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ABSTRACT

In this paper, the initial quantum state of matter perturbations about de Sitter minisuper-

space model is found. For a large class of boundary conditions (bcs), including those of Hartle-

Hawking and Vilenkin, the resulting quantum state is the de Sitter invariant vacuum. This result

is fouAd to depend only on the regularity requirement at the euclidean origin of spactime which

is common to all reasonable (bcs). The initial value of the density perturbations implied by these

quantum fluctuations are found and evaluated at the initial horizon crossing. The perturbations are

found to have an almost scale independent spectrum, and an amplitude which depends on the scale

at which inflation took place. The amplitude would have the right value if the scale of inflation is

H
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1 Introduction

One of the most interesting aspects of inflationary models and quantum
cosmologic&l models (qcm) is the fact that one has for the first time an
explanation of the origin of the large scale structures of the universe.

In inflationary models, the seeds of the classical density perturbations
which ultimately give rise to the observed structures are identified with
the quantum fluctuations during inflation [1). These fluctuations get suffi-
cient amplification when their wavelengths exceed the Hubble radius during
inflation.

Quite often in (qcm), one gets an initial period of inflation, for exam-
ple in the Hawking massive Scalar field model [2]. The analysis of how
one gets density pertubations in qc is a very interesting problem, it was
marginally touched on in the work of Halliwell and Hawking, where the
value of (Sp/p)\tl was claimed to be about 10~4 [3J.

In quantum cosmology the state of the whole universe when it was
"small" is described by s, w&vefunction&l which obeys the Wheeler-De Witt
equation. As the universe is unique by its very definition, it must be in a
single quantum state. This leads directly to the issue of the (bcs) of the
universe, i.e., which (bcs) a solution of the W-D equation must obey in
order to represent the quantum state of our universe.

In this paper, two different sets of (bcs) are studied, the first one is
Hawking (bcs), for which the quantum state of the universe is defined as a
sum over euclidean tpacetime and matter histories;

To be submitted for publication.

/ ( ^ , #)], (1.1)

where C is the class positive-definite compact 4-metrics g^ and the reg-
ular matter field configurations $ on a four manifold M; with the single
forward boundary S, on which the histories in C induce the argument of
the wavefunction |4],

The second set of (bcs) of interest here is that of A. Vileukiu for which
the quantum state of the universe is defined as the tunneling amplitude
from zero radius in the classically forbidden region to finite radius in the



classically allowed region. At the singular boundary of the superspace,
the wave function is constrained to contain the components which carry
probability flux outside the superspace [5], In evaluating the Vilenkin Tun-
neling wavefunction one uses WKB approximation. The classical histories,
which give dominant contribution to the tunneling probability amplitude,
is required to be regular at the eudidean origin of spacetime.

In Section (2), the general formalism of perturbations about a closed
Friedmann universe is recapitulated. Section (3) contains a detailed de-
scription of the specific model of interest, a de Sitter perturbative minisu-
peripace model. The detail calculation of the quantum state of a massive
scalar field perturbations living on the background spacetime i» presented.
Particular attention is paid to applying the (bcs) in order to specify a
unique quantum state of the perturbations. In Section (4), we describe two
methods of obtaining the classical density perturbations starting from the
quantum fluctuations obtained in Section (3). In the first one, we find the
density perturbations in a particular inhomogeneous mode by evaluating
the average of the Hamiltonian of that mode in the corresponding quan-
tum state. In the second method, the density perturbations are obtained
by denning a classical scalar field from the quantum field and then evalu-
ating the fluctuations in the energy density of this field. In Section (5), we
conclude by commenting on the conditions for the validity of our calcula-
tions in Section (3) and (4). We also comment on the similarity between
our mechanism of obtaining density perturbations and the mechanism of
particle production in a time varying background.

Formalism Of Perturbative Closed Cos-
mology

The qcm we are interested in here is a massive scalar field in a Fried-
inann universe. The background minisuperspace lias two degrees of free-
dom; namely the radius of the space sections of the Friedinann spacetime,
and the homogeneous configurations of the scalar field on these sections.
The perturbed minisuperspace has these two homogeneous modes plus an
infinite number of perturbations in the metric and the matter field config-

urations.

