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Recent developments in the theory of excited state formation in collisions of
fast highly charged ions with solids are reviewed. We discuss a classical transport
theory employing Monte-Carlo sampling of solutions of a microscopic Langevin
equation. Dynamical screening by the dielectric medium as well as multiple
collisions are incorporated through the drift and stochastic forces in the Langevin
equation. The close relationship between the extrinsically stochastic dynamics
described by the Langevin equation and the intrinsic stochasticity in chaotic
nonlinear dynamical systems is stressed. Comparison with experimental data
and possible modification by quantum corrections are discussed.

I. I N T R O D U C T I O N

Ever since the seminal work by Bohr and
Lindhard1 on the evolution of the charge state and ex-
citation state of fast atomic particles penetrating solids
the investigation of the existence and the nature of the
electronic excitation spectrum of swift ions has contin-
ued to draw considerable interest. A complex array of
multiple scattering processes produces a variety of ex-
cited -configurations not easily accessible by other means
(e.g. photon excitation is limited by stringent selection
rules). Despite the extensive application of the ion-solid
interaction as a spectroscopic tool, a microscopic under-
standing of the dynamics of excitation process and of
the evolution and transport of electrons accompanying
fast ions is still rather poor. Many fundamental ques-
tions concerning the existence, the modes of formation,
and the lifetimes of excited states in the dense medium
are still left unanswered. The difficulties can be at-
tributed to the complexity of the interaction process
and to the fact that perturbations of excited states are
sufficiently strong to preclude any perturbational treat-
ment.

A review over recent experimental developments
has been given by Chetioui2 at the XV ICPEAC in
Brighton. The probably most puzzling experimen-
tal observation is the abundant production of high-
Rydberg2"8 and low-energy continuum states9 around
fast highly charged projectiles penetrating thin foils. In
particular, the observation of Rydberg states in high
angriar momentum states I > 1 is in sharp contrast
to well known ion-atom collision processes which under
otherwise similar conditions (collision velocity vp ?t> I,
charge state q ^ 1 with q/vp ~ 1) strongly favor low I
states. These findings, among many others, have posed
an apparent paradox: On one hand, the formation of
these states, observed only after the projectile has ex-
ited the solid, inside the medium is unlikely in view of
the fact the characteristic radii (r)n< exceeds the typi-

cal nearest neighbor spacing, d, in a solid10(Fig. 1). On
the other hand, formation near or outside the exit sur-
face should closely resemble single collisions (the "last-
layer" hypothesis11) which, in turn, cannot account for
the abundance of hig .-I Rydberg states.

Exit
Surface

Fig. 1. Propagation of an electron associated the pro-
jectile P through the solid; d: nearest neighbor spacing,
\p: dynamical screening length.

It has become clear that a resolution of this para-
dox requires a detailed study of the dynamical evolution
of electronic states around swift ions inside the solid
taking note of the fact that the observed final-state dis-
tributions bear some memory of the evolution in the
bulk. More precisely, the final-state distribution is the
result of the complex dynamical evolution of electronic
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charge cloud associated with the swift ion. Clearly, the
transient wavepacket formed inside the solid has little in
common with stationary atomic(or ionic) states. The
build-up of a closely phase-space correlated, approxi-
mately isotachic electron flow in the proximity of the
projectile is, however, a precursor event for the forma-
tion of post-foil Rydberg and convoy electron states.

A theoretical description is complicated by the
intrinsic complexity of the underlying interaction pro-
cesses. Viewing the evolution in terms of transient
projectile-centered states one is faced with the problem
of strong perturbations, both time-dependent and time-
independent which preclude any perturbational treat-
ment. Time-dependent perturbations result from mul-
tiple collisions of the electrons with target atoms in the
solid. Time-independent perturbations are due to the
fact that the interaction potential of the electron in the
field of the swift projectile ion is not a pure Coulomb
potential (or a Coulomb potential plus modifications
by the ionic core for projectiles with partially filled in-
ner shells at small distances) but completely altered
at intermediate and large distances by the dynamical
screening in the medium (the "wake field"12). In the
following brief review we outline a classical transport
theory employing stochastic dynamics. Even though
highly desirable, the treatment of the evolution inside
the solid in terms of a quantum mechanical transport
theory appears to be a formidable task in view of the
large number of coupled states, including those in the
continuum, and of the nontrivial choice of an appropri-
ate basis set that represents strongly perturbed atomic
states in a dynamically screened projectile field. It is
not at all obvious within which basis set of manageable
size the evolution of the transient wavepacket can be
represented with sufficient accuracy. The application of
classical dynamics to Rydberg states relies on the limit
of large quantum numbers (n,l). The overall remark-
ably successful description of microwave ionization by
classical dynamics13 attests to its validity. However,
noticeable deviations indicated that the applicability of
the correspondence principle requires much more sub-
tle considerations, in particular, concerning the density
of dynamically accessible states14. Corrections due to
quantum effects are therefore still an important and a
largely open question.

