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»A 
ABSTRACT 

The condensed-history Montecarlo method for charged particles transport 
is reviewed and discussed starting from a general fora of the Boltzmann 
equation (Part I). The physics of the electronic interactions, together 
with some pedagogic example will be introduced in the Part II. The lecture 
is directed to potential users of the method , for which it can be a useful 
introduction to the subject matter, and wants to establish the basis of the 
work on the computer code RECORD, which is at present in a developing stage. 

RIASSUNTO 

Nel presente rapporto viene presentato e discusso il metodo Montecarlo 
a storie condensate per il trasporto di particelle cariche, partendo da una 
forma generale dell'equazione di Boltzmann. Verrà* quindi introdotta (Parte 
II) la fisica delle interazioni elettrone-materia, insieme ad alcuni esempi 
pedagogici. La lettura e' indirizzata a potenziali utenti del metodo, per i 
quali può' essere una utile introduzione al soggetto, e vuole inoltre 
costituire la base di lavoro per il codice RECORO, al momento in fase di 
sviluppo. 



•A 
SUBJECT INDEX 

INTRODUCTION 

1 - THE BOLTZMANN TRANSPORT EQUATION 

1.1 On the puzzling existence of the Boltzmann Equation 

1.2 Integral-kernel forui'lstion of the Boltzroann equation 
1.3 A Montecarlo solution iheme 
1.4 Charged particles transport 

2 - THE "CONDENSED-HISTORY' MONTECARLO METHOD 

2.1 The Lewis' treatment for the space—integrated distribution 
function 

2.2 The "condensed \istory" technique 
2.3 Some remarks about the CHMC formulation 
2.4 Energy straggling, lateral deflections and boundary crossing 

BIBLIOGRAPHY 

file:///istory


7 

"Nam quo ni am per inane vagantur, cuncta nice sse st aut 
gravitate sua ferri primordio rerum, aut ictu forte 
alterius... Ham cita zaepe obvia confIixere, fit ut diversa 
repente d iss il iant. ( . . . ) fluita videbis enim plogis ibi 
percita caecis commutare viam retroque repulsa reverti, nunc 
hue, nunc illuc in cunctas undique partis. ( . . . ) 

tiunc quae mobil itas sit reddito mater iai corporibus, poucis 
licet cognoscere, Memmi, . . . ac persectari primordio singula 
quae que, ut videos qua quidque geratur cum rat ione." 

• Lucretius, "De rena* natura", I I , 85-166 passi* I 

(Actually, as the atoms wander in the void, they mast be transported either 
by their own heaviness or by knocks among then. And, when they suddenly 
co l l ide , they cane out scattered at random. You will see many of thea to 
alter their coarse as they were blindly struck, and to come back and forth in 
a l l directions. 

And now, Heaaius, yoa wil l learn froa ay sparse words what i s the motion 
of these bodies, and yon wil l follow each single atom to understand how the 
phenomena go on. ) 

INTRODUCTION 

The opening citation is from the ancient Latin poem of Lucretius about 

the Nature, by which the poet-philosopher introduced in the Rome of the I" 

century B.C. the theories of Epicurus, the Greek master who reprised the 

more ancient atomistic philosophy of Democritus, adding to it the new 

essential feature of the random motion of the atoms ("parenclisis") as a 

justification for the free will of the animal. The interpretation of the 

motion of the atoms by Lucretius, and his suggestion to study their 

microscopic paths to understand the phenomena of the nature, cast the above 

verses as the first suggestion of 0 Montecarlo method, a bit more than two 

thousands years ago. 

Growing efforts in recent years have demonstrated the increasing 

interest in electron transport and - more generally - charged particles 

transport problems. Coupled electron-photon transport plays a prominent role 

in nuclear and aerospatial environments in establishing the radiation 

vulnerability of electronic devices (,-,)> in the design of nuclear powered 

laser beams ('), in the optimal design and use of particle detectors (*) and 
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ft- or Y—rays telescopes (*), in radiation source studies ('); in medical 

physics, for accurate dose distribution calculations (T) and radiotherapy or 

radiodiagnostic plants design (*"'); when macroscopic electromagnetic fields 

are included, in particle accelerators design (*') and in plasma physics for 

nuclear fusion research (X1-12)-

A large theoretical work has been devoted to the study of the 

penetration and diffusion of charged particles through the matter, 

individuating in the theory of multiple scattering the main problem of the 

treatment. Many aspects of the complex process of charged particles 

transport have been investigated in this respect, dealing with one argument 

a time: energy straggling, small-angle approximation and so on. However, 

the conventional analythic and semi-analythic methods are naturally 

restricted to a limited geometry capability, and subjected to homogeneity 

and infinite- or semiinfinite-boundary requirements (I,-1S). 

A first numerical approach, mutuated from the neutral particles 

transport theory, is the discrete ordinates SN method (
>c~"). Its use in 

electron transport has not been very encouraging until now, the main 

difficulties being in the definition of the anisotropic multigroup 

electron-atom cross sections. The experiments performed, mainly at Los 

Alamos, have been restricted to single medium problems, and solutions are 

underway to implement two-dimensional solutions for multi-media and 

t ight-boundar ies prob1ems. 

However, the kind of response which a discrete ordinates method is 

likely to give can be very interesting (e.g., isodose profiles in a plane 

could be calculated with a very little computer effort) but, especially for 

the high-Z materials, the impression of something of inherently unsuitable 

is left. In particular, the fact that charged particles experience an 

enormous number of collisions, to which infinitesimal angular deflections 

are normally associated, makes unsuitable any standard discrete ordinates 
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procedure, unless thousands of angular discrete quadrature directions are 

defined; also, in this case, ""ay-effects" are likely to appear. Nothing 

similar to the "condensed-history'' technique has been up to now devised in 

the finite difference solution scheme, also if we have notice of some pilot 

calculations under development at the Arizona University and Los Alamos 

National Laboratory (*). 

A orach more efficient and accurate numerical technique is the so—called 

"condensed-history Montecarlo method", firstly proposed by Hebbard and 

Wilson (2a) and systematically developed by H.J. Berger (**), which is 

today successfully implemented in various production codes (**-**). The 

only limitation versus the extreme accuracy of such eethods is in their 

computing time costs, that can reach very high values in some cases, as for 

example in charge deposition profiles calculations. The efforts in 

improving this approach (3*~2*) suggest the attention to be focussed on this 

method, for the main reasons that it can be made approximation-free and of 

practically arbitrary accuracy. 

