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ABSTRACT 

This article summarises recent work on the semiclassical frhomas-Ferml like) 
treatment of nuclear correlations and dynamical problems. After a short outline of the 
general technique the nudeon-nucleus optical potential in the doorway approximation 
(2p-lh and 2h-lp intermediate states) is treated. The imaginary part serves to 
calculate the energy dependent correction to the real part. The level density 
parameter, occupation numbers, and the mean free path are discussed. The 
semiclassical treatment of the nuclear response function is given In detail. 
Applications to Inelastic electron scattering In the quasi-elastic peak region are 
presented. Analogously, Inelastic proton scattering Is calculated. Because of the surface 
absorption this reaction excites the surface response. The Imaginary part of the single-
particle (hole) potential in the evaluation of the response function Introduces a 2p-2h 
spreading. The missing charge In the longitudinal response Is reduced but not all 
experimental puzzles can be explained. The experience gained in the description of 
phenomena close to equilibrium serves to construct solutions of the Landau-Vlasov 
latias Vlasov-Uehllng-Uhlenbeck) equation for the description cf non-equilibrium 
processes encountered in heavy Ion reactions. 

1. INTRODUCTION 

The solution of the many-body problem of the nucleus represents a task of 
formidable difficulty. Already nuclear matter is very complicated and In many respects 
not well understood. Nudel are very small drops of nudear matter and the only objects 
accessible In our laboratories. Their finite size makes the problem still much more 
complicated. Where in nuclear matter we have plane waves, in finite nuclei slngle-
partlcle wave functions as a solution of complicated Hartree-Fock equations have to be 
considered. This complexity has incited In recent years a number of people [BR 71. 
Je 76, Sell 83, BGH 85. TK B7| to develop semiclassical approaches for the nudeus 
which are essentially based on Thomas-Fermi theory-plus-extensions and which are 
much easier to handle than full quantum calculations. It has been shown |BR 71) that 
nie only features which those theories are missing are the shell effects. It was indeed 



the very fruitful Idea of Strutlnsky IBDJ 72, SI 751 to divide nuclear properties Into an-. 
average part smoothly varying with mass number A and a fluctuating part representing 
the shell structure of Individual nuclei. The most famous example for this Is the 
binding energy per nucléon as a function of A which is shown In Fig. 1.1. We see that-
the fluctuations (shell effects) around the mean vakte are very aman. Though they are 

Fig. 1.1: Experimental values of B/A for 0-stable 
odà-A nuclei (circles) and the calculated 
curve using a mass formula. (From 
(Ho 751) 

for various questions crucial much of nuclear physics for Instance Its nuclear matter 
aspects can already be understood without them. It is precisely the smooth part of the 
binding energy which can be calculated In a fully microscopic way from extended 
Thomas-Fermi (ETF) theory starting from effective nuclear forces ISk 56. 9c 59, BGH 
85. TK87, RS80). 

Many other nuclear quantities exist for which it makes sense to. define an average 
and a fluctuating part. Not always la their ratio so much in favor of the average value. 
Take for example the energy gap In superfluld nuclei: the shell fluctuations are as large 
as its mean value |Sch 85, KRS 88|. Still the average Is very well defined and It makes 
sense to study it. 

So far the very successful semlclassical theory has mostly been applied to one-
body quantities: single-particle level densities, sendclasslcal versions of Hartree-Fock 
theory for cold and hot nuclei [BGH 85. TK 87] and sum rules (LS 871 are the most 
prominent examples. 

Only very recently the semlclasslcal theoiy (ETF) has been extended to many-body 
quantities and correlation functions (Sch 85]. Examples are nuclear responses to 
external probes and problems where more-particle - more-hole configurations come 
into play (e.g. 2p-lh states for the nucleon-nucleus optical potential, 2p-2h states for 
the spreading widths of giant resonances etc). All these quantities possess a well 
defined average part very precisely represented by ETF theory and a fluctuating part 
due to shell effects. The understanding of the average part gives us already much 
insight into the physics and Thomas-Fermi theory is so much simpler than full 



quantum mechanics. It Is the purpose of this article to lay out the basis of the theory 
and to gather the results we have obtained over the last few years. The success and 
understanding of this kind of approach will then lead us to attack with confidence the 
still much more complicated problem of large amplitude non-equilibrium dynamics as 
It Is Involved In heavy Ion reactions at Intermediate energies. We will study solutions of 
the Vlasov equation and will see that the derivations of the Uehling-Uhlenbeck 
collision term again Implies aspects of the Thomas-Fermi type. 

The article Is organized as follows. In Chap. 2 we outline basic aspects of 
(extended) Thomas-Fermi theory as applied to mp-nh configurations. For instance mp-
nh spectral functions will be studied and a comparison with Strutlnsky averaged 
quanta! calculations be presented. These techniques will serve In Chap. 3 to Investigate 
flrst the Imaginary part of the nucleon-nucleus optical potential as It results from 
considering Incoherent nucleon-nucleon scattering processes. Particular emphasis will 
be laid on the surface character of the absorption at low energies due to the surface 
enhancement of the Landau parameters f00 and F01. In this chapter, as throughout die 
article, essentially the seml-phenomenologlcal Gogny force IDG 801 will be used. 
Having the Imaginary part of the optical potential at hand we can calculate the 
dispersive (I.e. truely energy dependent) correction to its real part. The Fermi 
anomaly, level density parameter, occupation numbers are quantities directly related 
to It. Partially we will also consider the temperature dependence of those quantities. 
In Chap. 4 we attack the problem of the nuclear response function in Thomas-Fermi 
approximation. We again will find that the average of quantal calculations Is well 
reproduced whereas for higher q-values the quantum values of the response function 
Ue essentially in the continuum (quasi-elastic scattering) and thus quantum and TF 
approaches practically coincide. Specific applications to the longitudinal charge 
response are presented. The Interplay of the dynamical optical potential and the 
response function Is studied In Chap. 5. In particular we find that the strength 
distribution of the response Is quenched and pushed to higher energies due to the 
Inclusion of intermediate 2p-2h states. The surface response due to Inelastic proton 
scattering Is Investigated. Also some novel considerations about the inclusion of 
collectivity into the nuclear mass operator are added. In Chap. 6 we employ our 
experience we have gained from the physics close to equilibrium to study 
semtdasslcalty genuine non-equilibrium processes such as encountered In heavy ion 
reactions at Intermediate energies. The essential equation to be Investigated will be 
the Vlasov equation supplemented by a collision term of the Uehllng-Uhlenbeck form. 
Among the multitude of possible applications we will essentially be concerned with the 
possible extraction of the nuclear equation of state. In a final Chap. 7 we will present 
the conclusions of our effort to understand the nucleus in a semlclassical way. 



2. GENERAL ASPECTS OF THOMAS-FERMI THEORY AND THE MULTl-PARTtCLE-
MUITI-HOLE PROBLEM 

In this chapter we discuss some basic aspects of (extended) Thomas-Fermi theory 
as applied to the many-body problem of the nucleus. We will not be very much 
concerned with the traditional terrain of ETF theory namely the determination of 
ground state properties resulting from an (effective) Hartree-Fock theory. On the 
contrary, we will be interested in features which go beyond the single-particle picture 
which means the Inclusion of correlations and of dynamical aspects. This necessarily 
imposes a detailed discussion of how to treat In TF approximation multl-partlcle-
multlhole configurations. Be tt for the description of two-particle • one-hole (2p-Ih| or 
2h-lp intermediate states entering the nucleon-nucleus optical potential or for lp-lb 
and 2p-2h configurations relevant for the evaluation of the nuclear response function, 
we definitely need a semlclasslcal description of such states If we want to go beyond 
the static mean field. Before attacking this kind of problems let us, however, make 
some short remarks about the significance of usual Thomas-Fermi theory In the 
context of nuclear physics (more details can be found in réf. IDSV 87)). 

The h -expansion of the single-particle density matrix in phase space 
representation (WIgner transform) Is given by (see e.g. (RS SOB: 

/(R,P) = e( f P - #c) 

- £ {AV*'(cF-ffc) + I [(VV)2 + ^(P-V)V] *"(<F-ffc)} + 0(h*), 

(2-1) 

where JlR.p) is the Wigner transform of the single-particle density matrix p « $lee - H), 
H is the nuclear single-particle shell model Hamiltonlan (for the sake of simplicity we 
suppose a local potential). H c its classical counterpart, and ep is the Fermi energy 
determined from the particle number condition. 