Our approach is closely related to classical chaotic
dynamics in Hamiltonian systems. The extrinsic
stochasticity introduced via random forces into the
Langevin equation mimics, under certain conditions,
the intrinsic stochasticity in a chaotic system. More-
over, the non-separable wake potential induces irregu-
lar motion chaos even in absence of explicitly stochastic
forces. Many tools developed in the context of classical
and quantum chaos can be used to quantitatively char-
acterize the electron transport problem. We will high-
light the interplay of extrinsic and intrinsic stochasticity
on the final-state distribution of ion-solid collisions.

II. PRIMARY EXCITATION: INNER
SHELL PROCESSES AND THE SOURCE

TERM FOR THE TRANSPORT PROBLEM

The excitation of highly charged ions in ion-solid

collisions have been traditionally divided into two dif-
ferent regimes2: excitation of core states and excita-
tion of highly excited states. While the dividing lines
is far from being sharp, a qualitative distinction can be
made according to the size of the orbit and, correspond-
ingly, to its binding energy. Low-lying states with radii
(r)nl 4Z. d should closely resemble isolated atomic (or
ionic) states. Likewise, the production of low-lying pro-
jectile states involving inner shells from both the tar-
get and projectile should resemble ion-atom collisions
in the gas phase under otherwise identical conditions
since on this length (or energy) scale solid state effect
should be unimportant. The evolution of charge state
and excited-state distributions in ion-solid collisions can
therefore be described by rate equation models15"17 (i.
e., discrete master equations) with only a modest num-
ber of states included. The transition rates (Wij) in the
rate equation for the probability distribution P,

(1)

are assumed to be given in terms of atomic cross sections

Wij = vpnaj,i (2)

where n is the effective target density. The channel in-
dices(ij) in (1) refer to either different excited states of
a given charge state or different charge states. Accord-
ingly, 0jti refer to the corresponding cross sections for
excitation, ionization, electron capture ect. In Eq. (1)
we have employed a straight-line constant velocity tra-
jectory Z = vpt for the projectile neglecting energy
loss and angular straggling in view of the small elec-
tron/projectile mass ratio. For the overall charge-state
distributions as well as low-lying state populations this
approach has proven to be remarkably successful. Lim-
itations, however, have become apparent. Chetioui et
al2 have reported on a perturbation of the I distribution
predicted by (1) due to an effective field produced by
the dynamical screening charge ("wake"). These post-
collision-interaction (PCI) effects18 can become impor-
tant when long-range interactions persist on a time scale
much larger than the collision time tc of the primary
collision event. Primary collision processes are charac-
terized by a violent energy momentum transfer which
require a close collision. The post-collision interaction
time tpci, on the other hand, is determined by the
range of the interaction and by the lifetime of the ex-
cited state which is limited by collisional and radiative
destruction of the state. PCI effects have also been ob-
served in experiments of resonant coherent excitation of
channeled ions.19

For the formation of highly excited states valid-
ity of the master equation (1) breaks down. Not only
atomic cross sections but also the states themselves are
no longer well defined. A different description is needed
to describe the evolution of the charge cloud in that
region of the phase space. However, the primary exci-
tation event involving a close collision associated with
a large energy transfer is essentially unchanged. It is
the subsequent evolution in the aftermath of this colli-
sion which is strongly influenced by condensed matter
and collective effects. The primary excitation processes



which include direct (projectile) excitation as well as
charge transfer can be viewed as a source term for a
charge cloud closely phase space correlated with the
projectile ion which is the subject to modification due
to a complex transport behavior.

i n . CLASSICAL TRANSPORT THEORY

Within the framework of classical dynamics the
electron transport problem is described by a phase-
space master equation for the distribution function p
(in a.u.),

vp j^p{?, v, Z) = (I + R) p(r, v, Z) (3)

where the classical Liouville operator

L = -v- (4)

describes the phase space flow ("drift") due to the ef-
fective electron- projectile interaction Vp and R is the
collision (integral) operator describing stochastic colli-
sions of the electron in the solid. The phase-space co-
ordinates (r, v) refer to the projectile frame. We use
in (3) a one-electron approximation since the probabil-
ity of producing a highly excited projectile state is small
(< 10~3) so that the simultaneous presence of a second
electron in this phase space region is negligible. Elec-
trons of the medium are well separated in phase space
from the "active" electron since vp ^ VF (?F- Fermi
velocity). The collision integral (relaxation operator) is
given by