In this report a review of the method — together with a more 

fundamental discussion about its computational nature and some upgradings 

and refinements - are presented, for a twofold reason : to introduce the 

problem for potential addressers of the subject and to give the grounds for 

a next paper, in which the RECORD code for electron transport calculations -

at present in a developing stage - will be presented. Although simplified, 

we hope that this exposition will be complete and exhaustive so as to 

satisfy all the needs, and some of the problems, of a new Initiate. 

(*) Courtesy of W.L.Filippone, Arizona University, Tucson. 
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It could be questioned the need for another review paper about this 

subject, after soue good examples appeared in the late ten years. We think 

that the present work will be of seine originality, both for the organization 

of the general subject matter and for the point of view, which wants to be a 

theoretical one. It is grounded on the search for appropriate analythical 

derivations, starting from the familiar Boltzmann equation. Hore precisely, 

we believe the Boltzmann equation to be a strictly phenomenological 

description of the nature, as for example the Schroedinger equation is, 

containing an operational description of the physical problem: studying its 

analythical and, why not, numerical limits, we think to enlight what are the 

domains of validity and epplicability of the solutions. 

Probably there is some deal of truth in saying that "the. Montecarlo 

Aimutation doe.6 not need format juòti£ication any moie, than counting 

particle.* in an experiment doe.*, att one haò to do io to get the physic* 

right" (*). However, in this case the personal taste is prominent, and we 

will start this Part I of the work just from a formal justification of the 

Montecarlo procedure for particle transport. Moreover, it is hoped that 

this deeper insight will help "to get the physics right". 

We have referred, as long as possible, to the original works in the 

field that, also if remote in some cases, often are of unique lucidity: this 

is due to the fact that, from the beginning of the century, the theories of 

multiple scattering have received the attention of the most prominent 

theoretical physicists. 

We will thus expose in the section 1 the specialization of the 

Boltzmann equation to the charged particle transport problem, with some 

(*) A.E.Nahum, opening lecture of the 8th Course of the International School 
of Radiation Damage and Protection, "Montecarlo Transport of Electrons and 
Photons below 50 MeV", Erice 1987, to be published by Academic Press. 
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handling that will be useful in the following, and the basis of the solution 

of the particle transport problem by Montecarlo. In section 2 the 

"condensed-history" formulation of the Montecarlo method will be introduced 

and discussed. The Part I ("Theoretical Basis") will end at this point. 

Concerning the forthcoming Part II ("Numerical Developments and 

Applications"), the electron—atom interactions will be the the subject of 

the section 3, which will perharps result the most heavy; however, only the 

items necessary to the algorithmic implementation of the model will be 

given, referring to original references for any other mastering. Some very 

simple applications will be treated in the section 4. Finally, trends and 

future developments will be discussed in a conclusive section 5. 

The model treatment exposed is generally applicable, with suitable 

modifications, to any kind of charged particle transport problem, like 

protons, deuterons, alphas and so on; M.J.Berger, in his Bible on this 

subject published in 1963, had just treated some problems of protons showers 

using the same algorithms and changing only the expressuns for the 

cross—sections and slowing-down model. 

Although no external fields will be considered in the target problems 

to be presented . in the Part II, it should be noted that, with some 

adjustments and specializations, the method can be made suitable also for 

ionic transport in the hydrodinamic regime, i.e. when the collision term of 

the Boltzmann equation dominates with respect to the transport and external 

terms. 
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1. T H E BOLTZMANN TRANSPORT EQUATION 

When treating the problem of diffusion of particles through a medium 

with definite "optical" characteristics, the more intuitive approach is in 

writing down the corresponding Fokker-Planck (F-P) equation, which describes 

the statistical nature of the diffusion process as an irreversible monotonie 

evolution towards an equilibrium state in the ordinary configuration space. 

The F-P equation for an electron flux characterized by a distribution 

function f(x) can be written as 

df d I d * 
[11 = t yrf(x) ] + [ D(i)f(i) ] 

dt di 2 3x* 

The main problem of this formulation is that in the small angle 

approximation the equation [1] leads to a gaussian solution, as can be 

easily verified if no external forces are considered so that the F—P 

equation reduces to the ordinary diffusion equation, thus neglecting the 

tail of the angular distribution. This is due to the fact that the F-P 

equation is only an approximation, in the limit in which the correlations 

are considered only on a scale which is large compared to the mean free 

path, to the Boltzmann transport equation for the problem 

di r 
[2] + x-if+i-lf » S + I [f(i,y',s)- f(~,y,s)J • odx-ae'l) dy' 

where now the distribution f(l,y,s) is a density function defined in the 

phase space and depends on the travelled path lenght s. The F-P equation can 

be obtained from the equation [2] with the hypotesis that f is sharply 

peaked at y = y' and rapidly goes to zero elsewhere, and then retaining the 

first two terms only in the Taylor series for f around u=| y-Jj' | . This is 
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equivalent to say that, after numerous scattering events, the directional 

dependence on the velocities is assumed to be very weak, the typical feature 

of the Brownian motion-

In the case of electron diffusion, this approximation is in general 

not acceptable, because it does not take into account the transition from 

the multiple scattering (gaussian) region to the asymptotic single—particle 

scattering region. The full Boltzmann equation must then be used, with its 

difficult to treat integro-differential form. 

We note that the left-hand side of the equation [2] left equal to zero 

can be identified with the classical time—dependent Hartree theory if the 

external forces are expressed as the gradient VU of a mean field U, which 

reproduces quite well the behavior of the quantum theory of the Fermi motion 

of free electrons. This is also the asymptotic case in which the collision 

integral in the right—hand side can be neglected. 

