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1 Introduction

Satellite observations made during the last decades have clearly demonstrated the
existence of a tremendous number of plasma wave phenomena occurring through-
out the earth's magnetosphere and in interplanetary space. The study of plasma
waves and their interactions with charged particles is an important branch of
space physics. Space plasmas provide natural "laboratories" where it is possible
to study plasma wave phenomena under conditions that are difficult to set up
in any research laboratory. Thus, experiments in space plasmas provide unique
opportunities for investigating fundamental plasma wave processes that otherwise
would be hard to study. Investigations of space plasma waves can provide valuable
information relevant for applications to laboratory plasmas and to fusion research.
However, most importantly, investigations of space plasma waves contribute to our
understanding of the processes controlling the dynamics of the earth's magneto-
sphere, and its interaction with the interplanetary medium.

Our knowledge about plasma waves in the earth's magnetospheric system has
increased tremendously during the last decades, as more and more detailed ob-
servations of waves and particles in space plasmas have become available. Mea-
surements performed with ground based equipment, balloons, and rockets have
provided invaluable information, but only through in .situ observations made by
satellites has it been possible to make probing investigations of wave-particle in-
teractions occurring in space plasmas. Since the launch of Sputnik 1 in 1957,
numerous satellites have been launched for the purpose of studying different parts
of the earth's magnetospheric system, the solar wind, magnetospheres of other
planets, and comets. The first Swedish scientific satellite, Viking, was launched in
1986 to study processes in the earth's auroral acceleration regions.

Observations made by satellites are of great importance for our understanding of
wave phenomena in space plasmas. Particle detectors carried on board satellites
are designed to make detailed measurements of the velocity distribution of plasma
particles, and wave experiments are usually designed to perform efficient obser-
vations of frequency spectra. Such wave and particle observations are among the
most important sources of information about space plasma waves that we have
available. To a large extent they form the basis of our present understanding of
magnetospheric wave-particle interactions, and only through a continued investi-
gation of wave and particle observations can we gain further knowledge about how
plasma waves are generated in space, and how these waves can affect the dynamics
of the particles comprising tha space plasmas.

Theoretical investigations performed during the last decades provide important
information about wave-particle interactions occurring in the magnetospheric sys-
tem. 0m> of the most often uxed approaches is stability analysis [e.g., Cornwall.



1965; Kindcl and Kennel, 1971; Young et «/., 1973; Ashour-Abdalla e.t al., 1975;
Rönnmark 1979; Lotko and Maggs, 1981; Kaufman, 1984; André, 1985; Dusen-
bury and Martin, 1987; (lusta/stion el at., 1989]. The purpose of stability analyses
such as those referred to here is to provide understanding of physical processes
causing amplification of plasma waves in space. The most constructive stability
investigations can be performed when simultaneous observations of waves and par-
ticles are available, and when particle measurements indicate that a likely source
of free energy is present in the plasma. Anisotropir particle distribution func-
tions such as distributions with beams, loss-cones, or temperature anisotropies are
frequently observed in the niagnetospheric system. When such non-Maxwellian
particle distributions are present, the free energy contained in the particles can
drive a plasma instability that converts particle energy into electromagnetic wave
energy. The frequency of the unstable waves depends on the propagation properties
of the waves as well as on the nature of the free energy source. When sufficiently
detailed plasma observations are available it is possible to predict the frequency
of the unstable waves by solving the dispersion relation lor waves propagating in
the ambient plasma. In stability analysis, the theoretical prediction, and thus our
understanding of the wave generation mechanism, is put to the test by comparing
the predicted unstable frequencies with the observed wave frequencies.

WDF reconstruction is a distinctly different approach to the investigation of satel-
lite data. The WDF was first introduced by Starry and Lrfeuvre [1974], and
describes the distribution of wave energy in wavevector space and configuration
space. Information about the WDF is an important key to a deeper understanding
of wave processes occurring in the space plasma. Unfortunately, the WDF is ex-
tremely difficult to measure, and we have no hope of being able to perform direct
observations of the WDF in the foreseeable future. However, since the plasma
medium is highly dispersive, waves with different, wavevector» propagate with dif-
ferent frequencies and have1 different polarization. Hence, observations of the wave
frequency and the wave polarization contain information about the wavevector. As
first suggested by Storey and Lefcuvre, this information can be used to reconstruct
the WDF from observed frequency spectra. The observed frequency spectra and
the WDF are related through a simple relation that includes information about the
wave dispersion and polarization. It should be noted that dissipative effects are
assumed to be unimportant, and the growth rale, which is crucial in the stability
analysis, does not enter directly into the WDF reconstruction. Hence, although
stability analysis and WDF analysis are both based on the dispersion relation,
they represent two complementary ways of analyzing satellite data.

The main object of stability analysis is to investigate physical processes that can
transfer free energy found in the measured particle distribution functions into wave
energy. When the measured particle distributions do not contain an obvious free
energy source, the observed waves can be difficult to explain through analysis of
the stability properties of the ambient plasma. In such cases stability analyses can



not provide much information about the wave-particle interactions generating or
caused by the waves. However, in such situations WDF analysis can still be useful.
WDF analysis can provide information about the phase velocities of the waves.
From this information it is possible to estimate the energies at which different
particle species will be in resonance with the waves. This is of great help for
understanding the physical process generating the waves, and for estimating what
effects the waves have on different particle populations in terms of heating, pitch
angle diffusion, an so on. Furthermore, information about the direction of arrival
provided by WDF analysis can be used to locate the free energy source responsible
for generating the waves. In situations where a likely source of free energy is
observed it is possible to perform fruitful stability analyses. In such cases WDF
reconstruction provides the means for efficiently testing the generation mechanism
for consistency with the data in wavevector space as well as in the frequency
domain. Combined stability and WDF analyses have never been performed before,
and one purpose of this thesis is to demonstrate the potential of such analyses.

In papers I, III, and IV we use stability analysis and WDF reconstruction to study
waves below the proton gyrofrequency. The techniques we use and the methods
we develop are general, and can be applied to waves in any frequency range.
Hence, the choice of frequency range is not a consequence of limitations in our
methods, but is instead motivated by the importance of low frequency waves in
magnetospheric physics. The ion cyclotron waves studied here play a significant
role in pitch angle scattering of radiation belt particles in the equatorial regions of
the earth's magnetosphere [e.g., Kennel and Pctschck, 1966; Cornwall et a/., 1970;
Lyons and Thorne, 1972], and in recent years ion acceleration processes involving
such waves have received considerable attention [e.g., ROUT el ul., 1982; Chana,
1986; Tnncrin and Roth, 1986; Ball, 1989].

A complete description of the stability and propagation properties of plasma waves
is difficult to achieve, even when the wave amplitude is assumed to be small, and
the medium can be regarded as homogeneous over arbitrary large time and length
scales. Therefore, various approximations are often used to obtain information
about waves in a limited range of wavelengths or frequencies. One such approx-
imation is cold plasma theory, which is a valid description of waves with phase
velocities much larger than the thermal velocities of typical plasma particles. In
stability analysis it is often assumed that warm anisotropic particle distributions
drive the instability, while the propagation properties of the waves are determined
by the "cold" plasma. Furthermore, existing methods for reconstructing the WDF
are limited exclusively to "cold" plasmas.

The cold plasma approximation often provides a simple and useful starting point
for data analysis, and sometimes it is useful to view warm plasma effects simply as
modifications of the cold plasma dispersion relation. However, more detailed com-
parisons between theoretical predictions and wave observations demand that the



wave propagation properties be described as accurately as possible. In this thesis

we first discuss methods of stability analysis and \VI)F reconstruction separately,

describing how warm plasma effects can be handled in each case. In particular we

develop a completely new and unproved method for reconstructs, the WDF that

can be applied to general classes of plasma wave phenomena, in uding waves in

warm plasmas as well as the cold plasma waves studied in earliei A7I)F investiga-

tions. Finally, we combine the two approaches using a technique that promises to

become an important tool in future studies of wave-particle interactions in space.

2 Stability analysis

In this section we briefly discuss an example of the type of stability analysis that

is often used in space physics. The example is taken from paper I, where we

investigate instabilities caused by proton distributions with either temperature

anisotropics or loss-cones. I he discussion is split into two parts. Firstly we con-

centrate mi the general features of the instabilities caused by the two different

types of free energy sources, and secondly we consider in some detail the effects

of warm ion distributions on the propagation properties of the waves. A slightly

different subject is discussed in section 2.'.\, where we comment on the theory of

absolute and convective instabilities.

2.1 Instabilities below the local proton gyrofrequency

Particle observations like the (!K()S I measurements presented in Figure I are

the mot ivat ion for our study in paper I. The (!I'X)S 1 observations are made near

the equatorial plane of the earth's magnetosphere. Typical features of particle

observations in this region are distr ibut ions of energetic protons wi th a pitch an-

gle anisot ropy. The observed anisot ropy is such that , for a fixed energy, more

protons propagate perpendicular than parallel to the background magnetic field.

B(). Such anisot ropies can be modeled by bi-Maxwel l ian or subtracted Maxwell ian

distr ibut ions. In the subtracted Maxwell ian a loss-cone is created by removing

particles propagating parallel to B ( , Irom an otherwise isotropic d is t r ibu t ion. The

bi-Maxwel l ian d is t r ibut ion has a temperature anisot ropy, wi th higher tempera-

ture perpendicular than parallel to B ( ). Both these type's of distr ibut ions have

the same type of anisot ropy as the observed energetic protons. However, while a

loss-cone d is t r ibut ion has a positive slope in velocity space perpendicular to Bo,

a d is t r ibut ion w i th a temperature anisot ropy does not. This difference makes the

instabil i t ies caused by the two types ol anisot ropies dissimilar in certain respects.

Ion cyclotron waves are Irequently observed in the equatorial regions of the mag-
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Figure 1: Observations of energetic, anisotropic protons made by the GEOS 1
satellite close to the equatorial plane of the earth's magnetosphere (from Young et
nl. [1981]).

netosphere. Figure 2 shows wave observations made by the GEOS 2 satellite. The
observed frequency spectra are characterized by a distinct peak below the local
proton gyrofrcquency, ///+. In the GEOS 2 observations the peak appears around
the local helium gyrofrequency, ///e+ = 0.25///+, indicating the presence of singly
ionized helium ions in the plasma. The waves are found to be electromagnetic and
the polarization is usually left-handed, although both right-hand and nearly linear
polarization has been observed.

The generation of ion cyclotron waves by warm anisotropic proton distributions
has been discussed by several authors during the last decades [e.g., Kennel and
Petschek, 1966; Davidson and Ogden, 1975; Gomberoff and Cuperman, 1976; Roux
t.t al, 1982; Gendrin et al., 1984; Gary, 1986]. However, most investigations
depend on different approximations that are introduced in order to facilitate an-
alytical calculations. It is often assumed that the waves propagate with their
wavevectors parallel to the background magnetic field. Furthermore, the warm
protons are often assumed to cause the instability without affecting the propaga-
tion properties of the waves. The only feasible way to avoid having to employ such
approximations is to use numerical methods. The results presented in paper I are
obtained with the computer code WHAMP [Rönnmark, 1982; 1983], which solves
the linear dispersion relation of waves in an infinite, homogeneous, and multi-
component plasma in a uniform background magnetic field. The WIIAMP code
can handle warm plasmas as well as wavevectors in arbitrary directions relative to
the background magnetic field.
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Figure 2: Frequency-time plot showing observations of the wave magnetic field
made by the GEOS 2 satellite in the equatorial regions of the earth's magneto-
sphere (from Roux et al. [1982]).



In paper I we find that maximum growth rate usually occurs for wavevectors par-
allel to Bo- For such wavevectors we also find that instabilities produced by proton
distributions with loss-cones behave similarly to those produced by distributions
with temperature anisotropies. These results are in agreement with those obtained
in earlier investigations [Kennel and Wong, 1967; Gomberoff and Cuperman, 1981].
More unexpectedly, waves with wavevectors at highly oblique angles relative to Bo

are also found to be unstable, and in this case the instabilities caused by the two
different sources of free energy are slightly different. Instabilities caused by pro-
ton loss-cone distributions extend to larger perpendicular wavenumbers and reach
higher frequencies than instabilities caused by proton distributions with a temper-
ature anisotropy. Furthermore, we find that a proton loss-cone distribution can be
unstable to wave generation at oblique angles, even when waves with wavevectors
parallel to Bo are stable.

Our investigation in paper I shows that instabilities caused by anisotropic pro-
ton distributions can explain the existence of ion cyclotron waves in the earths
equatorial regions. The unstable range of frequencies is roughly in agreement
with the frequencies where the highest spectral densities are observed. Hence,
our study confirms the results obtained in earlier investigations. In addition, we
find that observations of waves with nearly linear polarization can be explained by
waves generated with oblique wavevectors. Previously it has been suggested that
such observations could !.;• explained as waves generated with small perpendicu-
lar wavenumbers whose vivevectors have been refracted away from the direction
of Bo due to wave propagation through the inhomogeneous space plasma. Our
investigation demonstrates that observations of linearly polarized waves can be
explained without invoking propagation effects.

2.2 Effects of warm ion distributions on the propagation
properties of ion cyclotron waves

In stability analyses it is often assumed that anisotropic particle distributions
cause the instability without modifying the wave propagation properties, which
can thereby be determined from cold plasma theory. However, as we demonstrate
in paper I, this is not always a good approximation when dealing with ion cy-
clotron waves. The energetic ions observed in the equatorial magnetosphere can
significantly modify the cold plasma dispersion relation. Examples showing two
different types of warm plasma effects are given in paper I.

A characteristic feature of a "cold" plasma is the resonance occurring at the gy-
rofrequency of each particle species in the plasma. Of particular interest in paper
I is the resonance found at the helium gyrofrc-quency, ///,+ , in a cold proton-
helium-electron plasma. Below this resonance there exist two different branches



to the solution of the cold plasma dispersion relation. The branch that we inves-
tigate in paper I corresponds to left-hand polarized waves for wavevectors parallel
to Bo. This branch is strongly affected by the helium resonance and is confined
to frequencies below the helium gyrofrequency. A different left-hand polarized
wavemode appears at higher frequencies closer to the proton gyrofrequency, but
immediately above ///e+ there is a stop-band where no left-hand polarized wave-
mode exists in the cold plasma approximation. In paper I we find that the effect
of the resonance at ///e+ is diminished when the thermal velocity of the helium
ions is increased sufficiently. Eventually the left-hand polarized wavemode found
below ///e+ 'n the "cold" plasma reaches above the helium gyrofrequency, and left-
hand polarized waves can be found in the whole frequency range below the proton
gyrofrequency. Similar warm plasma effects arc found by Isenberg [1984] and Ball
[1987] in studies of typical solar wind plasma.

The second effect we discuss is of importance when calculal ing spatial growth rates
from the ratio of the temporal growth rate to the group velocity. A technique for
calculating spatial growth rates of ion cyclotron waves with wavevectors parallel
to Bo was developed by Gomberoff and Neira [1983]. Their technique uses cold
plasma theory to determine the propagation properties of the waves, but, as we
show in paper I, this is not always a good approximation. The presence of hot ions
can strongly affect both the growth rate and the frequency, at roughly the same
wavevector. Due to the effects of the warm anisotropic protons the growth rate
can become positive, indicating unstable waves. At the same time, warm plasma
effects can make the group velocity of the unstable waves zero. Hence, spatial
growth rates of ion cyclotron waves in warm plasmas can be extremely large, even
though small spatial growth rates are obtained when the propagation properties
of the waves are determined from cold plasma theory.

2.3 Absolute and convective instabilities

It is possible for unstable plasma waves (and ion cyclotron waves in particular)
to have zero group velocity. This implies that, waves can stay in the unstable
plasma for a long time period, growing until non-linear saturation occurs. This is
in contrast to situations where the unstable waves have very high group velocities.
In such cases the waves rapidly propagate out of the unstable region of space, and
wave growth is limited by the time spent by the waves in the unstable plasma
region. The distinct difference between these two scenarios has led many plasma
physicists to classify plasma instabilities as either absolute or convective.

