions the sample values are first 
rank transform ed and then standardized. M ultiple linear regression perform ed on 
these rank transform ed and standardized values provides the SPRRCs. The cor
responding value o f  R 2 indicates how much o f  the variation o f  the rank transform ed 
sam ple values o f the model prediction is explained by a linear relationship to the rank 
transform s o f  the uncertain param eters.

Example 3.12

The m odel, param eters and distributions are the same as in Exam ple 3.5. The 
Latin hypercube sample o f  size n =  59 from  Exam ple 3.9 is used to com pute sample 
values o f  Spearm an’s rank correlation coefficients (RCCs), partial rank correlation 
coefficients (PRCCs) and standardized partial rank regression coefficients 
(SPRRCs). Additionally, sample values o f  K endall’s RCCs [50] and the correspond
ing PRCCs are obtained. (These m easures for param eter ranking could have also 
been com puted from  the SRS in Exam ple 3 .7 .) The results are as shown in 
Table V ffl.
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The sample coefficient o f  determ ination r 2 o f  the m ultiple linear regression 
with the rank transform ed values is 97 %. The SPRRCs suggest that param eters P3 
and P2 contribute m ost to the uncertainty in the model prediction Y.

Kendall’s RCCs and the PRCCs derived from  them  provide the ranking shown 
in Table IX , which again identifies param eters P3 and P2 as the m ain contributors 
to the param eter uncertainty in the model prediction.

3.3.5. Presentation and interpretation of results

The results produced by a Type B param eter uncertainty analysis are:

— quantitative statements o f  the uncertainty in the model prediction that is due 
to param eter uncertainty

— ranking o f  the uncertain param eters with respect to their contribution to this 
uncertainty.

In this section a detailed discussion is given on form ats for presenting and 
interpreting the results o f a Type B analysis. This discussion differentiates the two 
situations (see Figs 3(b) and 3(d)) in which:

The assessm ent question has a determ inistic answer 
The assessm ent question has a probabilistic answer.

3.3 .5 .1 . Assessment questions with deterministic answers

The quantitative uncertainty statements o f  a Type B uncertainty analysis are 
generally in the form  o f subjective confidence lim its and intervals at a high (> 9 5 % ) 
subjective confidence level. The confidence limits and/or the end points o f the confi
dence intervals are given by corresponding fractiles o f  the subjective probability dis
tribution o f  the prediction value (Fig. 8). F or instance, the 5% and 95% fractiles are 
the end points o f  a 90%  subjective confidence interval while the 95% fractile is an 
upper 95% subjective confidence limit.

Some o f  the uncertainty propagation m ethods discussed in Section 3 .3 .3  pro
vide the exact o r approxim ate type and param eter values o f  the distribution o f  the
model prediction so that the exact o r approxim ate fractile values are  readily obtained. 
If, how ever, only m ean value and variance are provided, and no sufficiently rigorous 
justification for the assum ption o f  a particular distribution type can be given, then 
only intervals defined by multiples (z) o f the standard deviation each side o f  the mean 
value ( ‘ ±  z standard deviation in terval’) can be presented. Although the correspond
ing subjective confidence level is unknown w ithout inform ation about the distribution 
type, intervals defined by multiples o f  the standard deviation present a qualitative 
indication o f  the extent o f  uncertainty in the m odel prediction. Consequently, the
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FIG. 8. Illustration of quantitative uncertainty statements from a Type B uncertainty analysis 
of a deterministic model prediction.

presentation o f  the inform ation on the uncertainty in the model prediction will at the 
least be in the form

[E{Y] - zD{Y], E  (Yj +  zD(Yj]
or

[exp(E (In Y] -  zD (lnY }), exp(E (lnY j +  zD (lnY ])]

if  only the m ean value E( J and variance D 2( J o f  the prediction value Y or its 
logarithm  are available.

Some m ethods provide a random  sample from  the subjective probability distri
bution o f  the prediction value. There the fractiles must be estimated from  the sample. 
For large sam ple sizes (of the o rder o f  a thousand and m ore) the sample fractiles may 
serve as fractile estim ates. They are easily read from  the em pirical distribution func
tion (Fig. 6). In the case o f  small sam ple sizes, how ever, statistical tolerance limits 
are to be used as fractile estim ates to properly provide against underestim ation o f 
the uncertainty in the model prediction (see Examples 3 .7  and 3.8).

The fractiles o f  the subjective probability distribution provide upper subjective 
confidence limits o r the end points o f  subjective confidence intervals. The lim its per
m it statements like:

“ A t a subjective confidence level o f  95% , the value to  be predicted is below

ygs”
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“ A t a subjective confidence level o f  95% the value to be predicted is between 
y 2.5 and y 97.5 ” 14

w here y95, y2 5 and y97 5 are the 95% , 2.5%  and 97.5%  fractiles, respectively, o f 
the subjective probability distribution o f  the prediction value Y. The m ost common 
confidence level percentages used for decision making are 95 o r larger. The choice 
o f  which percentage to use will be influenced by the subsequent consequence o f 
actual values occurring outside the range specified by the subjective confidence inter
vals o r lim its. F or m ost environm ental assessm ents, the choice o f  95% should be 
sufficient.

The results o f  a Type B param eter uncertainty analysis determ ine a subjective 
level o f  confidence (degree o f  belief) that the value to be predicted is within a speci
fied range o r that it is in com pliance with specified limiting values. This level o f con
fidence is o f  course highly dependent upon the uncertainty quantifications for the 
param eters and the subjective probability distributions given by the experts. It also 
assumes that all uncertainties not quantified may be neglected. These caveats always 
need to accom pany the results o f  the analysis in o rder to be rem em bered when inter
preting the results.

Once subjective confidence limits have been established, the results should 
lead to one o f three basic conclusions (see Exam ple 3.13):

(1) A t a high subjective level o f  confidence the value to be predicted is in com 
pliance with the limiting value (e.g. dose limit);

or
(2) At a high subjective level o f  confidence the value to be predicted is not in com 

pliance with the limiting value;
or
(3) The subjective levels o f  confidence for either violation o f  o r com pliance with 

the limiting value are o f  the same order o f  magnitude. Additional studies are 
necessary to im prove the knowledge base for the m ost im portant param eters 
in the model p rior to m aking decisions about com pliance with the limiting 
value.

The ranking o f  the uncertain param eters provides direction for further research 
efforts to im prove the knowledge base in order to efficiently reduce uncertainty in 
the determ inistic model prediction (i.e . to reduce the spread o f the subjective proba
bility distribution illustrated in Figs 3(b) and 8).

and the intervals, for instance:

14 Provided all uncertainties not quantified may be neglected.
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Example 3.13

The m odel, param eters, distributions and correlations are the same as those in 
Exam ple 3.5 (Steps 1 and 4) and:

(a) The sim ple random  sam ple o f  size n =  59 from  Exam ple 3.7 is used for uncer
tainty propagation (Step 5).

(b) The distribution free (95% , 95% ) statistical tolerance lim it from  Example 3.7 
(Step 6) is used as an estimate o f the 95% fractile o f the subjective probability 
distribution o f  the model prediction.

(c) Standardized partial rank regression coefficients are used to rank the uncertain 
param eters w ith respect to  their contribution to the uncertainty in the model 
prediction (Step 7).

The next step is the presentation and interpretation o f  the results for this 
Type B uncertainty analysis (Step 8):

(i) A quantitative uncertainty statement is given as: “ A t a subjective confidence 
level o f 95% the value to  be predicted does not exceed 1773.”

(ii) This statement is followed by a ranking o f  the uncertain param eters: 
“ Param eters P3 and P2 contribute most to the uncertainty in the model 
p rediction .”