Using (2.1) for the evaluation of the ground state energy of a non-Interacting gas 
of nucléons in an external potential of Woods-Saxon shape we notice an extremely 
rapid convergence of the series (2.1) each power In h2 being down by almost two 
orders of magnitude (Je 76. RS 80). The result, however, does not converge to the 
exact quantum mechanical one but rather to Its StiuUnsky averaged value. For the 
reader not familiar with the StruUnsky averaging procedure IBDJ 72. SI 75] we simply 
recall that it consists m a proper mathematical tool to extract from a given quantity 
such as the ground state energy of a nucleus in shell model approximation the average 
part smoothly varying with m a n number and thus free of shell effects. Let us try to 
understand this feature of the expansion (2.1). This Is easily done In studying the 
spherical harmonic oscillator. For closed shell nuclei /(R.p) is a function of only H c s 
p 2 /2m+m«B b iRï /2andlnng. 2.1 this function la shown in the fully quanta! case. In 



the Strutlnsky averaged case and In TF approximation IPSK 81. Sen 85]. We notice 
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Fig. 2.1: Wigner distribution function for a 
harmonic potential with A = 224 
nucléons. The dashed and full curves 
represent the exact quantum mechanical 
and the Strutlnsky averaged results, 
respectively. Also shown is the Thomas-
Fermi result. (From [Sch 851) 

that the quanta! case exhibits very strong (shell) oscillations going even through 
negative values, that the Strutlnsky averaged values follow the TF values everywhere 
besides close to ep and that the oscillations of the quantal case at least in the évaluation 
of the ground state energy almost average out since the difference with the Strutlnsky 
values amounts to less than one per cent [BP 73). Expression (2.1) is then a very 
efficient representation of the Strutinsky smoothed function In terms of distributions 
where the successive derivatives of the TF step function mock up the finite dlffùsivity 
around «r of the true average distribution. The situation is very similar to the well 
known |Ch 39] low temperature expansion of the Fermi function 

F(«) = ( l + exp i ^ ) ~* = 6(/i - «) + £ r V ( > - t) + 0 (T<), (2.2) 

which Is converging very fast for the mean values as long as Tfp « 1. We should notice 
from Fig. 2.1 that also in the case of the phase space distribution its dlflustvity is small 
as compared to 6F » 40 MeV of nuclei at equilibrium. For expanding nuclei at lower 
density such as encountered In heavy ton reactions the expression (2.1) may. however, 
become less reliable. 

In conclusion of these qualitative Introductory remarks to this chapter (more 
precise statements can be found In 1RS 80, Sch 85, DSV 87)) we can say that (2.1) 
represents a very accurate analytical expression in terms of distributions of the 
equilibrium nuclear single-particle density matrix where the influence of Individual 



shells has been averaged out. In this sense, even the lowest order {t> * 0. i.e. Thomas-
Fermi theory) is a very valuable approximation as can be seen from Fig. 2.1 or from 
corresponding values of the total density and/or the ground state energy IBP 73). 

Let us now come to the question of how to deal with mp-nh configurations. The 
first quantities which come into mind are level densities. For example let us try to 
evaluate semiclassIcaUy the specific case of a p-h level density 

ff& = £*(0-VKfc)> (2-3) 

where the sum goes over particle (p) and hole (h) states with shell model energies <rp 

and eh only. Let us express (2.3) in a représentation independent way: 

j p

E

h = Tr,Tr2 { e f / T . - f r j e f t p - ^ J ^ t ^ - ^ + f f s ) } . (2.4) 

It then becomes obvious how to approximate (2.4) by its Potest order) Thomas-Fermi 
expression [GHS 83. BHH 86): operators are replaced by their classical counterparts 
and traces by Integrations over the whole phase space: 

•5F E = df ^ g | £ / ^ £ &(Hk-ff) efr-H*) S(E-HlI+H*). (2.5) 

In (2.S) d stands for the spin-isospin degeneracy of p-h states and ep is the Fermi 
energy as obtained from the particle number condition: it is different in the quantum 
mechanical and the semiclassical case but we continue to give it the same letter in 
both cases. The expression can be evaluated analytically for a spherical harmonic 
oscillator potential V» m atf r°/2 and we obtain: 

„ T F S _ A W (<-*)' .J^.Mc-A), M)- (2.6) 

where X^er/tie^ande-E/fiaHy Because of better comparison with the exact quantal 
e 

result we represent In Fig. 2.2 the Integrated quantity Npt,(B)- Jgph d&. '«• the 

number of states. We see that the Thomas-Fermi result (2.6) passes very accurately 
through the average of the quantum mechanical calculation. The agreement la of the 



same quality as In the single-particle case. We also show in Fig. 2.2 the result for the 
2p-2h case. 

»£»= E «(£-*„,-e^-hM-tiJ. (2.7) 

Again the agreement of the TF result with the average of the quantum calculation is 
very good. It should be mentioned that the Paull principle acting among the 2-parUcle 
states and the 2-hole states can also be Incorporated Into the semlclasslcal description 
In a very natural way [GHS 83). Generalisation to finite Woods-Saxon like potentials and 
inclusion of pairing correlations Is straightforward' IBHH 86] but It necessitates some 
numerical work. 

j-exocl quantum 
—semi-classical 

Fig. 2.2: Number of states as a function of energy for the lp. lp-lh, and 
2p-2h cases. (From {GHS 83]) 

Having gained confidence into the TF description of mp-nh quantities we proceed 
to more detailed investigations. Very often instead of the mp-nh level densities the 
corresponding spectral densities are needed. For example the one-body spectral 
density matrix is defined by (in r-space) 

(2.8) 

where t* and en are elgenfunctlons and elgenenergies of the single-particle 
Hamiltonlan H. ht operator form (2.8) Is given by 

gE = 6(E-H). (2.9) 



As we can see from the definition of the mp-nh level densities. In addition also the 
following spectral densities limited to states abt ve or below the Fermi energy are 
needed 

j p

c = e(H-€F)S{E-k) 

= B{E - fF) S(E - k) (2.10) 

9if = e{tF-H)S(E + H) 

= e ( t F + E)S(E + È). (2.11) 

The corresponding mp-nh spectral densities are then obtained by a folding procedure: 
for example the p-h spectral density is given by 

+00 

jp

E„ = / d f f | f - r S f (2.12) 
- 0 0 

and, similarly, for more complicated cases. 

Before comparing semlclasstcal and quantal calculations we briefly have to 
mention again Strutinsky's smoothing procedure. Essentially It consists of smearing 
out the S- peaks In (2.8) etc by folding (2.8) with an appropriate smoothing function. 
Usually this is a Gaussian of width y multiplied with a polynomial of degree M. The two 
parameters rand M are obtained by the so-called plateau condition which means that 
within a certain range of y. M values, the ground state energy calculated from the 

corresponding density matrix p = J^ dE should be Independent of 7 and M. Further 

details are given in IBP 73]. Let us simply mention that this averaging method has a 
firm mathematical basis and that it yields quantities exempt of shell structure effects 
which are usually In very good agreement with the sémiclassical results. For example. 
the quantal results shown in Fig, 2.2 could be Strutlnsky smoothed and the j •• 
corresponding values would be practically Indistinguishable from the Thomas-Fermi \ 
result. J 

Let us see how this procedure works for the spectral densities. We still use the I 
spherical harmonic potential for convenience. We. however, know from experience \ 
that the method work equally well for Woods-Saxon type potentials. (This work ;. ,;. 
represents part of [Ja 88]). Two examples are chosen: the single-particle spectral )}. < 
density of (2.10) and the 2p-lh and 2h-lp spectral densities. The latter are directly -j • 
relevant for the Imaginary part of the nucleon-nucleus optical potential as we will see ! 
later on. For the sake of the representation we put the initial and end points of the 2p- i 



In and 2h-lp spectral densities at the same position so that they are non-local 
quantities In r and t only. 

We then change to center of mass 2R * r + r' and relative • » r - r* coordinates. 
The results of the semlclasslcal and the StruUnsky smoothed quantal results are 
shown in Figs. 3.3 and 2.4. We see that the agreement between both calculations is 
quite good and we thus can be rather satisfied with our pure Thomas-Fermi result for 
the spectral densities. Inclusion of n-corrections would bring the semlclasslcal result 
in even closer agreement with the smoothed quantal one. This, however, does not 
seem to be necessary unless one Is Interested In very fine details of certain quantities. 
The spectral densities in Figs. 2.3. 2.4 have been calculated for a fixed energy. It is 
often Important and of Interest to study the quantities also as a function of energy. 
Adding the 2p-lh and 2h-lp spectral densities yields for a contact force a quantity 
which Is proportional to the imaginary part V^lR.s) of the optical potential (see Chap. 
3). For the local cut (s « 0) we show this In a three dimensional representation as a 
function of E and R in Fig. 2.5. We see again that smooth quantal and Thomas-Fermi 
results are In excellent agreement 

Fig. 2.3: Non-local single-particle spectral function for the spherical 
harmonic oscillator in a) the Strutlnsky averaged and b) the 
semlclas.*ical cases. The units are arbitrary but the same in a) and b). 
(From Ma 86]) 