The classification of plasma instabilities is discussed by several authors [e.g., Lan-
dau and Lifschitz, 1959; Sudan, 1965; Manickham, 1975; Ders, 1983]. A distur-
bance E(x,t) can grow in an unstable medium, and the instability is defined to



be absolute if
h m £(x,«) = oo (1)

for all x. A convective instability, on the other hand, is an instability for which
the signal grows to infinity at a point moving with the disturbance, but for any
fixed position x we have

h m E(x,t) = 0 (2)
t —* 00

The classification scheme developed by Bers [1983] and others is based on the
assumption that the properties of the medium alone determine the nature of the
instability. This scheme is questioned in paper I!. We show that the nature of an
instability, in terms of the definitions given above, depends on initial conditions as
well as on the properties of the medium. This contradicts the original assumption
made by Bers [1983] and others. On the basis of this argument, we seriously doubt
that the classification of instabilities as being either absolute or convective is mean-
ingful in applications to wave phenomena in space plasmas. In principle, initial
conditions could be built into the theory of absolute and convective instabilities,
but since we have no control over initial conditions in space physics this would not
make the theory much more useful. However, this is of minor importance since
there is a more fundamental problem with the classification scheme. The defini-
tions in (1) and (2) involve the time asymptotic behaviour of an instability in an
infinite homogeneous plasma. However, space plasmas are inhomogeneous, and
the unstable regions of space plasmas are of limited extent. Hence, a disturbance
can propagate out of the unstable region in a finite time. Furthermore, the ap-
proach used by Brrs and others [1983] is to study the time asymptotic behaviour
of an instability within the framework of linear plasma theory. Obviously, even
in a homogeneous plasma the time asymptotic behaviour of an instability is of
little interest, when the behaviour is deduced from linear plasma theory. Any real
plasma instability will saturate due to non-linear processes.

\W- ;uc convinced that the classification of instabilities as absolute or convective
is of little practical use in space physics. This does not mean that a useful clas-
sification of instabilities is impossible. However, any classification scheme devised
with applications to space physics in mind must lake into account the finite time
and length srwlrs that arc involved, and the fact that saturation due to non-linear
rflY'cts can occur.



Reconstruction of the wave distribution func-
tion

Reconstruction of the wave distribution function (WDF) is a recent development
in the area of data analysis. The idea of using wave polarization to reconstruct
the continuous distribution of energy in wavevector space was first presented by
Storey and Lefeuvre [1974]. They also developed a method for reconstructing the
WDF, and their method has now been used in a number of studies (references
are given in paper IV). However, the original reconstruction scheme of Storey
and Lefeuvre is based on vague assumptions about the wave field, and they use
cold plasma theory to describe the propagation properties of the waves. Hence,
the applicability of their method is limited. We have developed a new and more
general method of WDF reconstruction, which is freed from the limitations found
in tne reconstruction scheme of Storey and Lefeuvre.

3.1 The WDF reconstruction problem

The relation between the WDF, t/'(k), and observed frequency spectn can be
written as

CM) = J dkAM4ik)S(f - f(k)) (3)

where we have assumed homogeneity in space and time, and where C,K{f) is the
observed spectral density of the / and K components of the wave field at frequency
/ , AlK is the integration kernel determined by the wave polarization, and / (k ) is
the real part of the solution of the dispersion relation. Storey and Le.fe.uvre. [1974]
were the first to present the relation between the observed frequency spectra and
the WDF. However, they used the somewhat unclear assumption of completely
random waves to derive the result. In paper III we derive (3) in a way that
shows more clearly just what the underlying approximation amounts to in practice.
Furthermore, in paper IV we demonstrate how the validity of the assumption can
be tested quantitatively in practical applications.

Equation (3) is the starting point of the WDF analysis. It is well known that while
the frequency spectra generated by a certain WDF can be calculated in a direct
way, the inverse problem of finding the WDF from a set of observed frequency
spectra is underdeterinined and has no unique solution. Hence, special techniques
must be used in order to obtain useful information about the WDF, and the
development of such techniques is the subject of papers II! and IV.
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3.2 WDF analysis in warm plasmas

The new method for reconstructing the WDF that we develop in papers III and IV
is in many ways a generalization of the method developed by Storey and Lefeuvre
[1974; 1979; 1980], Lefeuvre and Ddannoy [1979], and Delannoy and Leftuvre
[1986]. This section gives a brief summary of our method.

Inverse problems similar to the WDF reconstruction problem are quite common
in other areas of scientific research. Often such problems are resolved through the
use of maximum entropy (ME) methods [e.g., Gill et a/., 1981]. In paper III and
paper IV we implement the M E principle in a new way that differs from the one
used by Lefcuvre and Dclannoy [1979] in several respects. We introduce a new
definition of the entropy of the WDF, and the constraints imposed on the WDF
by the observed frequency spectra are included in a consistent way. Because of
the way the M-E principle is implemented, our reconstruction scheme does not
depend on the choice of wavevector coordinates, nor on the choice of units for the
frequency spectra and the WDF.

Storey and Lefeuvre developed WDF analysis using the cold plasma approxima-
tion. This simplified their analytical calculations, but put a severe restriction on
the applicability of their method of WDF analysis. Since it, is well known that
finite temperature effects are important in space plasmas, a general method for
reconstructing the WDFs of wave phenomena in space plasmas must be able to
handle effects of warm plasmas. In section 2 we discussed how warm plasma effects
can be included in the solution of the dispersion relation through the use of numer-
ical methods. In particular we used the WHAMP code developed by Rönnmark
[1982; 1983]. Hy using this code we can free WDF reconstruction from the restric-
tions of the cold plasma approximation, and our method can therefore be applied
to a large number of magnetospheric plasma wave phenomena that could not be
studied with the method of Storey and Lefeuvre.

The use of numerical methods for solving the dispersion relation enables WDF
analysis to include warm plasma effects, as well as effects of particle distribution
function anisotropies such as loss-cones, temperature anisotropies, and beams,
which are commonly observed in the magnetosphere. This means that the disper-
sion relation can be based on available particle observations. This increases the
reliability of the WDF analysis, since the propagation properties of the waves can
be described more accurately.

Since Storey and Lefeuvre analyze spectral densities at one single frequency at, a
time, they obtain a two-dimensional reconstruction of the WDF. As explained in
paper III and paper IV our reconstructioti scheme is capable of handling a wide
range of frequencies simultaneously. Consequently, the reconstructions obtained
with our method are three-dimensional. Doppler shifts introduced by the relative



motion between the plasma and the satellite are not included in the method of
Storey and Lefeuvre. However, Doppler shifts can be significant for low frequency
waves, and Doppler effects are therefore included in our new reconstruction scheme.

3.3 Applications to simulated data and Viking observa-
tions

The applicability of our new method for reconstructing the WDF is investigated in
paper III and the first part of paper IV, where we solve a number of model problems
with simulated data. These studies are very useful in the sense that certain features
of the reconstruction scheme can be investigated in a controlled way. The model
problems studied in papers III and IV all involve WDF reconstruction from electric
field frequency spectra. However, the WDF can be reconstructed equally well from
magnetic field spectra, as can be seen from the results presented in Figures 3a and
3b. Figure 3a shows the model WDF, while Figure 3b shows the WDF obtained
by solving the model problem. In these figures the WDFs are displayed versus
normalized wavevector components parallel and perpendicular to the background
magnetic field. The normalization constant />//+ is the gyroradius of the thermal
protons. (See papers III and IV for more details on the plasma model and th--
procedure used when solving model problems.)

In the latter part of paper IV we describe an application of our new method to ob-
servations made by the Swedish satellite Viking. We reconstruct, the distribution
function of waves observed below the earth's auroral acceleration regions. The
waves have frequencies below the local proton gyrofrequency, and they are ob-
served in close connection with precipitating keV electrons that constitute a likely
source of free energy for the waves. Thus, the circumstances are favourable for
stability analysis, and stability studies of similar waves have been performed by
Trnicrin and Lysak [1984] and (lustafssov rf nl. [1989]. However, the WDF study
presented in paper IV allows us to draw new conclusions about, the observed wave
phenomenon that could not, be reached from a stability analysis alone.

In paper IV we find that a. feasible WDF for the waves we study exists in a large
number of cases. Tims, in many cases a description of the observed wave field
in terms of linear waves in an infinite homogeneous plasma is consistent, with the
available observations. Further, WDFs reconstructed from data obtained during
different time periods show that apart, from a change in the total energy, the
gross features of the reconstructed WDFs are constant in time. This stability in
time can be interpreted as a stability in space along the satellite trajectory, and
consequently, we conclude that the wavelength characteristics of (lie source arc
roughly the same over the whole region where the waves are observed.



10-3

>*:Pll+

10-3

10-3 10-2

Figure 3: Solution of a model problem using magnetic field spectra generated by
the model VVDF in Figure 3a. Figure 3a shows contours of constant model VVDF.
where the model VVDF varies by a factor of 2 between each level, and the units
are arbitrary. The curves in Figure 3b correspond to the same WDF levels as in
Figure 3a, but represent the WDF obtained by solving the model problem. Details
on the plasma model and the procedure used when studying model problems are
given in paper III and the first part of paper IV
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Figure I: WDF reconstructed from Viking data over an area in the (Arx, fc,)-
Solid lines indicate the part of the (k±, k:)-plane included when reconstructing
the WDF. The contours of long dashes correspond to a WDF equal to 5, 10, and
50. in arbitrary units. The instability caused by a realistic model of the observed
precipitating electrons is indicated by carves of short dashes, representing contours
of constant spatial growth rate (I, 2, and 3 in units defined in paper IV).

4 A combined stability and WDF analysis

The wave event under consideration in paper IV can be investigated constructively
with stability analysis, since simultaneous wave and particle observations are avail-
able and a likely source of free energy for the waves is observed. WDF analysis,
on the other hand, is found to provide useful information about the wave source
that could not be obtained solely from a stability analysis. Hence, important re-
sults are obtained by separately applying stability analysis or WDF reconstruction.
However, still more interesting results are obtained when the two approaches are
combined.

The comparison between the reconstructed WDF and the results obtained from
stability analysis is summarized in Figure 1. The instability caused by a realistic
model of the precipitating electrons is indicated by the curves of short dashes
representing contours of constant spatial growth rate. The curves of long dashes
correspond to contours of constant reconstructed WDF, while solid lines indicate
the part of wavevector space included when reconstructing the WDF. A detailed
description of how the results in Figure A are obtained is given in paper IV.

Figure 1 represents the first published example where the WDF of a magneto-
spheric wave phenomenon has been reconstructed over a significant area in the

11



(jtx, A:z)-plane. The reconstructions made by Lefeuvre and his colleagues are two-
dimensional, and the WDFs reconstructed in their studies are obtained along a
curve in the (£x,fcz)-plane. Furthermore, Figure 4 is unique because it is the first
presentation of results obtained from combined stability and WDF analyses.

From the results presented in Figure 4 we can see that while the reconstructed
WDF has a broad maximum extending over a wide range of perpendicular wave-
numbers, the instability is confined to a more narrow range of fci-values. On
the other hand, for the small perpendicular wavenumbers where the instability is
found (fcx/>H+ ^ 10~2), the instability covers a broader range of parallel wavevec-
tors than the reconstructed WDF. Despite these differences, the maximum in the
reconstructed WDF and the range of unstable wavevectors clearly overlap, and
as we discuss in paper IV, this means that wave generation by precipitating elec-
trons is consistent with the reconstructed WDF. Thus, the combined WDF and
stability analysis strongly suggests that the waves are generated locally by the
precipitating electrons, giving credibility both to the stability analysis and to the
WDF reconstruction.

5 Summary

In this thesis we consider two approaches to the investigation of wave-particle in-
teractions occurring in space plasmas. The more traditional stability analysis is
exemplified by an application to ion cyclotron waves in the equatorial magneto-
sphere. Warm plasma effects on the wave propagation properties, and arbitrary
angles between the wavevector and the background magnetic field, are considered.
In the second and main part of the thesis we discuss wave distribution function
(WDF) analysis. We develop a completely new method for reconstructing the
WDF. The method includes warm plasma effects and Doppler shifts due to satel-
lite motion, and can handle a broad range of frequencies simultaneously. The
generality of our reconstruction scheme enables WDF analysis to be applied to a
wide range of wave phenomena in space plasmas that could not be handled by
previous methods for WDF reconstruction. Finally, we demonstrate how stability
and WDF1 analyses can be combined efficiently. In an application to Viking ob-
servations we show the first published comparison between results obtained from
stability analysis and WDF reconstruction. The comparison leads us to conclude
that the proposed wave generation mechanism is consistent with the data in both
the frequency domain and in wavevector space.

Wave-particle interactions occurring in space plasmas have been studied for several
decades, but our struggle for a more complete understanding is still at an early
stage. The future will provide an increasing number of satellites exploring the
earths surroundings, and satellite observations will continue to be among the most



important tools in space physics. Furthermore, although a complete description of
wave phenomena in space plasmas requires the inclusion of non-linear effects and
effects of gradients, the interpretation of wave and particle observations within
the linear theory of an infinite homogeneous plasma will continue to be one of
most commonly used approaches to the analysis of satellite data. The already well
developed stability analysis will of course retain its importance in space physics,
but we feel firmly convinced that our new method for reconstructing the WDF will
become an invaluable tool in future studies of wave-particle interactions occurring
in space plasmas.
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A GENERAL METHOD FOR RECONSTRUCTING WAVE DISTRIBUTION
FUNCTIONS AND ITS APPLICATION TO VIKING OBSERVATIONS

T. E. Oscarsson and K. G. Rönnmark
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University of Umeå, S-901 87 Umeå, Sweden

ABSTRACT

In this report we consider a recently developed method for reconstructing wave
distribution functions from frequency spectra observed on board satellites. A de-
tailed comparison of our new reconstruction scheme and earlier methods used in
wave distribution function analysis is given. The potential of our method is demon-
strated in an application to Viking observations of waves with frequencies below
the local proton gyrofrequency. By combining stability analysis and reconstruction
of the wave distribution function we are able to conclude that wave generation by
observed precipitating electrons is consistent with the reconstructed wave distri-
bution function. Thus, our work in this report represents the (rst study where
wave distribution function analysis is used to investigate a proposed generation
mechanism for a naturally occurring wave phenomenon in the magnetosphere for
consistency with data in wavevector space as well as in the frequency domain. The
results presented here indicate that such a combined stability and wave distribu-
tion function analysis could prove to be a very useful tool in future studies of wave
particle interactions taking place in the space plasma.