(iii) Com pliance with lim it values is then determ ined. I f  the value to be predicted 
is to comply with a lim it value o f  2000 the analysis result perm its the statement: 
“ A t a subjective confidence level o f  over 95% the value to be predicted does 
not exceed the lim it value o f  2000. ’ ’ F or a  lim it value o f  1000, the distribution 
free statistical tolerance lim it is reanalysed. The 57th ordered prediction value 
is the first value in the sample below 1000. It is a (90% , 95% ) distribution free 
statistical tolerance lim it [13] and thus perm its the statement: “ A t a subjective 
confidence level o f  90% the value to be predicted does not exceed the limit 
value o f  1000. ”

F or a lim it value o f 10 the sample o f  59 model predictions contains about as 
m any prediction values above as below 10. Therefore the degrees o f  belief for either 
com pliance with or violation o f the lim it are o f the same order o f  magnitude and thus 
no decision can be made except to im prove the knowledge base and revise the esti
m ates o f  param eter uncertainty or to m ake provisions that effectively reduce the 
source term  to the model prediction. The ranking o f param eters will be useful to 
guide the direction o f  further research to im prove the knowledge base for the uncer
tain param eters.

All these results and interpretations are highly dependent upon the expert 
opinion that lies at the basis o f  the uncertainty quantifications, choice o f distributions 
and correlation coefficients for the uncertain param eters (Exam ple 3.5) and on the
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assum ption that any rem aining uncertainties that have not been quantified may be 
neglected.

A nother, m ore detailed exam ple is to be found in Appendix in (Section in.l).

3 .3 .5 .2 . Assessment questions with probabilistic answers

In  this case the prediction is to  be probabilistic (i.e . distributional in form , see 
F ig. 3(c)). Probabilistic model predictions are, for instance, required in the assess
m ent o f  the magnitude o f  consequences per year from  accidents in nuclear pow er

95% subjective confidence limit of

A 90% subjective confidence 
interval for y at p *  0.1

FIG. 9. Illustration o f the quantitative uncertainty statements from a Type B uncertainty anal
ysis o f a probabilistic model prediction: (a) uncertainty statements for the complementary 
cumulative probability P at a given value y, ofY; (b) uncertainty statements for Y at a given 
value p  =  0.1 of the complementary cumulative probability P.
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plants. A gain, the quantitative uncertainty statements o f  a Type B uncertainty ana
lysis are generally in the form  o f  subjective confidence intervals and confidence 
lim its at a high (> 9 5 % )  subjective confidence level. The limits and the end points 
o f  the intervals are given by corresponding fractiles o f  the subjective probability dis
tribution o f  the prediction value. H ow ever, since a probabilistic prediction is in  dis
tributional form  (ccdf) it provides pairs (y,p) o f  prediction values (Fig. 3(c)). A pair 
(y,p) o f  prediction values may be read in two ways:

( 1) p is the probability for the quantity Y 15 to exceed a specified value y per 
reference u n it16

(2) y is the value o f  the quantity Y that is exceeded with a specified probability 
p per reference unit.

Only in very special cases will analytical methods for Type B uncertainty 
propagation be applicable to this prediction format. Therefore the discussion is res
tricted to the num erical m ethods that provide a random  sample o f  size n from  the 
subjective probability distribution o f  the probabilistic prediction. This random  
sample consists o f  a set o f  n alternative probabilistic predictions (alternative distribu
tions) so that fractiles m ay be estimated of:

— the value p o f  the probability for Y to exceed the specified value y (Fig. 9(a))
— the value y o f  the quantity Y  that is exceeded with the specified probability p 

(Fig. 9(b)).

Again, the fractiles provide subjective confidence limits o r end points o f sub
jective confidence intervals. The limits perm it statements like:

“ At a subjective confidence level o f  95% the probability for Y to exceed the 
specified value y is below p(y)95.” 17

(Figure 9(a) illustrates, this for y =  yj and w ith p(yi)95 =  0.85)

“ A t a subjective confidence level o f  95 % the value y o f  Y that is exceeded with 
the specified probability p is below y(p)95.” 17

(Figure 9(b) illustrates this for p =  0.1 and with y(0 .1 )95 =  y2).

w here p(y)95 and y(p)95 are the 95 % fractiles o f  the subjective probability distribu
tions o f  p at y and o f  y at p , respectively.

The solid curve in Fig. 9 represents the probabilistic model prediction (which 
accounts for Type A uncertainty) that has been obtained with the so-called ‘best esti

15 Concentration, dose, consequence, etc.
16 Event, year, individual, etc.
17 Provided all remaining uncertainties that have not been quantified may be neglected.
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m ate’ values o f  the uncertain param eters o f  Type B. The clashed curves are the con
tinuous connections o f  the 5%  and 95% fractiles, respectively, o f  the subjective 
probability distributions o f  P(Y  >  y) at many specified values y.

F o r a practical exam ple, see F ig. 17 in A ppendix IQ.
The uncertainty statements perm itted by the subjective confidence intervals 

may be form ulated correspondingly (see Fig. 9). The results o f  a  Type B param eter 
uncertainty analysis o f  a probabilistic prediction provide a subjective confidence 
level at which the value to be pred ic ted18 is w ithin a specified range o r is in com pli
ance with a specified limiting value. Limiting values will be depicted as a lim it line
[51]. An exam ple o f  a lim it line is shown in Fig. 9(a) (thick line at the right). The 
results also provide a subjective confidence level at which the distribution to be 
predicted satisfies the specified lim it line for all values o f  Y, o r over certain ranges 
o f  values o f  Y.

The levels o f  confidence are o f  course highly dependent upon the uncertainty 
quantifications for the param eters and the subjective probability distributions given 
by the experts. They also assum e that all rem aining uncertainties that have not been 
quantified may be neglected. These caveats always need to  accom pany the results 
o f  the analysis in o rder to  be rem em bered in  the interpretation o f  the results.

Once subjective confidence lim its have been established for either the probabil
ity P(y) o r for the quantity Y(p) over the full range o f  values y o r  p  the results should 
lead to  one o f  the three basic conclusions:

(1) At a high subjective level o f  confidence the distribution to  be predicted is 
in com pliance with the lim it lin e19.

o r
(2) A t a high subjective level o f  confidence the distribution to be predicted is 

not in com pliance with the lim it line.
or
(3) The subjective levels o f  confidence for either violation o f  or com pliance 

with the lim it line are o f  the same o rder o f  magnitude. Additional studies 
are necessary to im prove the knowledge base for the most im portant 
param eters in the probabilistic prediction model p rior to making decisions 
about com pliance with the lim it line.

The ranking o f  the uncertain param eters will frequently be different at different 
values y o f  Y and p o f  P (see exam ple in Appendix HI). It provides direction for 
further research efforts to im prove the knowledge base in order to efficiently reduce

18 The value to be predicted may be:
(a) The probability p for Y to exceed a specified value y;
(b) The value y of the quantity Y that is exceeded with a specified probability p;
(c) The mean value of Y, etc.

19 And/or (if required) the mean value of the distribution to be predicted complies 
with the specified limit value.
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uncertainty in  the probabilistic prediction (i.e . to  reduce the spread o f  its subjective 
probability distribution illustrated by the distance between the two dashed curves in 
Figs 3(d) and 9). A practical example is to be found in Appendix HI.

3.3 .5 .3 . Dependence on the assessment question and on expert judgement

The quantitative statements o f  uncertainty obtained in Step 6 and the rankings 
o f  uncertain param eters will be affected by each modification o f  the assessment ques
tion and will account for only those uncertainties that have been quantified in the 
analysis. D ifferent quantitative uncertainty statements and param eter rankings 
should therefore be expected as the objectives o f  the assessment change. F or exam
ple, model applications to critical group dose assessm ent should produce different 
uncertainty statements and param eter rankings than applications to questions involv
ing exposures o f  large populations. D ifferent quantitative uncertainty statements and 
param eter rankings should also be expected for generic assessment questions than for 
assessm ent questions that are site specific.