We should realise that the quantity shown in Fig. 2.5b is equivalent to the local 
momentum approximation of the 2p-lh and 2h-lp spectral densities. This means that 
we first make a nuclear matter calculation and then replace everywhere ICF by its local 
value kp {R\ M y 2 m(«p • V(R)). where VIA) Is the single-particle potential under 
consideration (in the present casa the harmonic oscillator potential). The good 
agreement nf this often employed local momentum approximation (LMA) with the 
smooth quantum result makes the validity and the meaning of the former very clear: it 
represents the average behavior, where shell effects have been washed out. We could 
also say that the local momentum approximation or the closely related local density 
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i' respectively and then transformed to center-of-mass and relative 
coordinates. (From [Ja 88D 
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Fig. 2.5: Same as in Fig. 2.3 but the sum of the 2p-lh and 2h-ip densities and 

as a function of energy and center-cf-mass position. Notice the very 
close agreement of both cases and the values 3I.LV at e F . (from 
iJa 88]) 

approximation (LDA) yields an optical potential which corresponds to the droplet 
model (My 701 of the nucSeus. An important observaUon is that the semiclasslcal 
approximation always Implies the use of a complete ret of states and thus no 
truncation problems can arise. Let ua note a subtlety of the Strutinsky procedure as 
applied to the smoothing of the imaginary part of the optical potential: contrary to the 
cruder but commonly used smoothing ptocedurr which consists In raiding W with a 
Lorentzlan the Strutlnsky method leaves the phase space constraint W\E = cF) = 0 
Intact. The ncn-avallablUuy of refined smoothing procedures may be the origin of the 
discrepancy between quanta! and IF results for W In an early Investigation (Ja 60]. 

http://3i.lv


In conclusion of this chapter we state that Thomas-Fermi theory as generalised to 
the multl-partlcle - multl-ùole configurations Is very satisfactory Implying a well 
defined smoothing of the quanta! results. Quanta! corrections of order ffl are generally 
small but may be needed In spécial situations as for example for very small nuclei or 
for the surface response (see Chap. 4). 

For completeness, let us sketch how /̂ -corrections can be evaluated: the multl p-
h quantltlea can be constructed from the single-partlcte quantities by a folding 
procedure aa in (2.121. These corrections are then obtained by an expansion as (2.1). 
For any (unction/depending on H this can be achieved by 

f(k) = f(Ht) + LË^A-EM* + è f j ^ - ^ l w + «(*'). (2.13) 

where for the evaluation of the Wigner transform of products of operator", we use 
|Gr 46. RS 80] 

(Â-â) | w = Mw(R,p)exp «A|^...a__-â.._â_ 
2 I dR dp dp dR 

Bw(R,p). (2.14) 

In Chap. 4 we will Investigate quantitatively the Importance of ft2 corrections to the 
nuclear response function. 



3 . THE 1TOCLZON-HUCI.EUS OPTICAL POTENTIAL IN THOMAS-FER» 
APPROXIMATION 

3.1 Formal Contlderatloni 

The studies In the preceding section have shown us that the generalisation of the 
Thomas-Fermi approximation to more complicated configurations Involving multl-
partlcte - multi-hole components is as valid as the Thomas-Fermi approximation to the 
single-particle density matrix (2.1). We therefore will apply It to the study of the 
nucleon-nucleus optical potential or. more generally, to the nucléon mass operator 
which Is a quantity of basic Importance In nuclear physics. In this section we will treat 
the mass operator IBS 59) essentially In the so-called T-matrlx approximation which 
can be derived In the following way: the exact expression for the mass operator (In 
time representation) Is given by |ES 69, RS 80) 

M[{' ~ E S i r r s t e ^ * - e') - '-5>I2j,{û|r {(ajo«aj),(oj.aj.oy)^} lO^Omri', (3.1) 

where 5 1 2 3 4 Is the matrix clement of the bare nucleon-nucleon interaction entering 
the Hamiltonlan 

H = E hv*\aV + J E t>l23«oîaîa4aj. (3.2) 

The number Indices stand for an arbitrary single-partlcle basis and t Is the kinetic 
energy. Furthermore, In (3.1) 

Pu- = (1WO = <0|al.«,|0> (3-3) 

is the single-partlcle density matrix, l o i being the exact ground state. The operators 
in (3.1) turn with the Hamiltonlan (3.2). 

( a f . - ) , = e i f f'/''(af...)fle-""/» (3.4) 



and T in the three-body Green's function of (3.1) la the time ordering operator. The 
index or in (3.1) means that oiuy the one-line Irreducible part of the Green's function 
has to be considered. The expression for the mass operator la displayed in Fig. 3.1. 

Fig. 3.1 Graphical representation of eq. (3.1) for the mass operator 
In terms of an Irreducible three-body Green's function J*3. 
The heavy dots stand for antlsymmetrlsed matrix elements 
of the bare Interaction. 

The T-matrix approximation now consists in disconnecting the hole line from the 
two particles as indicated in Fig. 3.2 (this can be Justified perturbattvdy). The two 

--•©•-.--Q» .*~^>-

::©:: • : x * :=<H> ; : 
Fig. 3.2. The T-matrix approximation of the mass operator as obtained 

from a factorisation of the 3-body correlation function. 

particle Green's function and the bare Interaction can then be regrouped into a two-
particle T-matrix. Expllcuy. this reads 

(o|r{(4e<a,) r(4„t,a2, ) (,j|0) ~ wr{(fc),M,}|o)(o|r{(a4«3),(44),} |o). (3.5) 

For the mass operator we then obtain 

<"' ' * £TSf,Wr {(«£).(<*).•} |o>, 



where the two-body T-matrix Is given by 

T&U = C«.M*(t - 0 + J E«iï»(0|r{(a«a ï)«(4«4.)«'} |0>e«.,.i.2. (3.7) 

We notice that (3.7) still contains the exact two-body Green's function and in practice 
further approximations are necessary. The most commonly used approximation for the 
Green's functions consists In evaluating it in a two-partl-le Tamm-Dancoff 
approximation (see e.g. 1RS 80]) which leads to the Bethe-Goldstcne approximation for 
(3.7) and, if the single-particle energies are calculated self-conslntentJy, to Brueckner-
Hartree-Fock theory. We here want to argue that It Is batter to consider the Green's 
function in (3.7) In the two-particle RPA approximation (see e.g. (RS 80]) which leads 
to the Galitskii (or Feynmann-Galltskll) integral equation for the T-matrlx (see e.g. 
|FW 711). Fourier transforming time to energy we have 

T&vi, = 0,21.2- + \ E »iîsiO«3î5w, (3-8) 

with (we here suppose for the sake of simplicity that we work In the Hartree-Fock 
bosls): 

G ; , = — h h — ^ _ — e i £ » — , . , (3.9) 

where pi. f>2 are Hartree-Fock occupation numbers (p=l-p) and e i . £2 the 
corresponding single-particle energies (which are in principle to be calculated self-
consistently from the mass operator (3.6). see below). Neglecting the second term In 
(3.9) leads to the Bethe-Goldstone equation whereas keeping it has the advantage that 
ground state correlations are automatically Included. 

We know from experience that In nuclear physics it is a good first approximation 
to take for the real part of the mass operator a T-matrix (3.8) which is energy 
Independent For instance, we can assume that the energy which enters the mass 
operator is equal to the Fermi energy: 

lauSr « m&n*r=V»'W- ( 3 - l 0 ) 

Using VIp] as self-consistent single-particle potential, corresponds to Brueckner- ^ 
Hartree-Fock (BHF) or Galltskil-Hartree-Fock (GHF) theory. The direct application of | 



BHF theory leads to quite bad values for the ground state energy. Essentially two 
different prescriptions are used to get around this dilemma: either In one way or the 
other three-body forces are Introduced from the outset (see for example !FP 81)) or 
one formally expresses the ground state energy Eb In Brueckner-Hartree-Fock theory 
and varies this expression with respect to the single-particle density matrix jfc since 
the T-matrlx in (3.10) depends also on p (see (3.9)) this gives rise to the so-called 
rearrangement term ST/Sp (which is also a three-body term). The single-particle 
energy Is then Identified with the functlciial derivative of the ground state energy with 
respect to p: 

fc[p] = J + V»"H = ^ - (3-11) 
.op 

We will adopt the prescription (3.11) which is in agreement with Landau theory for 
Fermi liquids and from where it also follows that the effective two-body interaction Is 
given by 

opu-cpw 

With respect to the T-matrlx used In (3.10) the one of (3.15) has the advantage that 
screening effects from long range density fluctuations are partially included. We 
therefore will mainly use the definition of (3.12) for the effective two-particle 
scattering matrix. 