Rp = fd3q[\V(v- g, q)p(r, v-q,Z)- W(v, q)p(r, v, Z)]

(5)
where the transition rates W depends on both the
momentum transfer q and the local momentum v.
The transition rates are proportional to the differen-
tial inverse mean free paths (DIMFP)20 or momentum-
differential cross sections. They include both elastic
and inelastic scattering processes of the electron with
target atoms and the electron gas of the medium. Th*
assumption of a homogeneous ( r independent) kernel
is justified for homogeneous media and,to a lesser ex-
tent, for amorphous targets or projectile propagation
along "random" directions in a solid. The Eqs. (3-5)
represent a partial integro-differential equation in 6 + 1
dimensions and are not easily accessible to a direct nu-
merical solution. A reduction to a Fokker-Planck equa-
tion is not applicable since the jump moments

q?W(v,qi)(i = xty,z) (6)

are not small. The latter follows from the fact that the
large q limit of W displays a Rutherford tail ~ q~*
thereby accentuating large momentum transfers.

We use an alternate strategy to solve Eq. (3-
5) by employing "test particle discretization". We cal-
culate trajectories of test particles determined by a
stochastic equation of motion, the Langevin equation

(7)

and determine approximate phase space distributions
by Monte Carlo (MC) sampling. A typical example
of the effective projectile potential Vp used in the (7)
is displayed in Fig. 2. Its characteristic features are
a Coulomb trough at small distances and screening at
large distances. In addition, an oscillatory structure
("wake") is trailing the ion. Since the drift term in
(3) agrees with the deterministic part of the Langevin
equation (7) the only non-trivial part in establishing a
correspondence between (3) and (7) lies in the deter-
mination of an appropriate stochastic force F. While
such a construction is not unique, an obvious strategy
is to optimize the agreement with the collision operator

pllul

Fig. 2. Dynamical screening potential of S16+ in Al
calculated in plasmon-pole approximation to the dielec-
tric function (vp = la.u.).

for a finite number of jump moments. We describe
stochastic force in terms of a sequence of impulsive r.:o-
mentum transfers ("kicks")

A J * (8)

where APf* is the stochastic momentum transfer per
collision at the time tf. The determination of F(t) is
thereby reduced to that of a stochastic sequence of pairs
(APf*,tf). The approximation of the collisional inter-
actions of fast electrons with target atoms in terms of
instantaneous momentum transfer is based on the ob-
servation that the interaction is short-ranged and de-
termined by the static screening length in the medium
(typically of the order of la.ii.). The corresponding col-
lision time tc ~ l/vp is short compared to the orbital
period tn = 2KU~1 = ^(n/g^for n > 1. In (8)
we have decomposed the stochastic sequence into two
independent subsequences. One sequence (a = 1) refers
to elastic electron-target core scattering while the other
(a = 2) refers to inelastic electron-electron scattering.
The terms (in)elastic refer to (non)-conservation of the
kinetic energy of the scattered fast electron.



In accordance with the assumption of a homoge-
neous collision kernel the proper stochastic point pro-
cess for the time intervals between subsequent events is
Poissonian21, i.e,

P(Ata) =a) = e - (9)

where the mean time interval is given in terms of the
corresponding mean free path (mfp) A" by

(Ata) = Xa/ve (10)

It is straight-forward to modify (9) to take into account
effects of the nearest-neighbor peak of the pair distribu-
tion function thereby relaxing the homogeneity assump-
tion. First tests with different distribution functions
have not shown significant modifications. The probabil-
ity distribution function for the stochastic momentum
transfer can be derived from the collision kernel as

(11)
Jdq W(v,q).

The distribution function are, up to normalization con-
stants, differential scattering cross sections associated
with electron-core and electron-electron scattering. The
distribution is three dimensional with both longitudi-
nal (AP || ve) and transverse components (AP -L ve)
with respect to the electron velocity in the target frame
ve = VB + v. For explicit calculations of (11) we
have used the dielectric response approximation devel-
oped by Ashley et al for inelastic scattering20 and a
screened Coulomb potential for elastic scattering22'23

employing a Firsov screening radius. One key advan-
tage of the present formulation is that alternative and
more sophisticated input can be used if necessary.