Because o f  the absence o f  site specific inform ation for many im portant model 
param eters, the uncertainty associated with critical group dose assessments is 
expected to be larger than the uncertainty o f dose assessments to larger population 
groups. The uncertainty associated with assessments o f  collective dose commitments 
to large populations is expected to  be influenced to a considerable extent by the effect 
o f  tim e and space averaging. Thus param eter values for collective dose assessment 
should be subject to less uncertainty than those for the assessm ent o f  dose to a 
specific population subgroup. Uncertainties in the prediction o f  environm ental con
centrations and dose rates are also expected to be larger for assessments o f accidental 
releases than o f  prolonged routine emissions because uncertainties associated with 
param eter values are expected to  decrease with increased tim e averaging [18].

The results o f  a param eter uncertainty analysis will also be highly dependent 
on the subjective inform ation obtained in Steps 1-4. F or exam ple, the subjective 
probability distributions quantifying param eter uncertainties may undergo changes 
over tim e even if  the question asked o f  the model and the m em bers o f  the group o f 
experts rem ain unchanged. This is because the base o f  available inform ation and the 
interpretation o f  this inform ation will change over time.

W hen subjective confidence lim its approach a decision m aking criterion, such 
as a dose lim it, there is incentive to im prove the knowledge base for the uncertain 
param eters. Again, this activity should be guided by the ranking o f  uncertain 
param eters provided in Step 7.

3.4. COM PARISON O F M ODELS

F or those situations w here validation is im practicable, model com parison 
could be one way to  evaluate model predictions. Such an exercise can give valuable
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inform ation about discrepancies and sim ilarities am ong model predictions. Conclu
sions m ay be draw n on how to im prove the models o r to  design experim ents to test 
im portant model com ponents. M odel com parison is especially valuable when each 
model has first been subjected to a param eter uncertainty analysis.

In the analysis o f  the results o f  a model com parison exercise, extrem e caution 
is needed because many models have a sim ilar derivation in m athem atical form  and 
have used sim ilar sources o f  data for model and param eter developm ent [52], M odel 
com parison does not in any way ‘validate’ the models because each model included 
in the com parison exercise could have an invalid set o f  data o r be mism atched to the 
scenario.

3.4.1. Model structure and numerical accuracy (model verification)

Com parison o f  models provides inform ation on how different model structures 
influence predictions. The need to include different param eters in the models can 
also be evaluated and inform ation can be obtained about their relative importance
[53]. In order to have confidence in the use o f  environm ental transfer models it is 
necessary to have adequate knowledge o f  the num erical characteristics o f  the models, 
their accuracy and lim itations in the estimation o f  param eter values. Verification that 
the model w orks as intended (model verification) can be carried out by intercom 
parison o f  codes and by com parison o f  num erical codes with analytical solutions
[54],

F or an environm ental model based on com partm ent theory, such a verification 
can be a sim ple and straightforw ard task. M odel verification exercises can becom e 
rather extensive for models simulating environm ental dispersion in m ore than one 
dim ension, especially if  they include com parison between the efficiency o f  different 
solution algorithm s, com parison between different discretization strategies, 
etc. [12].

3.4.2. Comparison procedure

In a model com parison exercise best estim ate predictions and related uncer
tainty estim ates are obtained from  different models for a specified assessm ent ques
tion. The uncertainty estimates o f  model predictions are based on either param eter 
uncertainty analyses, extrapolation o f  em pirical test results obtained for other related 
situations, o r simply subjective judgem ent.

In the form ulation o f  test scenarios for model com parison it is usually neces
sary to provide a standard set o f  data for those input param eters that are normally 
estim ated on a site specific basis. These include param eters such as m eteorology, 
length o f  grow ing season, turnover tim e and flow rate o f a w ater body.
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To evaluate the results from  an intercom parison test, the following inform ation 
is often needed:

— A description o f  the model (and, if  feasible, solution algorithm)
— M echanism s that have been identified (explicitly/implicitly)
— D ata sources used to obtain param eter values
— Num erical results, best estim ate and uncertainty analyses together with 

description o f  methods for uncertainty analysis
— Identification o f  the most im portant contributions to the uncertainty in 

model predictions.

D iscrepancies in results should be affected prim arily by differences in:

— M odel structure
— Solution algorithms
— Discretizations
— D efault databases
— The m odeller’s estimate o f  uncertainty about the predictions o f  the m odel,

and
— Program m ing and input data errors.

D iscrepancies could also be a  result o f differences in the implementation o f 
boundary conditions, m isinterpreation o f  input data, truncation erro r, etc. In extrem e 
cases discrepancies could also be caused by differences in  com puter design (word 
length o f  single o r double precision) but norm ally discrepancies are caused by the 
use o f  different param eter values, by the fact that different mechanisms have been 
identified and by differences in the use o f  subjective judgem ent, e .g . when results 
are extrapolated from  one situation to another.

The inform ation received from  a model com parison exercise can be used to 
obtain a better understanding o f  im portant processes and param eters. Critical input 
data and m easurem ent priorities can also be identified. I f  independent test data are 
also included in the model com parison exercise, a m easure o f  the accuracy o f  model 
predictions is also possible.

Example 3.14

W hen com paring results from  different models it is im portant to analyse the 
model structure, underlying assumptions and databases among the various models in 
order not to m isinterpret o r to draw  m isleading conclusions. As an exam ple, consider 
the following situation.

To evaluate a  model (M odel A) that predicts the dose to m an after a release 
o f  95N b into an aquatic system, an investigator com pares the predictions o f his 
model against the predictions o f  other models. The results o f  the com parison are 
shown in Table X.
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TABLE X. DATA FOR EXAMPLE 3.14

Model Predicted dose 
(Sv/year)

A 2.1 x  10~3
B 6.2 x  10“6
C 1.7 x  10~3
D 4.1 x  10~3

It would be tempting to take an average o f  the predictions given by M odels A, 
C and D  and not consider the results given by M odel B as relevant to the current 
situation.

Exam ining the different databases am ong the various m odels could easily w ar
ran t different conclusions. F or instance, if  M odel B uses relevant site specific data 
for, say, the concentration factor (fish/w ater), and the other m odels use generic data, 
the results from  M odel B are m ost likely to give the best estimate. I f  the investigator 
exam ines the uncertainty associated with the predictions it m ight be found that 

the uncertainty20 in the predictions from  Models A, C and D encom passes several 
orders o f  magnitude owing to the large uncertainty that originates from  the lack o f 
knowledge about the site specific concentration factor (fish/w ater) for 95Nb. The 
uncertainty in the prediction o f  M odel B, how ever, is only a factor o f  3. Therefore, 
it would be concluded that M odel B is the m ost appropriate one to use for the specific 
assessm ent situation.

20 Expressed by a 95% subjective confidence interval from a Type B parameter uncer
tainty analysis.
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Appendix I

STATISTICAL EQUATIONS

The inform ation presented herein is intended to assist in understanding the 
com putations that have been perform ed in some o f  the examples and in perform ing 
sim ilar analyses. It will be useful particularly for the procedures o f  variance propaga
tion and m om ent matching.

1.1. M OM ENTS OF CERTAIN DISTRIBUTIONS 

G en era l d is trib u tio n

p d f (probability
density function): f(x) for - o o  <  x <  oo

mean value: xf(x)dx =  U[(X)

i-th m om ent about zero: u;(X)
— OO

x'f(x)dx

variance:

i-th central moment: m ^X ) =  (x -  E[Xj)'f(x)dx

Relationships between central mom ents and moments about zero:

m 2 =  U2 — Ui

m3 =  u3 — 3u2ui +  2u?

m4 =  u4 -  4u3u! +  6u2u i -  3u{
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Uniform distribution (Fig. 10)

param eters:

pdf:

mean value: 

variance:

3rd central moment: 

4th central moment:

>f(x)

2h

FIG. 10. Uniform distribution.