3.2 Phenomenology; the Gogny Force 

It Is not our ambition to start from scratch. I.e. from the bare nucleon-nucleon 
force. We rather would like to base our considerations on a scml-phenomenologlcal T-
matrlx such as Is needed for example in (3.10). A good candidate Is given by the Gogny 
force IDC 80) which we will use essentially in the whole article. We say that this force 
Is seml-phenonienologlcal In the sense that it agrees quite well with microscopic 
Brueckner T-matrlx calculations up to momentum transfers of the order of the Fermi 
momentum Jqr (DG 80|. On the other hand. Its parameters have been adjusted In order 
to obtain within the scheme (3.11) good ground state properties of the nucleus 
(including pairing). However, as we will see, many other nuclear properties are 
surprisingly well reproduced. The Gegny effective'T-matrlx Is given by (In r-space. not 
anUsymmetrlsed; we neglect the spin orbit part which is not Important for our further 
considerations). 



r*(r„ r2) = £ e-<r.-n)W (a,, + BiP» _ H.pt _ M.frp') 

where the velues of the different constants are given in Table 1. 

Table 1: Value* of ranges and exchange mixture coefficients of the 
Qogny interaction. 

(3.13) 

1 w, 
tMeV) 

B, 

(MeV) 

Hi 

(MeV) 

Mi 

(MeV) (fin) 

1 -402.4 -100.0 -496.2 -23.56 0.7 

2 -21.3 -11.77 37.27 -68.81 1.2 

t, « 1350 MeV fm* 

Note that In the original réf. (GP 771 some numbers are Interchanged. 

The first Important quantity which we want to calculate from the Gogny T-matrlx 
is the depth of the real part (3.11) of the optical potential. Because of the finite range 
in (3.14) the potential is non-local (via the exchange terms) and in WIgner 
representation we obtain: 

V-"|„i r, pi = 7-l3 p*»(T) + è «, / dVe- f ' - 'Wpfr ' ) 

- â / , , ^(Sf c "" î , , , " p ' , V 4 " V ( r ' p ' ) (3.14) 

with 

* - (vftO-(?+f-f-M) 

(3.15a) 

(3.156) 

It should be realised that the underlying p-h force (3.13) entering (3.14) Is the one of 
the S = 0. T - 0 channel since we are at the moment considering spin saturated and 
N » Z nuclei only. Implicitly (3.14) therefore contains the f00 Landau parameter. In 
order to estimate the depth In the Interior of the nucleus we evaluate (3.14) in nuclear 
matter (taking fcr « 1.35 fm '). This is shown In Fig. 3.3. 
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Fig. 3.3: Depth of the real part of the optical potential. The dotted curve 
corresponds to. the Gogny force (e.g. (3.14)); the full line 
represents the Perey-Buck potential [PB 62| readjusted such as 
to give a depth of -54 MeV at eF. The broken line corresponds to 
adding to the PB potential an energy dependent part induced by 
correlations. Experimental data are from [BHH 82). (After 
[HS 85a» 

We see that the values pass quite well through the average of the experimental 
points up to about 200 MeV bombarding energy. In order to Illustrate the Importance 
of the rearrangement term ws want to mention that had we calculated (3.10) In using 
(3,13) at e.g. 170 MeV the potential would be approximately 20 MeV deeper. 

A few furtaer comments tre In order. Analysing the relative Importance of the 
different termn In (3.14) we notice that in the Interior of the nuc!»us the first and 
second term almost cancel and that the depth together with Its energy dependence 
are almost entirely given by the third (the Fock) term. The latter Is a sum of two 
terms, both involving essentially an exponential energy dependence whose fall-off 
reflects the ranges contained In the Gogny force. From Fig. 3.3 it seems that tne depth 
decreases not quite fast enough for energies larger than about 100 MeV (which 
corresponds to a momentum of « 2 far1). In view of the fact that the Gogny force has 
not been adjusted to the depth of the well the agreement with experiment is quite 
good. It IS important to realize that this energy dependence of the potential conies 
from the non-locality of (3.11), that Is from the p-dependence of (3.14) which Is not a 
genuine energy dependence. The latter can account for the remaining differences with 
experiment as we will discuss later. 

As we go out In the surface the first and second term in (3.14) do not cancel any 
more. Employing for/(r,p) the Thomas-Fermi approximation (2.1) and, in addition, 
the local deeolty approximation (JCF « p{r)l,a) where we take for the density the 
parameterisation of [My 70| we obtain In phase space the pattern for Vtr.p) shown in 
Fig. 3.4. For comparison we also show the phenomenologlcal potential of Perey and 
Buck IPB 62). Though ti.'e latter Is somewhat deeper it is astonishing how close both 
potentials are. 



Gogny 
Fig. 3.4: Three dimensional representation of the potential (3.14). For comparison 

we also show the phenonienological potential of Perey-Buck fPB 62|. the 
numbers on the contour lines are given in MeV. (From Ma 88D 

The accuracy in the surface region depends on the precision of the density 
dependence in (3.14). Since this density dependence will play a crucial role for 
several quantities to be considered below we want to get an estimate of Its 
correctness. The positions of the giant monopole resonances (Eg* - 80 A" 1 ' 3 MeV) 
calculated with the Gogny force IDS 82, DS 83, BGG 76) seems to be very reasonable. 
Therefore, there Is little reason not to believe in the corresponding value for the 
coefficient of Incompressibiltty K « 228 MeV (DG 80). which recently has been 
strongly debated (BO 85). This, however. Is sensitive only to the density dependence 
close to equilibrium. In the local density approximation s much wider range of density 
values is tested. We therefore compare in Fig. 3.5 the equation of state as calculated 
from the sophisticated approach ot Friedman and Pandharlpande (FP 81) to the one 
calculated with the Gogny force. We see that the agreement between the two 
calculations is excellent over a very wide range of densities. We therefore have reasons 
to believe that the density dependence of the Gogny force Is quite reliable. 

As a last point we want to mention In fervor of the Gogny force the met that It very 
well fulfils the forward scattering sum rules for the Landau parameters Ft"'T (GP 77). 
Indeed we have the relations, cf. (FD 79. BBN 85) 

where 

trr 

••<• _ * t I pt.t 

(3.16) 

(3.17) 



and 

Si = E (r?-0 - 3r? J - 3rJ°+sr} 1) = o (3.18) 

Offm"3) 

Fig. 3.5: Binding energy per nucléon 
as calculated from the 
Gog.iy Interaction (broken 
line), the full line Is from 
|FP 81 | and the dot-dashed 
line Is calculated with the 
Zamlck force (Za 73). (From 
(SRG âSl) 

For the Gogny force one obtains Sj » O.OS. Sj = 0.15. This is to be compared with the 
corresponding values for Skyrme forces which generally give much worse values: for 
example for Sill one obtains S, s 1.40. Sj » 1.86 (AMC 821. 

One should notice that the rearrangement term again Is crucial to obtain, these 
good sum rule values for the Gogny force. The Landnu parameters involve through the 
exchange term momenta around and greater than fcr which Is a further Indication that 
the momentum dependence of the Gogny force should be reasonable below about 
2 fm-1. It has to be mentioned, however, that this good behavior of the Gogny force for 
the sum rules (3.16) and (3.18) deteriorates as one gees away from the saturation value 
offcr. 

For an the above cited reasons in this work we will mostly employ the Gogny force 
In which we may have some confidence. Nevertheless, we should be aware of the fact 
that the question of effective forces is a quite subtle one and that many quantities 
depend on them m a very sensitive way. 



3.3 The Imaginary Fart of the Optical Potential 

The imaginary part of the mass operator W Is a very important quantity which Is 
directly related to the mean free path but which is also responsible for the energy 
dependence of the real part and, as a consequence, for the level density parameter. 
etc. We will mainly treat W in the T-matrix approximation of (3.6) though we also will 
shortly touch on other more elaborate formulations In Chap. 5. 

A first Important consideration consists In the fact that for the Imaginary part of 
M a generalised optical theorem holds (KB 62. Da 84): 

Hfr = -±ImM* 

= -~ZTvm ?«,« iptfm - Ptfspt) S(E +12 - e s - e 4). (3.19) 

where we assumed to work in the shell model basts and p Is, as before, the occupation 
number. The first part in (3.19) corresponds to the so-called polarisation term 
whereas the second term is the correlation contribution toImM (MBB 651. We notice 
that (3.19) has the form of Fermi's golden rule. The T-matrlces In (3.191 are the same 
as the ones in (3.6) or in (3.8) and are In principle complex energy dependent 
quantities. However, we want to advance arguments which may allow us ta neglect the 
imaginary parts of the T-matrices In (3.19) as well as the energy dependence of the 
remaining real parts; in fact we would like to employ in (3.19) the effective T-matrix 
of (3.12). The argument to neglect the imaginary part of the T-matrlces in (3.19) Is 
primarily a heuristic one: in fact, the expression (3.19) Itself Is essentially the 
imaginaiy part of the T-matrlx. However, we know from experiment that the Imaginary 
part of the optical potential is much smaller than its real part (except may be for very 
deep hole states) and. as a consequence, the imaginaiy part of the T-matrix should be 
much smaller than Its real part. Estimates show that neglecting the former may lead to 
an 10-15% error in (3.19). On the other hand, we have seen in Fig. 3.3 that the real 
part of Ie Is very little dependent on E. Furthermore, It can be shown (see Chap. 5) 
that the T-matrices entering (3.19) are In principle more general 4-point vertices 
than the ones given by (3.8). For Instance, they contain In addition p-h screening 
effects. Therefore we think that the use of (3.12) in (3.19) is Justified. For reasons of 
comparison we will occasionally also use directly the Gogny T-matrlx (3.13). 