The distribution function p(r, 0, Z = 0) of initial
conditions propagated according to Eq. (7) must take
into account the fact that the population of excited pro-
jectile states occurs in a close collision at small impact
parameters and accordingly, the phase space distribu-
tion should closely resemble binary ion-atom collisions.
We choose therefore an initial phase space distribution
which would yield the known behavior for excited state
cross sections, <rnt, if no further perturbation would
occur along the trajectory. This choice consists of a
classical uniform distribution in energy corresponding
to a quantal n~*3 law for excitation or charge transfer
(and appropriate continuation into the projectile con-
tinuum) and an I distribution peaked at small values
I ~ O(\) whose detailed shape depends on charge state
q, the dominant population mechanism (capture or exci-
tation) and projectile velocity vp. This guarantees that
in the limit of zero path length or in the limit of small
perturbations the final-state distribution under single
collision conditions is recovered. The crucial difference
to ion-atom collisions or the classical calculations of
strongly perturbed atoms24'25 is that the position space
distribution is confined to small distances from the pro-
jectile (r < rc) where rc is determined by the dynamical
screening length Xp = vp/u>p (wv — plasma frequency)
or the maximum distance below which sufficient mo-
mentum can be transferred in a primary collision event.

The initial conditions lie close to the pericenter of the
orbit. Clearly, other choices are possible. For exam-
ple, initial conditions can be taken from classical tra-
jectory Monte-Carlo calculations (CTMC)26 for binary
ion-atom collision.

In order to relate the dynamical evolution in the
bulk to the post-foil experimental observation, modifi-
cations due to the penetration of the exit surface must
be taken into account. The sudden breakdown of the
dynamical screening near the surface leads to a redistri-
bution of the final-state population. The sudden switch
from a screened Coulomb potential Vp to a bare poten-
tial V closely resembles shakeup and shakedown pro-
cesses in photoionization processes. The atomic orbitals
of the old Hamiltonian (containing Vp) are redistributed
among the eigenstates of the new Hamiltonian contain-
ing V . Shakeup and shakedown processes are easily
incorporated in our classical formulation: The phase-
space coordinates of the evolved orbit at the time of
the passage through the surface (r(ts),v{t,)) are used
to construct orbits in the bare Coulomb field V °, pro-
jecting thereby, within a classical framework, orbits in
a screened potential onto orbits of the bare potential.

The observed final-state distribution does not,
in most cases of interest, correspond to an ensemble
with well-defined distances of propagation Z between
the point of primary excitation and the exit of solid,
p(r, v, Z), but to an ensemble average over different es-
cape depths, i.e.

f>(r,v)= P{7, v, Z). (12)

We display all results for dynamical variables in
terms of their asymptotic values in the Coulomb field
using the projection of the phase space coordinates onto
dynamical variables in the bare potential. This repre-
sentation is motivated by the fact that only asymptotic
(post-foil) values are experimentally accessible. Their
values at a given distance Z inside the solid entering
the calculation of the dynamical evolution are, however,
different.

The mapping of the evolved phase space distri-
bution onto the final-state distribution proceeds via
standard binning techniques using semiclassical Bohr-
Sommerfeld quantization rules. For example, for the t
distribution we use equally spaced bins centered around
semiclassical eigenvalues I + 1/2. Similarly, the en-
ergy bins corresponding to an n-shell for hydrogenic
final states extend from e = -q2f2(n - 1/2)"^ to
€ = - 9

2 / 2 ( n + 1/2)"2.
The conceptual advantage of a classical trans-

port theory is that no a priori assumptions concerning
the existence, structure, and lifetime of excited bound
states inside the solid are required since the classical
trajectories are well-defined irrespective of the proper-
ties of Vp and of the collision frequency. The space of
classical phase space variables is automatically complete
(within a given fixed number of degrees of freedom) so
that no truncation errors occur. The price to pay is the
neglect of intrinsic quantum corrections. In Sec. 6 we



will briefly comment on their expected importance.

IV. COMPUTER SIMULATIONS
A. Free electron transport

The transport properties of monoenergetic free
electrons through solids provide an important test28

for the classical transport theory. In this case the Li-
ouville operator describing the deterministic flow van-
ishes and the evolution of the energy and angular dis-
tribution is approximately separable. Slowing down
and degradation (energy straggling)29 as well as an-
gular straggling belong to the few simple fundamental
transport problems for which the resulting 1 + 1 di-
mensional master equations (3) are solvable. Approx-
imate solutions for the master equations in energy and
angle were first found by Landau24 and by Goudsmit
and Saunderson22. A comparison between very recent
measurements for 1500 - 4800 eV electrons23, a numer-
ical solution of the master equation, and the ensemble
solution of the Langevin equation26 shows good agree-
ment for the energy and the angular distribution. Since
free electron transport corresponds to the Vp —• 0 limit
of the full transport problem (Eq.(7)), this lends sup-
port to the applicability of classical stochastic dynam-
ics. The master equation for free electron transport has
been recently also applied30'31 to convoy electrons in
the field of the projectile ion. Its validity for convoy
electrons is presently being tested by comparing distri-
bution functions with and without the presence of Vp
term in (7).28.