1. INTRODUCTION.

Since the work by Kennel and Petschek [1966], the interpretation of wave and
particle observations made by satellites in the magnetosphere has been largely di-
rected towards stability analysis. That is, explanations for the observed waves are
sought in particle distribution function anisotropies that can produce the observed
waves through some plasma instability. Such stability investigations provide im-
portant information about various kinds of wave particle interactions occurring
in the space plasma [e.g., Kindel and Kennel, 1971; Rönnmark, 1979; Roux et
a/., 1982; André, 1985a; Gustafsson et al., 1989]. However, comparisons between
satellite observations and results obtained from stability analysis are mainly re-
stricted to the frequency domain. There has been no efficient way to check that
a proposed wave generation mechanism and the available data are consistent also
in wavevector space. Furthermore, information about the wavelength and the di-
rection of arrival of the waves is important for the understanding of the physical
processes generating plasma waves in space, and for locating sources of free energy
in the magnetosphere. Therefore, there is an increasing interest within the space
physics community in obtaining information, not only about the distribution of
wave energy in the frequency domain, but also in wavevector space [e.g., Kelley
and Mozer, 1972; Means, 1972; Storey and Lefeuvre, 1974; 1979; 1980; Parker,
1980; Goldstein and Tsurutani, 1981; Kintner et ai, 1984; 1987; Oscarsson and
Rönnmark, 1989]

A number of methods for estimating wavelengths and arrival directions are based
on the assumption that the wave field consists of a single plane wave. Although
such methods can provide valuable information, more flexible techniques are needed
when waves are propagating in several directions, or when energy is distributed
over a significant volume in wavevector space. A general approach to the investi-
gation of satellite wave data is provided by the wave distribution function (WDF)
analysis introduced by Storey and Lefeuvre [1974]. The WDF is defined by Storey
and Lefeuvre as the energy density in wavevector space ana configuration space.
Detailed information about the WDF is one of the most important keys to a bet-
ter understanding of wave processes occurring in the space plasma. Unfortunately,
direct observation of the WDF is not feasible, but some information about, the
WDF can be obtained from observed frequency spectra. This was first noted by
Storey and Lefeuvre [1974], who also developed a method for reconstructing the
WDF from observed spectral densities. This method has been extended in a recent
paper [Oscarsson and Rönnmark, 1989], where a new and more flexible approach
to the WDF analysis problem is described.

WDF reconstruction is the subject also of the present paper, and the purpose of
this report is twofold. Firstly, we summarize some of the existing methods for
estimating wave vectors. In particular, we discuss some of the finer details of the
method for WDF reconstruction introduced in our earlier paper, and point out



some significant differences between our reconstruction scheme and the one devel-
oped by Storey and Lefeuvre. Secondly, we apply our new method to observations
made by the Swedish Viking satellite in the auroral acceleration region, and discuss
how the results obtained can be interpreted. While previous WDF investigations
mostly are concerned with the direction of arrival of the waves, we emphasize the
combination of WDF reconstruction and stability analysis.

2. ESTIMATION OF WAVEVECTORS

Estimation of the distribution of energy in wavevector space is an expanding area
in space plasma physics. The great interest paid to this subject is due to the
fact that, although frequency information is an important link to understanding
the physical processes generating space plasma waves, it is difficult to gain a deep
understanding without having information also about the wavevector. Given the
frequency and the wavevector we can determine the phase velocity, which indi-
cates which part of the particle population is in resonance with the waves. This
information is of great importance for determining likely wave generation mecha-
nisms, and for understanding heating processes such as the ion heating occurring
on auroral field lines. Furthermore, information about the distribution of energy
in wavevector space can help us to determine the location of sources of free energy
in the magnetosphere.

The purpose of this section is to give a short review of the different methods that
are currently used to estimate wavelengths and directions of arrival of space plasma
waves. The discussion is concentrated on satellite measurements, and the WDF
analysis developed by Storey and Lefeuvre [1974, 1979, 1980] is considered in some
detail. Examples of direction finding techniques used to investigate ground based
observations are given by, for instance, Tsuruda and Ikcda [1979].

2.1 Plane wave methods

Various techniques are used to estimate the wavevector (see, for instance, Lefcuvre
et al. [1982] and the review by Rönnmark [1989]). A common approach is to
assume that the wave field consists of a single plane wave, that is.

E(x,Z) = Eoexp[-?:27r(/<-k-x)] + c.c. (1)

where E(x,/) is the electric field, / is the frequency, and k is the wavevector,
defined such that |k| corresponds to the inverse of the wave'ength, and c.c. denot' ̂
complex conjugate. The single wavevector can then be determined in several
ways. An example of such a method is described by Means [1972], who derives
the direction of the wavevector from the imaginary part of the observed spectral
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tensor under the assumption that the waves are circularly or elliptically polarized
in the plane perpendicular to the v ivevector. This method is used to estimate the
wavevector in several studies [e.g., Chan and Holzer, 1976; Lefeuvrt tt al., 1982;
Goldstein and Tsurutani, 1984; Volkomirskaya et al., 1988] often in combination
with, or as a comparison to, other methods for estimating the wavevector.

Other methods based on the plane wave assumption use the spin of the satellite to
determine the direction of arrival. Auroral kilometric radiation (AKR) is studied
with such methods by, for instance, Kurth et al. [1975], James [1980], and Calvert
[1985]. The spin of the satellite is crucial also in the direction finding method
developed by Sonwalkar and Irian [1986], and in the work by Gallagher [1985].
Furthermore, the "bite-outs" observed on the S3-3 satellite by Temerin [1978]
are caused by the rotation of the satellite, and can be used to determine the
wavelengths of near zero frequency waves.

By using simultaneous measurements of density and electric field fluctuations,
Kr.lley and Mozer [1972] investigate the wavelength of low-frequency, electrostatic
waves observed at low altitudes in the auroral regions. Furthermore, the interfer-
ometer technique introduced by Kintner et al. [1984; 1987] can be used to deter-
mine the wavelength of electrostatic waves by correlation of density fluctuations
observed simultaneously at different positions in space. Electric field measure-
ments with antennae of different lengths are used by Gurnett and Frank [1978]
and Filbert and Kellog [1988] for studying ion acoustic waves in the solar wind,
and electrostatic electron waves near the plasma pause, respectively.

Although plane wave methods can be very useful it should be noted that wave
phenomena observed in space normally show fairly broad-banded structures in the
frequency domain, and, although we can not observe the "bandwidth" in wavevec-
tor space, many of the known wave generation mechanisms distribute energy over a
wide range of wavevectors. Thus, often the plane wave assumption is not motivated
by the nature of the wave phenomena occurring naturally in the magnetosphere.
It can be argued that in cases where the energy is distributed over a volume in
wavevector space, the methods based on the plane wave assumption provide in-
formation about the "average" or "typical" wavevector [e.g., Filbert and Krllog,
1988; Sonwalkar and [nan. 1988]. However, when waves with distinctly different
wavelengths are present, or when waves are propagating in different directions,
more general methods are required. Methods assuming a few plane waves are
used by, for instance, Buchalet and Lcfeuvrr. [1981] and Goldstein and Tsurutani
[1984]. The most general treatment, assuming a continuous distribution of en-
ergy in wavevector space, is I he WDF analysis introduced by Storey and Lffmvrr
[1974].



2.2 WDF analysis in cold plasmas

The emissions of ELF and VLF hiss in the magnetosphere are characterized by
their broad-banded, featureless appearance in the frequency-time domain, and it
is argued by Storey and Lefeuvre [1974] that a description of ELF and VLF hiss
in terms of a single plane wave is not feasible. Instead they regard the wave field
as a superposition of an infinite number of plane waves, or in the continuous limit

E(x,0 - JdkdfE(k,f)exp[-i2*(ft - k x)] (2)

Furthermore, they assume the waves to be completely uncorrelated, and they
introduce the WDF in order to give a statistical description of the waves. The
WDF, 0(k,x,t) , is defined by Storey and Lefeuvre [1974] in such a way that
V>(k,x, t)dkdx gives the energy at time t in the volume element dkdx centered on
the point (k,x). Hence, the WDF has the dimensions of energy, and describes the
distribution of wave energy in wavevector space and configuration space.

A simple expression for the frequency spectra produced by a certain WDF is given
by Storey and Lefeuvre [1974]. Assuming homogeneity in space and time and
dropping the x and t arguments, the relation can be written

&-(/; V>) = jdk AtK{k)^(k)S(f - /(k)) (3)

where SlK(f;xl>) is the cross spectrum at frequency / (power spectrum when i =
K) of the i and K components of the wave field. Furthermore, b represents the
Dirac delta function, and /(k) is the solution of the dispersion relation in the
reference frame of the plasma. The integration kernels, j4,K(k), which depend on
the dispersive properties of the medium and in some cases on the characteristics
of the measuring antenna, are derived by Storey and Lefeuvre [1980] for waves
propagating in the whistler mode of an infinite, homogeneous, and cold plasma.
Equation (3) is derived by Storey and Lifeuvre under the assumption that the
waves are completely uncorrclated. The exact meaning of this approximation is
somewhat unclear, and it is not obvious from the work of Storey and Lefeuvre how
the validity of the assumption can be verified in an experimental situation.

By introducing spherical wavevector coordinates (k, <f>, 0), where k is the modulus of
the wavevector, <f> is the azimuthal angle, and 0 is the angle between the wavevectcr
and the background magnetic field, and by using the solution of the dispersion
relation to define k = k(f,(f>,0), Storey and Lefeuvre [1979] obtain a different
representation of the WDF

m^,0) = \dkf\-
ik2^) (4)

where it is understood that the right hand side is evaluated at k = k(f,<f>,0).
Note that $ does not have the same physical dimensions as ij>. Therefore, we



hesitate to use the term WDF for both representations, and reserve the term
WDF only for ^. We stress that the alternative representation given by (4) is not
well defined when d^f — 0. As we discuss later on, this is a disadvantage with the
alternative representation of the WDF. Nevertheless, in cases when the alternative
representation is well defined the relation between the frequency spectra and $
can be written as

= Pd<j> [\\nOdoAlK(f,4>,9)*{f,<!>,0) (5)
Jo Jo

Thus, frequency spectra generated by a certain WDF1 can be calculated from either
(3) or (5). However, as recognized by Storey and Le.fe.uvre [1974], the inverse
problem of finding the WDF from observed spectral densities is underdetermined
and ill-posed. For a set of observed frequency spectra, ClK(f), there is normally an
infinite number of WDFs satisfying SIK(f; $) = CtK(f) for all i and K. In order to
define a unique solution of the inverse problem, some additional constraint must
be imposed on the WDF.

Underdetermined inverse problems are found in other areas of physics, such as
astronomy and seismology, and these problems are often "solved" using the method
of maximum entropy (M-E). The entropy is a well known concept from statistical
mechanics, but Jaynts [1957] was the first to adopt the M-E principle in the context
of general inverse problems (see also Jaynes, 1985, and references therein). The
M-E principle states that among all solutions that are consistent with the data we
should choose the one with the maximum entropy. Today this method is used to
solve various underdetermined problems in a number of research fields [e.g., Smith
and Grandy, 1985].

The reconstruction scheme developed by Drlannoy and Lrfeuvre. [1986] is based on
M-E methods. They define the entropy, IIJJI,, of the alternative representation ty
according to

[\\n0d0*(f,4>,0)\nV(f,<f>,0) (6)
./o

In the absence of data the maximization of II m, leads to $ = e~i. Since the total

energy is generally unknown, Delannoy and Lefcuvre. [1986] suggest that the units

of ty should be chosen such that ty = r~' physically corresponds to a zero of >l>.

As discussed by Hönnvmrk [1989] this dependence of the solution on the units of

the WDF is unfortunate, since it means that a decrease in the reconstructed WDF

caused by lack of information could he interpreted as a feature imposed by the

data. It should also be noted that * = r~l implies i/<(k) = |o\-/i(f F ) - \ that is,

the WDF is biased towards small h\ and to regions in k-space where d^f is large.

The solution obtained by optimizing ((>), for a fixed frequency / , under the con-

straint that

* , * ( / ; * ) = <"„,(/) (7)



for all i and /c, is given by Drlannoy and Lefeuvre [1986] as

*t(f,<t>,8) = exp |-1 + '£filKAlli(f^^)] (8)

where the Lagrange multipliers y.iK ideally should be determined by satisfying the
equality constraints in (7). However, since data are always noisy and some of the
integration kernels are linearly dependent, it is often not possible to find a set of
Lagrange multipliers that satisfy all the constraints simultaneously [Lefeuvre and
Delannoy, 1979]. Instead Delannoy and Lefeuvrt [1986] work with a reduced data
set including only frequency spectra corresponding to integration kernels that are
not linearly dependent. This procedure means that available data is discarded in
the course of the reconstruction. The same functional form of ^ is obtained as
in (8), but now the sum only runs over the reduced set of data. Furthermore,
Delannoy and Lefeuvrc define the quadratic function

+

where, to begin with, t i c sum runs over the reduced data set. Here SlK(f,^i)
corresponds to the spectra generated by the M-E solution in (8), and <7r(,),,K are
the estimated errors in the real (imaginary) part of the observed spectral densities.
The reduced set of Lagrange multipliers, //, is determined by solving

minimize

for a fixed frequency / , and the reconstructed ty is obtained by inserting this set
of multipliers into (8).

The solution thus derived is based on a subset of the observations, but an accept-
able solution must be consistent with all available data. Therefore, Delannoy and
Lefeuvre re-calculate the sum in (9), including all measured spectra to obtain the
value £'D[ . They argue that due to random errors in the data we would expect the
value of £'pL to be of the order of or smaller than the total number of data points.
Hence, any solution producing a ^ / -va lue of this order is acceptable. In this
context it is of some interest to recall the fundamental ideas of the M-E principle.
Obviously, the M-E solution can not be represented by the functional form given in
(8), unless all equality constraints in (7) can be satisfied simultaneously. However,
since the minimum value of £/;/, is normally non-zero, it must be concluded that
the solution obtained by Storey and Lefeuvre is not the "true" M-E solution.

The method for reconstructing the WDF developed by Storey and Lefeuvre pro-
vides interesting results in a number of studies of space plasma waves. For in-
stance, by applying WDF analysis to wave observations on CiEOS 1, Ixfruvrc rt
al. [1981] conclude that the equatorial VLF electromagnetic waves propagate in



two distinct wave packets. Other examples where WDF analysis is applied are,
for instance, Lefeuvre et al. [1982, 1986]; Parrot and Lefeuvre [1986]; Cairo and
Lefeuvre [1986]; Hayakawa tt al [1986, 1987]; Volkomirskaya et al. [1988]. Hence,
WDF reconstruction is now a fairly well established method for analyzing satellite
wave data. However, the method developed by Lefeuvre and his colleagues suffers
from a number of limitations. In the next section we discuss some of these limita-
tions, and describe a new and more flexible scheme for reconstructing the WDF,
which avoids the restrictions found in the method of Storey and Lefeuvre.

3. W D F ANALYSIS IN WARM PLASMAS

WDF analysis was originally developed by Storey and Lefeuvre in order to study
emissions of ELF and VLF hiss. Hence their reconstruction scheme was devised
specifically for the analysis of waves propagating in the whistler mode. They em-
ployed cold plasma theory in order to obtain simple analytical expressions for the
integration kernels, and did not include Doppler shifts introduced by the satellite
motion. The restriction to whistler mode waves in cold plasmas limits the appli-
cability of WDF analysis in the magnetosphere. The space plasma supports wave
propagation in a large number of wavemodes. Some wavemodes can exist only in a
warm plasma, while others can be strongly modified by finite temperature effects.
In order to obtain useful reconstructions when studying short wavelength electro-
static waves, Doppler effects caused by the relative motion between the satellite
and the plasma must be taken into account. Furthermore, Storey and Lefeuvre
only reconstruct the WDF at one single frequency at a time. It is reasonable to
assume that a more reliable WDF analysis can be obtained by treating several
frequencies simultaneously. The method described below is based on the general
formalism introduced by Rönnmark and Larsson [1988], who provided a more pre-
cise and unambiguous definition of the WDF than was originally given by Storey
and Lefeuvre [1974]. Like the method developed by Storey and Lefeuvre, our re-
construction scheme is based on the M-E principle. However, we believe that our
implementation of the M-E method exploits the fundamental ideas of the ME
principle to a larger extent. In particular, we define the entropy function in a
way that is better suited for WDF analysis, and the constraints imposed by the
observations are introduced in a more consistent way. Our reconstruction scheme
does not depend on any particular choice of coordinates. However, the dispersion
relation is most conveniently solved in cylindrical wavevector coordinates, and
therefore, such coordinates are used throughout.