After these preliminaries we now come to- the numerical evaluation of (3.19). To 
this end we want to use our semlclasslcal method described in Sect 2. Let us. 
however, first make some general remarks. In Fig. 3.6 we show schematically the 
imaginary part of the mass operator as a function of energy. Above er first are located 
some discrete states which, however, have little strength due to phase space 
limitation (see below). 
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Fig. 3.6: Schematic representation of the imaginary part of 
the nucléon mass operator. The broken Une 
represents the average behavior. 

Above threshold we may have some resonances before the true continuum starts. 
For energies below tp the situation is more or less reversed. The spectrum in Fig. 3.6 
Is similar to a spectrum of level densities. It makes sense to ask for its average part; 
this is also schematically shown in Fig. 3.6. For the continuum part true and average 
strength distributions coincide anyway, whereas for the discrete part we dispose of 
the well defined Strutlnsky smoothing method to extract the average. In the 
preceding section we showed that the generalised mp-nh Thomas-Fermi 
approximation agrees with the Strutlnsky method. The average part of the optical 
potential already contains much of the essentials of the physics. Nevertheless. It seems 
clear that a semldasslcal approach Is the more relevant the denser the states. I.e. for 
heavy nuclei. 

It is obvious that for the evaluation of (3.19) we need the 2p-lh and 2h-Ip 
spectral densities. In semiclasslcal approximation they are given by (in Wlgner space): 

92£pik(RiPt.R2Pî,Rjps) = e ( / f l c - ( F ) e ( / f 2 c - £ F ) e ( f F - f f 3 c ) S(E-H1C-H2C+H,C) 

(3.20) 

and analogously for the 2h-lp case. In (3.20). H^. are the classical counterparts of the 
self-consistent single-particle Hamiltonlan. Particles and holes are in principle at 
different positions: however, because of the relatively short range of the Gogny force, it 
is a good approximation even In the nuclear surface to put all three positions at the -
same place. Furthermore, replacing the local Fermi momentum defined in 

^ + K-'(/»;r,pF(r)) = t F (3.21) 



by the local density (pp(r) « p ( r ) 1 / 3 ) leads us directly to the local density 
approximation for W. In Sect. 2 we have demonstrated that the latter compares very 
well with the smooth quantal result (see Fig. 2.5) and thus we apply our method with, 
confidence to eq. (3.19). Before displaying the results let us discuss what we should 
expect qualitatively. At lower energies the momentum transfers entering the T-
matrices will be small. From (3.12) we then see that the T-matrlces correspond 
essentially to the Landau parameters. We know that for Instance the F°° and F 0 1 

parameters are strongly enhanced In the surface: the kp dependence of all four 
parameters calculated from the Gogny force is shown In Fig. 3.7. 

0.0 0.5 1.0 15 2.0 2.5 3.0 
k„ Fermi momentum (firf1) 

Fig. 3.7: Landau parameters in the four channels as 
functions of fcp. 

We will therefore expect that at low energies W has a strong peak in the surface. 
In order to display our results Ua 88, JS 88) we calculate the Wlgner transform of 
Wfifr.fO and then take the on-sheL* limit : 

WE (R,P = fim(E-V)j = W{R, E). (3.22) 

We should mention that the evaluation of this qiianuy is not completely trivial even In 
the local density approximation since we have to realise that the T-matrlces In (3.19) 
are antlsymmetrlsed and that tee exchange part Involves a four-fold Integral. This is. 
however, far less complicated than the corresponding quantal calculation (for instance 
when continuum states are Involved) and. in addition, provides the already mentioned 
advantage that the use of (3.30) always assures that Implicitly the complete set of 
states is accounted for and no truncation problems occur. 

In Fig. 3.8 we show our result of (3.22) for 5 6 F e ar a function of A for different 
values of the energy. We clearly see the strong surface peaking at low energies. The 
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Fig. 3.8: RfldiEj dependence of the Imaginary part of the optical potential. The left part 
is calculated with (3.13) and the right part with (3.12) for the T-matrlx In 
(3.19). (From [Ja 88]) 

same quantity has been calculated In a similar approach by Ungxlao et at [LYN 86| 
using the Sill-force. At low energies these authors obtain practically the same result 
and we therefore conclude that apparently the strong surface absorption at low 
energies Is a common feature of W when phenomenologlcal density dependent forces 
are used In the calculation. Nevertheless, we remark a certain difference in strength of 
the surface peaking depending on whether we use in (3.19) the unmodified T-matrlx 
(3.13) (Fig. 3.8a) or 7*" of (3.12) where some p-h screening effects are Included (Fig. 
3.8b). In principle the latter approach should be the more realistic one. The 
agreement between [LYN 86) and our calculation makes us believe that the strong 
surface peeking of W Is a common feature If realistic phenomenologlcal forces are 
used. We should, however, mention that the use of microscopically calculated 
Brueckner G-matrlces seem to yield much less surface peaking [Ma 79|. It has. 
however, been noted recently by Brown (Br 88] through large scale shell model 
calculations that the density dependence of the G-matrlces seems to be Insufficient 
and a much stronger p-dependence Is needed to account e.g. for .the low lying 
spectrum of medium light nuclei. 

In Fig. 3.9 we show the volume Integral of IV divided by the particle number and 
compare the values with experiment. Relatively good overall agreement is obtained. 
Th^ tendency that 4 0 Ca yields stronger values as 2 0 8 P b is reproduced. This reflects the 
diminishing Importance of the surface for the heavier nuclei. These results call for 
some comments. It Is generally believed that the main part of W at low energies comes 
from the coupling of the nucléon to low lying collective vibrations. For example, this 
point of view has been adopted by [BG 79] and by [VB 76. BNV 81) (for a more 
complete list of references, see (MBB 851). Fig. 3.9 Indicates that already Incoherent 
two-particle scattering yields almost all of the volume Integral Jw of W. Similar results 
have been reported (using different forces) by Mahaux and co-workers |JML 76. 
MBB 851 quite some time ago. However, at that time the precise meaning and the 
quality of the LDA was not understood. We have shown in Sect. 2 that It is a 
quantitative theory for the smooth part of W and thus the LDA cannot be incriminated. 
Some uncertainty comes from the effective force to which W Is very sensitive. 
However, quite a few calculations of the LDA type now exist In the literature using 
dliTerent effective Interactions (which have been adjusted to some physical quantities) 



which all yield rather good agreement for the volume Integral of IV with experiment 
[MN 82, MBB 85. K3 84). We therefore tend to believe that Incohérent scattering 
indeed makes up A good portion of Jw-

• 1 0 s *10 z 
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Fig. 3.9: Volume Integral of W divided by the nucléon number A as a function of energy. 
The broken line corresponds to the use of (3.12) and the full line to (3.13). 
(From Ua 88]) 

What influence then remains from the collective states? At this point we are not 
really in a position to answer this question and we will take it up again in Chap. 5. 
Anticipating, however, we can say that in fact collectivity Is accounted for at least when 
we use the effective p-h force for the vertices. Indeed, this force yields good values for 
the low lying collective part of nuclear spectra IDS 83). In this sense this p-h force 
derived from Goç.iy's Interaction cannot correspond to a pure G-matrlx because the 
use of the latter leads to Instabilities, for example in the case of the low lying 3" state 
In 2 0 8 P b |BK 69. KBB 70, RS 80 p. 172). In order to avoid this it has been shown that it 
is necessary to Include p-h screening terms. Such terms precisely are mocked up by 
the rearrangement term coming from the density dependent Gogny force. For the 
average part of W it is enough to account for collectivity through screening of the 
vertices (see Chap. 5) and It Is thus not astonishing that our theory yields practically 
quantitative agreement with experiment. Let us, however, again stress the strong 
sensitivity of Won the effective force used In the vertices since W depends on it 
quadratically. The Imaginary part of the optical potential therefore Is a much more 
stringent test for the correctness of the effective interaction than is the real part 

Before leaving this section let us display our results for Wlr.E! of (3.22) somewhat 
differently. In Fig. (3.10) we show W(E) » W(r » O. E) that is the depth of W in the 
interior of the nucleus (i.e. for nuclear matter) as a fonction of energy. Three curves 
are shown. The thin dotted Une corresponds to the calculation of Fantonl and 
Pandharipande |FP 84). When we use directry the T-matrix of Gogny (3.13) the result 
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Fig. 3.10: Depth of the imaginary part of the optical 
potential in the Interior of the nuclt>-s. Full line 
corresponds to our theory with (3.13); for the 
broken line (3.12) is used, and the dotted line is 
the result of 1FP 84). The experimental points 
have been compUated by 1MN 831. (From (Ja 88]) 

very close to (FP 84] is obtained. The use of (3.12) yields the broken curve. For ^Jsltlve 
energies experimental points seem to He above theory. The experimentally 
determined points, however, scatter quite strongly which reflects the difficulty to 
accurately determine the interior of W when it Is mostly surface peaked. 