B. Coulomb focussing and
defocussing of convoy electrons

A portion of the flow of the electrons moving
in close correlation with the projectile ion ends up
in near-threshold states in the continuum (c ~ 0)
of the projectile. They are usually referred to as
"convoy electrons"32 and manifest themselves as a
sharp peak ("cusp") in the forward spectrum. The
occurrence of a "cusp" is an entirely classical phe-
nomenon and is describable within a classical trajectory
calculation.33'34 Several yield measurements as a func-
tion of foil thickness8'35'36 have indicated that convoy
electrons display an enhanced mean free path, Ac com-
pared to that of isotachic free electrons, Xj. While both
a clear-cut definition of Ac and a quantitative measure-
ment are complicated by the sensitive dependence on
the experimental resolution as well as on the simulta-
neously proceeding charge-state equilibration affecting
inner shells (see Sec. 2) the underlying physical picture
is deceivingly simple: the strong Coulomb force drags
the charge cloud along and redirects scattered electrons
into forward direction, thereby Coulomb focussing the
"beam" and enhancing the effective mean free path.

The study of focussing effects with help of the
Langevin equation has revealed a much more complex
picture.33 In Figs. 3 and 4, we compare the attenuation
length If for free electrons and for convoy electrons lc in
the field of a highly charged sulfur ion 5 I 6 + . The atten-
uation length is defined in terms of an approximately
exponential rate of depletion as a function of distance
of propagation of a fixed small volume element in veloc-
ity space centered about the "cusp" velocity ve — vp.

The comparison of the attenuation length for free elec-
trons and for convoy electrons displays the two re-
markable features: the attenuation of convoy electrons
(curve a) is dramatically enhanced in apparent striking

100 200 300
Z(o.u.)

400

Fig. 3. Attenuation of free electrons with initial ve-
locity ve — vp — 12.5, v± = 0) in collection volume:
(vp - 0.25 < veu <vp + 0.25; 0 < ueX < 0.25)

100 200 300
Z (a.u.)

400

Fig. 4. Attenuation of convoy electrons (« ~ 0) near a
S16+ ion (vp = 12.5a.u.)in Al, collection volume as in
Fig.3. a: convoy electrons; b. negative energy ( "bound"
states); c: total number of correlated electrons (a + b).



contradiction to the motion of Coulomb focussing
("Coulomb defocussing"). Furthermore, the rapid de-
cay of the convoy electrons terminates and a long-time
tail develops. Both effects are due to the changes of
the dynamics in the presence of the (screened) Coulomb
.field. The interplay between the stochastic force and the
Coulomb field introduces a nonlinear instability. After
one collision the energy spread as seen in the "projec-
tile" frame (t>p = 12.5, v± = 0) is for a free electron

Ae = AP2 /2

whereas for a Coulomb orbit we have

AP2

Ac = 0(r) • AP + =L-

(13)

(14)

where v{7) is the local velocity on the Coulomb orbit.
Since the local velocity becomes very large near the
Coulomb singularity the first term in (14) dominates.
The coupling of the externally supplied momentum to
the local orbital momentum, v(r), rather than to the
asymptotic momentum 5(r - • oo) ~ 0 leads to an
increased energy diffusion which manifests itself as a
defocussing effect for convoy electrons. This mecha-
nism possesses a close correspondence in the chaotic
dynamics of the periodically perturbed ("kicked") hy-
drogen atom37-38. Indeed, the analogy reaches much
further. The diffusive and stochastic dynamics we ob-
serve is not entirely due to the extrinsic stochasticity
of the Langevin equation but is inherent in its deter-
ministic counterpart (see Sec. 5). The origin of the
long-time tails is the build-up of a significant "bound-
state" population shown by curve b in Fig. 4. The
term v • AP is not positive-definite. Depending on the
(pseudo) random orientation of the two vectors relative
to each other, a collision results in either an energy gain
or an energy loss. Therefore in nearly half of the trajec-
tories the orbit starting with e = 0 visit regions of neg-
ative energy states, i.e.quasi- bound states. It should be
stressed again that the energy refers to the asymptotic
value in an unperturbed Coulomb field and not to the
actual value in the dynamical screening potential. The
stabilization of initially fragile (c = 0) orbits by mul-
tiple scattering may be called Coulomb "trapping". A
similar trapping effect of recapturing unbound electrons
has been observed for the periodically kicked hydrogen
atom.37

Due to the trapping effect the decay curve for the
total number of correlated electrons (curve c) has a
small slope corresponding to an enhanced correlation
length compared to that of the free electron attenua-
tion. This enhancement can be considered a focussing
effect. The long-time tail in the convoy yield (curve a)
results from a delayed release of "trapped" electrons.