In the opposite case, i.e. in the high density regime, the Boltzmann 

equation is no longer valid because it does not describe multiple 

collisions: if Maxwell-Boltzmann statistics are valid for the distribution 

function f, the two- and three-particle collision densities for a gas of 

hard-spheres of radius /o/n at the equilibrium (neglecting mutual 

interactions) are given by 

[3] C2 = (4/^i)p °* (T/m)
1'2 . . 

|4J C, = (16/3n)ps/2 a3 (T/m)1/2 

where p and T are the density and temperature of the gas, m is the mass of a 

sphere and a is the geometrical cross section. The ratio C3/ C2 is 

independent on the temperature and equal to 
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[5] C5/ C2 = (4/3/?)p
,/J0 

The total electron-atom cross section is about Z2/A-10* barn, so that the 

ratio [5] exceeds the value 0.01 for a density of the electron gas of about 

1.7-102'electrons/cm* (i.e. 1.7-10'g/cm1; in ordinary iron there are about 

102*electrons/cm1). It is worth noting that this condition formally equals 

the relativistic limit for a degenerated electron gas, which requires the 

electron Fermi momentum pF to be much less than mc ("), °r 

p « 2,10*g/cmI. This is also the limit at which Maxwell-Boltzmann 

statistics, and the formulae [3]-[5], break down. 

We have not considered the fact that the Coulomb interaction is 

long—ranged, and gives thus rise to cooperative effects - the "diffraction" 

of the electrons from a regular lattice - but from this rough estimate we 

see that both the two limits are far from the energy range of interest for 

the problems treated here. 

1.1 On the puzzling existence of the Boltzmann equation. - The 

Boltzmann equation [2] can be derived from a "master equation" (,p), 

pointing out the Narkovian nature of the irreversible transport and energy 

degradation problem, starting from the time evolution of the probability 

distribution P(q,t) !.. particles in the coarse cells of the phase space dq 

around q=q(i.,2) at the time t 

dP f 
(6] = / d«7' [W(7k')P(<7\t)-W(<7*k)P(<7,t)] 

at J 

where the V(q\q') are the transition probabilities for a particle to pass 

from the cell dq around q, to the cell dq' around q' (this can be a change 

in x, if the particle is transported, in j> for example after a collision, or 
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both in x and j>), and can be defined as W(<7|<jr')= Uff_/ n(q) n(qr'). Here we 

mean that the collision leading the configuration q to evolve into the q' is 

tactorizable in a constant term ^qq' » depending only on the collision 

geometry and on the interaction law, and in a term bilinear in the 

occupation numbers of the configurations q and q*. If we define the "average 

occupation numbers" n(<jr,t) as the integral over the (m-1) particles after 

i, of the iroduct of the occupation number n(q) times the probability 

distribution ?{q,t) 

n(?/,t) = I—1( [7] nU/,t) = 1 — jd<7j... dtfj-j Aql4.t... Aqm[ n(q,) ?(qt,.. .qm,t) J 

with 1 < i < m, and considering the symmetry of the eq.[6] and the 

reversibility of the V„„> > both with respect to q and q', we obtain the 

homogeneous "full" Boltzmann equation 

dn(qj,t) f 
18] = / dq' \5rq, I n(qltt)-n{q2' ,t)- n{ql ' ,t)-n(<72,t) J 

** J 
The equation [8] has been derived with the strong assumption that the 

correlations among the occupation numbers n(<7/,t) can be neglected, by 

posing n(qt,t) • n(qj,t)= n(qt,t) • n(qj,t). Note that the underlying 

hypothesis is that of a Markovian time evolution for the transition 

probabilities W(<71<7* ), which allows for the linear factorization of the 

successive evolutions from one configuration into another. 

Alternatively, the Boltzmann equation can be derived from the Liouville 

equation (J1), in which case the irreversibility must be included by 

supposing the joint distributions for separated phase-space points to be 

factorizable as the product of the independent single particle 
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distributions. We consider the Liouville equation for a gas of interacting 

particles 

[9] + V [ Viidp/dLi) +( Kj+ GiKdp/dVi)] = 0 
dt *-Ji-i 

where K< and £^ are the forces acting on the i-th particle from external 

fields and from the other particles, respectively, and p is the phase space 

density function. Then, the n—particle reduced distribution functions F„ 

are defined as 

hh 110] F„( <?;,... qn,t) = I—-ld|n+/... dqm p( qlt... qm,t) 

which give the probability of having n particles in the states Qt,... qn at 

the time t, averaged over the states of the remaining (m-/i). If we suppose 

that our gas can be adequately described by the Fj, which coincides with 

the single particle distribution function f(£,v,t), an equation for F/ can 

be obtained by integrating the [9] over (m-1) variables, and assuming that f 

vanishes for | v<|->oo 

df di df C 
[11] +Jt + K = ~ / àq2 G 

dt fa ds. J 

5F2( <7;, <72,t) 

To get the Boltzmann equation from the [11], the "molecular chaos" 

hypothesis must be introduced, with the condition 

[12] F2( qlf <72,t)=f( <7;,t)f( q2,t) 

Averaging the f over an appropriate time interval (see below, par.2.3), an 

equation equivalent to the [8] is obtained 
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di di di f 
[13J +v +K = /d<72ol v 2 - v ; ] l f 2 *f ' - f i2) 

dt di djt. J 

where ff is the shorthand for f(<7,, t). It is worth noting that the 

Liouville equation [9] is a purely dynamical one, which can in principle be 

solved for any time t>0, given a set of initial conditions p( «7;,... <7m,0). 

However, the many-body dynamical problem has no analythical solutions even 

for m>3, so that the statistical hypothesis [12] must be introduced, 

lowering the degree of description of the system. 

In any case, we note that the assumptions made in deriving the 

Boltzmann equation can be questionable. Generally speaking, there is no 

firm evidence for neglecting the correlations, which is equivalent to the 

neglect of higher order joint distributions in the Liouvillc equation. This 

approximation holds only if the characteristic relax," ̂  ion times of the 

system (which we can roughly identify with the time required for a certain 

partition in the phase space to evolve into another) are much larger than 

the collision times, allowing for a "contracted" description. This-condition 

is formally equivalent to that of a rar'fied gas, which is normally the case 

for a radioactive source field. However, this does not hold, for example, 

when describing electron drift in a semiconductor. 

Moreover, the full Boltzmann equation [8],[13] is nonlinear, and its 

global (in time) general existence has not yet been established. Only local 

solutions exist for very short times, of the order of the mean free time, 

that can be continued to larger time intervals imposing some conditions on 

the collision kernel and/or on the size and smoothness of the initial 

conditions (,2_,*)> 
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However, for the time-independent (d/dt=0) Boltzmann equation it can be 

shown that, if a solution exists, then it is unique, at least for the case 

of a finite homogeneous medium, given some source distribution and a set of 

boundary conditions. 