3.4 Dispersive (Energy Dependent) Corrections to the Real P u t of the Optical 
Potential and Related Quantities 

The mass operator being a complex analytical function of the energy, its real part 
Is usually calculated with the help of dispersion relations. Since the bulk of the real 
part has already been determined, we have to use for the dispersive correction a 
subtracted dispersion relation which vanishes for E = ep [MBB 85). Separating the 
contributions from the correlation and polarisation part one has 

V = V ^ + Vpoi . (3.23) 

where W Is understood to be positive and to vanish at E • ep and for E -» ~ to Increase 
less than linearity. In principle we should use In (3.23) the values for W which we have 
presented in the preceding section. Unfortunately this has not been done so far In full. 



Rather. (3.19) has been calculated with a truncated Gogny force where we have 
dropped the density dependence. A single Gaussian has been adjusted to the pairing 
matrix elements of the full Gogny force |SDB 82] yielding 

v(r) = - v » e - l ' « ' 
v0 = 26.5 MeV 6 = 2.25fm. (3.24) 

This force has then been used In (3.19) In omitting anttsymmetrisaUon. The result for 
the volume Integral Jw of W is about the same as for the full Gogny force IHS 851 but 
the detailed radial dependence Is quite different for energies below - 40 MeV since in 
(3.23) the density dependence Is missing. Our results presented below therefore are 
only of qualitative nature but for quantities where volume Integrals are Involved. 

With these ingredients the on-shell value of Vof (3.23) was calculated IHS 851 and 
added to the real part of the optical potential. Since the Percy and Buck potential 
represents the data slightly better than the one calculated from the Gogny force (3.14) 
we actually added V in Fig. 3.3. to the former one (broken Une). We see that the 
dispersive correction is rather small but that for the deep hole states the agreement 
with the experimental points is definitely improved. For instance the so-called Fermi 
anomaly (BHH 82), i.e. the rather flat behavior around £jr is well accounted for. The 
positive correlation-polarisation correction slightly below er makes the total single-
particle potential less deep and the negative correction Just above ep makes It deeper, 
resulting In a cancellation of the average trend of the energy dependence around «p. 

Closely connected to the Fermi anomaly In the real part of the optical potential Is 
the anomal!/ In the effective mass [JLM 76. MBB 8S|. An Important part of the effective 
mass comes from the non-locality of the energy independent mean field such as 
(3.14). The effective mass is defined by the first term in the expansion of the classical 
slngle-partlcle energy around the on-shell momentum. 

where the on-shell momentum Po.s.lE.R) is determined by the equation 

^ - ^ : - v m ' ( / > ; f l , p . . . . ) = o . (3.26) 

For E » j f the on-shell momentum coincides with the local Fermi momentum PF(R) . 
Consequently we have at the Fermi energy 



m'(R) f, , m dVm,{p;R,p) »'( f l) = f ! + "» "' W« iW| I (3.27) 

For example for the Gogny force we obtain from (3.14) for m' 

— = 11 + T& £ W + 2Sf - 2/T. - 4Mi)t-,| 

» - sb^KW—HPf f J'--"-""')!- •'•»» 
For fcf « 1.35 mr 1 (Interior of the nucleus) we get m'/m = 0.67; this value increases 
in the nuclear surface monotonically to one. If the slngle-partlcle potential is in 
addition energy dependent as in the case when we add the dispersive corrections 
(3.22) 

V,p. (R, p, E) = V""(„; R, p) + V ( R, P, E) (3.29) 

then we have to distinguish between the so-called E-mass m and fc-mass m according 
to 

m* tft m 
m m m 

m(fl,E) = t dV(R,p,E), 
m dE 'os. 

*fiffl, [1 + = 2 S t g f t 5 ^ ] - ,

i (3.30) 

where we have to replace in (3.26) V^lp.R.p) by (3.29) to determine the on-shell 
value. 

The numerical values for the effective mass (3.30) using the force (3.24) are 
shown in Fig. 3.11 as a fi-ncUon of R and E. Due to the Fermi anomaly contained In V 
the effective mass is now enhanced In the nuclear surface around the Fermi energy. At 
the top of the mountain we have m'/m - 1.5. This high value has quite important 
consequences for certain quantities as we will see below. 



Let us, however, first discuss the Influence of temperature JHS 86, GCL 87|. At 
zero temperature the phase spaces for lp-2h and 2p-lh excitations which contribute 
to the correlation and polarisation corrections respectively, are strictly separated 
through the step function form of the particle and hole densities pp.h(E) = 8i±[E - «pH. 
At higher temperatures these are replaced by Fermi functions 

^(«.TJ-fl+wpfi^*)]"' ( 3 3 I ) 

This causes the phase spaces to overlap which results In a partial cancellation of the 
correlation contribution by the polarisation contribution and, hence. In a weakening of 
the total correction. As a result, the enhancement of the effective mass Is diminished 
and. as can be seen from Fig. 3.12, around T = 10 MeV the Influence of the corrections 
becomes negligible. Similar effects nave recently been found by Grange et aL (GCL 87). 

The effective mass approximation (3.25) Is frequently used (it is for example 
inherent to the Skyrme forces). There are also quantities where it enters directly. 
This Is use case for the slngle-partlcle level density 

s[E) = 2 / ^ £ s ( E - B.AKP)) , (332) 



where the stngle-partlcle energy EQ,3. Is the solution of the equation 

Eo*.(R,p} = ^ + V°t{p;R,p) + V[R,p,E^). (3.33) 
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Fig. 3.12: Temperature dependence of the enhancement of 
m" at E = e F In the Interior of the nucleus (from 
[HS 861). 

Analogously, the new on-shell momentum is defined by 

2 
E=^ + V •*(„; R, Pas) + v(R, p.,s„ E). (3.34) 

We then obtain for the level density 

9 ( £ ? ) = ^ / d I f i m'lR> tyPo'iR, E). (3.35) 

Without the Inclusion of correlations any reasonable Hartree-Fock potential Is known 
to yield a too small level density gler) at the Fermi energy (up to almost a factor or 
two). In looking at (3.35) it becomes clear that Integrating over the bump of the 
effective mass must enhance g(«F|. Experimentally, the level density parameter a/A = 
"2 a(ep)/6 is roughly 1/8. From Fig. 3.13 it can be seen that the volume contribution Is 



a _ 2*ToPpm* 
A~ 9 f t 3 

(3.36) 
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Fig. 3.13: Level density g(E)/A with and without 
correlation and polarisation corrections 
for nuclear matter (A - *•) and for a 
renormallsed (see text) Percy and Buck 
well. The level density parameter 
A/a(& « SA/jt2 g(E) can be read o£f for all 
curves from the right scale. (From 
[HS SSal) 

about 1/30 for m* » 0.7 m. Surface effects in finite nuclei enhance" a/A up to about 
1/15 (using an energy Independent m*). Only by inclusion of correlation effects this is 
brought up to » 1/20 for the volume term and up to - 1/10 for a finite nucleus which is 
close to the experimental value (see also the work by N. Vinh Mau and Vautherln 
[W 85) on this subject). As a rule of the thumb for medium heavy nuclei one notes that 
one third of o(ep) Is made up by the volume term, another third by the surface term 
and the last third by correlation effects. 

At higher temperatures the underlying average potential is rather insensitive 
(SSH 851 to changes In Teven up to T-10 MeV. However, as said above, the Influence 
cf the correlations Is diminished. As a result, at high temperatures, a/A comes back to 
the simple Fermi gas value of 1/15. The transition region of intermediate T is shown 
in Fig. 3.14. and compared with recent experiments [NHF 86. HS 86]. The 



A-IM 

I i I i > I i ' i i i i i 
T, 

Fig. 3.14: The inverse nuclear level density 
parameter A / a 03. temperature. 
Experimental data (1986) and 
(1969) are taken from (NHF 86) and 
|AN 69). The full and dashed lines 
are- calculated with underlying 
Gogny-Hartree-Fock potential and a 
Woods-Saxon potential, respectively. 
(From (HS 861) 

experimental transition Is more abrupt than the theoretical one but one should 
remember that on the one hand the extraction of a temperature from evaporation 
spectra might not be unique and. on the other hand, on the theoretical side further 
correlation effects as for example clustering or residual p-h interactions have been left 
astde. Further details of this work and of Fig. 3.14 can be found in [HS 86). 