C Angular momentum diffusion
The .oad / distribution accentuating high an-

gular momentum Rydberg states observed in ion-solid
collisions can be shown to be a consequence of multiple
collisions described by the Langevin equation (7). In
order to illustrate the stochastic dynamics of Rydberg
orbits in detail we follow the evolution of a single state.

Figure 5 shows the projection of the phase-space distri-
bution onto the (I, lz) plane of an ensemble of initial
orbits with t0 = 1 in hydrogenic sulfur propagating at
a speed vp = 12.5 a.u. through carbon. All orbits lie
initially on an energy shell which corresponds asymptot-
ically to an n = 32 state. At each time, a subensemble
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Fig. 5. Phase-space portrait of a subensemble of
particles within the energy window (-0.5 < e <
0.5a.u.), projected onto the I - tt plane. Initial state
•S15+("o = 32,<o = 1) propagated through carbon foil
at speed vp = 12.5a.«. Frames from top to bottom-
t = 2.2a.u.,t = 7.6a.«.,< = 18.7a.u..

of orbits is selected for which the Coulomb energy lies
close to threshold (-0.5 < e < 0.5). lt is the projec-
tion of the I vector along the beam axis (vp),the axis
of cylindrical symmetry of the problem. The spreading
of the l,ths "( diffusion", is clearly visible. The term
"diffusion" should not be taken literally since the indi-
vidual jump is not small compared to the characteristic



orbital velocity. We also note that "scars" of the ini-
tial "magnetic substate" distribution (-1 < tz < 1)
survive for a long period of time because a significant
fraction of stochastic collisions leads to excitation of
longitudinal plasmons with Alz = 0. The cone-shaped
boundary of the projected (t, lz) phase space suggests
that diffusion leads to a net drift into high-/ states.

A detailed quantitative test of this theory is com-
plicated by the fact that most measurements are based
on a cascade analysis3"6 which allows only the deter-
mination of the global trends of the distribution P(l)
but does not permit a state-selective detection of the
population of individual I. Very recently, such a mea-
surement has become available* for the hi population
in autoionizing C2+(2p5() states [Fig. 6(b)]. Compar-
ison with the simultaneously measured t distribution
for both excitation C 2 + —» He and electron capture

. (a)

Fig. 6 I distribution /»(/) in n = 5% of C2+(2p5t)
(vp — 2.25a.u.). (a) , experimental data for C3 + +
He — C2+(2p5/) + He+; - • - • - , experimental data
for C 2 + + He — C2+(2p5/) + He (Ref. 7); —, sim-
ulated initial distribution for random walk, (b) ,
experimental data (Ref. 7) for C + —• carbon foil; —
, escape-depth-averaged (steady state) solution of the
Langevin equation.

C3+ —> He in gas-phase collisions [Fig.6(a)] clearly dis-
plays the shift to high-/ states. Results for the I dis-
tribution in n = 5 show astonishingly good agree-
ment between the classical transport theory and the
data.39 The only statistically significant deviation, by
a factor « 1.5, from the experimental data appears to

occur in the g-state population, t diffusion has been
observed also in the limit of adiabatic collisions 40 (i.e.,
An = 0). In the present case, the diffusion is strongly
non-adiabatic. The growth in I is strongly correlated
with a growth in energy. This illustrated by the cross-
correlation function {AeA£)(Fig. 7) for the C 2 + data.
The positive values indicate that growth in I, A/ > 0,

10

Fig. 7 Cross-correlation function {AeAL) and normal-
ized (AeAL)/(Ae){AL) as a function of evolution time,
parameters as in Fig. 6.

is positively correlated with a growth in energy. In the
pictorial language of Fig. 10, we have a biased random
walk along the diagonal towards the upper right corner
in the e - / plane. The decay of the normalized cross
correlation function with an initial slope corresponding
to an approximate power law t~l indicates that the
stochastic character of the perturbation destroys the
long-term correlation between growth inAe and At.

V. RELATION TO DETERMINISTIC CHAOS

Our discussion so far has dealt with the dynamical
evolution that is extrinsically stochastic since multiple
scattering is a random process unless very special con-
ditions such as channeling19 in single crystals are met.
Extrinsic stochasticity should be distinguished from in-
trinsic stochasticity which characterizes diffusive trans-
port due to deterministic chaos. The Langevin equa-
tion (7) contains two deterministic dynamical systems
as limiting cases which can be shown to be chaotic.
This, in turn, suggests that the transport behavior we
have observed is result of a complex interplay of extrin-
sic and intrinsic stochasticity.