Ve will accept here the equation [2] as a pure detailed balance 

equation between concurring physical phenomena of radiation production, 

scattering and absorption; in the following, a workable form of the 

time—independent Boltzmann equation will be derived in the integral—kernel 

formulation, to allow for Montecarlo simulation of the transport processes. 

1.2 Integral-kernel formulation of the Boltzmann equation. - In the 

formulae [7]-[13], an "eulerian" point of view has been adopted, by 

introducing the distribution functions f(i,v,t), which are concerned no 

longer with the migration of a particle from one cell to another, but rather 

with the particle density balance tor each cell, among all the particles 

entering and exiting. Ideally, the Montecarlo method adopts a "lagrangian" 

description of motion, in following the particle paths through the system 

studied; but, as long as the scores will be realized in fixed surfaces or 

volumes of the system geometry, it is more practical to write down equations 

for the particle density f(i,v,t) or for the particle flux f(£,Ytt). 

These two quantities are related each other as 

•(*,a,t) = l£l-f(i,£,t) 

If the initial one-particle distribution function is nearly a global 

(both in space and time) Maxwellian M, then the collision operator Q (i.e. 

the RHS in the [8] and [13]) can be linearized around that Maxwellian ("). 

It can be shown that the linearized collision operator Q, can be written as 

the sum of a "multiplication" operator v (which will be identically zero in 
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problems not involving particle multiplication) and an integral operator X 

as 

[14] QL = -v(y)f(y) + Kf(y) 

with 

[14* J Kf(v) = I C(v,v')f(v')dv' 

where C is some collision kernel to be further defined. 

Thus, we start with the time-independent linear Boltzmann equation for 

the flux #(i,K»E)"E* •(i»v), by axpliciting the two-body interparticle 

forces by means of a set of interaction constants, 

[15J ff£#(i,a,E)+ u(i,E) *(£,«,E)= 

SCi.B.Ei+JJdE'da' iKi.^w'.FrE') •(X.H'.E') 

Here u(£.w:g',E:E' ) is the space-angle dependent attenuation coefficient 

or total cross section, and u(x,E) is its angle-integrated expression; 

S(£,tt,E) is a fixed source term; the velocity vector is decoupled into an 

angular versor £, and a scalar quantity E related to the velocity modulus 

(which is ready to be identified with the particle energy). It is easy to 

recognize that this equation is completely equivalent to the [2], written 

down for the one-particle distribution function: the second term in the 

square parenthesis of the RHS of [2] does not depend on the integration 

variable, and can thus be displaced to the LHS, after the dy' integration 

of the total cross section operator, to represent the "absorption" term. It 

will be seen in the following that the representation [2] can be useful in 

some cases, especially when treating charged particle transport. 
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To convert the equation [15] into an integral form, we define i'=£-sw, 

where s is the pathlenght variable, and 

d* dx' d« dy' d* dz' d* 
[ 16] = + + = - »•?# 

ds ds dx' ds dy' ds dz' 

Then, introducing the integrating factor exp(- l u(£ ,E)ds], 
A» Jo 

d 
[17] [ 

ds 
.s' 

-/ y(r',E)ds - f u(r',E)ds 
*e •* ]=e-,° [-».d*/dS)+ u'.i,E)#]= 

-f y(i',E)ds 
[w5 * ( Ì \ K ' , E , ) + P(i,E) #(i',«\E')] = 

-/ p(r\E)ds /• 
= e Jo [S+ldE'dw' y d ^ w ' . E ^ ' ) •(i\w\E,)l 

Now, integrating over the pathlenght s E (0,x], and assuming that the 

"absorption" term within brackets in the LHS vanishes at s=x, the integral 

transport equation for the flux is obtained 

f" -[ V(i\E)ds 
,w,E)=l ds e J° 

Jn /•Em»/-4" 
J / dE>' u(i,W:w\E:E') *(L',*'X)) 

Ja Jn 

[18] *(i,w,E)= Ids e * [ S(i,«,E)+ 

"0 "0 

The Von Neumann series for this equation can be easily derived (,c) by 

substituting the same RHS expression for 0 in the RMS, where 0 itself 

appears, i.e. 

[19] * = Ids F|S+ IdEdw u[ Ids F[S+ dE*dw'u[... 

Here F, S and u are shorthand forms for the integrating factor, the source 

term and the attenuation coefficient. We have only formally solved 

explicitly for t by eliminating it in the RHS; a practical solution to the 
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infinite series [19] can be obtained by turning to the integral kernel form, 

from the [17]. To this end, we introduce the collision densities f and X, 

respectively defined (,7) so that the expected number of collision for a 

particle entering the volume V of the phase space is given by 

I +(tf)d<7 
•'u 

and the expected number of particles leaving the volume V after having at 

least one collision is given by 

q)dq 

The flux is related to i> as 

[20] +(£,«,E)= u(E,E).*(r,w,E) 

The Boltzmann equation can be written alternatively in terms of the flux f, 

or of thv collision densities • or X, with exactly the same worth. 

For example, multiplying the [17] by u(r.,E) 

s' 
E)ds r°° ~f M(r.', 

[21] *(r.,w,E) = J ds u(i,E) e J° 
J a , ; UCÌ .HV.E^ ' ) 
[ S(i',«,E) +| Id^'dE' *(i\«,E)] 

P(JL,E) 

In this late expression, we can isolate a "transport" kernel 

-fu(i\E)ds 

[22] T[i',i|«,E} = u(i(E) e
 J<> Ò ( w-K/lKl-D/lKl2 

with K = L~L', and a "collision" kernel 
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[22] CfE'.Eli} = 
V(i,E) 

both properly normalized to 1, so that the equation [21] can be rewritten as 

[23] •(i,»,E) = J S(i,B,E) f di + JdE'ds'di' C f •(i,,«*,E) = 

= { f xU'.a.Eìdi' 

where the explicit expression for the first collision density X has been 

used 

[24] xCi.w.E) = S(l,w,E) + f di'da'dE' C f *(i*,»',E) 

The equation [23] is the required integral kernel equation (,T•-,•) for 

the collision density •. An analogous equation could be derived for the flux 

itself, by dividing the source term by the total cross section (i.e. 

integral over dE and dw of u(£,»:w' ,E:E' ) ) and by weighting by the same 

quantity 1/u the transport kernel; it will be seen in the folla- ing section 

that a pure Montecarlo game actually samples the collision density rather 

than the flux, so that a direct use of the [23] is of more general interest. 