Vim  ^max w i th  00 <  ^min ^  Xmax <  00

—  for xmin <  x <  xmax 
2h

0 elsewhere 
with h =  (xmax -  xmin)/2

E[Xj =  xmin +  h 

D2[Xj = j  h 2 =  m2(X) 

m3(X) =  0

m4(X) =  y  m 2(X)
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Triangular distribution (Fig. 11) (symmetric case)

FIG. 11. Triangular distribution.

param eters: Xmin, X, Xmax With - 0 0  <  xmin <  X <  Xmax <  00

pdf: f(x) =

X -  x„
for xmin <  x <  x

h*

X- ~  X for x <  x <  Xmax

with h =  x -  xmin =  xmax -  x

elsewhere

m ean value: =  xmin +  h

variance: D 2(Xj =  -  h 2 =  m2(X)
6

3rd central moment: m3(X) =  0

12 ,
4th central moment: m ^X ) =  —  m 2 (X)
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Normal distribution (Fig. 12)

FIG. 12. Normal distribution.

param eters:

pdf:

mean value: 

variance:

3rd  central moment: 

4th central moment:

H , a  with - o o  <  /i <  06; a  >  0

f(x) =  (rsp ^ ~  exp (—(x -  h) 2/2 o2) 

for - o o  <i x <  oo 

E(X] =  ii =  x50 

D 2[X] =  a2 =  m2(X) 

m3(X) =  0 

ni4(X) =  3 m j (X)

To obtain the param eters from  symm etrical (in percentage) fractiles:

Given: Xi0 = 1 0 %  fractile
X90 =  90% fractile

Then: p  =  (x10 +
0 — (X90 —

w here Z90 =  1.28 is the 90% fractile o f  the standard norm al distribution tabulated 
in most textbooks on statistics.
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Lognormal distribution (Fig. 13)

Lf(x>

param eters:

FIG. 13. Lognormal distribution.

ft., a with -o o  < fi <  oo; <j >  0 

1
e x p ( - ( ln x  -  n )2/2 a 2)

pdf: f(x) = for 0 <  x <  oo 

.0  elsewhere 

mean value: E[X] =  exp(/* +  a212)

variance: D 2[X] =  exp(2/* +  a2) (exp(<r2) -  1) =  m2(X)

3rd central m om ent21: m3(X) =  w 3/2 (w -  l )2 (w +  2) exp(3/i)

4th central m om ent21: m ^X ) =  w 2(w -  l )2 (w 4 +  2w 3 +  3w 2 -  3) exp(4/x)

with w =  exp(a2)

To obtain the param eters from  symmetrical (in percentage) fractiles:

Given: x 10 =  10% fractile
X90 =  90% fractile

Then: /* =  ( ln (x i0) +  ln(X9o))/2
a =  (In (X90) -  m)/z9q

where Z90 — 1.28 is the 90% fractile o f  the standard normal distribution tabulated 
in m ost textbooks on statistics.

See Ref. [55] for details.
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Piecewise uniform distribution (Fig. 14)

f ix )

0  x,0 1 2 3

FIG. 14. Piecewise uniform distribution.

Param eters: Xo, x b  x2, x3 with - 0 0 < X Q < X J < X 2

P i. P2. P3 with ^  >  0, i =  1, 2 , 3

z :  Pi =  1
i= 1

for Xo <  x <  X[

for X] <  x <  x2

for x2 <  x <  x3

pdf: f(x) =  -

Pi

X l - xo

P2
X 2 - X l

P3

x 3 - X 2

0 elsewhere

<  x3 <  00
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1.2. CORRELATION C O EFFIC IEN T FOR LOGTRANSFORM ED 
LO GN O RM A L VARIABLES

Let p (X ,, X2) be the ordinary product m om ent correlation coefficient 
defined by

p (X 1; X2) =  E[(X, -  E{X,])(X2 -  E(X2))]/D[X,]-D{X2)

o f the lognorm al random  variables X b X2 with param eters f a ,  a ,)  and f a ,  a2). 
F urtherm ore, let the equation

y  =  ln [l +  p (X i, X2)V (exp (a i) -  l)(exp (a2) -  1)] la xa2

provide a value y  from  the interval [ - 1 ,  + 1 ]. The bivariate norm al distribution with 
the norm al distributions o f  lnX [ and ln X 2 as m arginal distributions and p (ln X i, 
In X2) =  y  is after transform ation to  X] and X2 a  bivariate distribution with the 
given lognorm als o f  X] and X2 as m arginals and with the given correlation coeffi
cient p (X ,, X2).

It must be mentioned that, depending on their distributions, the correlation 
coefficient o f  lognorm al random  variables cannot have every value from  the interval 

[ - 1 .  + 1 ].

Parameter uncertainty analysis

In this context it is im portant to note that, depending on the distributions speci
fied for two uncertain param eters P,, Pj in Step 3, there may be restrictions to the 
correlation coefficient p(P;, Pj) that can be specified in Step 4. Restrictions for the 
correlation coefficient that can be specified for two uncertain param eters Pp Pj exist 
not only for lognorm al distributions but also for other distribution types. However, 
if  a norm al distribution is specified for Pj and for Pj, any value from  [ —1, + 1 ] may 
be specified for the correlation coefficient p(P;, Pj). Also, no restriction needs to be 
observed, irrespective o f  the type o f  distributions o f  P; and Pj, when sample rank 
correlation coefficients are specified. H owever, i f  P; is correlated with two or m ore 
param eters (Pj, Pk, etc.) an additional requirem ent is to be observed also in the case 
o f  norm al distributions and/or sample rank correlation coefficients. C learly, if  a 
positive correlation is specified for Pj, Pj and for Pj, Pk it will not be possible to 
specify any value from  [—1, + 1 ] for the correlation o f  Pj, Pk, that is, the set o f  
specified correlation coefficients m ust be consistent.

An advanced program  package for the generation o f  random  samples from  a 
jo in t subjective p d f o f  uncertain param eters will detect correlation coefficients speci
fied in Step 4 that are not com patible with the distributions assigned to the cor
responding pair o f  param eters in Step 3 and will not accept an inconsistent set o f  
correlation coefficients.
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1.3. EQUATIONS FOR MOMENT MATCHING

M odels add itive  in  th e  u n c e r ta in  p a ra m e te rs  w ith  th e  p a ra m e te rs  in d ependen t

Let Y  =  ko +  kjA] +  k2A2 +  k3A3 be the model prediction with constant 
coefficients ko, k 1; k2, k3 and pairw ise independent uncertain param eters A i, A2, 
A3. I f  the m ean values E(A,J as well as second to fourth central moments m2(Ai), 
m3(Ai), rnjCA;) are known for i =  1, 2 , 3, one obtains for Y:

3

E[Y] =  ko +  £  k; E[A;J 
i=l

D 2(Y] =  £  k ? ° 2lA i] =  m2(Y)
i= 1

3

m3(Y) =  k? m 3(Aj)
i= 1

3

^ ( Y )  =  k^m4(Ai) +  6kfk^m 2(A 1)m2(A2) +  6k ik 3m2(A 1)m2(A3)
i = l

+  6k 2k 3m2(A2)m2(A3)

M odels m ultip licative  in  th e  u n ce rta in  p a ra m e te rs  w ith  th e  p a ra m e te rs  
ind ep en d en t

Let Y =  k A jA 2A3 be the model prediction with constant coefficient k  and 
pairw ise independent uncertain param eters A 1( A2, A3- I f  logtransform ation o f  Y as 
well as A j, A2, A3 is possible, then In Y  =  In k  +  In A! +  ln A2 +  ln A 3, which
is an additive model for In Y. The moments o f In Y can therefore be obtained from
the above equation by replacing Y by In Y , ko by In k  and kj by 1, A; by In A; for 
i =  1, 2 , 3.

