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Abstract 

In order to study nonlinear wave-particle interactions in the Earth's mag-

netospherc we have derived HamUtonian equations for the gyrophase-averaged 

nonrelativistic motion of charged particles in a perturbed dipole magnetic 

field. We assume low frequency (less than the proton gyrofrequency) fully 

electromagnetic perturbations, and we retain finite Larmor radius effects. 

Analytic and numerical results for the stochastic threshold of energetic pro

tons (£ 100 keV) in compressional geomagnetic pulsations in the Pc 5 range 

of frequencies (150-€00 seconds) are presented. These protons undergo a 
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drift-bounce resonance with the Pc 5 waves which breaks the second (longi

tudinal) and third (flux) adiabatic invariants, while the first invariant (the 

magnetic moment) and the proton energy are approximately conserved. The 

proton motion in the observed spectrum of waves is found to be strongly 

diffusive, due to the overlap of neighboring primary resonances. 

I. Introduction 

For some time it has been recognized that magnetic drift and bounce 

resonances with ring current ions may be an important mechanism for the 

excitation of magnetospheric hydromagnetic waves [Southwood et al., 1969]. 

Specifically, it has recently been shown [Chen and Hasegawa, 1988] that 

adiabatically injected energetic protons ( £ 100 keV) can destabilize these 

waves by the magnetic drift-bounce resonance ui — i w d = pu^. Here un, is 

the bounce frequency, uid is the bounce-averaged magnetic drift frequency, 

positive westward for ions, m is the azimuthal (east-west) wave number, p is 

a negative integer, and w (<^ a^, mu/j) is the wave frequency. The predicted 

instability properties are consistent with satellite observations [Takahashi et 

al., 1985; Takahashi et al., 1987; Lin et al., 1988] of day-side compression^ Pc 

5 pulsations. We note that the drift-bounce resonance condition corresponds 

to kj_p = 0(1), where k± is the azimuthal wave number and p is the equatorial 

gyroradius; i.e., finite Larmor radius (FLR) effects must be considered for 

the drift-bounce resonance. 

In this paper we investigate the effect of the compressional Pc 5 waves 
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on the drift-bounce resonant protons. The drift-bounce resonance breaks the 

second (longitudinal) and third (Mux) adiabatic invariants, while the first 

invariant (the magnetic moment) and the particle energy are approximately 

conserved. In particular, using the paradigm of resonance overlap Chinkov, 

1979; Lichtenberg and Lieberman, 1983], we wish to determine whether non

linear interaction with the waves results in large scale chaotic motion. This 

is an important issue because large scale radial diffusion will alter the spatial 

gradients which are assumed to provide the free energy for the instability, 

thereby contributing to nonlinear saturation of the wave growth. Also, the 

corresponding pitch angle diffusion may enhance particle precipitation. 

Early studies of the radial diffusion of radiation belt particles (see SchuU 

and Lanzerotti [1974] for a review) considered the breaking of the third adia

batic invariant (with the first and second invariants conserved) by large-scale 

(m ~ 1), random impulses in the geomagnetic field or the convection electric 

field. Dungey [1964] and Cornwall [1966] were among the first to consider ra

dial diffusion due to bounce resonances (w ~ w&) with hydromagnetic waves. 

In this case the second and third invariants are broken, the first invariant is 

constant, and energy is not conserved. Calculations of radial diffusion coef

ficients for these processes used a random phase approximation which was 

justified by appealing to the random nature of the impulses (or waves), or to 

a phase-averaging due to the finite bandwidth of measuring instruments. In 

this work we use the example of the drift-bounce resonance to point out that 

the random phase approximation can be justified by the intrinsic stochastic-

ity (ii ., chaos) of the nonlinear wave-particle interaction. 
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More recent studies of the motion of charged particles in low frequency 

electromagnetic waves {Hasegawa, 1979; KiveUon and Southwood, 1985] have 

emphasized the prediction of particle fluxes expected at spacecraft locations 

and used linear approximations to calculate changes in the particle distribu

tion function due to the waves. Except for Hasegawa [1979], these authors 

chose to neglect FLR effects. 