However, an equation for the flux will be discussed in the section 1.4 just 

for the case of charged particles transport in the "continuous slowing—down" 

approx imation. 

1.3 A Montecarlo solution scheme. - The linked system [23]-[24] allows 

for a direct iterative solution of eq.[21] for the collision density 

( , 7 - , ,) ( giving an algorithmic representation of the formal Von Neumann 

solution [19]. 
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The zero-order step is the generation of source particles 

X. = S(£,«,E) 

from which the zero approximation to the collision density is computed as 

" I 125] •„ = diTx 

giving the "uncollided" source, viz. the fraction of particles which travel 

along the zone of interest without interacting. Then, successive iterations 

are carried out on the linear system 

[26] 
X„ = J dEdB C •„_; 

T X„ 

At each step the n-th scattered contribution to the collision densities can 

be computed as 

[27] 

f V N 

X(i,w,E) = 1/N 2^ xn 

*(i,g,E) = l/N y *„ 
u n=i 

from which the flux f can also be derived: this is actually a calculation of 

the truncated Von Neumann series for the collision density. 

A Montecarlo simulation of the system [26] can be easily implemented as 

follows. First, sample a source particle |i,«} set from the normalized 

source S 

[28] S = 
S(£,»,E) 

TdidwdE S(iigtE) 
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and set an initial "weight" (*) for the starting particle equal to the 

normalization denominator of the |28j. 

The path of the source particle is then followed by choosing some a 

pathlenght from the transport operator [22], which represents a collision 

distance s in a medium with macroscopic cross section u; practically, a 

random number £ uniformly distributed on the interval (0,1] is sampled, to 

give s as 

s = -1/u logU) 

At the point i'=i+sw, the collision kernel [22*] ,'s sampled to select the 

type of event the particle undergoes (absorption, clastic scattering,...) 

and a new set of {w,E} phase space coordinates. 

The whole process is repeated, by sampling a new collision distance 

from [22] and a new collision event from [22'], simulating a physical 

particle track (the "history") until the particle is absorbed or escapes 

from the zone of interest. 

Throughout the particle history, the flux (better, the fluence) across 

a surface or within a volume of interest can be computed. More generally, a 

functional of interest is likely to be computed as 

[29] <R> = / didwdE *(£,«,E)R(i,B,E)/ p(£,E) 

(*) The concept of "weight" of a particle is related to the statistical 
sampling of the distributions for source, scattering events and so on. The 
weight represents the contribution to an observable quantity from a physical 
particle track: the two coincide if the weight is unity. For various 
computational purposes, a "true" particle of weight W can be splitted into n 
particles with weights such that W/+...W„=W The final contribution is 
however that of the original physical track, as far as each of the splitted 
contributions is everytime multiplied by the weight of the scoring track. 
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(recall the relation [20] among flux and collision density) by considering 

the contribution to the quantity of interest by particles colliding at £. 

The corresponding Montecarlo estimate of the [29] is 

[29'] <R> = 1/N Y (•„/,!) R(i,»,E) 

The official ICRU definition for the particle fluence (") is the 

differential quotient of particles dN that cross a sphere of section da 

# = dN/da 

A more practical definition, without involving the geometrical properties of 

a defined body, can be used by multiplying both the numerator and the 

denominator by the mean chord lenght £=4V/A. In fact, ZdN is equal to the 

mean pathlenght ds in the volume, and fda is equal to the volume dV, 

* - ds/dV 

The same result is arrived at starting from the definition of particle 

fluence as the time integral of the expression 

•(i.w.E.t) =lxlN(i,E,t) 

where N i ; the particle number density, whose Montecarlo estimate is simply 

the sum A the weights of the tracks crossing the volume V of interest 

» " En Wn- So, 

130] f *(lL,w,t)dt « j W vdt/V = W "s/V 
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Due to the presence of the mean pathlenght T in the [30], this is often 

referred to as "track-lenght" estimator of the flux. A surface flux estimate 

can be obtained by supposing, without loss of generality, a parallelepiped 

volume V with axial dimension dz becoming infinitely thin so that 

[31] lim Ws/V = lim (W dz/|cos8|)/(Adz) = V/(A|cos8|) 
<l-»0 dt-»o 

The volume flux is thus the sun of the particle weights at each step of the 

chain [26], whereas the surface flux is the sum of the particle weights 

divided by the cosine of the angle 8 between the surface normal and the 

particle trajectory. Any other quantity (e.g. dose, energy deposition and 

so on) is consequently estimated from the [29'], by replacing the flux with 

the corresponding weight sum estimates. 

1.4 Charged particles transport. — The expression derived above are of 

general interest for particle transport, with no regard to the type and 

properties of the single particles. However, when treating charged 

particles, some important differences must be stressed with respect to the 

neutral particle cases. Due to l.e 'ong range of the Coulomb field of the 

atom, a charged particle passing through a layer of matter will experience 

an enormous number of interactions, both with the outer shell electrons of 

the single atoms and with the mean electron field. For the practical cases, 

the energy loss can be modelled as continuous, with a rate equal to the 

stopping power of the medium, -dE/dx ; then, it is assumed that the total 

attenuation coefficient u in the [15] can be written as the sum of two 

terms, 

d* dE 
|32] v(x,w:w\E:E*) = + u(M:».') «(E'-E) 

dE dx 
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the first representing the continuous energy loss involving no scattering, 

the second describing scattering without energy loss. The first is clearer 

written in terms of the residual pathlenght s 

[33] s = - / dE'(dE/dx)_1 = -/ dE'l 

by which the transport equation for charged particles can be written 

[34J «£ •(i,w,E)+(d*/ds) = 

S(i,w,E)+ fd«* uCw:»')! •(i.w'.E')- •(i,«,E)J 

From the same considerations of section 1.2 about the integral equation 

for the flux, and from the relation [16], it can be seen that the [34] 

directly gives an integral equation for the flux with a collision kernel 

depending on the angular variables only, and with the pathlenght s acting 

as an independent external clock variable, scanning the energy decrement, 

[35] •(£,a,s) = S(i,a,s)/u + [ [da' u(w:w') #(£,«',s) ] / y 

u being the energy-angle integrated attenuation coefficient. After deriving 

a workable expression for the angular distribution, the equation [35] solves 

the charged particle transport problem in the "continuous slowing-down" 

approximation. 