3.1 WDF and frequency spectra

The WDF is introduced by Storey and Lefeuvre [1974] without specification of how
the simultaneous dependence on the conjugate Fourier variables k and x should



be obtained. The problem is touched upon in a later paper [Storey and Lefeuvre,
1979, appendix], but no formal definition of the WDF is given. The problem of
describing fields by a (k,x) or phase-space representation is found in other areas of
physics, and is also an area of growing mathematical interest. A detailed discussion
on the subject is beyond the scope of this paper. Clear presentations of different
phase-space representations are given by McDonald [1988] and references therein.
The main ideas about the formal definition of the WDF are taken from Rönnmark
and Larsson [1988], and a detailed derivation of the relation between the WDF and
observed frequency spectra, given in the mathematical framework of Rönnmark
and Larsson, is found in Oscarsson and Rönnmark [1989].

A phase-space representation of the electric field E(x, /) involves not only (k,x)
space, but also frequency and time. Using the notation of Rönnmark and Larsson
[1988], we introduce

it'-t)2 ix'-xi2 i^ + l2*fit' ° l2nk(X' " X)J
The quantity E^ , j (k ,x , / , / ) is obtained by weighting the electric field by Gaus-
sian windows, and Fourier transforming with respect to space and time. Hence
EL,x(k,x,/ , t) represents a local transform determined only by the field in the
vicinity of (x, t). The representation in (11) corresponds to the coherent state
representation discussed by McDonald [1988]. Although the choice of Gaussian
windows may seem somewhat arbitrary, these windows possess some very useful
properties. They are well suited for analytical calculations, since the Fourier trans-
form of a Gaussian is another Gaussian. More important, the Gaussian windows
used in (11) produce power spectra that are strictly real and positive [see, for
instance, Rönnmark and Larsson, 1988; McDonald, 1988], a quality not shared by
all window functions. Furthermore, the resolution in frequency and wavevector
spare as well as in space and time is easily controlled through the parameters L
and T.

The local transform E/J,r(k,x, / , t) can be shown to satisfy a dispersion relation.
This dispersion relation is, to the lowest order in the time and spatial variations of
the medium and of E/,,T itself, the dispersion relation of an infinite homogeneous
plasma with the same plasma parameters as found at (x, t) in the real plasma
[Rönnmark and Larsson, 1988]. Thus, by assuming that the temporal and spatial
scale lengths of the medium are sufficiently large, much of the theoretical analysis
of waves in an infinite homogeneous plasma can be transferred directly to the local
transform. Hence, by solving

drt,D(k,x,/,/) = 0 (12)



where D(k, x,f, t) is the local dispersion tensor, we derive the space and time
dependent relation / = / (k ,x ,*) . Assuming D(k,x, / , / ) to be Hermitian, we can
define

f(k,x, 0 = E*L(k,x, 0 • \jdjD(k,x, / , * ) ] • EL(k, x, 0 (13)

where * denotes complex conjugate and the bracket is evaluated at / = / (k , x,t).
Furthermore,

Ex,(k,x,0 = (irT2)l'4JdfELJ(k,xJ,t) (14)

Equation (13) is related to the expression for the energy density of a wave field
in an infinite, homogeneous plasma [Rönnmark and Larsson, 1988]. As can be
inferred from our choice of notation, we regard (13) as the formal definition of the
WDF.

As mentioned earlier, the WDF is introduced by Storey and Lefeuvre [1974] in order
to give a "statistical" description of ELF hiss. A rather unfortunate consequence
of their discussion on "random waves" is that the WDF seems to be regarded
by space plasma physicists as a quantity that can be defined only for random or
incoherent waves [e.g., Delannoy and Lefeuvre, 1986; Sonwalkar and Inan, 1988].
As can be seen from the work by Rönnmark and Larsson [1988], it is possible to
define the WDF unambiguously for very general wave fields, and no restriction to
completely uncorrelated waves is necessary.

The relation between the observed frequency spectra and the WDF is derived by
Oscarsson and Rönnmark [1989]. The relation can be expressed as

ClK(*J) = SJx,f;4>) (15)

where CIK corresponds to the observed spectral density, and SlK is given by

SlK(^f^) = J dkAJk,x,t)t(k,x,t)6(f - fn(k,x,t)) (16)

The kernel A,.K(k,x,t) depends on the polarization properties of the medium and
the characteristics of the measuring antenna. Here Doppler effects caused by
the motion of the satellite are included by shifting the frequency according to
fi)(k,x,t) = f(k,x,t) — k • VSATi where V S A T is the velocity of the satellite
relative to the rest frame of the plasma. The definition in (16) is valid when
only one wavemode is involved, but the extension to several wavemodos is trivial
[Oscarsson and Rönnmark, 1989].

Equation (15) is derived by Oscarsson and Rönnmark under the assumption that
the observed frequency spectra can bo replaced by their averages over a finite
volume in space. That is, if we define

f dx' \ \x' - xl2

C\,tK{x,f) = I /a>3/aC,K(x>,/)rxp/ a > 3 / a C, K (x , / ) rxp (17)



it should hold that

Ct,lK(xJ)~ClK(xJ) (18)

for all i and K. AS can be seen from the more detailed study of Oscarsson and
Rönnmark, this approximation resembles the "random phase" approximation (see,
for instance, Sagdeev and Galeev [1969]). Hence, the assumption used a by Oscars-
son and Rönnmark to derive (15) is related to the one used by Storey and Lefeuvre,
but we believe that (18) demonstrates more clearly just what the approximation
amounts to in practice.

The space averaged spectrum is introduced basically because it is the quantity
that can be most simply related to the WDF. This is fairly obvious since normal
frequency spectra are time averaged quantities, while the WDF is based on spatial
averaging. Fortunately, the introduction of space averaged spectra is justified by
the nature of most magnetospheric wave phenomena. Satellite observations often
produce spectra with a fairly smooth appearance on frequency-time plots. When
we interpret these variations as spatial structures seen by the passing satellite,
we conclude that the spectra vary smoothly in space. In fact, this is always
assumed in practice. Otherwise the spectra obtained on board satellites would be
difficult to interpret, as they are spatial averages over a distance VSAT^ as well as
averages over a time T. Naturally, significant variations in the observed frequency
spectra occur on some length scale. In order to investigate for what type of spatial
variations the approximation in (18) is valid, we expand the frequency spectra
around the position of the satellite (x = X5) according to

CM, f) = CMs, f) + VC, • (x' - x5) + i(x' - x5)T • H1K • (x' - xs) + • •. (19)

where the superscript T denotes the transpose of a vector, VC(K denotes the gra-
dient of ClK evaluated at x' = X5, and HiK denotes the Hessian of ClK, that is, the
matrix containing the second derivatives of ClK, evaluated at X5. Inserting (19)
into (17) and setting x = x$, shows that (18) is exact to zeroth and first order in
the spatial variations of the spectra. To second order we have

Ca..«(xs, / ) - CJxs, / ) = X-L2 Tr Hlft (20)
z

where Tr denotes the trace of a matrix. When, for instance, the frequency spectra
can be written as

CMJ) = C',,K(/)exP [ - | X ^ X / H (21)

for all i and «, the second order condition for (18) to be valid is that W2 >> I?.
Since it is assumed that L is of the order of several characteristic wavelengths, this
means that the region of high wave intensity should extend over distances much
larger than the typical wavelength.

10



Normally the total energy is of minor interest in the WDF analysis, and therefore,
for WDF analysis to be meaningful it is sufficient that

C.,.(,(x,/) = ]8(x)C.1,(x,/) (22)

where the important point is that /?(x) does not depend on i and K. For frequency
spectra of the general class that can be written as

C. ( t(x',/) = C,,,<,(/)C2(x') (23)

which includes the spectra in (21), equation (22) holds trivially.

From the arguments given above, it is reasonable to expect the relation (15) be-
tween the WDF and the observed frequency spectra to be useful in many practical
applications. We are no longer obliged to rely on the somewhat unclear assumption
about completely incoherent waves, which is the basic approximation in previous
studies employing WDF analysis. Furthermore, by studying the variations found
in the frequency spectra observed along the satellite trajectory, we can to some
extent quantitatively test the validity of tiie assumption leading to (15).

3.2 Integration techniques

In order to perform the integration in (16) we need to determine the integra-
tion kernels. Since the WDF reconstruction depends strongly on the dispersive
properties of the medium, it is important to determine the dispersion relation as
accurately as possible. We use the computer code WIIAMP [Rönnmark, 1982,
1983], which solves the linear dispersion relation of waves in an infinite homoge-
neous plasma in a uniform background magnetic field. The dispersion relation is
solved for a complex frequency as a function of a real wavevector. Furthermore,
the WHAMP code provides polarization vectors and derivatives of the dispersion
tensor that are necessary for determining the integration kernels. The computer
code is very flexible and can handle warm plasmas as well as particle anisotropies
such as loss-cones, beams, and temperature anisotropies. The most general par-
ticle distribution function model that the WHAMP code can handle is given by
Oscarsson and Rönnmark [1989]. Hence, by using general numerical methods, we
are freed from the cold plasma approximation, and we can apply our method to a
large variety of wavemodes, including the cold plasma waves discussed by Storey
and Lejeuvre [1980]. As a further important consequence of introducing numer-
ical methods, it becomes possible to base the solution of the dispersion relation
on particle measurements made simultaneously with the wave observations. This
means that errors due to an inaccurate description of the medium can be kept as
small as possible, thereby increasing the reliability of the reconstructed WDF.

The numerical integration of (16) is facilitated by dividing the frequency domain
into finite intervals, and by considering the average cross spectral density (power
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spectrum when t — K) in frequency interval j

SJU4>) = T T / J + I 'dfSlK(f,^) (24)

or equivalently

dkAtK(k)xl>(k) (25)

where the volume Vj includes all wavevectors satisfying

Si - \N3 < /c(k) < / , + l-Af3 (26)

In order to perform the three dimensional integral in (25) we introduce a grid in
k-space, and write the result as

t i ' l K (27)

For a given frequency / , the sum runs over all grid points k = k* satisfying (26)
in a fraction Rjt of the ^:th volume element, 6t. Furthermore, A(lK = AlK(kt),
and the elements of the vector g are defined according to gi = ^(k/)^< (see also
Oscarsson and Rönnmark [1989]).

In order to calculate the "split" coefficient, Rjt, we introduce the linear expansion

- ( k - M (28)

where the gradient of fp is evaluated at k = k*. For the purpose of demonstra-
tion we assume that the solution of the dispersion relation is independent of the
azimuthal angle. For such cases we can describe the integration technique in two
dimensions. Thus, we represent the £:th grid element in k-space by the solid square
shown in Figure 1. The solid curve is given by fo(k±,kz) — fj, and the linear ex-
pansion in (28) is used to define the dashed lines by ft{k±, kz) = fj± 0.5A/,. The
split coefficient is then simply given by

Rjt = ajil/Tt (29)

where Tt denotes the total area T/ = aj_i,/ + aJtt + aJ+x/. In the case when /p(k)
also depends on the azimuthal angle a similar procedure is used, but then the
linear expansion is used to define the sub-volume of Si where (26) is satisfied.

3.3 Reconstruction scheme

We are now in a position from which we can calculate the frequency spectra gener-
ated by a certain WDF in various types of plasmas. However, for a set of observed
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spectral densities CjilK there is more than one g which satisfies ChlK = SjflK(g)
for ail j , i and K. Thus, the inverse problem is underdetermined, and in order to
resolve this inverse problem Oscarsson and Rönnmark [1989] introduce the new
reconstruction scheme that we summarize below.

In order to "solve" the underdetermined inverse problem we employ the maximum
entropy ^M-E) method. However, our implementation of the M-E principle differs
significantly from the one used by Delannoy and Lefeuvre [1986]. We define the
entropy according to

«(«)- - £ * " • fcfe] (»)
where m is the total number of points in the k-space grid, A; = öt/^2T6r and
G = Y*T9T- This definition of the entropy has at least two important effects on
the solution of the inverse problem. Firstly, the normalization to A/ makes the
solution independent of the choice of coordinate system, and of the way we choose
to discretize our problem. Secondly, in the absence of data the solution tends to
an arbitrary constant. To see this, notice that dHjdgi = \n[ge/A(G] = 0 for all
£, leads to V'(^) = constant. Hence, our definition of the entropy leads to a WDF
analysis that is independent of the units in which we choose to express the WDF
in.

Our implementation of the constraints imposed by the measurements also differs
significantly from the one used by Delannoy and Lefeuvre [1986]. Let us define

, _ ^ N R e ( C J > t 9 J , < t ( g ) ) | |

where <rTj,lK and fr,-,̂ * denotes the standard deviations of the real and imaginary
part of CjitK, respectively. The sum over i and K includes all available spectra (no
data points are discarded), and j runs over all frequencies. Since auto spectra are
real by definition, the number of entries in the sum, calculating real and imaginary
parts separately, is given by n — nj{2N — na u t o). Here nj is the number of
frequencies, and N and nau to are defined for each frequency as the total number
of spectra and the number of auto spectra, respectively. Due to errors in the data
we do not expect £ to be zero, but instead, £ should be of the order of n. To be
more specific, assuming normally distributer! errors and statistically independent
observations, £(g) follows a \ 2 distribution with n degrees of freedom. Hence,
by choosing a suitable percentage level, the \ 2 distribution can be used to set an
upper limit on r;(g), and consequently, the set of feasible solutions to the inverse
problem is defined by

< Abound (32)

The relation (31) defines £ as a function of g, and hence we sometimes use the
notation £ = £(g) while in other rases £ is simply used to denote the measured



deviation between observed and predicted spectra represented by the right-hand
side of (31).

Since any WDF satisfying (32) is consistent with the data it is not appropriate to
reconstruct the WDF by minimizing f. Also, the dimension of g is normally much
larger than n, and therefore, a unique g could not be obtained by minimizing £.
Instead, in the spirit of the M-E principle, we obtain the reconstructed WDF by
solving the more general problem

maximize //(g)
Subject tO £(g)< Abound (33)

It should be noted how closely this construction of the WDF reconstruction follows
the basic ideas of the M-E principle. The data is only used to define a set of feasible
solutions, and the reconstructed WDF is obtained as the solution in this set having
the highest entropy. The reconstruction scheme of Delannoy and Lefeuvre [1986]
leads to a minimization problem with relatively few unknowns. The Lagrange
multipliers are normally less in number than the observed frequency spectra. In
contrast, the problem in (33) is a nonlinear optimization problem with a large
number of unknowns, each unknown corresponding to the value of the WDF at a
certain point in the k-space grid. Such optimization problems are normally very
difficult to solve, and particularly so when the number of variables is large, as
in our case. This complication is the price we pay for considering a more general
reconstruction problem. However, as described below, the fact that (33) is a convex
programming problem [e.g., Gill et a/., 1981] simplifies much of the numerical work
needed to solve it.

3-4 Optimization algorithm and error analysis

One consequence of the convexity of (33) is that any local optimum is also global.
This greatly simplifies the numerical solution of the problem, since there are no
additional local optima where the optimizatioi. algorithm can be trapped. As a
further result of the convexity, the inequality is effectively replaced by an equal-
ity constraint, except when the data are consistent with a constant WDF, but
such cases are easily detected. Therefore, (33) can be solved by unconstrained
optimization of the Lagrangian

L(g) = -////(g) + £(g) (34)

where ^ is a single (positive) Lagrange multiplier to be determined. There are
well known iterative methods for unconstrained optimization when the dimension
m of the problem is small in the sense that an m X m matrix can be inverted
numerically in reasonable time [e.g., Gill et al., 1981]. As we mentioned earlier,
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we are dealing with a large problem, and therefore, the optimization of (34) is less
straightforward.

To obtain the results presented in this paper L(g) is optimized by using precon-
ditioned conjugate gradient methods [see Gill et ai, 1981]. The advantage with
conjugate gradient methods is that they do not require much computer storage.
On the other hand, it can be difficult to devise really efficient algorithms based on
these methods. The key issue is to find a useful preconditioning, which can be a
difficult task when the objective function has no specific symmetry. Here we use
a preconditioning that is diagonal, based partly on the kernel elements and partly
on the current iterate of g.