Our approach is to derive gyrophase-averaged, Hamiltonian test particle 

equations of motion which we then solve numerically. In this way we take 

into account the nonlinear interaction of the particles with a spectrum of 

low frequency fully electromagnetic waves in a magnetic field of general ge

ometry. The equations we derive are significant in their own right because 

they extend the nonrelativistic guiding center theory to include FLR effects. 

The Hamiltonian formulation provides conserved quantities (even for time-

dependent systems) which are essential for making Poincare surface of section 

plots [Lichienbevg and Lieberman, 1983] and are very useful for checking the 

accuracy of numerical calculations. 

II. Hamiltonian Gyrocenter Equations of Motion 

In this section we outline the derivation of the equations of motion, details 

of the calculations will be given in a future publication. 

We consider the motion of a charged particle in a dipole magnetic field 

B 0 (x) subject to electromagnetic perturbations SS(x,t) and SE(x, t). Based 

on satellite observations, we adopt the following orderings in our perturbation 
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analysis : 

D 6B SVF fcii ui 
f = O(eo), _ = : _ £ - - I = : _ = 0 ( £ ) , fcxP = 0(1). (1) 

Here L„ = |Vln B0\~l is the scale length of the unperturbed magnetic field, 

6VE is the magnitude of the £E x Bo drift velocity, vt = \J2K/mp (where 

K and nip are the particle kinetic energy and mass), uic = eBajm^c, and fc||, 

fcj.i and oj are characteristic parallel and perpendicular wave numbers and 

frequency of the perturbation, to is the usual guiding center small parameter 

and £ orders the perturbation quantities. We assume eg <SL e; for example, 

£o ~ 10* 2 and e ~ 10"1 for 100 IteV protons at L = 6.62 in Pc 5 waves. Note 

that we retain FLR effects by allowing k±p — 0(1). 
t 

With these orderings the effect of the waves can be treated as a per-

"* turbation of the guiding center motion in Bo, as follows: The unperturbed 

motion is described by the phase-space Lagrangian for guiding center mo

tion in the dipole magnetic field {Littiejohn, 1983]. Adding the perturbations 

SB — V x SA and SE = -V4"* - [l/c)d5A/dt introduces gyrophase de

pendence. We remove the gyrophase dependence by a Lie transformation 

from the guiding center coordinates to new coordinates which we call the 

gyrocenter coordinates [Brizard, 1989]- They differ from the guiding center 

coordinates by terms of 0(e) which are purely oscillatory in gyrophase. We 

assume an eikonal form for the perturbation quantities and adopt magnetic 

coordinates (xiVsO defined by B 0 = V\ = VV< x Vf. (In terms of spherical 

polar coordinates (r,8,<j>): \ = Mcosd/r2, ij> = Msin'S/r, and £ = -<j>, 

» where M = BER% with BE = 0.31 gauss and RE = 6380 km. \ l s related to 

a, the distance along a field line, by d\ — BQds, and ip, ( are the Euler po-
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tentials [Stern, 19701.) The transformed Lagrangian is called the gyrocenter 

phase-space Lagrangian 

£ = (-V> + eJo7)C + (P|i T eJ 0»)x + U0fa}> + «op| - K (2) 

H = ipjBj + JlBo + E ( J 0 * * + r^-P* *R)- (3) 
K±p 

Here py and fi are the gyrocenter coordinates corresponding to the guiding 

center coordinates />|; = v^/Bo and p. = v]_/2B0, where V|| and v± are the 

parallel and perpendicular components of the guiding center velocity and | 

is the new gyrophase. Jo and J] are Bessel functions with argument k±p 

which show the reduction in the wave amplitudes due to the FLR effect. 

In deriving Eqs. (2) and (3), we chose the vector potentials Ao = V>V£, 

&A = Q V X + j9Vi& +• fVi, and we defined SBn = b-SB, where b = B 0 / f l 0 . 