Since charged particles lose energy in random individual encounters 

with atoms, particles colliding within a distance s from the source (or 

from the last collision point) will rather have a distribution of energies 

than a fixed average energy loss rate. The validity of such assumption (the 

"energy straggling" problem) will be discussed later. 
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It must be noted that, in the eq.[32], also a term involving a 

simultaneous change in energy and direction could appear: this is the case 

in which the "knock-on" collisions among an incident electron and an atomic 

electron are explicitly taken into account (for heavy particles it could be 

the case of a 'uclear collision). These occasional events are normally 

treated separately; for the case of electron—electron collisions, which are 

of interest here, the way this can be accomplished will be reported below 

(see page 36, the "mixed" procedure). Anyway, the change in direction w' 

corresponding to an energy decrement AE is uniquely determined by the M0ller 

relation (*•) 

sinV = 4AE / [ T(1-2AE) + T + 4 ] 

where T is the electron kinetic energy in units of mc1. 
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2. THE "CONDENSED HISTORY" MONTECARLO METHOD 

In most of the experimental conditions of electron penetration and 

diffusion through matter, the observed firal angular distributions arise no 

longer from single scattering events within the target, but from some mean 

of multiple collisions; the effect of multiple scattering can, for example, 

produce so. spurious effects on the track in a cloud chamber to mask 

completely thi effect of an applied external magnetic field, so that our 

attention when treating electron transport in bulk matter must be 

concentrated on multiple rather than on single scattering (*')-

The treatment of Goudsmit and Saunderson (*z) enlights this subject in 

a particularly simple way. Let p(6)dw be the probability that, in a 

collision, the particle will be scattered into the solid angle dw around 

w={8»0}» and expand p(9) in the form 

(36] p(9) = J2n (2n+l)f„P„(cose) 

After two collisions, the probability of moving in the solid angle dw around 

{6,0} will be 

p( 0;)p( 62)sin B/sine d 8;d */d8d* 

where cos 8^ = cosScos 8; + sinSsin 8; cos( $/-$). Then, using a recurrence 

formula for the Legendre polynomials, 

P2 ( 0 ) = Hn (2n+l)(fn)
,Pn(cos0) 

and, in general, after q collisions 
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P^O) = ^n(2n+l)(f„)^n(cose) 

So, if W(?) is the probability of experiencing q collisions, the multiple 

scattering angular distribution function pm will be given by 

[38] pm(8) = £ q W(<7)P<7(8) 

Among the various explicit expression which have been derived for the 

multiple sattering distributions, many of them are referred to particular 

scattering laws, or to restricted angular treatment. In the following, the 

Lewis' derivation (13) will be exposed, to show the connection of the 

Goudsmit and Saunderson inductive treatment, with the collision kernel of 

the Boltzmann transport equation. Later on, also the Molière's discussion 

(*3) will be used, to give a deeper insight in the peculiarity of the 

charged particles transport problem; this second formulation has been shown 

by Bethe (**) to be formally equivalent to that of Lewis, under some general 

conditions. 

2.1 The Lewis' treatment of the Boltzmann equation. - The derivation 

of a space-integrated distribution function from the Boltzmann equation (**) 

will now be exposed, without any kind of small-angle approximation. The 

energy is regarded as a function of the residual range of the particle, and 

only multiple scattering is treated, with no regard to eventual single 

collisions, i.e. the "continuous slowing-down" hypotesis is assumed. So, 

expanding the distribution function f(i;y,s) on the spherical harmonics 

basis 

(39] f(x,ii,s) = £ ! w (tjL,s) Yu(y_) 
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we get from the [2] 

d 
[40] U t „ ( i , s ) YtB%(v)] + v-V [ f u ( £ , s ) Ye>(((v)J = 

ds 

N f u ( £ , s ) f[Yb ( v ' ) - Y ^ ( v ) ] 0 ( | v -v ' | ) dw' 

Multiplying both sides of [40] by Y^(v) and integrating over dv 

[41] f „ ( i , s ) + J^lm llf«.„(£,s)].q£ = 
ds 

N H n E j 2 n + 1 ) c » f t - ( i . s ) / d v d y * Y^(v)[YttH(v')-Y^(v)i-TK 

where. 

142) Q£ = (ds i r ' tv^cv) 

[43] c = 1/2 / o(cos6) Ph(cos8) d(cos9) 

Tlicn, using the addition theorem and the orthonormality properties of 

the Yj^'s and P„'s, we obtain after integration over dv and dv', and after 

some lenghty passages, 

[44] ( + k p ) fPt(r,s) + Ee*?
fe-(i's)Qt" = 0 

ds 

with 

[45J k f = 2irN I o(cos8) [l-Pp(cos9)J d(cos6) 

•'o 

Due to the cylindrical symmetry of the Yjm 's, we obtain by the dx' 

integration of the [44] a very manageable equation, for a distribution 

function which depends only on the travelled pathlenght s 



32 

dF, 
[46] + kt Ft = 0 

ds 

where 

[47] F€(s) = / ft0(i,s) di 

The terms with m=0 vanish by orthogonality. The solution of the 

equation [46] is 

F«(s,=rir 
2l+l - I k.ds 

[48] F*(s) = | / e 
4ir 

- fk,« 
•'n 

so that 

[49] F,(v,s) = / f(r,v,s) d£ = 

1 oo - / kjds 
> (2£+l) P,(cos8) e J* 

which is the above given result of Goudsmit and Saunderson for the multiple 

scattering angle distribution (*2). 

This result is formally valuable only for an infinite homogeneous 

medium. In the following it will be shown that such expressions are useful 

for paths developing within a bounded homogeneous zone, whereas some 

precautions are to be kept when approaching a boundary. 

2.2 The "condensed-history" technique. - When applying to electron 

transport problems, we have to bear in mind the great number of collisions 

experienced by an elc -ron (c?e sect. 2.3 below) in the 

ionization-excitation energy loss processes, because of the long range of 
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the Coulomb interaction, so that a pure Montecarlo method with one collision 

at each step would be an immense - and probably dummy — task to carry out. 