If, how ever, logtransform ation is not possible for either Y or any o f  the Aj 
then the first four moments about zero are determ ined from:

uj(Y) =  kJ Uj(A!) Uj(A2) Uj(A3), j  =  1, 2, 3, 4

with U](Y) =  E(Y] and u^A j) =  E[AjJ, i =  1, 2 , 3.
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The relationship between central moments and moments about zero (see Section 1.1 — 
general distribution) immediately provides the central moments m2(Y), m3(Y) and 
m4(Y) as functions o f  the moments o f  A[, A2 and A3.

F or instance, for the variance D 2[Y) =  m2(Y) one obtains:

u2(Aj) =  m2(Ai) +  (u,(Ai))2 ( =  D 2{Ai) +  E 2^ ] ) .

1.4. UNBIASED ESTIM ATES O F M EAN  AND VARIANCE 

Given a random  sample o f size n

y». y2> ya. yn

o f a random  variable Y. An unbiased estimate o f  the mean value E[Y] is:

and an unbiased estimate o f  the variance D 2(Y] is:

(sY is an estimate o f  the standard deviation o f  Y).
I f  Y >  0 and unbiased estimates for the mean value Efln YJ and variance 

D 2(ln Yj o f  the distribution o f  In Y are needed, apply the above equations to In y t to 
obtain the estimates ln y  and s2nY-

D 2(Y) =  m2(Y) =  u2(Y) -  (u ,(Y ))2

k 2[u2(A 1)u2(A2)u2(A3) -  (u1(A 1)u 1(A2)u ,(A 3))2]

where
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1.5. C O N FID EN C E INTERVA LS AND CO N FID EN C E LIM ITS FO R  TH E 
M EA N  V A LU E AND PROPORTIONS

Given a random  sample o f  size n

x 1; x2 . . . ,  xn

from  a population o f  values X. Section 1.4 provides equations for an unbiased esti
m ate x o f  the m ean value E(X) and an unbiased estimate sx o f  the variance D 2[Xj. 

In the subsequent equations the following notation is used:

Q% is the confidence level (typical values are 95% o r larger)

[gl, g2l is a  confidence interval

g3 is an upper confidence lim it

g4 is a  low er confidence limit

tQ,k is the Q% fractile o f  Student’s t distribution with k degrees o f
freedom

Zq is the Q% fractile o f  the standard norm al distribution

VQ, k,, k2 is the Q% fractile o f  the F  distribution with k! and k2 degrees
o f  freedom.

Tables o f  the above three distributions can be found in m ost textbooks on 
statistics (see, for instance, Ref. [6]).

Mean value E[X)

g, =  x -  a

g2 =  x +  a

g3 =  x +  b

g4 =  x -  b

with

a =  t(ioo+Q)/2, n- iS x /^/n if  the distribution o f  X is a norm al distribution22 

b =  tq_ n_!Sx/Vn

22 See Ref. [38] for a test for normality.
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a ® Z(ioo+Q)/2S x / ^  the distribution o f  X is not known and the
sample is o f  size n 5  30.

b =  ZQSX/V n

If  the distribution o f  X is not known and n <  30 there is no satisfactory way to pro
vide a confidence interval o r lim it for the mean value E(X).

P ro p o rtio n  p(x) [56]

The proportion p(x) is either the fraction o f  the population o f  values X that does 
not exceed x o r the fraction that does exceed x.

g, *  m /(m  +  (n -  m  +  l)c)
g2 =  (m +  l)d /((m  +  l)d  +  n -  m)
g3 =  (m +  l)a /((m  +  l)a  +  n -  m)
g4 =  m /(m  +  (n -  m  +  l)b)

w h e re

n is the sample size
m is either the num ber o f  sample values that are not larger than x or those that 

are larger than x, depending on the fraction that is o f  interest, 
a  53 V q , k,. k2 kj =  2(m  +  1), k2 =  2(n -  m)
b ^  vQ, k|, k2 k, a  2(n -  m  +  1), k2 =  2m
c =* v(ioo + Q>/2, k,t k? kj a  2(n ™ m +  1), k2 =  2m
d =  V(ioo + Q)/2, k|, k2 k] =  2(m +  1), k2 =  2(n — m)
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Appendix II 

LATIN HYPERCUBE SAMPLING

Latin hypercube sampling (LHS) may be viewed as a random ized fractional 
factorial sampling scheme (n-level, m -variable, m —1 fractional). LHS operates in 
the following m anner to obtain n m-tuples o f  param eter values w here n is the sample 
size and m is the num ber o f  uncertain param eters:

(1) The range o f  each uncertain param eter is partitioned into n intervals o f  equal 
probability;

(2) One value is selected from  each interval o f  each param eter;

i f

m

i I
! 1 1i i i

FIG. 15. Illustration of one possible Latin hypercube sample of size 5 from the parameters 
Ph and P2.
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(3) The n values for param eter P x are then com bined at random  with those o f  P2 
to give n pairs (see Fig. (15)). These n pairs are subsequently com bined again 
at random  with the n values o f  param eter P3 to arrive at n triples and so forth, 
until finally n m-tuples o f  param eter values are obtained. Each o f the n values 
o f  each param eter occurs in one and only one o f  the n m-tuples.

In the m ost com monly used version o f  LHS, a value is selected at random  from  
each interval. F or this LHS version, independent uncertain param eters, and model 
predictions that are m onotonic functions in each o f  the uncertain param eters, it has 
been shown [32, 33] that LHS produces estimates o f  mean value and cumulative 
probabilities that vary less among many samples o f  size n than for sim ple random 
sampling. The LHS technique assures that samples evenly cover the individual 
param eter ranges with respect to probability. In order to avoid spurious rank correla
tions in LHS samples and to achieve a given sample rank correlation, a restricted 
pairing technique has been developed (see Refs [35, 57]).
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Appendix III

EXAMPLES OF PARAMETER UNCERTAINTY ANALYSES

I I I .l .  EXAM PLE O F A TY PE B PARAM ETER UN CERTA IN TY  ANALYSIS OF
A D ETERM IN ISTIC M O D EL PRED ICTIO N

The following model [9], com posed o f  additive, multiplicative, and exponen
tial com ponents, serves as a  sim ple yet practical exam ple for a Type B param eter 
uncertainty analysis o f  a determ inistic prediction. The model is:

R  =  Df(bc +  de) ex p (-X t),

w here R is the maxim um  annual dose com m itm ent to the average m em ber o f  the crit
ical population subgroup, D f is the dose com m itm ent conversion factor, b and d are 
consum ption rates for two kinds o f  contam inated foods, and c and e are the concen
trations o f  radioisotopes in those two foods. The term s X and t represent, respec
tively, the decay constant for a specific isotope and the tim e delay before 
consum ption o f  the contaminated food. This model is intended to predict the maxi
m um  annual radiation dose (R) from  consum ption o f  contaminated food from  two 
independent pathways as a result o f  a given release o f radioactivity.

The values o f  these param eters have not been directly m easured for the site in 
question and, with the exception o f  the physical constant X, they are unknown. The 
least one can do is establish low er and upper lim its for each param eter and express 
equal degree o f  belief (subjective probability) for values between these limits. This 
defines a uniform  distribution.

The established low er and upper limits are: D f [1, 5]; b [0.1, 0 .3]; c [0.03, 
0.06]; d [10, 30]; e [0.004, 0.009]; and t [4, 12]. The decay constant X is fixed at
0 .5 . This provides the m inim um  inform ation necessary for a Type B param eter 
uncertainty analysis. A sim ple random  sample o f  size n =  500 is obtained by random  
selection o f  500 6-tuples o f param eter values from  the jo in t distribution specified by 
the above inform ation. The corresponding 500 values o f  R  are com puted and ordered 
by increasing num erical value. The em pirical distribution is plotted in Fig. 16 and 
the estimates o f  mean value and standard deviation are given in Table XI under 
Case I. F rom  a plot o f  In R on probability paper it follows that a lognormal distribu
tion is not a satisfactory approxim ation o f  the subjective probability distribution o f 
the model prediction.