The background metric has the form

<U* = (-JV3d«J + aVfi j) ,

while the perturbed metric has the form of

d»* = [-(N1 - NiN^dt' + 2JVidsiift + hijdx'd*4], (2.2)

(2.1)

where h^ = a*(ny + «y), JV = JVO(1 + SN), and JV; = 0 + SNr, on the other

hand, the perturbed matter field is,

. (2-3)

(2-4)

(2.5)

The action of the perturbed system is / = / , + Jm, where,

Im = -(1/2) J + m

Now the inhomogeneous parts of the metric and matter field are ex-

panded in terms of harmonics on the three-sphere, following, closely refer-

ence [3].

The action I is next expanded to second order in the perturbations SN,

SNi, (jj, and &<j>. Having done this, one can now expand the perturbations
in terms of the harmonics on 5 s as follows

*J> = Z^3nimQlm, (2.6)

(2.7)

(2.8)

(2.9)

where in the last three formulae the (im) indices are suppressed, (Q",

P", fj"); (5", £,"•) and (G"j) stand for the harmonics on S3 derived from
the scalar, vector and tensor types respectively; (an) 6n, /„), cn and dn are
the scalar, vector and tensor modes respectively.



The spatial dependence may be integrated using the orthonormality of
the harmonics on S*.

The action is now a sum of time integrals over the lagrangians cor-
responding to each individual degree of freedom, i.e., a sum of the ac-
tions of the individual modes. The modes are the two homogeneous and
isotropic modes (a{t),<j>o(t}) and the infinite number of inhomogencous and
anisotropic modes { a,,, &„, c,, <£„, /„ ). The other variables }„, Kn and gn

are Lagrange multipliers, and not dynamical modes.

To the order we are working in, the perturbations decouple from each
other but they will still be coupled to the background homogeneous modes.
Indeed, it is this coupling that is responsible for the growth of the pertur-
bations when their wavelengths exceed the Hubble radius during inflation.

The quantum dynamics of the perturbations is given in the Schrodinger
picture, where the quantum state is represented by a wavefunction for
each mode. These wavefunctions evolve according to the time dependent
Schrodinger equation with the time parameter defined from the background
homogeneous modes.

3 Perturbative Minisuperspace Model

In the following discussions we will ignore the problem of gauge invariance,
the scalar metric perturbations (an, bn) of the previous section are neglected
although only certain combinations of (a,,, bn, /„) are gauge invariants. In
fact, this is not harmful! as long as we are talking about modes inside the
Hubble radius, since here the metric perturbations corresponding to given
matter perturbations are small. Since in all our calculation we are using the
adtabatk approximation, which amounts to the fart that the perturbations
are well inside the Hubble radius, we can neglect, the metric perturbations
without having to worry about gauge invariants.

The model we are interested in is a matter field ( a massive scalar field)
on an exactly closed de Sitter background.

The euclidean metric of spacetime is normalized

da1 = v'iN'dt2 + e^d'ili),

where (<r2 = ^J). The Euclidean action is,

I = /„ + /„,

where;

(3.1)

(3.2)

I, = ~\l2J(Nl«)\(~h? + «' - Xa*]dT, (3.3)

and /,„ is given in equation (5). Expanding the ^-field in terms of harmonics

on S3 and integrating the spatial dependence the result is,

»'(( — )

The corresponding Hamiltonian of the system is;

(3.4)

The Wheeler-De Witt equation for the model is [2|;

(3.6)

£ i L -ai(i -jrV)" £ w ~[(n' ~i)a<+*1 vi'-Mffl; /n)=°>
(3.7)

where H1 = A/3. In the WKB region of the superspace, the wavefunction
has the following form;

*(«; <*) = exp(-50(a; /0).n~ rfn(fn; a)

Where $0 is the action of the unperturbed minisuperspace,

1 a 2 ,
3H2

(3.8)

(3.9)

(3.10)



In all the above formulae, the homogeneous mode (/o), is replaced by an
effective cosinological constant A = 3H2 = m'/o > this is still to be justifyed.