Occupation Numbers and Charge Distribution*. Beyond the static mean field 
approximation, the effect of any residual interaction dike the pairing interaction, or In 
our case, nucleon-nucleon collisions) Is to smooth the occupation numbers which are 
(1.0) for (E < er. E > ep) In the pure single-particle picture. As a result, states below ep 
are slightly depleted and those above «p become partly occupied. In Wigner space the 
momentum occupation numbers In first order of the correlation-polarisation 
correction read IHFB 86. MBB 851 

n[R,p) = 

t t avUfi.p.g) 
BE 

BE I. 

P < P F 

P > P F 

(3.37) 

and the gap at the Fermi energy 

A , „ = 1 + * * ( * ; * S)| „_»(*.») , (3.38) 



which Is related to the £ - mass of eq. (3.29 b) serves as a good test for the quality of 
the Interaction employed by virtue of 0.5 c An < 1. 

For a (Hartree-Fock) • state H with energy Ex and wave function fA(R) Integration 
over all space then gives IHFB 86| 

«* = 
*» i+fd>R\M*.)\*aU£!

p'Bi\ . 
(3.39) 

which serves in the nuclear density 

p(r)=i:»A|#4r)|2 (3.40) 

Figure 3.15 shows a comparison of the energy occupation numbers In pure 
semlclassical approximation at R * 0 with those obtained If Integrated over true 
Hartree-Fock wave functions (SKM* interaction). They are similar to those which 
result from one of the most modern and sophisticated microscopic many-body 
theoretical calculations IFP 84|. This solves the problem of the central bump obtained 
in a pure Hartree-Fock charge density for SMpb which comes from thé last filled 3 » 1 / 2 

proton state. Similar effects have been found by |PFW 84. Go 79). 
I D 
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Fig. 3.15: Occupation numbers as calculated 
within the model outlined* in the text 
(full line) and as obtained from (3.39) 
when averaged over Hartree-Fock wave 
functions (stars). (From IHFB 86D 



Correlations deplete this orbit by » 20% and enhance some states above «r which 
are no longer peaked at the center (Fig. 3.17). The remaining discrepancy, namely 
that the calculated correlated charge density is too small, simply is due to the fact that 
the SKM* - force parameters have been fitted without taking correlations Into account 
and that they should be refitted. Secondly, the angular momentum has not been 
properly treated but averaged over. This can be corrected for in an extension of the 
semlclasalcal methods with good angular momentum [Ha 86|. As a result, the gap 
becomes smaller for the low C-states because they are more concentrated at the 
center, see Fig. 3.16. 
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Fig. 3.16: Angular momentum decomposition of the energy occupation 
numbers. Note that each curve is shifted by O.l. (From [Ha 87a|) 

Fig. 3.17: Proton and neutron densities 
o r 2 0 8 p D calculated from HF-
SKM* (full line) and including 
correlations (broken lines). The 
stars are experimental data. 
(From [HFB 86)) 



Mean Free Path. As the last subject in this section we discuss the mean bee path 
of a nucléon In a nucleus which, at scattering energies around 50 MeV, by simple 
estimates (NY 81, CH 80| always turns out to be too small (around 3 6a where It should. 
be around 5 fin). It Is inversely related to the Imaginary part pi of the on-shell 
momentum solution of 

E = f- + V,.f\R,p,E) - iW(R,p,E). 
2m 

(3.41) 

To second order in the small quantities Wand V. cf. eq. (3.29). the solution Is 

m dp I»»-

(3.42) 

where the real part Is p0.s.(R.E) and the mean free path Is related to the k-mass of 
eq.(3.29c). 

» in « hPo*.(R,E) 
<W(K,ûj - 2m(R,E)W(R,E)U 

(3.43) 

Fig. 3.18:_The mean firee path at the center and at 
the nuclear radius 
approximations: 
exact; hp^niïiW 
local: hp0^/2mW 
approx.: tikf/2mW 
(From IBHH 85D 
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Since m < m, the effect of the fc-mass is to enhance the mean iree path |NY 81] (see 
Fig. 3.18). Here the difference between the long dashed and the full curve (for R = 0) 
reflects the influence of the non-locality of the mean field, whereas the short dashed 
curve corresponds to the simple estimate of the real part Po.s. If the momentum is not 
calculated self-conslstently but taken to be at pp. hi the nuclear surface (R = Re), Xm.t, 
at low incident energies is smaller than at the center because the momentum is 
smaller and at high energy tt is larger because W is smaller. At the Fermi energy, Am.f. 
Is always Infinite because there W vanishes. 

At non-zero temperature, the Imaginary part of the optical potential becomes non
zero also at gf resuttlng in a finite mean free path [BHH 85]. Due to the overlap 
between the correlation and polarisation contributions to W this gives an overall 
enhancement of Wand a decrease of JW.. see Fig. 3.19. 

The region within the dashed curves indicates the validity of the low energy, low 
temperature expansion such that | E - e FI < T where for R * 0 the formula (see eg. 
Morel and Nozlères |MN 62]) 

*"îSr[<*-*> , + *,*1 (3.44) 

holds. Note, however, that this formula is not valid in the nuclear surface since the 
limits h -» 0 (local density approximation) and \B - IF |-» 0 are not interchangeable. 
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Fig. 3.19: The mean free path at nuclear density vs. energy 
for various temperatures. The dashed lines 
Indicate iE - e Fl = T. (From (BHH 851) 



Concluding this chapter we have seen how Thomas-Fermi theory Judiciously 
applied to the evaluation of the optical potential In the doorway approximation (2p-lh. 
2h-lp) can reveal very Interesting and quantitative results of its average behavior. In 
view of the latter statement we have found that incoherent nucleon-nucleon scattering 
makes up already the main part to the volume integrated imaginary part of the optical 
potential when a p-h screened vertex is being used. We thus see that for the average of 
W collective modes enter only In a very Indirect way. Further discussion on this point 
will be given In Chap. 5. 

4. THE UNBAR RESPONSE FUNCTION IN SEHICLASSICAL APPROXIMATIOlf 

In this chapter we want to develop a semlclasslcal theory for the linear response 
function using techniques which are quite in the same spirit as the ones of the 
preceding chapters. The field of application will be Inleastlc scattering of electrons 
and hadrons on nuclei at not too low momentum transfers. Lateron we will discuss the 
precise domain of momentum transfers q but typical values are O.J, 'TV 1 < <j < 2.5 fnr1. 
In principle, there is no upper limit however, since we want to stay 'n the classical 
domain of nuclear physics the q-values should not be greater than - 3 fm• 1. Our theory 
for the response function will be essentially equivalent to the local density 
approximation. However, we will put this theory on quite systematic grounds, testing 
its validity and giving a novel Interpretation of its meaning. 

In order to avoid some misunderstanding from the outset we would like to 
emphasize that the LOA of the response function Is based on a semlclasslcal theory 
quite different from the usual, long wave length limit (ft -» 0) of the time dependent 
Hartree-Fock fTDHF) equation ln£» IH.pl (see e.g. [RS 80D: 

/ (R ,p , . ) + £ v / - V * ' ( I M ) | £ = 0 . (4.1). 

This equation, called the Vlasov equation. Is InJ ;ed only valid if the spatial variations 
in R are slow. I.e. If the corresponding q-values are small. The linearised version of 
(4.1) has recently been studied quite extensively for finite nuclei by Brink et co
workers IBDD86I and good agreement with fully quantal results for the giant 
resonance regime has been achieved. 

http://IH.pl


Contrary to the spirit of (4.1) we are here Interested In an approximation which 
becomes the better the higher the q-values are: however even for quite low q-values 
(q - 0.5 fm *•) we will be able to give a sensible interpretation of our results as a 
precise average (to be defined later) of the quantal theory. As paradoxical as it may 
seem, this Is achieved in further approximating (4.1) going towards the Thomas-Fermi 
limit As we have seen in eq. (2.1) in this limit all gradients of the potential are 
neglected. As we will show in Chap. 6. eq. (4.1) Is solved by classical trajectories which 
still Involve the potential gradients to all orders. Neglecting these gradients. I.e. going 
over to straight line trajectories leads us to the local density approximation for the 
response function. 

4.1 The Non-interacting Response 

In order to study the non-interacting response. I.e. the one where the nucléons 
move independently In a (external or self-consistent) mean field we Introduce the free 
p-h propagator. In operator form U Is given by 

G>" ~ a-Hl + kt + in ' ( 4 , 2 ) 

where it is understood that Hi. Hi act on coordinates 1 and 2, respectively, when we 
write (we omit spin Isospln indices here and In the following): 

(r l r 2 |C^|r ir;)=G» l l - (r 1 r 2 > r' 1 ri) . 