Since 475/500 =  0 .95 , the 475th ordered model prediction is the 95%  sample 
fractile. To be sufficiently confident that the fractile estimate is not an underestim ate 
o f  the true 95% fractile, the (95% , 95% ) distribution free statistical tolerance lim it 
(see Table X I, Case I) is used instead as an estim ate o f  the desired 95% fractile o f
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Model pred iction R

.. FIG. 16. Empirical distribution Junctions of the model prediction R.

TABLE XI. TY PE B UNCERTA IN TY  ANALYSIS OF A DETERM INISTIC 
M ODEL PRED ICTION

Case Ia Case IP

Estimates of:

Mean value 0.015 0.011
Standard deviation 0.020 0.013

(95%, 95%) distribution free statistical
tolerance limit 0.067 0.044

95% fractile of the empirical distribution 0.059 0.037
(95% sample fractile)

Parameter ranking Parameter PRCCb Parameter PRCCb

Rank 1 t -0 .7 5 t -0 .6 7

2 Df 0.33 Df 0.39
3 d 0.21 d 0.25

a Case I: uniform distributions for all parameters;
Case II: triangular distribution for parameter t and uniform distributions for all others. 

b Partial rank correlation coefficients based on Kendall’s rank correlation.
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the subjective probability distribution o f  R. A ccording to the approxim ate relation
ship provided by Ref. [13] the 484th ordered value represents this lim it. It perm its 
the following quantitative uncertainty statement:

“ At a  subjective confidence level o f  95%  the value R  to be predicted is
below 0 .0 6 7 .” 23

Com putation o f  partial rank correlation coefficients provides the ranking o f the 
uncertain param eters (see Table X I, Case I). This perm its the following sensitivity 
statement:

“ The uncertainty in param eter t contributes m ost to the uncertainty in R. The
next im portant param eter uncertainty is that in param eter D f.”  23

Consequently, it is recom m ended that additional inform ation on param eter t be 
acquired if  the uncertainty in the prediction value R  is to be reduced efficiently.

In Case II it is assumed that additional inform ation becam e available concern
ing t, such that the subjective probability distribution o f  t  is now o f  a triangular type 
with the m ode at 8 but with the low er and upper lim its unchanged. Selection o f  a 
new sim ple random  sample o f  size n =  500 and com putation o f  the corresponding 
values o f  R  now provides the estim ates and rankings listed under Case II in Table XI. 
The im proved knowledge about param eter t effected a m oderate reduction o f  the 
mean value as well as a reduction o f  the uncertainty in R.

in .2 . EXAM PLE OF A TYPE B PARAM ETER UNCERTA IN TY  ANALYSIS OF
A  PROBABILISTIC M O D EL PREDICTION

This exam ple presents some o f  the results that w ere obtained from  a Type B 
param eter uncertainty analysis o f  the atm ospheric dispersion model o f  an accident 
consequence code. The output o f  this model consists o f  a  very large set o f  data. For 
the purpose o f  this example the presentation is restricted24 to the assessment ques
tion: “ W hat is the ground surface concentration o f  131I under the plum e centreline 
at specific distances from  the plant, given an accidental release o f  category FK2 at 
site S?”  The reference unit o f  this assessm ent question is an ‘accidental retease o f 
category FK2 at site S ’. The assessm ent question has a probabilistic answer.

The Type A  uncertainty, which is due to the stochastic variability (with respect 
to the reference unit) o f  the w eather sequence that starts at the tim e o f  the release, 
is not negligible and therefore the model is probabilistic. It models the stochastic 
variability via the use o f  a sam ple o f  115 w eather sequences. Consequently, the

23 Provided all other uncertainties that have not been quantified may be neglected..
24 Analysis results for other portions of the model output may be found in Ref. [58],
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TABLE XII. UNCERTAIN PARAM ETERS CONSIDERED IN  TH E TY PE B 
UNCERTA IN TY  ANALYSIS OF TH E PROBABILISTIC PREDICTION OF TH E 
A TM OSPHERIC DISPERSION M ODEL

1 — Thermal energy released in three hours

2 — Quantity to describe error in wind speed
3 — Height of source
4 — Factor to describe plume rise for diffusion

categories A-D

5 -  E-F
6' — Quantity to correct plume rise

7 — Atmospheric dilution parameter for lee-eddies of
reactor building 

8-13 — Mixing height for diffusion categories A-F
and roughness length greater than 1 m 

14-19 — Horizontal dispersion parameter for
diffusion categories A-F

20-25 — Vertical dispersion parameter for
diffusion categories A-F 

26-31 — . Wind profile exponent for diffusion
categories A-F

Dry deposition 
velocity for
32 — iodine
33 — aerosols

washout coeffient 
for precipitation 
rates in
Class 1: 0-1 mm/h
34 — iodine
35 — aerosols

Class 2: 1-3 mm/h
36 — iodine
37 — aerosols

Class 3: > 3  mm/h
38 — iodine
39 — aerosols

prediction o f  the 131I ground surface concentration under the plum e centreline at a 
specific distance from  the plant (given an accidental release o f  category FK2 at site 
S) is not ju st one value but a distribution o f  concentration values.

Table XII lists the set o f  39 uncertain param eters considered in the Type B 
uncertainty analysis o f  the probabilistic model prediction. F igure 17 presents the 
com plem entary cum ulative distribution functions (ccdf) o f  the ground surface con
centration X at four selected distances from  the plant, as they are assessed with the 
reference values o f  the uncertain param eters (solid lines). A sim ple random  sample 
o f  size n =  59 was selected from  the jo in t subjective p d f o f  the 39 uncertain 
param eters and the corresponding 59 ccdfs w ere com puted by the model. F igure 17
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FIG. 17. Complementary cumulative distribution Junction (conditional on an FK2 release) 
of the ground surface concentration of 1311 under the plume centreline at distances:
(a) 0.2-0.5 km, (b) 0.8-1.2 km, (c) 8-12 km, (d) 80-120 km. The horizontal axis shows 
the concentration x and the vertical axis the conditional probability F for concentra
tions >x. The solid line is the ccdf assessed with the reference values of the uncertain 
parameters and the dotted line is the upper 95% subjective confidence limit of the ccdf value 
at x.
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presents the continuous connections o f  the m axim um  ccdf values to  given concentra
tion values x (dotted lines)25. This perm its the following uncertainty statement:

“ A t a subjective confidence level o f  95%  the conditional26 probability for the 
ground surface concentration27 to  exceed x is below the ordinate value o f  the 
dotted line at x . ” 28

The investigation o f  partial rank correlation coefficients (PRCCs) reveals 
associations between the assessed ccdf value at a selected concentration value x and 
the param eter uncertainties. In the case o f  Fig. 17(a) this perm its sensitivity state
ments such as:

“ A t x =  0.01 the uncertainty in the released therm al energy Q seems to be 
m ost im portant. The respective PRCC is negative, which indicates that the 
probability for Concentrations x >  0.01 and the value o f Q tend to  m ove in 
opposite directions. Q is followed by the uncertainties in vertical dispersion 
param eters. The positive sign o f  their PRCCs indicates that the probability 
tends to move in the same direction as the param eter values.”

“ A t x =± 1 the uncertainty in Q still receives the highest ranking but, in contrast 
to the situation at x — 0 .01 , it is now immediately followed by the uncertainty 
in the dry deposition velocity o f  iodine with a positive sign for the P R C C .”

Reference [58] also presents results from  a Type B param eter uncertainty anal
ysis o f  a probabilistic foodchain model prediction for an accidental release o f 
Category U K 1. Results from  an uncertainty analysis o f a probabilistic consequence 
assessm ent for an SST1 release (generic siting source term ) may be found in 
Ref. [39].