The algorithm used here is based on optimizing the Lagrangian for a fixed value
of the Lagrange multiplier \i [Walin and Elfving, 1988, private communication].
When the value of £ found at the optimum of L(g) deviates from the limit Abound»
a new value of /* is tried until a satisfactory solution is found. Ideally we should
continue this procedure until the solution satisfies £(g) = Abound- However, experi-
ence shows that an exact fit is not necessary. All g that optimize the Lagrangian
and produce ^-values close to Abound arc- physically the same.

The optimum of L is found where dL/dgt = 0 for all L In practice this condition
can never be satisfied exactly, and some less restrictive convergence criterion must
be used. Here we assume that convergence occurs when the condition

<£ ( 3 5 )

is satisfied. A sufficiently small value of e ensures that the correct solution is found
(typically e = 0.01 is used).

Since the original problem is underdetermined it is not possible to perform a
traditional error analysis. For instance, although it is possible to estimate the
errors introduced in the numerical optimization through the use of a finite e, these
errors should be completely negligible compared to the underlying uncertainties in
the original problem. We can only demand that the solution should be consistent
with the observations, and stable to small perturbations in the data. The latter is
required since the solution should not depend strongly on the finer details in the
observed frequency spectra. From the scheme presented in the previous section
it is obvious that only feasible solutions are tried, and we also believe that, the
solutions obtained with our method are not very sensitive to small changes in the
data. A small perturbation in the observed spectral densities merely shifts the
set of feasible solutions slightly in parameter space, and the reconstructed WDF
is still obtained from the maximization of the entropy, which does not depend on
the data.



3.5 Model problems

We have discussed above how the WDF reconstruction problem can be transformed
into a nonlinear optimization problem, and how this problem can be solved by nu-
merical methods. Although the problem in (33) has a unique solution, we must
keep in mind that the original inverse problem is underdetermined, and that the
WDF we obtain is just one of the possible solutions to the original problem. Al-
though the M E method is believed to produce solutions containing only significant
structures, applications to simulated data are necessary in order to get acquainted
with the reconstruction scheme, and to interpret reconstructions from real data
more safely. Hence, we devote this section to the solution of some model problems
which we feel display important features of our reconstruction scheme. Solutions
of other model problems are presented by Oscarsson and Rönnmark [1989].

The reconstructions below are performed in a cylindrical coordinate system, where
kz is the wavevector component along the background magnetic field, and k± and
4> are the perpendicular wavenumber and the cylindrical angle coordinate, respec-
tively. In order to set up the model problem the following steps are taken. First
we make a model of the medium, defining a particle distribution function with
suitable total density and temperature. Assuming a certain background magnetic
field, the WIIAMP code is used to produce the solution of the dispersion rela-
tion for the assumed plasma model, and a particular wavemode is chosen. As a
model WDF we choose a Gaussian distribution, which is centered on one of the
wavevectors in the chosen wavemode. Using this model WDF and the solution of
the dispersion relation together with (27), we calculate the frequency spectra gen-
erated by the model WDF. It is assumed that a CJaussian distribution of random
errors is present in the simulated spectra calcu ..Ued from the model WDF, and
that the standard deviations are given by (TT(i),hlt. = pCT(i)jttK, where p denotes
the "relative noise level". Finally, the WDF is reconstructed from the simulated
spectra. It should be noted that noise is not added, and hence the model WDF is
always consistent with the simulated data.

We emphasize that the purpose of solving model problems is not to ensure that
the reconstruction scheme exactly reproduces the model WDF. Since the inverse
problem is underdetermined, the model WDF is by no means the "correct" solu-
tion. It is just one of the many WDFs that can generate the simulated spcetni
Instead, we can use model problems to get a feeling for how the reconstruction
scheme behaves in various situations.

In Figure 2 we display frequency, normalized to the proton gyrofrequency (///+ ~
5 Hz), versus wavevector components parallel and perpendicular to the ambient
magnetic field. To produce this figure we solve the dispersion relation for a plasma
model containing Maxwellian distributions of protons and electrons with temper-
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atures of 1 eV and densities of 8 • 107 and 10 • 107 particles per m3, respectively.
Quasi neutrality is obtained by including a warm Maxwellian proton component
with a temperature of 10 keV. The wavevector components are normalized to the
inverse of pu+, which is defined as the ratio between the thermal velocity of the
cooler protons and ///+. The solid lines represent contours of constant normalized
frequency, with a separation of 0.1 between each contour.

In the examples presented here, we use the plasma model described in the caption
of Figure 2, and also the part of the solution of the dispersion relation shown
in this figure. The polarization vectors, giving the kernels AftlK, are not shown,
but the polarization ranges from being nearly circular and electromagnetic at the
lowest values of k±pn+ to almost linear and electrostatic at higher k±pu+. In order
to reduce computations, the reconstructions are based solely on the polarization
vectors of the electric field. The frequency range that we investigate extends from
0.2 to 1.0 in normalized frequency, and is divided into eight equally wide intervals
(corresponding to the interval between consecutive contour levels in Figure 2).
We concentrate on two dimensional reconstructions in the (k±, A'j)-plane, and a
logarithmic resolution in of 0.2 is used. The size of the grid i s m = 5 x l l = 55
grid points. Although Doppler shifts could be included, the observation point is
assumed to be at rest relative to the plasma in the examples below, just to keep
things as simple as possible.

The WDF model in the first case is shown in Figure 3. The solid lines represent
contours of constant WDF (5, 10, and 50 in arbitrary units). This model contains
two sharp peaks, separated by one grid point in the k± direction. The purpose
of studying this model, is to obtain some information about the resolution our
method can provide, and to see how the solution behaves when the noise level is
varied. The spectra generated by the model in Figure 3 are not shown, but as can
be anticipated by comparing Figures 2 and 3, they are sharply peaked around a
normalized frequency of 0.6. The results obtained by reconstructing the WDF in
this case are shown in Figures 4a-4c. The contour levels in these figures are the
same as in Figure 3. The assumed relative noise level in Figures 4a-4c are p =
0.02, 0.08, and 0.11, respectively, with the highest noise level in Figure 4c. The
important thing to notice here is that although the model WDF in Figure 3 is a
possible solution in all these reconstructions, the M-E method consistently selects
a "broader" solution. The solution becomes broader as the noise level increases,
and when the noise level is increased further, the solution eventually approaches
a constant. An indication of this is found when p = 0.11, where an additional
peak appears at lower values of k±. Although the resolution decreases as p is
increased, weak signatures of the double peak can be seen at least up to the eleven
percent noise level. Notice also that an effect of increasing the noise level, besides
a "merging" of the two peaks, is a lowering of the maximum value of the WDF.

The example above shows the broadening introduced by the M-K method. How-



ever, this property of the M-E solution is even more evident in our next example.
Here we use the same plasma model and the same dispersion relation as in the
previous example. However, we also include waves with kz < 0. For reasons of
symmetry, the solution of the dispersion relation for such waves is found simply by
reflecting the solution in Figure 2 onto the negative kz half of the (kj_, Å-z)-plane.
This part of the solution is not shown. The WDF model, which consists of a single
peak located at positive kz, is shown in Figure 5. The contour levels in this figure
are the same as in Figure 3, except for the additional contour corresponding to
?/' = 1 that is included in Figure 5. By reconstructing the WDF from the spectra
generated by the model in Figure 5, assuming a noise level of 10% (p = 0.1), we
obtain the results presented in Figure 6. The most striking feature of these results
is that, although our model only includes waves with phase velocities in the pos-
itive c-direction, the reconstructed WDF is symmetric with respect to kz. This
result is due to a symmetry in the polarization vectors of the electric field, which
makes it impossible to distinguish between waves going in the positive and nega-
tive r-direction using information only about the electric field. Similar problems
are discussed by Lcfexivre ft al. [1981] in applications to GFJOS 1 data.

To summarize these two examples we see that our scheme correctly detects am-
biguities in the WDF reconstruction problem. This is seen most clearly in the
second example, but there is a slight ambivalence also in our first model problem.
Although the maximum appearing around k1pfl+ = IO~3 in the case p = 0.11 is
weaker than the main peaks, it is a sign of the ambiguity that is present at this
noise level. Due to the underdetermipn.-d nature of the WDF reconstruction prob-
lem ambiguities like those discussed above may well occur in applications to real
data. Hence, a multiple peaked solution can not be interpreted as waves propagat-
ing in several distinct groups of wavevectors, unless some additional information
is available. For example, when the reconstructed WDF is double peaked and no
more information is available, we can only conclude that the waves may propagate
in either of the two groups of wavevectors, or in both.

4. APPLICATIONS TO VIKINC; DATA

The scientific satellite Viking, launched on February 22, 19S6 into a polar orbit
with an apogee of 13500 km and a perigee of 800 km, was designed for studies
of physical processes in the Karth's auroral acceleration regions. A short descrip-
tion of the instruments carried by Viking for this purpose is given by llultqvi.fl
[1987]. Here we investigate data obtained with the low-frequency wave experi-
ment (V-4L) and the hot plasma/energetic particle experiment (V-3). The wave
experiment measures two components of the electric wave field, using two pairs
of spherical probes mounted on wire booms (80 m tip to tip) in the spin plane
of the satellite. The satellite is spin stabilized, moving in rart-wheel mode, with
a spin period of 20 s. The are no magnetic field measurements in the frequency
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range we consider, and therefore, our study is concentrated on the electric field
observations. The particle experiment consists of several detectors [Sandahl et al.,
1985]. The detectors used here cover the energy ranges 0.01-40 keV and 0.04-40
keV for electrons and positive ions, respectively. These detectors are mounted
perpendicular to the spin axis, and hence, all pitch angles are covered during one
spin period, provided that the spin axis is orthogonal to the ambient magnetic
field.

.l Observations

In this study we consider data obtained on a passage above an auroral structure
on November 3, 1986. The observed waves are characterized by frequency spectra
with a distinct peak below the local proton gyrofrequency, ///+, with the maximum
spectral density occurring around 0.5///+. Satellite observations of similar waves
are reported by Gurnett and Frank [1972] (Injun-3), Temerin and Lysak [1984]
(S3-3), Saito and Yoshino [1987] (ISIS 1 and 2), and a statistical study of the
Viking observations is presented by Gustafsson et al. [1989].

The power spectrum of the signal received by one of the wire boom antennae during
the time period 183045-183115 UT is displayed in a frequency-time diagram in
Figure 7. Time is given along the horizontal axis with ten seconds between tick-
marks, and the vertical axis covers the frequency range 0-214 Hz. The local proton
gyrofrequency is roughly 190 Hz. The results presented in Figure 7 are obtained
from the Fourier transform (256 points FFT) of the wave form, using Hamming
windows and five spectra averages. A more detailed discussion on the spectral
analysis is given in Appendix A. Darker shaded areas imply higher intensity, and
the scale ranges 10~4-10° (mV/m)2/Hz. The intensity is sharply peaked around
183103 UT, and the total duration of the event is approximately 30 seconds. The
spin modulation seen in the data indicates that the waves are polarized with the
electric field nearly perpendicular to the background magnetic field. Figure 8
shows a single power spectrum obtained at 183102.941 UT.

The electron distribution seen in connection with the wave event is shown in some
detail in Figures 9 and 10. Due to the spin of the satellite, the electron spectrometer
can not observe down-going electrons at time of highest wave intensity. Therefore,
the particle data considered here is obtained during the spin starting at 183105
UT. The instrument measures precipitating electrons during the first 10 seconds of
this spin. In Figure 9 we show the cross-section through the electron distribution
function, F(v), for velocities parallel to the background magnetic field. As can
be seen from this figure there is a secondary peak at positive parallel velocities of
approximately 4 • 107 m/s, corresponding to an energy of about 4 keV. A more
detailed study shows that this peak does not correspond to a well collimated



beam, but instead the observed electron distribution has a ring-shaped form in
the (v±, uz)-plane, where v± and vz are the velocity components perpendicular
and parallel to the background magnetic field, respectively. Consequently, as can
be seen in Figure 10, the integrated electron distribution function, defined by

) (36)

does not have the sharp feature of the cross-section, but merely a weak signature
resembling a plateau. The investigation by Gustafsson et al. [1989] shows that
such ring-like electron distributions often are observed in connection with the type
of waves we study here.

Due to the mode of operation of the V4-L experiment, there are no Langmuir
probe measurements of the total density during the time period of interest here.
However, a rough estimate of 50 particles per cm3 is obtained from the upper
cut-off of hiss emissions, which are observed simultaneously with the waves below
///+ (Bahnsen [1988], private communication).

4-2 Linear stability analysis

Wavemodes below ///+ in a homogeneous, magnetized plasma (for a review, see
André [1985b]) can be destabilized by a number of different mechanisms. Insta-
bilities caused by proton distributions with temperature anisotropies or loss-cones
can generate waves with wavevectors in a wide range of directions relative to the
background magnetic field [e.g., Oscarsson and Andre', 1986]. Such instabilities
can be of great importance in the equatorial regions of the magnetosphere, but
since the Alfvén velocity is significantly higher in the auroral regions, unrealis-
tically high proton energies are required for these instabilities to be efficient on
auroral field lines. As argued by Gustafsson et al. [1989], the high Alfvén velocity
also implies that wave generation by ion beams is not feasible.

The down-streaming electrons, which are seen in connection with most wave events,
provide the most probable source of free energy. Stability analyses performed by
Temerin and Lysak [1984] and Gustafsson d ol. [1989] indicate that the inter-
action between a drifting electron population, with realistic density, temperature,
and drift energy, and a cool background plasma can produce most of the features
found in the observed frequency spectra. Guided by these studies we concentrate
our discussion on waves below ///+ that for wavevectors parallel to the background
magnetic field correspond to Alfvén waves at low frequencies, and to proton cy-
clotron waves closer to ///+.

To study instabilities caused by streaming electrons we model the particle distri-
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bution function by

2 2

Fm(vi,vt) = ^ n , ( / / 2
l ; J ) - 3 e x p ( - ^ ) e x p ( ^ - vDj) (37)

Vj V3 3

where the sum runs over all particle species, and rij and Vj are the density and
the thermal velocity of the j:th species, respectively. Furthermore, VD3 is the
parallel drift velocity of species j , normalized to the thermal velocity Vj. The
linear dispersion relation is solved for this plasma model using the WHAMP code.
Growing waves are indicated by a positive temporal growth rate, that is, a positive
imaginary part of the frequency.

A positive dFJdvz can destabilize waves below ///+ in the wavemode we consider
[e.g., Kaufman, 1984]. As can be seen from Figure 10, the integrated electron dis-
tribution observed simultaneously with the waves does not have a positive slope
in the parallel direction, but merely a plateau. Similar results are reported by
Gustafsson et al. [1989] who suggest that the plateau is what remains of an
unstable feature in the electron distribution function after smoothing in velocity
space by wave-particle interactions. Admittedly, the unstable feature is very small.
However, the sharp secondary peak seen in the cross-section displayed in Figure 9
supports the interpretation made by Gustafsson and his colleagues. This suggests
that in order to understand the generation mechanism we need to model the par-
ticle distribution function as it appeared at an earlier stage in the wave generation
process.