Then, a random walk procedure in the energy space rather than a true MC 

turns out to be suitable, in which the steps group out a great number of 

collisions and give rise to multiple scattering angles. The basic idea of 

Berger (ai) is to choose a set of logarithmically spaced intervals on the 

energy axis as 

[50J E„ = X" E0 

where EQ is a properly chosen upper bound for the electron energy; this set 

determines both the successive path lenghts travelled by the electron from 

the expression 

511 4S -JL - ( T ) dE 

and the multiple scattering angle from the equation (49] 

[52] 

1 e-. ~Bu 
F,c(u) = > (2£+l) Pt(u) e 

4n M 

K, VdE / 
where y=cos0. It will be noted that the pathlenght s plays an 

interchangeable role with the energy parameter, if the model treatment is 

that of a "continuous slowing-down approximation", i.e. if energy loss 

fluctuations are disregarded. However, this approximation can be very a very 

crude one, especially for the case of electrons, so that this prescription 

will need a deeper investigation. 
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Giving an explicit form for the mean energy loss dE/ds=pdE/dx, and for 

the integral electron-atom scattering cioss section k» (E), makes the 

formulae [50]—[52] suitable to construct the Montecarlo condensed histories 

as a successive series of collisions and free-flights alternatively, in the 

same spirit of the procedure described in section 1.3. The transition 

probabilities at each step are sampled from a multiple scattering theory, 

like that exposed in section 2.1 : generally speaking, we are able to choose 

the theoretical treatment the most appropriate for the zone of interest, 

even if incomplete and approximate, by imposing some subsidiary conditions 

on the pathlenght step AS . This makes the charged particle Montecarlo 

technique very different, in some respect, from the neutral particle one. 

2.3 Some remarks about the CHMC formulation. — The formulation of 

the "condensed—history" Montecarlo method (CHMC), rests on thè possibility, 

common to the Montecarlo algorithms currently used in neutral particle 

transport, of a complete separation of the effects of the collision and 

transport operators, so that the collision and transport processes act 

independently. 

To examinate the validity of such a strong assumption we must 

temporarily resort to the full time-dependent form of the Boltzmann equation 

[2]. The stochastic process described by this equation is a Markov chain, in 

the sense that after each time interval in which the distribution of the 

phase-space points migrates from one "cell" into another, all the 

correlations are destroyed. This hypotesis is plausible if the 

characteristic times of the fluctuations (the scattering processes) in each 

phase-space "cell" are very little wi*h respect to the characteristic times 

of the distribution evolution (the transport processes). 



35 

The time-dimension t of the "cells" should thus correspond to a value 

that must be greater than the time tj characteristic of the interactions, 

and smaller than the time t2 characteristic of the displacements 

[53) t, < t < t2 

These upper and lower limits are somewhat hard to define. A qualitative 

estimate for t2 can be suggested by the requirement that 

154] |(d2f/dta)/(df/dt)| « l/t2 

which steams from the observation that the Boltzmann equation is a 

first-order integro-differential equation in time; from the mean free path 

(in iron an 1 MeV electron travels freely for about 10-' cm) we get t2=10-17 

sec. 

For t; we can take the electron-atom interaction time, which is 

approximatively given by the time required for an electron of 'elocity v 

to pass through a sphere of radius /o/ir . 

[55J tj = 2 /o/H 1/v = 10~" sec 

From the [53] we deduce that the required separability of collision and 

transport processes holds if t; « tp , and we see that this is the case for 

a single-collision Montecarlo algorithm (**)• 

The fundamental feature of the CHMC method is the "grouping" of a great 

number of collisions and free flights, so that this scheme seems to vanish: 

the collision and transport events are mixed in each time step, and the two 
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operators cannot be separately applied (*). 

However, the difference between the standard collision and transport 

operators currently used in the Montecarlo transport theory, and the two 

corresponding operators used here, as described in section 1-4, is 

responsible for this. If we suppose that the single—collision angles are so 

little that sin8=B (that is not a dummy hypotesis), we can replace in the 

expression (52] sinB by 0 and Pg by the well-known formula 

[56J PA(8) = J„[(£+1/2)9) 

and, with the substitution n=t+l/2 and replacing the sun over t with an 

integral over n, we get'/from the [52] the approximate Molière's expression 

for small-angle multiple scattering (*,_**) 

F(8,s) = f [57J F(8,s) = | udì) J.(n9) e 
-Ns J*o(x)xdx[l-J0(nx)] 

where the B ^ have been replaced with the Legendre expansion for the 

scattering cross section k«. 

The equation [57] is exact for any scattering law, provided only the 

angles X are small compared to a radian, and is derived from a Fourier 

expansion of the transport equation after use of the folding theorem and 

integration over ds, where 

[58] 
' F(8,s) = J 

g(n,s) = e 

ndn J0(n8) g(n,s) 

B(n)-fi0 

(*) Considering that the number of collisions is about 10' per cm and the 
mean energy loss at 1 MeV is approximativcly given by 0.15-Z MeV/cm, we see 
that a typical energy interval of 0.05 MeV groups out about 10* successive 
collision-transport events for a Z - 30 material. 
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in the notation of Molière. The two terms Q(n) and Qg represent the 

integrals of the successive collisions in a path lenght and the total number 

of collisions, respectively, whose difference gives an "effective number of 

collisions" which is much smaller than the two operands. 

Thus, in the collision—transport chain [27J we resort to treat in this 

case the motion of a "mean electron", which travels along the mean direction 

coning from the integral of the small single—scattering angles over ds, for 

a certain path lenght s, giving rise to a macroscopic motion that satisfies 

the condition [53]. This "mean motion" will have some imoact on the 

representativity of the Montecarlo "condensed-history" simulation, that will 

be discussed in the next section. 

2.4 Energy straggling, lateral deflections and boundary crossing.— Up 

to now, the "continuous slowing-down" hypothesis has been globally accepted, 

delaying the discussion of its validity. In this paragraph this assumption 

will be discussed with its implications. 

Althought being the main mechanism for energy transfer at low (< 20 

MeV) electron energies, inelastic collisions are only a small fraction of 

the whole interactions (*) and are usually neglected in the theoretical 

formulation of the multiple scattering process. 