25 These maxima are upper (95%, 95%) distribution free statistical tolerance limits of 
the ccdf value at x.

26 Conditional on a release of category FK2.
27 Concentration of 13II at the respective distance from the plant and under the plume 

centreline.
28 Provided all uncertainties not quantified may be neglected and dependent upon the 

parameter uncertainty quantifications and distributions given by the experts.
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GLOSSARY29

accu racy . As applied to environm ental assessm ent m odels, a m easure o f  agreem ent 
between the model prediction and actual events. A n ‘accurate* model should 
be precise and unbiased, 

b ias . The tendency for an estim ate to deviate in a specific direction from  the actual 
or real value. Bias is the tendency for a  model to overpredict o r underpredict. 

code verification . A m athem atical m odel, o r the corresponding com puter code, is 
verified when it is shown that the code behaves as intended, i.e . that it is a 
proper m athem atical representation o f  the conceptual model and that the equa
tions are correctly encoded and solved, 

coefficient o f  d e te rm in a tio n  R 2. A  quantity obtained in the course o f  linear regres
sion. R 2 x  100 indicates how much (as a  percentage) o f  the variation o f  one 
random  variable Y is explained by a linear relationship to other random  varia
bles X [, X2, . . . ,  Xm. R 2 is the square o f  the correlation coefficient pv , t  with
Y =  ao +  a[X[ +  ... +  amXm obtained from  (least squares) linear regression 
o f  Y on X j, X2, . . . ,  Xm (see correlation coefficient). F rom  a given random  
sample (xj j, x2j ,  . . . ,  xm j , yj) o f  size n and corresponding values 
j  =  1, 2 , . . . ,  n from  the regression model the value r 2 o f  the sainple o r em pir
ical R 2 is obtained from  r 2 =  SSR/SST, with

n n

s s r  =  £  $  -  y>2’ SST =  £  (y; ~  y )2 * *
j = i  j = t

yj =  So +  M i j  +  a2x2>j +  ... +  and

1 "
y =  —  ^2  yj. the arithm etic mean o f  the yj.

n j=i

The sample R 2 is the proportion o f  variation in the sam ple o f  Y that is 
explained by the linear regression model (see ‘linear regression’ for details), 

coefficient o f  v a ria tio n . The standard deviation o f  a random  variable divided by the 
m ean value.

confidence in te rv a l level an d  lim it. O ften it does not suffice to  provide just a single 
estimate (a so-called ‘point value’) for a  fixed but uniknown quantity y. Inter
vals [g lf g2] are preferred, particularly if  it is possible to  provide the degree 
o f  belief for y to  be in the interval [gt, g2].

29 See also Ref. [59]. Reference [60] was a valuable source for many of the statistical
terms.
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In statistics, y is generally a param eter o f  the distribution Fx o f  a ran
dom  variable X that is to be estim ated from  a sim ple random  sample (X j, X2,
. . . ,  Xn) o f  size n still to  be drawn. Capital letters are used here for the Xj to 
indicate that the value o f Xj is not known before the sample is draw n but will 
vary from  sam ple to  sample o f  size n according to  the distribution F x . 
Because o f  this variability the value G o f  a function h(X j, X2, . . . ,  Xn) is also 
a random  variable. I f  there are functions h ^ X j, X2, . . . ,  Xn) =  G t and 
h2(X!, X2, . . . ,  Xn) =  G2, such that G i <  y <  G2 with probability q/100, 
then [G1; G2] is a confidence interval for y at a confidence level o f  q% 
(q% confidence interval). G3 is an upper confidence limit at a level o f  q% 
(upper q% confidence limit) if  there is a function l ^ X j ,  X2, . . . ,  Xn) =  G3 
such that y <  G3 with probability q/100. Note that the confidence interval 
and lim it at a given level o f  q% are random  variables because (X ,, X 2, . . . ,  Xn) 
is not a specific simple random  sample but ah n-dimensional random  variable. 
This is why there is a probability q/100 for the fixed value y to be within [Gi, 
G 2]. The practical m eaning o f  this probability q/100 is that there is a chance 
o f  q%  to draw  a specific sim ple random  sample (xi, x2, . . . ,  xn) such that 
gi ^  y ^  g2 w here g, =  h^X j, x2, . . . ,  xn) and g2 =  h2(x i, x2, . . . ,  xn). So, 
once a sim ple random  sample o f  size n is drawn and g, and g2 are computed, 
the interval [g t , g2] may or may not contain y. How ever, because o f  what has 
been said above about the practical m eaning o f  the associated confidence level, 
the degree o f  belief is q% that the interval [g ,, g2] does in fact contain y. The 
argum entation is fully analogous for confidence limits.

The interval [g j, g2] is only a realization o f  the confidence interval 
[G 1; G2] but is also called confidence interval in practice. Some authors 
p refer to call it a ‘numerical confidence interval’ to distinguish it from  the con
fidence interval [G I( G2] which is a random  variable. C learly, if  k  sim ple ran
dom samples o f  size n are to be draw n and the corresponding k intervals 
[gi» S2] com puted it is to be expected that k  X q/100 o f these intervals will in 
fact contain the fixed but unknown value y. A Type B param eter uncertainty 
analysis provides intervals and lim its and associated degrees o f  belief for the 
fixed but unknown values to be predicted by a determ inistic model and for the 
fixed but unknown distributions to be predicted by a probabilistic model. The 
degrees o f  belief do not result from  sample evidence, as in the statistical con
text described above, but from  the given (possibly incorrect) prediction model 
operating on fixed but unknown param eter values and from  the intervals and 
degrees o f  belief provided for these param eter values. Furtherm ore, the 
degrees o f  belief a t the param eter level may in som e instances be based on sam
ple evidence but are generally largely based on expert judgem ent. F or these 
reasons the intervals and limits provided by a Type B param eter uncertainty 
analysis o f model predictions may only be called subjective confidence
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intervals and subjective confidence limits and the associated degrees o f  belief 
may only be called subjective confidence levels. 

co rre la tio n  coefficient p . A m easure o f  the degree o f  association between random  
variables Y and X:

P y x  =  Cov(Y ,X]/D[Y]D[X]

(see also covariance and variance). V ia its connection to R 2 (see coefficient o f 
determ ination) it indicates the degree o f  linear relationship between random  
variables Y and X. The value o f  p YX lies in the interval [ —1.0, 1.0]. I f  Y =  
a +  bX , the absolute value o f  pYX equals 1.0, with pYX =  —1.0 for b <  0 
and pyx  =  1.0 for b >  0. How ever, pYX =  0 does not necessarily imply 
independence o f  Y and X.

The quantity pYX is also called the product mom ent correlation coeffi
cient o f  Y and X. F rom  a given random  sample (x b y ,), (x2, y2), • ., (xn, y„) 
o f size n, from  the jo in t distribution o f  Y  and X , the sample or em pirical corre
lation coefficient rYX is obtained from:

rYx = X) (xj -  x)(yj -  y) /  ̂  (xj -  x)2 £  (  ̂-  y)2
j=i  '  j =i  j=i

The sample correlation coefficient is a m easure o f the degree o f  linear relation
ship between the sample values o f  Y and X. 

covariance. The m ean value o f  the product o f simultaneous deviations o f  random
variables (Y and X) from  their mean values E[Y] and E[Xj:

Cov[Y,X] =  E[(Y -  E[Yj) (X -  E[X])J.

de term in is tic  m odel. Any m athem atical model o r model system not incorporating 
random  variables modelled by corresponding random  laws, 

frac tile . This term  is synonymous with the term  ‘quantile’. I f  u is a given percentage 
then the u% fractile o f  a random  variable X denotes that value x below which 
lies a fraction o f  u% o f the cum ulative probability. That m eans, x is not 
exceeded by X  with probability u/100. The 50% fractile is called the ‘m edian’, 

k u rto sis . The extent to which a unimodal distribution is ‘peaked’ i.e . the extent o f  
the relative steepness o f  ascent in the neighbourhood o f  the mode, 

lin e a r  reg ression . L inear regression o f  Y on X assumes a linear relationship Y =  
a +  bX  +  e to hold, with e a random  error. It obtains estimates a and 6 from  
values y!, y2........ yn observed for given values X!, x2, . . . ,  xn, such that the
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differences | ^  -  yd | with % =  a +  6xj; j  =  1, 2 , n are minimized in a
specific sense. Generally the sum o f squared errors