£ is written in dimensionless form by normalizing lengths by Rg, mag

netic field quantities by BE, mass by the proton mass trip, and time by the 

inverse gyrofrequency UJ~E = m^cjeBE- In these units x/> = 1/L, where L is 

the dipok .L-shell parameter. 

The Euler-Lagrange equations for £ yield the desired equations of motion. 

By construction £ is independent of | , so /x = 0 and Ji may be treated as 

a constant in the equations for p\* x, -0, and £. To lowest order in to, 

(P;i, X, T/% 0 are canonical coordinates for the unperturbed (guiding center) 

motion [White and Chance, 1984]. For later use we note that, to first order 

in E: 

i> = c{J0rpuB06B^ - —LJZ—Ji + J0rSE(), (4) 
K±P at, 

where SBj, and 6E( are components in the tj> and Q directions. _ 
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III. Magnetic Drift-Bounce Resonance in Compres-

sional Pc 5 Waves 

Based on spacecraft measurements of compressional Pc 5 waves at syn

chronous orbit, near the equator (latitudes ^ IS") [Takahashi et al., 1985; 

Takahashi et al,, 1987], we use the following model for the compressional 

component: 

^11 = 51 /3rasinfcj|acos(mf - uit). (5) 

Here 5 is the length along the field line measured from the equator. This 

model describes a spectrum of westward travelling compressional waves with 

an antisymmetric standing-wave structure about the equator. The azimutha) 

mode numbers are centered at m = mo with a spread given by <rm [ Takahashi 

et al., 1985, Figure 8]. We use the following typical values: mo = 70, <ym = 10, 

0„ = 0o/2crm, 0o = 10 nT, fc„ = 2n/2RE, and w = 2ir/(500sec). From radial 

measurements [Lin et al., 1988] we assume that the wave amplitudes are 

constant for 6 $ Z. $ 8. 

Since the wave frequency w is small compared to uif, and muj, the particle 

essentially sees a static wave and we let uf = O'in the following analysis. 

Also, to isolate the effect of the compressional component, we set the wave 

electric field components and the transverse magnetic components to zero. 

We describe the effect of including nonzero wave frequency and other wave 

components at the end of this section. The effect of co rot at ion and convection 

electric fields is negligible for energetic protons [Schulz and Lamerotti, 1974]. 

Firstly, consider the motion of a drift-bounce resonant proton in one 
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mode; i.e., one term in the sum (o). 

Through its J dependence, each mode contains an infinite number of 

bounce harmonics corresponding to p = — 1 , - 3 , . . . in mu/̂  = -puiy. The 

p = - 1 resonance is the most important, by the following reasoning: Consider 

the drift-bounce resonance condition mijj = -putt. Schulz and Lanzerotti 

[1974] give expressions for w<, and Xod as functions of energy K, the sine of 

the equatorial pitch angle y = sinn., and L. For m = 70 and p = - 1 

the resonance condition is satisfied by a 371 keV proton at L = 6.62 with 

equatorial pitch angle T}t = 70° (for this particle the unperturbed mirror point 

latitude is agf — 10°). Now, since the proton gyrocenter motion conserves Ji 

and K, substituting y = Jfi./KL3 into mwi[K,y, L) = - ^i{K,y, L) gives 

a polynomial equation in L which can be solved to obtain the resonant L 

value for a given m and p < —3. For m = 70 and p < - 3 we find that the 

resonance condition requires L > 10,7, where the earth's magnetic field is no 

longer well approximated by a dipole and where regular Pc 5 waves are not 

observed [Lin et a/., 1988]. 

We have solved the test particle equations of motion numerically using 

a fifth order Runge-Kutta algorithm. In Figure 1 we plot ip against £ (mod 

27r)/2ff whenever the gyrocenter trajectory crosses the equatorial plane trav

elling northward. The initial conditions (plotted as crosses) correspond to 

particles with the same Ji and energy as the m = 70, p = — 1 resonant proton 

mentioned above. Thus, the chain of islands in Figure 1 corresponds to the 

primary resonance 70u^ = u%. 