We assume that within the generation region the energetic electrons are well colli-
mated along the field lines, having a parallel drift energy of 4 keV, corresponding
to the energy of the peak in the cross-section of F(\) seen in Figure 9. Fur-
thermore, a beam density of 0.05 particles per cm3 is used, which is roughly in
agreement with the density of the observed ring distribution. We assume a beam
temperature of 400 eV, corresponding to 10 % of the beam drift energy. The
background plasma within the generation region is assumed to be similar to the
ambient plasma at satellite altitudes. From the Viking particle data we know that
the main electron distribution is cool, that is, the temperature is below 10 eV, the
lower limit of the detector. Similarly, the temperature of the main ion distribution
is not higher than 40 eV. Since the stability analysis does not critically depend
on the exact value of the temperature, at least as long as it is below 10 eV, we
arbitrarily assume the value 1 eV. The background plasma is assumed to consist
of proton and electron distributions with densities of 50 and 49.95 particles per
cm3, respectively, in accordance with the density estimate mentioned earlier. Ion
mass data for the event we study are not available, but the wave data presented in
the previous section suggest that heavy ion effects are not important, and hence,
no heavy ions are included in the model.

The results obtained by solving the dispersion relation for the plasma model de-
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scribed above are shown in Figures 11 and 12. In the first figure we present the
solution of the dispersion relation as contours of constant frequency versus nor-
malized wavevector components. The constant frequency contours are indicated
by solid lines at multiples of 0.1///+, where the contour found at smallest kz cor-
responds to / = 0.1///+. Again, /?//+ is defined as the ratio between the thermal
velocity of the cool protons and ///+. A proton energy of 1 eV and ///+ = 190
Hz gives /?//+ ss 73 m. The unstable waves are indicated by the dashed contours
giving normalized spatial growth rates of 10~7, 3.16 x 10~8 and 10~8, respectively.
The normalized spatial growth rate used here is obtained by dividing the temporal
growth rate by the group velocity and normalizing to the inverse of />//+. A better
view of the unstable range of frequencies is given in Figure 12, where we plot the
maximum normalized spatial growth rate versus frequency.

Calculations show that variations in the total density shift the instability in fre-
quency, in accordance with the results obtained by Gustafsson et al. [1989]. How-
ever, the unstable range of perpendicular wavenumbers stays roughly the same.

As discussed by Gustafsson et al. [1989], the spatial growth rate obtained in these
types of analyses is normally too low to produce the observed waves. For instance,
a normalized spatial growth of 10~7 corresponds to an e-folding length of several
Earth radii. However, since we do not know the details of the wave generation,
we can not expect to find agreement on this point. Various ways in which the
growth rate can be increased are discussed by Gustafsson et al. [1989]. Note that
only waves with kz > 0 are unstable, that, is, the waves propagate down the field
lines together with the precipitating electrons. The group velocity is nearly field
aligned, and of the same order as the drift velocity of the electrons.

On comparing the range of unstable frequencies shown in Figure 12 with the spec-
trum shown in Figure 8, we note that although the stability analysis appears to
predict frequency spectra that are slightly broader in frequency than the observed
spectra, the maximum spatial growth rate occurs around 0.5/V/+, which is where
the peak in the observed frequency spectrum occurs. Therefore, we may conclude
from the stability analysis that, at least in the frequency domain, wave genera-
tion by precipitating electrons is consistent with *he available observations. The
direction of the wave electric field relative to the background magnetic field could
be used to check that the polarization of the unstable waves are not completely
in disagreement with the observations [see Gustafsson et a/., 1989]. However, we
employ Wf)F analysis in order to efficiently check that the proposed generation
mechanism is fully consistent with the polarization information contained in the
wave observations.



4.3 WDF analysis

Two different Cartesian coordinate systems are used in the WDF analysis pre-
sented below. The relation between the two coordinate systems is shown in Figure
13. The primed system consists of the directions along the two orthogonal wire
booms, together with the direction of the negative spin axis (— s). The unprimed
coordinate system is defined such that the z-axis coincides with the direction of
the ambient magnetic field. The x-axis is taken in the direction of the negative
spin axis, and finally, the y-axis is found by completing the orthogonal right-hand
coordinate system. When the satellite is not exactly in cart-wheel mode, the x-axis
is taken as the projection of —s onto the plane perpendicular to the z-&x\s. We
solve the dispersion relation in cylindrical wavevector coordinates. The cylindrical
coordinate system is not shown in Figure 13, but as discussed in sections 3.5 and
4.2, the wavevector is given in the wavenumber parallel to the ambient magnetic
field, k2, the perpendicular wavenumber, k±, and the azimuth angle </>, which is
calculated in the positive sense from the direction of the x-axis (i.e., <j> = 90°
corresponds to the ^-direction).

The frequency resolution in the spectrum shown in Figure 8 is too high for our pur
poses. Therefore, the spectra are averaged over frequency intervals of roughly 20
Hz, corresponding to 12 points in the FFT spectra. Figures 14a-14d show the spec-
tra {z'z' = auto-spectra for the signal received by the z' antenna, etc.) obtained
at 183102.941 UT. Thus, the spectrum in Figure 14b is obtained by suitable aver-
aging of the spectrum shown in Figure 8. The orientation of the antennae in this
case is in the un-primed coordinate system defined by dz> = (—0.12,0.45,0.88) and
dyi = (0.06,0.89,-0.45), and the total electric field amplitude is approximately
10 mV/m. The WDF is reconstructed from the spectra shown in Figures 14a-14d,
and from similar spectra obtained during other time periods of the event. In order
to determine the errors in these spectra we note that, according to Bendat and
Piersol [1971], the normalized standard error (the relative noise level p in this
paper) can be estimated from

(38)

where w corresponds the number of frequencies used in the frequency averaging,
and q is the number of spectra used to produce the time averaged spectrum (see
Appendix A). In our case we have w = 12 and q — 5, which gives us the rough
estimate p « 0.1. In practice we find that the results are rather insensitive to
the exact value of p. We assume that the measured spectral densities are not
biased. However, when considering the approximations made in the theoretical
model, and the experimental difficulties in measuring electric fields in space, it is
very likely that some sort of bias is present. When these errors are large it may
not be possible to find a feasible solution. A small bias can be very difficult to
detect, and we can only hope that it is small enough so that it, does not affect the
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solution.

In order to determine the integration kernels as accurately as possible, the solution
of the dispersion relation should be based on the available plasma observations.
We have discussed the subject of modeling the observed particles in the previous
section, and we only make a few additional remarks here. In the previous section
we argue that the exact value of the background plasma temperature is not vital for
the stability analysis. It is not obvious beforehand that this is also the case when
reconstructing the WDF. However, calculations with different background plasma
temperatures indicate that the VVDF reconstruction does not depend critically on
this parameter, and therefore, the value of 1 eV is used throughout. Furthermore,
we have specifically chosen a model of the hot electron distribution which differs
liuhtly from the particle observations, since the purpose is to model the unsta-

ble plasma in the wave generation region. In the WDF analysis the dispersive
properties of the ambient plasma are crucial, and therefore, the observed particles
should He modeled as carefully as possible. The ring-like, hot electron distribution
s «iilli( ull to model, but. fortunately, the density of the hot electrons is sufficiently
low that I he propagation properties of the waves are determined solely by the cool
background plasma. Therefore, we can safely use the same plasma model when
reconstructing the WDF as we use in the stability analysis. The parameters of
this model are given in the caption of Figure 11.

The solution of the dispersion relation for k7 > 0 in the reference frame of the
plasma is given in Figure 11 (only the real part of the frequency is considered
in the WDF analysis). It should be noted that the velocity of the satellite is
approximately 5 km/s (directed in the y-direction) and therefore, Doppler effects
become important near the short wavelength boundary of the k-space volume we
consider. Figure 15 shows the Doppler shifted solution of the dispersion relation
for wavevectors anti-parallel to the satellite velocity. Again, the solution is given
as contours of constant frequency at multiples of 0.1///+. As can be seen from
this figure, the Doppler effect becomes important for perpendicular wavenumbers
above k±f)ji+ ss 3- 10~', corresponding to perpendicular wavelengths shorter than
roughlv 2f)0 m.

In the reconstructions beiow we concentrate on waves with phase velocities in the
positive 2-direction. This simplifies the calculations significantly, and is not a
limitation. As was shown in the second model problem presented in section 3.5, it
is not possible to distinguish between waves going in opposite directions along the
magnetic field line when the dispersion relation is symmetric, and only information
about the electric field is taken into account. Hence the solutions presented below
can be symmetrically extended into the negative kz half of the (k±, ^)-plane to
give the *VDF which would be obtained if negative values of kz were included in
the reconstruction.



The shortest wavelengths included here are of the order of, or slightly shorter
than, the length of the measuring antennae. Hence, the kernels must be modified
in order to compensate for the effects of finite antennae lengths. Thus, the kernels
corresponding to spectra obtained from the signals received by antennae i and K,
include a factor [sin(7rZtk • dj)/(7rZ/,k • d()][sin(7rZrKk • dÄ)/(7r£Kk • dK)] where L^K)
is the length of antenna I(K).

Waves with short perpendicular wavelengths soon become heavily damped, and
this sets a natural upper limit on the ^-values that are included. In the recon-
structions presented below this limit appears around k±pn+ = 2.5, or equivalently,
at perpendicular wavelengths of about 30 m. This excludes waves with wave-
lengths much shorter than the length of the measuring antenna. There is also a
lower bound on the perpendicular wavenumbers that can be considered. Since we
are studying data obtained with 80 m long antennae, it is unreasonable to think
that waves with extremely long wavelengths can be resolved. Furthermore, our
theoretical model is based on the assumption that the medium is approximately
homogeneous over several wavelengths, and therefore, the waves we can analyze
with our method must have a limited wavelength. Of course, this does not ex-
clude the existence of waves with very long wavelengths, or the possibility that
such waves can be very important for the dynamics of the magnetosphere, but
waves with very long wavelengths can not be described in the approximation con-
sidered here. The strategy we use in the reconstructions below is to set a limit
at &x/?//+ = 10~3, corresponding to a perpendicular wavelength of roughly 70 km.
Above this limit we use a logarithmic resolution, while waves with smaller per-
pendicular wavenumbers are put in a single grid element. Hence, we use a varying
resolution in k-space, and the highest resolution is limited to (70 km)"1. The
results obtained for waves with very small perpendicular wavenumbers must be
interpreted with care, since the long wavelengths of such waves can invalidate the
homogeneous approximation.

We consistently display the reconstructed WDF as a function of the cylindrical
wavevector coordinates, without transforming the WDF into an energy density
in the cylindrical coordinate space. There are several advantages in avoiding the
use of alternative representations of the WDF as, for example, the one used by
Siorey and LefeuvTc [1979]. For instance, the results are easier to interpret since
there is no coordinate related weighting of the WDF. Furthermore, as can be
seen from the real part of the solution of the dispersion relation shown in Figure
11, for a fixed frequency the angle between the background magnetic field and the
wavevector is constant over a wide range of normalized perpendicular wavenumbers
(roughly in the range 0.01 0.3). For waves propagating on this "resonance cone"
//j(k) is independent of k. Therefore, the WDF representation used by Storey
and Lefeuvre can not resolve waves on the resonance cone (see section 2.2). Since
we work directly with ?/>(k), there are no problems with describing waves on the
resonance cone in our reconstruction scheme.
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To begin with, we reconstruct the WDF from data obtained in one frequency
interval, and from one time period. The WDF is then obtained on a surface in
k-space defined for the j : th frequency band by kz = k2(fj,k^,<f>), and we use
this relation to present the WDF as a function of the perpendicular wavenumber
and the angular direction. To get a better view of the distribution of energy in
the direction perpendicular to the background magnetic field, we plot il>j(k±,<j>) =
0(&i> kz{fj, kj_,<f>), <f>) as a function of the normalized perpendicular wavenumber
at various fixed angles, <f> = </>0. The resolution in the angular direction is 22.5°,
and we include angles in the range 0° — 360°. The resolution in the normalized
wavenumbers is logarithmic and equal to 0.2, leading to a total number of k-space
grid points equal to 821. As a comparison, the number of data points used as
input is equal to 4. For this number of data points and for a confidence level of 95
%, the \ 2 distribution gives a value of Abound roughly equal to 10. The assumed
relative noise level is approximately 0.1 unless otherwise specified. Furthermore,
we use arbitrary WDF units, since the total energy is of minor interest here. The
same arbitrary units are used throughout.

The WDF reconstructed from the spectral densities observed in the frequency
range 90-110 Hz around 183102.941 UT is shown in Figure 16. This figure shows
the WDF as a function of the normalized perpendicular wavenumber and the
azimuthal angle. The dashed curves indicate contours of constant WDF, where
the lowest contour level corresponds to a WDF equal to 10, and there is a factor
of 10°'5 between each level. The dominant feature of these results is that the
reconstructed WDF has maxima corresponding to two main angular directions,
separated by 180°. One direction corresponds to waves approaching the Viking
satellite from in front (0° < <f> < 180°), and the other corresponds to waves coming
in from behind (180° < <j> < 360°). This result is also typical of WDFs obtained
from data taken during different time periods, and ill different frequency intervals.
The presence of the two maxima in the reconstructed WDF is most probably
due to unresolvable symmetries in the reconstruction problem, and should not be
interpreted as unambiguous evidence for the presence of waves propagating in the
two main directions. This argument is supported by calculations which show that
the constraint £ < Abound fan be satisfied by including cither of the two main
directions, or both. Hence, in the following we concentrate on the direction where
the WDF attains its highest value, and denote this direction by <fi = <j>0. However,
it should be remembered that similar results are obtained for (f> — cf>Q + 180°.

In Figure 17a w<> display the WDF obtained from frequency spectra observed at
various times. The figure shows J/'J for the three different angles (in time order)
ip0 = 45°, 292.5°, and 315°, respectively. The time periods are chosen such that
data before, during, and after the time interval of highest wave activity are in-
cluded. Observe that the time interval between each reconstruction is roughly half
a satellite spin period, which means that the orientation of the antennae is nearly
the same in all three cases, (he positions of the probes are merely switched. The
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reconstructions are performed over the frequency interval 90-110 Hz, and the re-
sults from 183051.354 and 183113.032 UT have been multiplied by a factor oi 100.
Apart from a change in total energy, the overall features of the VVDF appear to be
fairly stable in time. The WDF shows a distinct minimum at fci/>//+ ^ 4 • 10~3,
and an abrupt cut-off at kxPH+ ̂  2 • 10"'. The cut-off seems to coincide with the
limit where Doppler effects become important.

The VVDF reconstructed from spectral densities observed in various frequency
bands around 183102.941 UT is shown in Figure 17b. Here the assumed relative
noise level is 8 %, and it should be noted that the results obtained in the fre-
quency range 50-70 and 130-150 (Hz) have been multiplied by a factor of 100
and 10, respectively. At higher frequencies the WDF shows a broad maximum
for intermediate perpendicular wavraumbers, and an increase towards smaller k±.
This increase appears to continue beyond the lower ^-boundary of the k-space
volume we consider. In the lower frequency bands the WDF is very smooth and
nearly flat, except for the cut-off at higher k±.

In Figure 17c we investigate how the reconstructed WDF1 changes when the relative
noise level is varied. The results obtained in the frequency interval 90 110 Hz
(again the time is 183102.941 UT) for three different noise levels, 2.5, 8.4, and
12.4 (%), are shown. As discussed in section 3.4, the reconstructed WDF should
not be sensitive to small perturbations n the data. Similarly, we must demand that
the solution should not be sensitive to small changes in the assumed noise level. As
can be seen from Figure 17c the effect of assuming larger errors is merely a decrease
in the WDF, which is consistent with the results obtained in the model examples
presented in section 3.5. Since the total energy is of minor interest to us here, we
conclude that the important features of the reconstructed WDF is insensitive to
small variations in p, which increases the credibility of our investigation.

In Figure 18 we present the results obtained by reconstructing the WDF from
frequency spectra obtained during two consecutive time periods. This means that
8 data points are taken into account instead of 4. The frequency interval under
investigation here is 90 110 Ilz, and the angular direction is given by <f)0 = '292.5°.
For comparison we include the results obtained when data from the two different
time periods ar<> analyzed separately. Note here that due to time variations in
the observed spectra it is necessary to assume relatively large errors in order to
find a feasible solution in the combined analysis. Thus, for the combined analysis
the errors correspond to a noise level of p = 0.25, while in I he separated analyses
p = 0.1.