Clearly, S<, describes a family of classical matter and spacetime histories,
in particular the histories which described by 50 and satisfies the above
mentioned boundary conditions ( the regular histories) are,

h{T) = V 5 - (a > 0),
m

a(r) = H'1 sin(ifr) (aB < 1),

a(t) = H~x co»h.(Ht)

(3.11)

(3.12)

(3.13)

The spacetime history is Euclidean in the region aH < 1 and it becomes
Lorentzian in the region aH > 1. The analytic continuation;

T=^ + it, (3.14)

turns the scale factor of the Euclidean region into that of the Lorentzian
region. In the same limit one can show that the inhomogeneous modes
wavefunctions obey time-dependent Schrodinger equations with the param-
eter along the classical spacetime histories defined by So as the Schrodinger
time [3, 6, 7].

. i T), (aH <

; 0.

(3.15)

(3.16)

where, {w*(t) = ^ + m1).

Clearly, in the above limit, quantum cosmology reduces to quantum
field theory on the fixed background history of the universe predicted by
the semiclassical wavefunction of the two homogeneous modes {a, f0). The
(bcs) on the wavefunction of the universe, reduces to initial conditions for
the wavefunctions of the perturbations.

In the WKB approximation, the quantum state for the n'h mode is

iM/ n , t) = Cn(T).exp[iSn{}n; t) (Ha(t) < 1), (3.17)

where £„(/„; t) is the classical action evaluated along the classical trajec-
tory of the n"1 mode, the latter evolving according to the classical equation
of motion [1]

$„ + ZB{t)gn + wl(t)9n = 0, {aH > 1), (3.18)

= 0, 1), (3.19)

The (bcs) on the wave function V'f.(/n; () reduce to initial conditions
for the mode functions £„(<)• As it was mentioned in the introduction the
classical histories of interest for both Hartle-hawking and vilinkin boundary
conditions are those which satisfies the regularity condition at the eucliean
origin. The regularity of the matter fields at the Euclidean origin of space-
time, i.e., at the point where the three geometry shrinks to zero, is a very
important condition in determining the quantum state of geometry and
matter. Its role is analogous to the role played by the regularity of matter
wavefunctions in the UBUSJ non-relativistic Q.M, for example in the case of
the wave function of an electron in the atom, the regularity at the origin
plays an important role in determining uniquely the wavefunction every-
where.

The regularity of the Euclidean metric (3.1), implies,

1- N is real near the Euclidean origin (a = e" = 0), i.e., the geometry
of spacetime becomes Euclidean when the universe is smaller in size than
a critical value H~l.

2- % -> Ne-a or da/dr = 1; as a - . 0, and r = /JV<»<.

While the regularity of the matter field implies that the solution of the
mode equation near T = 0 should be regular,

T2gn + 3rgn - (n2 - 1 + m V )g,, = 0, (3.20)

This equation has two solutions, one is regular and the other is singular at
T — 0; the regular one being,

1-ffi = V3"£ 0



2- P-l+n 0

The condition for the homogeneous mode which derives the expansion
to remain constant is that the mass of the homogeneous scalar field should
be small relative to the rate of expansion, (m << H). This is equivalent
to the slow role-over condition in the standard inflationary models. Now,
from the above conditions one may also show that the perturbations g£
obey the the adiabatic approximation, wn(f) >> H[t) is satisfied in the
Euclidean region because, u>n(t) = ^(n2 - l)e-", while, (H{t) < t'a).
Clearly, for the inhomogeneous modes of interest in the origin of the large
scale structure, n is large enough to make the approximation valid. As a
typicul example, the scale of galaxy has n ~ a/lg ~ 10"1.

The analytic continuation T — fg + it, turns the solution of the Eu-
clidean equation for the scale factor into the corresponding Lorentzian one.
It must also turn the solution of the perturbative mode equations in the
Euclidean region into that of the Lorentzian region. Near the point aH = 1,
in the Euclidean region, the solution which was regular at the r = 0, i.e.,
which vanishes there, is sink(wnT). Using the above analytic continua-
tion, one does not get purely «in(«.'„<) with a vanishing amplitude at the
beginning of the Lorentzian time, rather one gets:

Near the point aH =1, uin is much larger than H,

gn^. (3.22)

This shows clearly that the initial condition gn(t — 0) = 0, usually
assumed to be implied by the bes, is not true. In general, one has to find
what the bes imply about the initial conditions in the Euclidean region,
and then derive the initial conditions in the Lorenzian region by the same
analytic continuation which turns the scale factor of the Euclidean region
into that of the Lorentzian region, as in the example above. Clearly, this
procedure works only when the background homogeneous modes become
classical.