Using secular perturbation theory [Lichtenbery and Lieberman, 1983J, we 
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find the island half-width for a single m,p primary resonance is given ap

proximately by 

3*i*Jw, ' l ' 
Here 3M is the unperturbed mirror point distance and the Bessel function 

Jp(Ai||£Af) shows the reduction in the particle's response due to averaging 

over parallel wavelengths. All quantities on the right-hand side of (6) are 

to be evaluated at the m,p resonance. As discussed above, the resonant tp 

surface for a given m and p, i>m,r — 1/Lmj„ is given by the solution of the 

drift-bounce resonance condition assuming constant Ji and energy. However, 

for m =s 7710, with mo = 0(100), and p = —1, we can ignore the effect of 

changing pitch angle and i>m-i is given approximately by 

Vw-i = 6-67 x 10- 3 vWF<?(3fo) , (7) 

where K' is the kinetic energy in keV, and jfo is the pitch angle sine corre

sponding to the m = 7r»o, p = - 1 resonance, with Q(yo) = 0.455 - 0.084^. 

The resonance width and location predicted by Eqs. (6) and (7) are in good 

agreement with the numerical results, as shown in Figure 1. 

Now consider the effect of adding a second mode. Using Eqs. (6) and (7), 

and solving for the wave amplitude, we find the Chirikov condition for the 

overlap of the m = mo resonance with a neighboring resonance m' = m 0 ± 1 

is 

A > f3-1 x 1 0 \ / i^tH i*»<M/£ - yfi^)*, (8) 
4Ji(k±p)Ji(k\\3M) v v 

where 3.1 x lO4 is a numerical factor which converts the amplitude to nan-

oTesla and the p subscript has been dropped with the understanding that 



p = - 1 . For m = 70 and m' = 71, Eqs. (7) and (8) give iiim = 1/6.62, 

^m' = 1/6.57, and j30 > 0.05 nT. Compared with the observed value of 

/3b = 10 nT, we conclude that the Chirikov condition is easily satisfied. Fig

ure 2 shows the resulting chaotic motion in the two modes m = 70 and 

m' = 71 for /3a = 10 nT. A proton with initial coordinates in the stochastic 

region can diffuse in L over ~ 0.53RE and between latitudes of ±13°. 

We now briefly describe the effect of other wave components and nonzero 

wave frequency on the resonant radial motion. From Eq. (4) we see that only 

6By and SEf contribute directly to the radial motion. Because SB^, has even 

symmetry about the equator, resulting in resonance with the p = —2, - 4 , . . . 

harmonics, it will produce a small effect compared to the p = —I resonance. 

If we estimate the magnitude of SE( from Faraday's law (together with the 

ideal MHD approximation SE^ = 0, the observation that k+ <C fcf [Takahashi 

et al, 1985], and the measured values of w, k)\, and &B+) and compare the 

W?n term with the 6E( term in Eq. (4), we find that 6E< is antisymmetric 

about the equator and it will produce resonant radial motion of the same 

order of magnitude as 8B\\. The remaining wave components [SB( and SE^) 

can be estimated from combining satellite measurements with V -5B = 0 and 

Faraday's law; they are expected to make small, nonresonant contributions 

to the radial motion. Finally, when u; is nonzero the resonant i/> surface will 

shift slightly (from L = 6.62 to L = 6.73 for w = 2)r/(500sec), for 371 keV 

protons), energy will no longer be exactly conserved, and Arnold diffusion 

[Chtrikov, 1979] will take place. We note that, because the Arnold diffusion 

is slow compared to diffusion in the Chirikov overlap regim% the latter is 
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expected to dominate. 

IV. Conclusion 

In summary, we have derived gyrophase-averaged HamilIonian equations 

of motion for charged particles in a dipole magnetic field subject to low fre

quency (less than the proton gyrofrequency) electromagnetic perturbations, 

including finite Larmor radius effects. These equations have been applied 

tc investigate the effect of compression*! Pc 5 waves on energetic ( £ 100 

keV) ring current protons. We find that, for drift-bounce resonant protons 

in the measured spectrum of Pc 5 waves, the Chirikov overlap criterion is 

greatly exceeded. This leads to pitch angle diffusion and large scale radial 

diffusion, and possibly provides a nonlinear saturation mechanism for the 

growing waves. 