As shown in Figure 18. the solution obtained in the joint analysis is not much dif-
ferent from the WDFs obtained in the separated reconstructions. The reason for
this lies in the fact that the data used to produce two consecutive sets of spectra
overlap significantly (sec appendix A). Therefore, although the number of data



points is doubled when spectra from two consecutive time periods are investigated
simultaneously, the information contained in the included data is not doubled.
Hence, we expect this type of analysis to be more efficient in investigations of
more stationary processes, where data from several disjoint t',me periods can be
processed simultaneously. At the same time, it is reassuring to find that recon-
struction from the combined set of observed spectra yields results in agreement
with those obtained when the difFerent sets of spectra are analyzed separately.

Another way to increase the number of data points is to treat several frequencies
simultaneously. Including several frequency bands allows us to investigate a larger
part of the (fcx, A'2)-plane simultaneously. However, by doing so we drastically in-
crease the number of grid points. The number of unknowns that can be handled
efficiently by our present optimization algorithm is limited, and therefore, in order
to be able to treat a wide range of frequencies simultaneously, the following recon-
struction is concentrated on a few angular directions in the interval 260° — 350°.
Since the reconstructed WDF is limited to a narrow ^-interval (see Figure 1G) this
restriction should have little practical consequence for the obtained results. The
resolution in <f> is 22.5° as earlier, but we increase t lie logarithmic resolution in
the (A-x. fc*)-plane to 0.1. In total, this means that the nuriiber of grid points is
increased tc 153-1.

In Figure 19 vve present the WDF obtained by simultaneous reconstruction over
the five difFerent frequency intervals analyzed separately in Figure 171). This means
that the number of data points included in this case is 20. Figure 19 displays the
reconstructed WDF, averaged over the included angles, as a funct ion of the normal-
ized parallel and perpendicular wavenumbers. The dashed contours correspond to
WDF levels of 5. 10, and 50. Solid curves indicate contours of constant frequency
corresponding to the lower and upper boundary of the frequency interval consid-
ered here (0.25//,+ % 50 \h,. and 0.75/ / /+ % l.'O Hz). Note that the frequency
contours are plotted for <p = 270°. At other angles in the included <$-interval, the
contours are slightly difFerent. Some1 irregular structures are seen in the WDF
contours around A-j_/>//+ = 0.01, as well as in most parts of the lower constant fre-
quency contour. Furthermore, the WDF contours reach above the higher constant
frequency curve at & _[_/*// + = 10"'. These features are discretization effects, and
have no physical significance.

We stress the uniqueness of the results presented in Figure 19. They represent the
first example of reconstruction of t he WDF of a magnetosphcric wave phenomenon
over a. significant area in the (k±. kz)-plane. Reconstructions based on the method
developed by Lefcuvre and his co-workers arc always performed at one single fre-
quency f3, and since the solution of the dispersion relation only depends on k-± and
k: when Doppler effects are neglected. I IK- WDF is given along the curve in the
((•_L, kz)-plane defined by / (k) — fj. Although such reconstructions can be very
helpful in studies of wave particle interactions, the results presented in Figure I!)
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provides a much clearer view of the reconstructed WDF.

The results obtained in the WDF analyses above are rather insensitive to changes
in the plasma parameters. The location of the minimum at k±pn+ — 4 • 10~3

can be shifted slightly, and some of the details of the reconstructed WDF can
change, but in other respects the results obtained by using a density of 10 and 100
particles per cm3 are similar to those shown above. Similarly, the main features
of the reconstructed WDFs are unchanged when the background temperature is
assumed to be 10 eV, and, since the main parts of the reconstructed WDFs are
found in areas of k-space where finite temperature effects are not important, the
results should not be affected by a lowering of the background temperature.

The approximation used to link the time and spatial averages, which we discussed
in section 3.1, is justified when the frequency spectra do not vary significantly
over a distance L, where L corresponds to M-veral characteristic wavelengths. The
reconstructed WDFs indicate that the main part of the wave energy is distributed
over wavelengths in the interval 35 m - 10 km (see the discussion below). Each
spectrum is obtained during a time period of 0.9 s, which corresponds to a flight
distance of the satellite of roughly 1.5 km. Hence, the distance traveled by the
satellite during the time it takes to obtain one set of spectra is greater than the
wavelengths in a large part of the k-space volume where the reconstructed WDF is
significant. We can not detect variations in the observed spectra that occur on scale
lengths much shorter than 4.5 km. but on a longer scale the "width", W', of the
most intensive region is found to be more than 10 kilometers. This is of the order of
or slightly above the longest wavelength indicated by the reconstructed WDF, and
hence, we are straining the second order condition discussed in section 3.1. On the
other hand, the observed variations are mainly seen in the total wave amplitude,
while the spectral characteristics appear to stay roughly the same during the whole
event. Consideration of all of these facts together leads us to expect WDF analysis
to work reasonably well in the case studied here.

From the results presented above it is obvious that there exists a WDF that is
consistent with the observed waves. Although there are cases when it is not possible
to satisfy £ < Abound- a feasible WDF is found in a large number of cases
roughly 50 %. This figure refers to cases when p = 0.1 is assumed. Naturally,
when p is increased sufficiently, we find feasible solutions in every case. This
occurs for p as 0.3. Therefore, as far as the wave polarization is concerned, the
observations are describable within the approximation of linear waves in an infinite
and homogeneous plasma.

In order to understand the reason for the increase of the reconstructed WDF to-
wards smaller k^, we note that the imaginary par! of the cross spectrum can be
significant, as is evident from Figures 11c and I Id. One way to explain this fi-
nite imaginary part is by the presence of an elliptically polarized wave component.

2'.)



When the wave polarization is strictly linear, the imaginary part of the cross spec-
trum should be below the noise level. The fact that the cross spectrum shows
a finite imaginary part is reflected in the reconstructed WDFs as an enhanced
energy density at small k±, since waves in the wavemode we consider gradually
become circularly polarized towards k± = 0. Hence, the finite imaginary part of
the cross-spectrum can indicate th presence of parallel propagating whistler or
shear Alfvén waves. There is also a possibility that gradient effects play a no-
ticeable role. However, it should be noted that although the reconstructed WDF
increases towards smaller k±, only a small fraction of the total wave energy is
found at normalized perpendicular wavenumbers below, say, 7 • 10~3. Therefore,
the reconstructed WDF suggests that the available wave data can be interpreted
as being due to a superposition of elliptically polarized waves with very low inten-
sity, and nearly linearly polarized waves with k±pn+ > 7 • 10~3, which dominate
completely in terms of wave energy.

One result obtained from the WDF reconstruction is the apparent stability in
time of the wavelength characteristics of the wave source, as indicated by the
results in Figure 17a. One may ask if this stability is due to the fact that the
solution is mostly determined by some specific feature in the reconstruction scheme
rather than by the data. However, it should be noted that the M-E principle
should provide the smoothest solution consistent with the data, and therefore, any
significant features found in the solution should be supported by the data. We
can see examples of the smoothing property of the M-E method in Figure 17b. In
the lowest frequency bands the reconstructed WDF is almost flat, except for the
cut-off at higher k±. Furthermore, since it is not always possible to find a WDF
satisfying the constraint £ < £iK,,m,i, the data must have a significant influence on
the solution. Therefore, we conclude that, the stationary shape of the reconstructed
WDF reflects the fact that the wavelength characteristics of the wave source are
fairly stable in time. Since the time dependence observed on board the satellite is
most likely the result of the satellite traversing a region of varying wave activity,
the main features of the WDF are also stationary over the whole generation region.

Unfortunately, the Vl-L experiment only measures two components of the wave
electric field, and moreover, no information about, the wave magnetic field is avail-
able'. Therefore, since we are trying to extend two dimensional measurements into
a three dimensional WDF, the determination of the direction of arrival is not quite
straightforward in the case studied here. When tlit satellite passes the source re-
gion at some distance we would expect, to see some "fly-by" effect. That is, the
direction of arrival should gradually change in a consistent manner. Furthermore,
when the satellite passes right through the source region we would expect to find
WDFs more or less isotropic in the angular direction. No such "fly-by" effects or
isotropic WDFs are found. However, when the satellite approaches the region of
highest wave intensity we expect, waves to arrive at, the satellite from the forward
direction, and as the satellite leaves the generation region it should be caught up
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by waves coming in from behind. Notice that although the waves are propagating
with the group velocity nearly field aligned, the perpendicular group velocity is
still much higher than the velocity of the satellite. Since the reconstructed WDF
is practically always double peaked, with one peak corresponding to waves com-
ing from in fron* of the spacecraft, and one to waves coming from behind, the
directions of arrival are in this respect consistent with a simple intuitive picture.

4-4 A combined stability and WDF analysis

Although spatial growth rates include some propagation effects in the sense that
temporal growth is weighted by the time a wave packet spends in the unstable
region, it is not clear that the unstable spectrum of wavevectors can be compared
directly with the reconstructed WDF. For instance, it should be noted that since
the observed integrated electron distribution has no positive dFz/dvz, strictly local
generation of the waves is unlikely. The velocity of the precipitating electrons is
about 10000 km/s, and the waves are propagating down the field lines with a group
velocity of 20000 km/s. Hence, even though the particle distribution may undergo
rapid changes, the waves must propagate some distance from the generation point
before wave-particle interactions stabilize the particle distribution function. Also,
the energy transfer from the precipitating electrons to the waves must continue
for some time before the waves can grow from a small disturbance to the observed
amplitudes. Therefore, it must be concluded that the waves are generated at some
distance above the location of the satellite. This implies that several effects, which
are not incorporated in this study, can have an influence on the WDF. The waves
may be generated within the potential drop instead of below, and instabilities
within the acceleration region can be of a completely different nature than those
occurring below the potential drop. For instance, the total density and the drift
energy of the electrons, which have a large influence on the instability, can both
be much lower within the acceleration region than below. Furthermore, the angle
between the wavevector and the background magnetic field is close to 90° for all
waves with k±p^+ > 0.01 and a frequency of, say, 0.5///+. Therefore, even a
slight curvature of the background magnetic field can have a large effect on the
wavelength spectrum. The importance of these effects for the WDF at satellite
altitudes is difficult to predict without a more detailed study. A more realistic
prediction of the distribution of energy in wavevector space could be obtained by,
for instance, tracing the wave packets in space from the source, located within
the acceleration region or below, to the position of the satellite. The resulting
path integrated growth, and effects of gradients in the background plasma on the
wavevector could then be calculated. However, such an analysis is beyond the
scope of this paper, and instead, wo assume that direct comparison between the
reconstructed WDF and the obtained spatial growth rates is indeed meaningful.



Figure 20 shows the reconstructed WDF from Figure 19 together with contours of
constant normalized spatial growth rate as obtained in section 4.2, corresponding
to a normalized growth of 1, 2, and 3 times 10~7, respectively. For k±pf]+ as
1.5 • 10~2 we see that, just as the spatial growth rate predicts a broader frequency
spectrum than is observed, the growth rate also predicts a broader distribution of
energy in the kz direction than is implied by the reconstructed WDF. In contrast,
the reconstructed WDF is extended over the whole resonance cone, while the
unstable range of wavevectors are confined to k^Pn+ ^ 0.01.

Although we hesitate to discuss the finer details of the reconstructed WDF, one can
not fail to notice the enhancements in the WDF at wavevectors around k^PH+ =
0.01 and 0.1, which are present in, for instance, Figure 17a. The relative signifi-
cance of these peaks varies between reconstructions from different data, and also
depends on the assumed relative noise level. The double peaked signature is also
one of the features that appears to depend on the assumed total density. There-
fore, the significance of the additional peaks is not completely established, but it is
of some interest to notice that these enhancements imply a double peaked WDF,
where one of the peaks fits very nicely into the results of the stability analysis.

From the above comparison we conclude that the reconstructed WDF is consistent
with the results obtained from the stability analysis. At first this statement may
not seem justified since although the unstable range of wavevectors and the recon-
structed WDF overlap, there are great differences. However, it is easy to see why it
is necessary to draw this conclusion. The model examples clearly show that when
there are some underlying symmetries in the integration kernels, these symmetries
are automatically reflected in the reconstructed WDF1. For instance, when waves
with both positive and negative kz are included, the reconstructed WDF becomes
entirely symmetric with respect to kz, simply because it is impossible to say from
the available data whether kz should be positive or negative. In a similar way, be-
cause the integration kernels do not vary much over the resonance cone, we can not
determine exactly where wave energy is actually concentrated. This uncertainty
does not depend on the way the data is analyzed, but is a fundamental property
of the available observations. In a way Figure 20 contains as much information as
can be obtained form the given data. Consequently, the fact that the broad peak
in the reconstructed WDF overlaps the unstable range of wavevectors forces us
to conclude that wave generation by precipitating electrons is consistent with the
results obtained from WDF analysis. This renders credibility both to the stability
analysis and to the WDF reconstruction.

SUMMARY AND CONCLUSIONS

In most applications to wave phenomena occurring naturally in the magnetosphere,
WDF analysis is superior to all existing plane wave methods, since it is capable
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of describing waves propagating in multiple directions with a continuous range of
wavelengths. In practice, the WDF reconstruction scheme developed by Storey
and Lefeuvre [1974; 1979; 1980] is found to give many new and interesting results.
However, their method suffers from a number of limitations, and the new method
for reconstructing the WDF, which we discuss in detail in this report, provides a
more consistent and flexible approach to WDF analysis.

Our method for reconstructing the WDF is based on the theoretical description
provided by Rönnmark and Larsson [1988]. In this mathematical framework the
WDF can be defined unambiguously for general wave fields, without need for as-
sumptions about randomness or incoherence. Oscarsson and Rönnmark [1989]
use the mathematical formalism of Rönnmark and Larsson to derive the relation
between the WDF and the observed frequency spectra. The relation, which is
discussed in some detail in this paper, is similar to one given by Storey and Lefeu-
vre [1974]. However, we believe that the derivation presented by Oscarsson and
Rönnmark more clearly demonstrates what the underlying approximations amount
to in practice. In this paper we have also provided means for roughly estimating
the validity of these assumptions in practical applications.

The use of numerical methods to solve the dispersion relation enables WDF anal-
ysis to be applied to a large number of wavemodes. Effects of warm plasma as well
as many of the particle distribution function anisotropies observed in the magne-
tosphere can therefore be included. Consequently, the dispersion relation can be
based on available particle observations, which reduces errors due to an inaccurate
description of the medium. Furthermore, effects of Doppler shifts and finite anten-
nae lengths are included in a natural way. The numerical solution of the dispersion
relation is given in cylindrical wavevector coordinates, but otherwise, our recon-
struction scheme does not depend on any particular choice of coordinates. Still, we
prefer to work with cylindrical coordinates since they exploit existing symmetries
in magnetized plasmas, and are used almost exclusively in theoretical space plasma
physics. In order to avoid coordinate related bias of the reconstructed WDF, we
prefer to work directly with the WDF instead of some alternative representation.
as is done by Storey and Lefeuvre, This enables our method to be applied equally
well to Langmuir waves, tipper-, lower-, and ion-ion-hybrid waves, and waves on
the resonance cones of the electron and proton whistler modes. Such waves can
not be described by the alternative representation used by Storey and Lefeuvre,
since dkf becomes vanishingly small for certain wavevectors in these wavemodes.

In order to solve the underdetermined inverse problem occurring in the WDF
analysis, we use the method of maxi mum entropy. It is evident from the details
presented in this report that our reconstruction scheme follows the fundamental
ideas of the M-K principle to a larger extent than the method developed by Dclnn-
noy and Lrfcuvn [1086]. Our entropy definition makes the solution independent
of the choice of wavevector coordinates as well as of the VVDF units. As a conse-



quence of the way we introduce the experimental constraints all observed spectral
densities are used to determine a set of feasible WDFs, and no data are discarded
in the course of the reconstruction.