Here we are interested in the evolution of gn in the actiabatic region,
where the perturbation wavelength has not yet left the Hubble radius, i.e.,

where, wn >> H. In this region an approximate solution which matches

the history coming from the Euclidean region, i.e., a history which is regular

every where, is;

gn(i) = Aexj>{iWnt), (3.23)

w h e r e ; i •.,

Wn = vn+ (3/2)Hi, v\ = w\ - (9/4)ff3, (3.24)

Now one may integrate for the action Sn along the classical history gn

and evaluate the n"1 mode wavefunction,

This is the famous de Sitter invariant vacuum which is annihilated by
the negative frequency coefficient in the expansion of the mode operators

|8]J

(3.26)

The pre-factor Nn(t) may be found by normalizing the wavefunction,
indeed one may do so for two reasons:

*- The wavefunctions obtained are manifestly normalizable.

*- For each n there are n3 degenerate modes characterized by the indices
(Im), for large n, which is our case, these n2 modes may be considered as a
good ensemble of identical systems to which the probabilistic interpretation
may be applied, which means that \i>{}^m\ t)\2 may be interpreted as the
probability that the (nlm)- mode has an amplitude /njm.

(3.27)
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4 Generation of Classical Density Perturba-
tions Prom Quantum fluctuations

In this Section we discuss two methods of calculating density perturbations

from quantum cosmology.

4.1 Using The Setniclassical Einstein Equations

In this method one uses the fact that, in the semi-classical Einstein equa-

tions, the quantity that gives the source for spacetime geometry is the

quantum average of the matter energy momentum tensor. Therefore, fluc-

tuations in the matter field are likely to produce fluctations in the gravita-

tional field.

(4.1)

This equation makes sense only if the right hand side behaves as a

classical quantity. There are many conditions to be satisfied by the quantum

dynamics before it can be well approximated by the corresponding classical

dynamics. Among other things, the dispersion of the operator Thi, has to

be small in the corresponding state. It is not the purpose of this paper to

study this issue, rather we are interested in obtaining practical results for

the density perturbations obtained from our particular model.

According to equation (1), it is the average of the matter energy mo-

mentum tensor which Teacts back on the spacetime geometry causing it to

fluctuate. So in the sense of equation (1), one may identify the total energy

fluctuation in the (n"1} mode with the renormalized quantum average of its

corresponding Hainiltouiaii operator.

where &fn is the energy fluctuation in the mode u, Hn is the Hamiltonian

operator of the n"1 mode, and i/n is the frequency of the n"* mode. The

11

subtraction of the adiabatic values of the ground state energies is a part of

the renormalization process of the energy-momentum tensor.

The fluctuation in the energy of the (n"1) mode may be found now,

- 2ron), (4.3)

~ ( 3 / 3 2 ) ( 9 / 4 ) 8 ^ , (4.4)

The quantity Se^m is the total energy fluctuation. In order to obtain rma

energy density perturbations one has to divide by the volume of the space

section of the background spacetime at time t.

(4.5)

Clearly at the Hubble radius crossing iun ~ H, because Xn ~ a/n — H '.

The generation of density perturbations takes place when the quantity

('") deviates from its strict adiabatic value wn. The fractional density

perturbation is

(4.6)

where po — H*, is the vacuum energy in the homogeneous mode <fr0, Ea is

the total background matter energy at the time when the (nth) mode leaves

the horizon. Often, one is interested in the quantity ( ^ ) \H, since it is the

quantity relevant for the formation of the large scale structures.

where,

M

<"«'• «-?*?•

HU(N) = In(JV), a

(4.7)

(4.8)

(4.9)

(4.10)

12



Clearly, the perturbations have almost a Zel' dovich spectrum and an
amplitude which is proportional to the square of the energy scale at which
inflation took place relative to the planck scale. This would be the right
initial conditions for the seeds of the large scale structures if the scale of
inflation is at 10" Gev or less [9] .

4.2 By Defining a Classical Field

In this method one starts by defining a classical field from the quantum field.
Prom this classical field one calculates the density perturbations. This is a.
better approach, but it still has some problems because although one has
definite (bcs), i.e., a definite quantum state, the classical field corresponding
to the given quantum state is not uniquely denned. Essentially because this
quantum state in the classical limit is peaked about a family of classical
trajectories rather than a single one [6j. For each of these histories, one
can compute the density perturbations, the pre-factor of the wavefunction
serving as probability of getting a given value of density perturbation.