A proper treatment of the wave saturation involves a self-consistent cal

culation of the wave-particle system. The fact that the Chirikov criterion 

is greatly exceeded suggests that quasilinear theory is applicable [Kaufman, 

1972]. However, we point out that the range of the diffusion and the quanti

tative effect of the diffusion on the wave saturation will depend on the exact 

radial structure of the waves, which is not known. Future work will focus on 

these issues. 

Finally, the methods we present here should be useful in the interpreta

tion of spacecraft particle flux measurements. Simulations for a spectrum 

of energies and a range of pitch angles can give the expected test particle 

t 
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response to a given geomagnetic pulsation. We emphasize that, although 

the results in this paper are appropriate for eikonal perturbations on a static 

dipole magnetic field, our formulation is not restricted to these assumptions. 
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Figures 

FIG. 1. Poincare surface of section plot for protons in a wave consisting of 

just the m = 70 term of the sum (5). The resonance width and location 

predicted by Eqs. (6) and (7) are shown to the right. 

FIG. 2. Same as Fig. 1 except m = 70 and m = 71 modes are present 

together. 

% 
15 



0.16 
#89T0118 

W W V W W W W ^ - v ^ o 

AAAAAAAAAAAAA/^ <%n-±v 

0.14 J i i i i i i_ 

r 70 T 70 

0.1 
C, (mod 2n)/2n 

0.2 

Fig. 1 



#89T0119 

0.14 
0 0.1 

C, (mod 2%) 12% 
0.2 

^ig-

17 



EXTERNAL DISTRIBUTION » N AQQITION TQ UC-4ZO 

Or. Frank J. Psolonl, Univ of Woilongong, AUSTRALIA 
Prof. M.H. Brennan, Unlv Sydney, AUSTRALIA 
Piasaa Research Lab,, Australian Nat. Univ., AUSTRALIA 
Prof. I.fl. Jonas, Flinders Univ., AUSTRALIA 
Prol. F. Cap, Inst Theo Phys, AUSTRIA 
Prof. M. H»lndler,ln»tgt fur Thaoratlsche Pnyslk, AUSTRIA 
M. Gootsena, Astronoaisch Instltuut, BELGIUM 
Ecol* Royala Mlllteire, Lab da Phy» PtasMi, BELGIUM 
Comafssion-Europeen, Og-XI I Fusion Prog, BELGIUM 
Prof. R. Boucique, Rljksunlversitelt Gant, BELGIUM 
Or. P.H. Safcaneka, instituto Fisica, BRAZIL 
Institute Da Pasauisas Especlasi-INPE. BRAZIL 
Oocuaents Office, Atoaic Energy of C*n»ia limifrd, CANADA 
Or. M.P. Bachynski, MPS Technologies, Inc., CANADA 
Or. H.M. Skarsgard, university of Saskstchenan, CANADA 
Dr. H. Barnard, University of British Coluabia, CANADA 
Prof. j. Teicnwnn, Univ. of Montreal, CANADA 
Prof. S.R. Sraenivtsan, University of Calgary, CANADA 
Prof. Tudor M. Johnston, INRS-Energle, CANADA 
Dr. Bolton, Centre Canadian da tubion aagnetique, CANADA 
Dr. C.H. Jaws, Univ. of Alberta, CANADA 
Dr. Peter Lukac, Koaeflsiceno Univ, CZECHOSLOVAKIA 
The Librarian, Culhea Laboratory, ENGLAND 
The Librarian, Rutherford Applaton Leboratory, ENGLAND 
Mrs. S.A. Hutchinson, JET Library, ENGLAND 
C. Houttet, Lab. oe Physique os* Mllieua Ionises. FRANCE 
J. Radet, CEN/CADARACHE - Bat 506, FRANCE 
Ms. C. Rinni, Librarian, Univ. of loannlna, GREECE 
Or. Tea Mual, Acedeery Bibliographic Ser., HONG KONG 
Preprint Library, Hungarian Aeadeay of Sciences, HUNGARY 
Dr. a. Das Gupta, Sana Inst of Nucl. Pnys., INDIA 
Dr. P. Kaa, Institute for Piasaa Research. INDIA 
Dr. Philip Rosanau, Israel Inst, of Tech, ISRAEL 
Librarian, Int'l Ctr Theo Phys, ITALT 
Prof. G. Rostagni, istituto Gas loni«ati Dal CNR, ITALY 
Miss Cielia De Pais, Assoc EURATOM-ENEA, iTALr 
Dr. G. Grosso, Istituto di Fisica del Piasaa, ITALY 
Dr. H. Yaaato, Toshiba Res I Oev, JAPAN 