SSE =  £  (yj -  yj) 2 is minimized.
j=i

The errors dj =  yj — yj are also called the residuals. In the case o f  multiple 
linear regression the assumed linear expression for Y is not just in one 
variable X but in several variables X j, X2, . . . ,  Xm. Note that

Y =  ao +  ajX ] +  a2X!X2 +  a3X 2 +  e

is also a linear regression model. H ere the linear regression o f  Y is on Zh
i =  1, 2, 3, w here the Z, are functions o f  the variables X 1; X2. The 
regression model is called linear as long as it is linear in the regression coeffi
cients a,.

logarithm ic tran sfo rm a tio n . A variable Y is logarithmically transform ed by taking 
the logarithm  o f its values with X =  In Y o r X =  log Y being the transform ed 
variable. An obvious condition for this to be possible is that Y is restricted to 
positive values.

m a th em atica l m odel. A m athem atical (analytical o r numerical) abstraction o f  a real 
system. Individual o r subsystem models can be com bined to produce system 
models. D eterm inistic and probabilistic models are two types o f mathematical 
models.

m ed ian . See under ‘fractile’.
m ode. I f  f(x) is the probability density function o f a continuous random  variable X 

a m ode o f  X is a value x for which

v  J a  \ J  >

dx dx

i.e . for which f(x) assumes a  local maximum. I f  there is only one m ode o f  X, 
the distribution Fx is called ‘unim odal’. 

m odel o u tp u t. The result obtained through evaluation o f  a mathematical model for 
one given set o f  param eter values, 

m odel s tru c tu re . The conceptual design and m athem atical equations that control the 
results o r predictions produced from  a given set o f  input data o r assumptions. 

M onte  C a rlo  analysis. A m ethod that involves statistical sampling techniques in 
obtaining a probabilistic approxim ation to the solution o f  a mathematical 
problem .
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m ultip le  lin e a r  reg ression . See under ‘linear regression’, 
p a ra m e te r . The constants and independent variables o f  the equations that make up 

the m athem atical model, 
p a ra m e te r  sensitiv ity  analysis. An analysis o f  the variation o f  the output o f  a m athe

matical model with changes in the values o f  either specific o r all model 
param eters. In the context o f  param eter uncertainty analysis it provides a rank
ing o f  the uncertain param eters with respect to their contribution to model out
put uncertainty.

p a ra m e te r  u n ce rta in ty  analysis. A n analysis to obtain a quantitative m easure o f  the 
com bined im pact o f  the param eter uncertainties on the output o f  a mathem ati
cal model.

p a r tia l  co rre la tio n  coefficient pyi-k  ^  i* The meaning o f  the partial correlation 
coefficient pyj.k * j, that is the partial correlation o f  Y and Xj adjusted for all 
Xk, k ^  i, may be explained as follows:

I f  Y =  ao +  £  akXk +  W, 
k*i

Xj =  b0 +  £  bkXk +  W2 
k*i

are linear regression models for Y and X, in the variab lesX k, k  =  1 ,2 , . . . ,  m , 
k  i, then the correlation coefficient Pwiw2 is the (m -  l)-o rder partial 
correlation coefficient pyj.k?fj o f  Y and Xj. It indicates the degree o f  linear 
relationship between those portions o f  Y and X; that cannot be explained by 
a linear relationship o f  each to the Xk, k i.

F rom  a given random  sample ( x ^ ,  x2j ,  . . . ,  xmj ,  yj), j  =  1 ,2 ,  . . . ,  n, 
o f  size n the (sample) partial correlation coefficient is obtained as the sample 
correlation coefficient rWiW2 o f  the residuals (w , ,, w2 j), (w 12, w2 2), . . . ,  
(w i,n> w2,n)- It indicates the degree o f  linear relationship between those por
tions in the sample values o f  Y  and Xj that cannot be explained by a linear 
relationship o f  each to the sample values o f  Xk, k  ^  i. 

p robab ilistic  m odel. Any m athem atical model o r  model system incorporating ran
dom variables modelled by corresponding random  laws, 

q u an tile . See ‘fractile’.
r a n k  co rre la tio n  coefficient (S pearm an). G iven a random  sample (xj, yj), 

j  =  1 ,2 ,  . . . ,  n, Spearm an’s sam ple rank correlation coefficient o f  the random 
variables X and Y is the correlation coefficient o f  the rank transform ed sample 
values o f  X and Y. (See ‘rank transform ation’ and ‘correlation coefficient’.)
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rank transformation. The process o f  arranging a set o f  values in ascending order 
and assigning an ordinal num ber to each value. This transform ation is per
form ed on a given set o f  values o f  a variable, for example:

Given set o f  
values

Corresponding rank 
transformed values

6.5
8.1

- 1 .3
4 .7

- 2.8

4
5 
2 
3 
1

‘T ies’ (that is equal values in the set) require specific techniques, 
reliability of model predictions. A m easure o f confidence in model predictions for 

a  specified set o f  conditions and for given accuracy requirem ents, 
response surface method. In the context o f  param eter uncertainty analysis a method 

o f  fitting an analytical expression in the uncertain param eters to a set o f  values 
o f  the model output (model responses obtained for selected param eter values). 
This fitted response surface is then used for further investigations instead o f 
the original model.

scenario. An assum ed set o f  conditions defining the practical assessm ent task, 
screening. The process o f  rapidly identifying potentially im portant factors or 

phenom ena to enable the elimination o f those o f lesser significance, 
skewness. I f  a unimodal distribution has a longer tail extending towards low er values 

o f  the random  variable it is said to  have negative skewness; in the contrary 
case, there is positive skewness, 

standardized partial regression coefficient. The coefficients a;, i =  1, 2, . . . ,  m 
o f  a multiple linear regression model

Y =  ao +  aiX! -I- a2X2 +  ... +  amXm +  e

are called partial regression coefficients [42] as they are the partial derivatives 
o f  Y  with respect to Xj. The a; indicate the change in Y associated with a unit 
change in X i; all other Xk, k ^  i remaining constant. I f  Y and Xj are stan
dardized according to

the coefficients bj, i =  1, 2 , . . . ,  m  o f  the linear regression model in the stan
dardized variables

V =  (Y -  E(Y))/D[Y], Uj =  (X; -  E[Xj})/D[Xj)

V =  b jU i +  b2U2 +  ... +  bmUm +  e
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are called standardized partial regression coefficients. The b ; indicate how 
many standard deviation changes in Y are associated with one standard devia
tion change in X;, all other Xk, k  /  i, rem aining constant. Estim ates aj and 
6 i are obtained from  random  samples (xj j ,  x2j ,  . . . ,  xmj ,  yj), j  =  1, 2 , . . . ,  n, 
w here n >  m.

s ta tis tica l (u% , v% ) to le ran ce  lim its . An upper, and low er, value o f  the random  
variable X  following a given distribution form  between which, it is asserted 
with confidence v, a proportion u o f  the cum ulative probability will lie. The 
basis is a sample o f  n independent observations. These statistical tolerance 
lim its may also be in a distribution free context (no specific distribution form  
o f X is assumed), 

un im oda l. See under ‘m ode’.

valida tion . A process carried out by com parison o f  model predictions with field 
observations and experim ental m easurem ents that are independent o f  those 
used to develop the m odel. A  model cannot be considered validated until suffi
cient testing has been perform ed to ensure an acceptable level o f  predictive 
accuracy over the range o f  conditions over which the model may be applied. 
(Note that the acceptable level o f  accuracy is judgem ental and will vary 
depending on the specific problem  or question to be addressed by the m odel.) 

v a rian ce . The mean value o f  the square o f  the deviation o f a random  variable X from  
its m ean value E[XJ:

D 2(X) =  E((X -  E[X])2]
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