One limiting case is found by switching off the ran-
dom force (F = 0) in Eq. (7). The resulting Newtonian



equation of motion describes the motion of the electron
in the wake potential (Fig. 1). This corresponds to a
time- independent dynamical system with two degrees
of freedom (the azimuthal angle is cyclic and Lt is a
constant of motion because of the axial symmetry of
the wake potential with respect to the beam axis (vp)).
The wake potential is not separable and allows there-
fore for a divided phase space of regular and chaotic
motion41. Restricting ourselves in the following only

a)

-il
-3

expects a transition from regular motion to chaotic mo-
tion with increasing energy since trajectories will ex-
plore regions of the potential where deviations from
the pure Coulomb behavior become more pronounced.
Figs. 8a and b show two trajectories for an energy cor-
responding to a low-lying state (n = 5) and a high-
lying state (n = 25), both with lz = 1. While Fig. 8a
(n = 5) displays a processing and "breathing" ellipse
as expected for a weakly perturbed Coulomb potential.
Fig. 8b shows an irregular trajectory which lacks any
quasi-periodic structure. The breathing mode of the
ellipse in Fig. 8a corresponds to a change of eccentric-
ity, or equivalently, of I, since the dynamica] screening
potential breaks the spherical symmetry. It should be
noted that in the limit of weak perturbation (i.e. low
n) the precessional and breathing motion is the classi-
cal manifestation of the Stark effect due to the wake
field discussed by Chetioui et al2. We have systemat-
ically investigated the evolution of the I distribution
due to the wake field as a function of the energy. An
example is shown in Fig. 9 for an energy shell cor-
responding to an n = 15 state possessing a largely
chaotic phase space. The evolution of I as well as its
rms fluctuation (At) = ((t - </))2)1 / 2 is shown as a
function of time for an ensemble of 100 randomly cho-
sen trajectories with lo = 2. The irregular dynamics
("mixing") manifests itself in the approach to a large
equilibrium value for both I and {At). We therefore

x (ou)

2000
Haul

Fig. 9. Average value (I) and standard deviation from
this average, (At), as a function of the evolution time
for an ensemble of initial to = 2 orbits in S1 5+ in Al
(vp — 12.5). The energy corresponds to an unperturbed
n = 15 state.

Fig. 8. Trajectory of an electronic orbit in 5 1 S +

(vp = 12.5a.u.) in Al with an energy corresponding to
an unperturbed state with quantum number a) n = 5
and b) n = 25 state.

to the motion near the (distorted) Coulomb trough one

find that in addition to multiple collisions the irregular
motion in the wake potential can induce t "diffusion"
and growth in t. Notice, however, that the character-
istic time within which the deterministic I diffusion oc-
curs (t •> 100 a.u. corresponding to Z > 1200 a.n.)
is large compared to stochastic diffusion time (see Fig.
5). The important conclusion is that in the present case
field mixing or, more generally wake potential mixing,
is slow compared to collisional mixing.



dimensional nonlinear mapping44

Fig. 10. Random walk in the e - I plane of the phase
space for an impulsively driven Rydberg atom.

The dynamically screened Coulomb potential pos-
sesses in addition to the Coulomb trough additional lo-
cal minima which can support bound states ("wake rid-
ing electrons"). The latter can play an important role
for the electronic evolution near an antiproton travers-
ing a solid.42

The other limiting case results from replacing in
(5) the dynamically screened potential Vp by a bare
Coulomb potential V° and replacing the stochastic
force by a deterministic periodic force

F(t) = £ ( - 1 ) ' AP 6(t - iT/2) (15)

In this case we recover the Newtonian equation of
motion for an impulsively driven hydrogen atom (or hy-
drogenic ion). This model has been previously studied
13,37,38,43 m connection with the microwave ionization
of hydrogen. This connection can be made more explicit
by Fourier analyzing the periodic force

F(t) = 4 AP
cos (16)

»=o

with u> = 2ff/2\ The first term in (16), a = 0,
agrees with the force exerted by a microwave field of
field strength Fo = 4 AP/T. The essential differ-
ence is the presence of an infinite number of higher har-
monics which give rise to a large number of nonlinear
resonances and to enhanced instability.

Choosing AP as parallel to the Z axis the equa-
tion of motion possesses axial symmetry. Upon a canon-
ical transformation Eq. (7) can be converted to a four

(17)

where n; is the classical action corresponding to the
principal quantum number, r,- is the conjugate angle
variable (the mean anomaly), /,• is the total angular
momentum and ipi is its conjugate angle variable. The
mapping (17) allows for a simple intuitive interpreta-
tion: The electron describes a (not necessarily random)
"walk" in Coulomb state space (Fig. 10). The walk will
be random when the dynamics becomes stochastic.