Prof. I. Ka»»ka"i, Atomic Energy Res. Institute, JAPAN 
Prof. Kyoji Nishikawa, univ of Hiroshima, JAPAN 
Director, Dept. Large Tokanak Res. JAERI, JAPAN 
Prof. Satoshi itoh, Kyusnu University, JAPAN 
Research Info Center, Nagoya University, JAPAN 
Prof. S. Tenikl, Kyoto University, JAPAN 
Library, Kyoto University, JAPAN 
Prof. Nobuyukl Inoue, University of Tokyo, JAPAN 
S. Mori, JAERI, JAPAN 
H. Jeong, Librarian, Korea Advanced Energy Res Inst, KOREA 

' Prof. 0.1. Choi, The Korea Adv. Inst of Sci 5 Tech, KOREA 
Prof. B.S. Li ley. University of Weikato, NEW ZEALAND 
institute of PlasiM Physics, PEOPLE'S REPUBLIC OF C H i ^ 
Librarian, Institute of Phys., PEOPLE'S REPUBLIC OF CHINA 
Library, Tsing ttua University, PEOPLE'S REPUBLIC OF CHINA 
Z. Li, South»est Inst. Physics. PEOPLE'S REPUBLIC OF CHINA 
Prof. J.A.C. Cabral, Inst Superior Tecnieo, PORTUGAL 
Dr. Oetavian Patrus, AL I CUZA University, ROMANIA 
Dr. J H da VII tiers, Fusion Studies, AEC, SO AFRICA 
Prof. M.A. Mel I berg. University of Natal, SO AFRICA 
C.I.E.M.A.T., Fusion Oiv. Library, SPAIN 
Or. Lennart Stanflo, University of UMEA, SWEDEN 
Library, Royal Institute of Tech, SWEDEN 
Prof. Hans Wilhelason, Chalaers Univ of Tech, SWEDEN 
Centre Phys des Plasma, Ecole Poiytech Fed, SWITZERLAND 
Bibiiotheek, Foa-lnst Voor Plasee-Fysica, THE NETHERLANDS 
Metin Durgut, Middle E « t Technics! University, TURKEY 
Dr. 0.0. Ryurov, Siberian Acad Sci, USSR 
Dr. G.A. Eliseev, Kurchetov Institute, USSR 
Dr. V.A. Glukhikh, Inst Elecfrophysical Apparatus, USSR 
Prof. O.S. Padichenko, Inst, of Phys. 1 Tech. USSR 
Dr. L.M. Kovrijhnyfch, Institute of Gen. Physics, USSR 
Nuclear Res. Establishment, JulicR Ltd., W. GERMANY 
Blbliothek, Inst. Fur Plasnatorscnung, W. GERMANY 
Dr. r,. Scnindier, Runr-univarsitat Boehue, W. GERMANY 
ASOEX Reading tta, c/o Wagner, iPP/Max-Planek, w. GERMANY 
Librarian, Max-Planck Instirut, W. GERMANY 
Prof. R.K. Janev, Inst of Phys, YUGOSLAVIA 