The more exact treatment of inelastic collisions should take into 

account the energy loss fluctuations - the just mentioned "straggling" 

effect - in which a significant amount of momentum is tranferred to a single 

(*) This can be quantitatively verified considering the small-angle 
Rutherford angular distribution *R(8)=A(NAZ

2/A)(eJ/mv1),/e*, and the 
corresponding expression for the scattering in the electron field 
^E(8)=4(NAZ/A)(e

2/mvI)2/9*, whose ratio says the former being Z times the 
'atter. 
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A mathematical description of straggling was firstly given by Landau 

(*'). The "continuous slowing-down" hypotasis implies a one-to-one 

correspondence between the electron energy E and the travelled path—lenght s 

at each step: however, due to the statistical nature of the electron—atom 

interactions, we must to treat the probability of loosing an energy in a 

certain range AE around E, when travelling for a path—lenght s. In the 

Landau's theory this probability is posed 

[59] p(AE,s)dAE = *(X)d\ 

where X=AE/x + g , x=(NAZ/A)2»( mc2r0
2/P2)s and g i s given by the 

( 2x - mc2P2\ 
I +p2-0.423 

(1-P2) I 2 / 

where p2=^T(T+2)/(T+l)2, T is the electron kinetic energy in mc2 units, I is 

the atom mean ionization potential and x0 is the classical electron radius 

(see Part II, par.3.2). The straggling distribution *(X) is a universal 

function of the argument u=(X-X0)/x, X0 being the X value corresponding to 

the maximum of the function f, and roughly behaves like u2exp(-u). The 

fluctuations around the mean value Xffl of the energy loss per collision, are 

appreciable in the case of electrons, when the mass m of the impinging 

particle is much smaller than the mass M of the target particle: the mean 

range straggling determined by the distribution [60] is approximatively 

given by 

[61] /<(r-rm)*> = rm/(200m/M) f(E/Mc
2) 
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where f(E/Mc2) is about 0.035 in the energy range of interest. We can talk 

of an electron "smeared" in a sphere with radius given by the expression 

[61], around the point rm. 

In a Montecarlo alghorithm a distribution like the [59] can be easily 

sampled within the transport operator as an energy-dependent step function 

which boosts the energy loss by quantities dAE with probability p(AE,s), 

with respect to the continuously decreasing energy loss from the transport 

operator (51]. Efforts have been recently made for including similar 

prescriptions in discrete ordinate codes (*7)-

Another way of including the effect of the rare, "catastrophic" 

collisions, in which a large part of the electron energy is lost in a single 

event, is based on a "mixed" procedure, firstly used by Schneider and 

Cormack (**), which is directly related to the transport operator definition 

[22]. A pathlenght distribution function is defined as 

- f Vc{s')às' 
[62] P(s)ds = uc(s) e

 J» ds 

where uc is the probability per unit pathlenght of a "catastrophic" 

collision with energy transfer E>EC. This quantity can be readily identified 

with the "knock-on" or electron-electron total cross section, that can be 

eventually altered to include the bremsstrahlung production among the energy 

straggling events. 

The algorithm thus proceeds as follows: first, the distribution [62] is 

sampled to give the collision distance corresponding to the next 

"catastrophic" event; this actually interpreted as an ordinary pathlenght 

step AS. Then, the main step is divided into sub-steps, for which the 
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"continuous slowing-down" model is used (*) reaching the selected point, and 

consequently decreasing the energy. At the collision point, the energy of 

the particle is reduced by an amount sampled from the differential cross 

section duc/dE, as described by the standard collision operator [22'], and 

the position is left unchanged. Finally, the whole process is repeated, 

sampling a new collision distance and so on. 

It will be noted that in this case the transport operator (22] used, 

involves both a change in the position and the energy: it is exactly at this 

point that the splitting [32] is effective in restoring the correct logical 

and analythical description of the transport-collision chain. 

Aside of these kind of problems, the "continuous s lowing—down" 

hypotesis entails some other considerations. Actually, the pathlenght step 

AS enters in the Montecarlo simulation as an "unphysical" parameter, which 

must be chosen by the users' experience for each single problem. But it is 

evident that the "mean" motion described in sections 2.2 and 2.3 completely 

neglects the electron path curvature resulting by the multiple scattering: 

the mean direction of motion results from a series of little angular 

deflections, which give rise to corresponding lateral displacements whose 

effect is "forgotten" between two successive steps. In the paper by Lewis 

(*') the "transverse" displacements A£ and An, orthogonal to the scattering 

angle direction w={9,0}, are shown to be of second order until the 

approximation sin8-8 holds, and the average "longitudinal" displacement AC* 

projected along the direction of the scattering angle is given by 

(*) It must be noted that the stopping power to be used in the energy 
decrement is not exactly, in this case, the same used in the complete 
"continuous slowing-down" model, because the inelastic collisions are here 
separately treated. So, the "restricted" stopping power must be used (this 
point will be discussed later, Part II, sec. 3.1). 
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rs l+<cosw(As)>av 
<cosw(s*)>awds* = As 

2 

which can be conveniently approximated by the substitution 

<cosw(As)>a¥ = cosw, if the Goudsmit-Saunderson multiple scattering 

distribution is used (z>). 

The problem of boundary crossing arises when the electron path 

approaches the surface dividing two media with different total attenuation 

coefficient and stopping power, because the multiple scattering theories of 

Molière, Lewis, Goudsmit and Saunderson, and so on, are strictly valid only 

for infinite, homogeneous geometries. The most evident solution is to design 

the computer algorithm so that the pathlenght steps are shortened when 

approaching a boundary, so as to let the standard theory hold, in such a way 

that the error can be negligible after abruptly "jumping" on the other side 

of the surface, to start the transport in the new medium. In most of the 

computer codes this prescription is realized by implementing a sub-step 

division of the major pathlenght step, which can be self-adjusted during the 

calculation by constantly "measuring" the distance to the closest boundary. 

A final consideration can be made about the approximation of estimating 

the density F(0,s) at a certain point x comprised within a pathlenght step. 

We can consider that the difference in the position is given by the third 

side of the triangle formed by the "true" displacement and the "mean" 

displacement s at an angle X between two collisions 

Ax = sx = 10-' cm 

and that the impulse difference is related to the difference of energy loss 

along the same two distances 
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Ap = &AE = IO-7 MeV/c 

for a typical 1 MeV electron in iron. As a matter of fact, we note that the 

product of the two uncertainties is well above the limit of the Heisenberg 

principle 

Ax-Ap = KT 1 5 MeV-s » h 

where ft is the Planck constant, equal to 4-10_sl MeV-s; this means that 

quantum fluctuations do not affect the calculation because they are much 

smaller than the minimum width of a phase-space "cell". 
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