The wavefunction of each individual mode has the form of [3];

Where the g£ are the solutions of the corresponding classical equations of
motion;

" '])Sn = 0, (4.12)

Clearly this equation allows two solutions. The regularity at T = 0
forces us to choose the g£, which vanishes at the euclidean origin. There is
still one arbitrary constant of integration, therefore, in this way one obtains
a one parameter family of regular matter histories.

The above wavefunction contains two kinds of informations;

1- In the semi-classical limit say t > ?0, the Wigner distribution con-
structed from the wavefunction becomes peaked about a one parameter

13

family of classical trajectories [6], these histories satisfy,

(4.13)

2- The pre-factor of the wavefunction gives a conserved probability mea-
sure on these family of histories, so it may be used to spacify a most prob-
abile history, such a history satisfies (4.13) with initial value at t0 given

by

If one resuxns these classical histories for all modes to get a classical
field, one gets a single classical field.

(4.15)

As in the more familiar inflationary calculations, the density perturba-
tion in the field ((j>ei) is defined as

where fa(t) is the homogeneous mode which derives the expansion.

5 Discussion

The condition for the right-hand side of the semicl&ssical Einstein equations
to behave like a classical quantity is that the dispersion of the energy-
momentum operator should be small, i.e.,

In our particular case this implies,

(5.1)

(5.2)

(5.3)

14
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The above quantity is small in the adiabatic region, which is the region
of our interest. In this region, the average of the Hamiltonian is the best
candidate for a quantity which may behave classically, since it has a minimal
amount of dispersion around the average value, i.e., the distribution of the
values of the Hamiltonian is strongly peaked around the average [6j.

In the first method for the calculation of the density perturbations,
there is a striking mathematical similarity with the corresponding problem
of particle production in a time dependent background. For in both cases
one compares the quantum states at two different times, usually the initial
state is a vacuum state or ground state and contains no particles or density
perturbations.

The only difference between the two cases is the fact that, when one
talks about generation of density perturbations, one is interested in the
formation of the large scale structure and therefore one is interested in rel-
atively long wavelength modes n,c < n a aj\n <nt> where n", n' are the
values of n for the galaxy and supercluster respectively. The values for the
TI1' can be evaluated from the relevant scales now. The scale factor may
be taken to be the minimal value which solves the problems of horizon and
flatness. These modes left the horizon during inflation after a few e-fold ex-
pansions. On the other hand, the modes in which particles are produced are
those with very short wavelengths ( n > 10" ). In fact the particle concept
is not well defined outside the Horizon, therefore these modes never left the
horizon during inflation. The mechanism in this case is very simple, the
time evolution in a time varying background causes the mixing of positive
and negative frequency modes. This may be translated to the Shrodinger
picture, by saying that, the time dependance of the background, the hamil-
tonian, leads to non-trivial evolution of the quantum state of the modes,
therefore, to a mis-matching between the initial and the final states, in par-
ticular, theTe is no way to interpret such states as states of equal number
of particles.

So in our picture the density perturbations where spontaneously created
due to the deviation of the quantum state from its strict adiabatic form
(the initial vacuum). In this picture one may say that perturbations were
created due to the evolution of quantum fluctuations. They where not there

15
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initially. In Section (4.1), we obtain the density perturbation at the initial
horizon crossing in terms of the scale H at which inflation took place. It
is important to note that this is the only scale which comes from quantum
cosmology. It is the scale of both spacetime and matter, i.e., it plays both
the roles of the spatial curvature of the universe and the particle physics
energy scale at which inflation took place. Unfortunately, this scale is not
predictable by quantum cosmology because the wavefunction of the universe
(the two homogeneous and isotropic modes) is rather flat in this scale, i.e.,
it does not give a most probable value.

A final comment to be made concerning the result obtained in Section
4.1, that the amplitude and spectrum of the perturbations is the same for
all (bcs) that required regularity of the classical histories at the Euclidean
origin. It is also the same as the result obtained in the standard inflationary
calculations, because usually in such a calculation one chooses the de Sitter
invariant vacuum as an initial quantum state for the perturbations. Here
we have a more fundamental justification of this choice.
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