One of the differences between our new WDF reconstruction scheme and the one
developed by Storey and Lefeuvre is that while they basically perform two di-
mensional reconstructions, the solutions obtained with our method are three di-
mensional. This means that we can obtain the WDF in a significant area of the
(£j_. k~) plane, which is essential for comparison of the reconstructed WDF with
the results obtained from other theoretical investigations. Thus, the results from
the WDF analysis presented in Figure 19 in this report are indeed unique, since
WDF reconstruction over an area in the (fcx, &z)-plane has never been accomplished
before.

The potential of WDF analysis, and in particular our new reconstruction scheme,
is exemplified by the application to Viking observations presented in this report.
Although the type of waves we investigate has previously been studied by other
means. WDF analysis allows us to draw new conclusions about the nature of the
waves and the underlying free energy source. We find that the available data are
consistent with the interpretation that the waves are propagating in the linear
wavemodes of an infinite homogeneous plasma, in the sense that there exists a
feasible WDF. This is the first condition that must be satisfied before either WDF
reconstruction or stability analysis can be applied. Furthermore, by studying the
WDF obtained from spectra observed at different times, we conclude that the
wavelength characteristics of the wave source are stable in time as well as in space
along the satellite trajectory.

I he above conclusions are of great interest in themselves, but the most significant
result, obtained is that the reconstructed WDF is consistent with wave generation
by precipitating elections. It has been suggested in previous investigations (see
references in section 4.2) that instabilities caused by down-streaming electrons
ran explain most, of the features in the observed frequency spectra. However, the
comparison with data in these studies are mainly concentrated to the frequency
domain. In this paper we show that by approaching the analysis of Viking ob-
servations from two independent directions we obtain results that overlap, and
which are therefore consistent. As far as we are aware, this is the first time that a
proposed generation mechanism for natural wave emissions in the magnetosphere
ha* been shown to be consistent with the data in wavevector space as well as in
Ireqiiency. Our report represents the first example where stability analysis and
WDF reconstruction is combined in an efficient way. The results presented here
imply that such combined stability and WDF analyses could prove to be highly
useful in lut lire studies of wave particle interactions in the magnetosphoTe.

W'f :wf firmly convinced that our new method for reconstructing the WDF will
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become an invaluable tool in future studies of magnetospheric wave phenomena.
Its general applicability, and the fact that it can be used in combination with other
types of theoretical studies of plasma waves, should open many new possibilities
for WDF analysis that have not hitherto been considered.

APPENDIX A

Observations of electric and magnetic wave fields in the magnetosphere are often
hard to analyze simply by "looking" directly at the measured wave form. It is
difficult to immediately utilize the rich and detailed information contained in the
data. A reduced and more comprehensive description is obtained by employing
spectral analysis [e.g., Bendat and Piersol, 1971]. Frequency spectra provide a
useful way of separating time scales, and they are often used in studies of space
plasma waves. Given a time series x(t) in a finite interval t0 — T/2 < t < to + T/2,
it is customary to estimate the power spectral density according to

where X(f;t0,T) is defined by

X(f;to,T)= r dl'x(t')W(t'-to;T)exp(-i2xft')
J—oo

Here W(t' — to;T) is a window function selecting the portion of x(t) observed
around t = t0. Different window functions are used in spectral analysis, the
simplest being the rectangular window

ti' t .T)-l l f o r - T / 2 < / / - <0 < T/2
R{t - * o T ) j

Although this rectangular window may appear to be a natural choice, the abrupt,
cut-offs occurring at t' — t0 = ±7'/2, are disadvantageous. Therefore, difForent
types of smoothed windows are normally used, and an example of such a tapered
window is the Hamming window [e.g., Blackman and Tukey, 1958]

xv n> 4 T I / °-54 + °-4 6 «w[27r(*' - tQ)/T] for -T/2 <t'-to< T/2H> //(t - l o ; i = „ ., .' 1 0 otherwise

which is used to produce the frequency spectra presented in the report. Since our
WDF reconstruction method is based on the theoretical treatment by Rönnmark
and Larsson [1988], which is founded on the use of Gaussian time windows, the use-
of Hamming windows in the context of WDF reconstruction is by no means ideal.
In order to get a higher degree of consistency between theory and observations.



the measured frequency spectra should be based on Gaussian windows as well.
Such windows are not commonly used by people working in the field of spectral
analysis. Therefore, the practical implications of the use of Gaussian windows in
spectral analysis must be explored in detail before they can be used to calculate
frequency spectra. This is quite a substantial task on its own, which we leave for
the future. Here we merely note that as long as the windows are sufficiently wide,
the gross features of the derived spectral densities can not depend strongly on the
particular form of the window function, and therefore, we can hope that any bias
introduced by using a Hamming rather than a Gaussian time window does not
affect the most important features of the reconstructed WDF.

The spectral density S(f; t0, T) is considered to be a "raw" estimate of the power
spectrum. In order to obtain smooth estimates, various averaging procedures are
normally used. One type of smoothed estimate is obtained by averaging raw
estimates obtained from several time records. That is, if we define <, = t0 -f iSt
i = 0,1, ...,</— 1, we obtain

as the smoothed estimate. This averaging procedure is shown schematically in
Figure Al, and the meaning of tc is explained in the figure caption. The frequency
spectra presented in section 4.1 are obtained by averaging over five consecutive
raw estimates. The relevant parameters that we use are q = 5, T — 0.6 s, and
8t — 0.075 s. As can be inferred from Figure Al, this means that smoothed
spectral estimates are obtained from a total of 0.9 s of data, with a time interval
of 0.375 s.

Data is normally sampled at discrete intervals (as for instance, in the case of Viking
data), and the integration needed to calculate X(f;to,T) is performed by using
the techniques of fast Fourier transforms (FFT). When T = NAt, where N is the
number of samples in one record, and At is the time interval between each sample,
FFT is used to calculate

N-l

X(fk;t0,T) = At-Y, xncxp(-i2irkn/N)
H = 0

Here xn = x(tn)W(tn - /0), where Ln = tu — T/2 + nAt, and the Fourier transform
is obtained at, the discrete frequencies

/* = ! *•= ->v/2 -1,0,1 yv/2

Thus, for a. record length 7 and sampling interval At. the highest attainable fre-
quency is //v = 1/(2A<), the Nyquist frequency, and the frequency resolution is
given by to T~l. In the event studied in the report, the V4-L instrument, samples



at a rate of 428 samples per second giving a Nyquist frequency of 214 Hz, and the
frequency resolution obtained from T = 0.6 s is roughly 1.7 Hz.
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fcj.

Fig. 1. Description of the integration technique used in the WDF analysis. The
solid square indicates the £:th element in the k-space grid, with the grid point k/
indicated at the center. The solid curve is defined by /o(k) = fj, where /p is the
solution of the dispersion relation in the reference frame of the satellite (which here
is assumed to be independent of the azimuthal angle), and fj is the j:th frequency.
The dashed lines are obtained by setting f((kL, kz) = /,±0.5A/j, where ft denotes
the linear expansion of /o(k) around k*. The dashed lines divide the grid element
into the sub-areas, in this case three, denoted by a ; + l i / ,a^, and a>-i/. Hence, we
write the fraction of 0(k*) contributing to the spectral densities in the different
frequency bands ; - 1,>, and j +1, as R^nJ<j+l)t --- ai_1{>J+1)i</T<, where Te is the
total area of the grid element. In cases when /o(k) depends also on the azimuthal
angle, the procedure is the same, but the areas a.jti are replaced by sub-volumes.
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Fig. 2. Solution of the linear dispersion relation in an infinite homogeneous plasma
in a uniform background magnetic field. The plasma model used to produce this
surface consists of three Maxwellian distributions; two proton distributions with
temperatures of 1 eV and 10 keV, and densities of 8 • 107m"3 and 2 • 107m~3

respectively, and an electron component with a temperature of 1 eV and a density
of 10 • 107 m~3. The solid lines indicate contours of constant normalized frequency,
starting with 0.3 at the bottom of the picture and increasing by 0.1 between each
level. The frequency is normalized to the proton gyrofrequency (/#+ % 5 Hz), and
the wavevector components are normalized to the inverse of the ratio between the
thermal velocity of the cool (1 eV) protons and ///+ (p//+ aa 2750 m).
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Fig. 3. Model of double peaked WDF as a function of the normalized wavevector
components. The centers of the two peaks are separated in the k-space grid by
one grid point in the Jfcx direction. The contours indicate WDF levels of 5, 10, and
50, in arbitrary units.
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Fig. 4a-4c. Example displaying what kind of resolution we can expect, and how the
WDF behaves when the relative noise level is varied. The WDFs are reconstructed
by using the dispersion surface shown in Figure 2, and the spectra generated by
the model WDF in Figure 3. To obtain the results in Figure 4a-4c we assume a
relative noise level of 2, 8, and 11 %, respectively, with highest noise level in Figure
4c. The contour levels are the same as used in Figure 3.



10-3

-10-3

10-3 10-Z

Fig. 5. An example of a model WDF where waves with both positive and negative
phase velocities along the background magnetic field are included. Note, however,
that the WDF model still only includes waves with positive kz. The same contours
are used as in Figure 2, with the addition of the lowest contour corresponding to
a WDF equal to 1.
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Fig. 6. WDF reconstructed using the plasma model in Figure 2, and the spectra
generated by the model WDF in Figure 5. The same contour levels are used as
in Figure 5, but since the amplitude of the reconstructed WDF is lower than of
the model, the highest contour level does not appear. Note the symmetry between
waves with positive and negative k2.
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Fig. 7. Auto spectrum for the signal received by the y' antenna during Viking orbit
1402, on November, 3, 1986, 183045-183115 UT. Time is given on the horizontal
axis, with ten seconds between tick marks. The vertical frequency axis covers the
interval 0-214 Hz. Darker shading indicates higher intensity and the scale covers
the range 10"4 - 10° [(mV/m)2/Hz). The spectra are obtained by fast Fourier
transform (FFT) of the wave form. Hamming windows and five spectra averages
are used. The data is obtained at an altitude of 4300 km, and an invariant latitude
of 72.6°.
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Fig. 8. A single power spectrum, corresponding to the cross-section through Figure
7 at 183102.941.
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Fig. 9. Cross-section for nL — fl tliron^h tli< . 1<•< t ron distribution function ob-
served a few seconds after the time of maximum wave intensity. Notice the sec-
ondary peak at positive vz (representing flown ^' '"tf pnrticles) around 4 • 10 m/ s .
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Fig. 10. Electron distribution function integrated over velocities perpendicular to
the ambient magnetic field, and displayed for positive vt. Notice that while the
cross-section for Vj. = 0, which is displayed in Figure 9, shows a secondary peak at
positive vz, the integrated distribution function only displays a plateau signature.
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Fig. 11. Solution of the dispersion relation for a plasma model containing cool
(1 eV) distributions of protons and electrons with densities of 50 and 49.95 par-
ticles per cm3, respectively. The proton gyrofrequency is given by ///+ = 190
Hz, and />//+ = 73 m. Solid curves represent contours of constant frequency
at multiples of 0.1///+, where the contour found at smallest k2 corresponds to
0.1///+. The instability caused by a drifting Maxwellian distribution of electrons
(density 0.05 particle per cm3, temperature 0.4 keV, and drift energy 4 keV)
is indicated by the dashed contours of constant normalized spatial growth rate
(10-8,3.16 10"8, and 10"7).
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Fig 12. Maximum spatial growth rate as a function of frequency. The highest
spatial growth rate is found around 100 Hz, which roughly corresponds to 0.5///+.
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Fig. 13. Coordinate systems used in the WDF analysis. The primed (satellite)
coordinate system consists of the directions of the two wire boom antennae (y'
and z'), plus the direction of the negative spin axis. The spin axis is denoted by s
in the figure. The unprimed (local) coordinate system consists of the direction of
the background magnetic field (the z-direction), and the projection of — s onto the
plane perpendicular to the background magnetic field. (The figure shows a case
when the spin axis is in this plane.) The y direction is found by completing the
orthogonal right-hand coordinate system.
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Fig. 14a-14d. Frequency spectra obtained by the two orthogonal wire booms
around 183102.941 UT. The spectra are obtained by averaging the original FFT
spectra over intervals of 20 Hz (12 points in the FFT spectra). The frequency
interval corresponding to highest spectral density is centered on the frequency
corresponding to the highest spectral density in the original spectra, and therefore,
the lowest frequency interval does not start from zero.
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Fig 15. Solution of the dispersion relation for the plasma model described in the
caption of Figure 11, but in the reference frame of a satellite moving with a velocity
of 5 km/s. The satellite velocity is in the j/-direction in the un-primed coordinate
system shown in Figure 13, and the solution of the dispersion relation is shown for
cj> = 270°.
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Fig. 16. Two dimensional presentation of the reconstructed WDF obtained in the
frequency range 90-110 Hz at 183102.941 UT. The plasma model in Figure 11 is
used, and a relative noise level of 10 % is assumed. The contour levels indicate a
WDF of 10, 31.6. and 100, respectively, and the units of the WDF is arbitrary.
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Fig. 17a-17c. Reconstructed WDFs obtained at various times, in different fre-
quency intervals, and with varying relative noise level. The WDFs in 17a are
obtained from frequency spectra measured at three different times. Again, the
plasma model is the same as in Figure 11. The reconstructions in 17a are per-
formed over the frequency interval 90-110 Hz, assuming a relative noise level
of 10 %. The results obtained at 183051.354 and 183113.032 (UT) have been
multiplied by a factor of 400. The cross-sections correspond to (in time order)
</>0 = 45°, 292.5°, and 315°, respectively. Figure 17b-17c show reconstructed
WDFs obtained at 183102.941 for </>0 = 292.5°. Figure 17b displays the results
obtained in various frequency intervals assuming p = 0.1. The results obtained in
the frequency intervals 50-70 and 130-150 (Hz) have been multiplied by a factor
of 100 and 10 respectively. Figure 17c shows the results obtained in the frequency
interval 90-110 Hz assuming various relative noise levels.
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Fig. 18. The solid curve represents the WDF that is obtained by simultaneously
analyzing data from two different time periods. The dashed curves indicate the
results that are obtained when the data from the two different time periods are an-
alyzed separately. Notice that the noise level is given by p = 0.25 in the combined
analysis, while p = 0.1 in the separated analyses.
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Fig. 19. Results obtained by reconstructing the WDF at 183102.941 over five fre-
quency intervals simultaneously (50-150 Hz). In order to reduce the number of grid
points, the reconstruction is performed over a limited angular range (260° —350°).
Solid curves indicate contours of constant frequency, corresponding to the lower
and upper boundaries of the frequency interval we consider (0.25///+ and 0.75///+,
respectively). The dashed contours represent the reconstructed WDF (5, 10, and
50, in the same units as previously). Irregular features in the WDF contours, and
the lowest constant frequency contour are due to discretization effects.
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Fig. 20. Comparison between the reconstructed WDF and the results obtained
from the stability analysis. Except for the curves of short dashes representing
contours of constant spatial growth rate (1,2, and 3 times 10~7, respectively), the
figure is similar to Figure 19.
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Fig. Al. Schematic description of the time average procedure employed in the
spectral analysis. Each rectangular block corresponds to one observed record of
length T = 0.6 s. The "raw" spectral estimates obtained from these records
are averaged with q = 5, to produce a smoothed spectral estimate. The time
displacement between each "raw" estimate is 6t = 0.075 s, which means that,
in total, data from a time period of 0.9 s are used to obtain the final smoothed
estimate. The time corresponding to the center of the smoothed estimate, tc, is
given by ic = to + 0.5(q— \)6t. The Lime interval between each smoothed estimate
is given by q6t, which equals 0.375 s in this case.