The stochasticity can be most conveniently mea-
sured with help of (positive) Lyapunov exponents /?.

- ,. ,. 1 ,0 = lim lim — In
j f c o o A X O f c |AX0 |

(18)

They measure the exponential divergence of nearby ini-
tial conditions. In (18), the number of iterations of the
mapping is denoted by k. The vector of initial condi-
tions is denoted by XQ , the displacement of the nearby
initial condition by AXQ. For the four-dimensional
mapping (17) up to two positive Lyapunov exponents
can exist. We focus on the largest exponent fimax
which, for almost all AXo, determines the overall rate
of exponential separation. A trajectory is regular if
Pmax — 0 (within the numerical tolerance set in the
following to 10"5) and chaotic if pmax > 0. Both
extrinsic (i.e. noise induced) and intrinsic stochasticity
lead to positive Lyapunov exponents. One can there-
fore use Pmax to study the interplay between the two.
An illustrative example is shown in Fig.ll. For an en-
semble of n = 100, £ — 67.4 orbits with randomized
initial conditions for the Euler angles and r the frac-
tion of regular (/3max = 0) and ionized orbits have
been determined as a function of the strength of the
pulse, AP. The calculation was done for the period-
ically kicked hydrogen atom with a "kick" frequency
u> = 3/2 wi (u>a —• n~3 classical atomic frequency)
and a stochastically perturbed hydrogen atom described
by the Langevin equation. In the present case the fre-
quency of the kicks was kept fixed but extrinsic stochas-
ticity was introduced by a Gaussian distribution for
the kick amplitude AP ("amplitude modulated noise")
with a variance identical to that of the periodic pertur-
bation . After 400 kicks we find that for small pulse
heights (AP < 10~4) already a significant fraction of
the phase space is intrinsically stochastic. The frac-
tion of regular orbits is less than 20%. In the noisy
counterpart almost all regular orbits are destroyed and
the system proves to be completely stochastic. Near
A P > 10~4 in either case all orbits are irregular and
the difference between a deterministic and a random
force ceases to be important. Note that, however, all
orbits remain bound.

At higher values of A P > 2 x 10~4 rapid ioniza-
tion sets in. Choosing the 50% level as a threshold, the
kicked hydrogen atom in an n = 100, I = 67.4 state



ionizes at a periodic amplitude AP = 6 x 10 4 and at
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Fig. 11. Fractions of regular and ionized n ~ 100,1 =
67.4 orbits after 400 pulses, solid symbols: percentage
of regular orbits; open symbols: percentage of ionized
atoms; circles: periodic perturbation; triangles: Gaus-
sian amplitude modulated noise.

a noisy amplitude AP = 3 x 10~4, i.e. the noise reduces
the ionization threshold by approximately a factor of 2.

The observation of irregular trajectories and dif-
fusive motion in the deterministic limiting cases of the
Langevin equation provides clear evidence that diffusive
transport is caused by both the randomness of the colli-
sional interactions and the intrinsic dynamical instabil-
ity. This implies that diffusive transport may also occur
under ideal channeling conditions. The chaotic motion
of charged particles in channels has recently been dis-
cussed by Kimball et al45.

VI. OUTLOOK

We conclude this review by pointing to a few fu-
ture direction of research: many experimental observa-
tion of foil excited atoms and ions are still not quan-
titatively accounted for. They include the long-time
tails in the X ray cascades46, the anisotropy in excited
bound states and the high multipole content in the an-
gular distribution of continuum electrons.9 The classical
transport theory should be able to address these prob-
lems.

On a more fundamental level, the question of
quantum corrections to classical diffusive behavior is
still open. Significant progress has been made for
the microwave ionization problem. Casati et al47 and
Jensen et al14 have shown that classical diffusive excita-
tion is suppressed in the high-frequency region primar-

ily because of the low density of accessible states. The
saturation of diffusion in the quantum system, however,
takes effect at longer times when the discrete structure
of the energy spectrum becomes "visible". Since the
characteristic times associated with electron transport
in the solid are rather short corrections to the classical
transport theory may be small. Bliimel et al48 have
recently shown that noise can restore classical diffusion
on an even larger time scale.

Finally, the intrinsic stochasticity observed in the
"kicked" i.e. collisionally perturbed system is an ex-
ample for chaotic dynamics in the continuum. The
(quasi) bound states are, in fact, embedded in the con-
tinuum as illustrated by their rapid ionization (Fig. 11).
The study of ion-solid collisions and, more generally, of
atomic collisions provides the opportunity to study ir-
regular dynamics in the continuum. The complexity of
irregular scattering has only recently began to unfold.48
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