We now make a double Wigner transform In the pairs of coordinates (ri, r'i) and 
(T2> ''2) leading to the phase space variables (Ri, pi) and (R2. P2) respectively. Passing 
to the r) -» 0 limit we have to replace the Hamiltonlans Hi by their classical 
counterparts (see Chap. 2) H f c and we then obtain In the Thomas-Fermi limit: 

Ppk (RlPl.B-îPs) = ; „ . „ _, . ' • (4.3) 

Having the p-h propagator at hand we Introduce the (free) linear response with 
respect to a one-body excitation operator 0: 



*° "(rirj) = / d V . d ^ <3*f (ni*, ririJO (r'.r-,) ( 4 . 4 ) 

and the so-called polarisation propagator 

n°(u,) = / d V 3 r 2 < y ( r , r 2 ) A * "(r,r,). (4.5) 

Mostly we will have to deal with an excitation operator of the form 

0{r,t') = i(r-r')ei^, (4.6) 

whIrH describes for example a (virtual) photon. With (4.6) we can calculate (4.5) In the 
TF-llmlt. One way to do that is to transform (4.3) back into coordinate space by an 
inverse Wigner transform and then use (4.4) - (4.6). The result is (For the Imaginary 
part this was shown for the first time by Rosenfelder (Ro 80]): 

HOT , d'fld'p 6 ({ F-ffe(R, p-q/2)) - 8 (< F-ff.(R, p+q/2)) 
V»'W-)falW w - f f c ( R , p + q / 2 ) + fl-c(R,p-q/2) + »,7

 [*-7> 

For the Wigner transform of (4.4) we obtain in the TF limit, following the same 
procedure as before and neglecting systematically all gradients of the (local) single-
particle potential: 

^ T F ( R , p , q ) _ e ( t F -V(R) - (p -q /2 )V2»n) -e ( t F -V(R) - (p+q /2 )V2rn) ^ 
w - pq/m + iri 

(4.8) 

We Immediately see that (4.8) Is consistent with (4.7) since 

nV,q) = WB?) = / £ ^ £ O-fR,^ TF(R,P,q) 

and with 0* (R.q) » e • l 1 R we get (4.7). With (4.8) we can confirm our earlier statement 
that the TF limit of the response function consists In further approximating the Vlasov 
equation (4.1). For an external mean field (as considered here) plus an excitation 
operator we have to replace in (4.1) V** by V+ 8 and then obtain to linear order in 8 
(with/«Jb+./i) 



À[R,P,t) + £v/ , - VV^l = V0 . g • (4.9) 
m op ap 

In agreement with TF theory we now neglect the VV term in (4.9) and Fourier 
transform with respect to R and t (ignoring, however, the R-dependence hidden In fa 
via V{R\ since It Is to be considered as a constant) we obtain 

/,(R,W>q,p) = S-A • 2ml , 
u — PQ/W» + *i 

(4.10) 

which is identical with (4.8) in the long wave length limit Iq -> 0). Keeping the full 
commutator on the rhs. of (4.9) yields a result identical with (4.8) for all q-values. We 
therefore arrive at the surprising conclusion that two expressions for the linear 

response namely (4.8) and (4.9) which both have been obtained from the ft -» 0 limit 
of a quantal expression (the former from (4.2) and the latter from the linearised TDHF 
equation) are not identical and that In (4.9) a further approximation has to be 
introduced to obtain agreement between both expressions. This apparent paradox Is 
the same as the fact that TF and WÏC3 theory do not give the same result (for example 
for the static nuclear density) though both are obtained from the h ~* 0 limit of the 
quantal theory. Bq. (4.9) is analogous to WKB theory since It Is exact for the harmonic 
oscillator and both Involve the complete classical paths. The relation between Thomas-
Fermi and WKB • theory has been discussed by Voros (Vo 83). Of course, the solution of 
(4.9) Is richer than (4.8) the former allowing for the description of individual states 
[BDD 86] whereas the latter only yields their average as we will demonstrate now. 
Equation (4.8), on the other hand, is considerably less complicated. 

In Fig. 4.1 we show the quantity 

s°(w,q) = - - imnVq) 

- / 
d'tfd ff (w - Hc{îi,p + q/2) + HC{R,p - q/2)) 
(2**r 

xe(=v - ffc(R,p-q/2))8(ff{(R,p + q/2) - t r ) , (4-U) 

which is called the (nuclear) structure function. Using a Wood-Saxon single-particle 
potential £P has been calculated both quantum mechanically (Gl 85] and using (4.7) for 
two different q-values. We see very clearly that the TF result smoothly passes through 
the average where individual resonances (bound states) are present: for higher q-
values the major part of the strength distribution lies in the continuum where TF and 
quantal results are In very close agreement. Nevertheless, on the high energy end TF 
shows a certain deficiency in terminating at a definite energy. This is reminiscent of 
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Fig. 4.1: Comparison of the exact quantum calculation for 
the structure function (full Une) using a Woods-
Saxon potential [Gl 85] with the Thomas-Fermi 
result (crosses). For better representation the 
quantal results have been averaged with a 
Lorentzian of 3 MeV width. (From (SHS 851) 

the classical turning point problem of usual TF theory for the density (see e.g. (RS 801). 
The expression (4.11) can largely be evaluated analytically and we obtain 

2m fi
sR 

0 < * F 2 ( R ) < C ! 

5" T F (u, ,q) = ^ / ^ e ( £ F - V ( R ) ) V ( R ) - e ! - d<A*»(R)<«» . (4.12.) 
l 4 - e ! <~<*f S (R)<oo 

For completeness and for later use we also give this expression for the case of finite 
temperature (see also (BHH 85|) 

w - 2 r i o g

c o s h t ^ 

The corresponding real part Is: 

cosh 

l - e - 7 r 
imJ_ (4.126) 

R'n>>* = - ^ / ^ ^ « { ( l ^ ï - d ^ l g ^ ; 2 m ; 

V(R)(c_ - ct) - 2*r(R)(e

J. - 4)} , 10. 

T (4.12c) 



where 

2m 
MR) = \jp-( fF-^(R)) (4.13) 

Is the local Fermi momentum and 

mu , q 
f Z 

(4.14) 

The function (4.12a) Is called the Lindhard function (LI 541 frequently used in solid 
state physics. 

From Fig. 4.1 one might get the Impression that for lower q-values the TF 
expression (4.12) looses Its utility because it makes little sense to define an average if 
only a few states are present. Several observations, however, can be made concerning 
this statement. First the few quantal states present In Fig. 4.1 for q » I fin-1 are split 
into several ones in a more realistic case due to the spin orbit interaction. Secondly, 
and more importantly, one should notice that the total widths of the distributions in 
Fig. 4.1 stay practically constant with the size of the nucleus (because It Is essentially 
determined by the Fermi motion, EF being roughly the same for all nuclei). However, 
the number of states which can be accomodated In the same energy interval Increases 
strongly with mass number. This is demonstrated in Fig. 4.2 for the case of a spherical 
harmonic oscillator well where we show the semlclassical distribution for q = 1 fm-> 
for a nucleus with A » 224 and A a 16 particles (see also [Sh 62, St 861). 
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Fig. 4.2: Nuclear structure functions at q * 1.0 fin'1 for A - 224 and A = 16 
nucléons In a harmonic well. Vertical lines: exact quantum; continuous 
line: Thomas-Fermi approximation. (From (Ja 88]) 

The heights of the vertical lines have been adjusted such that multiplication with 
2 naio yields the total strength of the S peaks. This Is conform with what we found in 
Chap. 2 where we have seen that the p-h level density can be expressed as a 



convolution of two single-particle level densities. In order to obtain the average, each 
of them has to be smoothed with a width y> hao so that the p-h spectrum becomes 
smoothed implicitly with a width r > 2non>. In passing, we see in Fig. 4.2 again the 
good agreement of averaged quantal and semlclaaslcal results. In Fig. 4.3 the same 
situation but for q « 0.6 fin-i Is shown. We see that the situation Is still acceptable for 

S 10 15 20 25 30 35 40 45 50 55 
E(MeV) 

5 10 IS 20 25 iO 35 40 45 SO 55 
E(MeV) 

Fig. 4.3s Same as Fig. 4.2 but for q m 0.6 fin'1. (From [Ja 881) 

the A » 224 case but for the A = 16 case the TF limit does not allow for a well defined 
average any more. As a matter of fact for a harmonic oscillator the R-integrai in (4.11) 
can be done analytically [St 861 and then the width Ts of the distribution at half height 
can be determined as a function of q and o»o (as a side remark we would like to 
mention that the maximum lies exactly at B = q 2 /2m for all q-values in this model). If 
we assume that live Is a reasonable value for the number of states to be contained In Tg 
In order that the semiclasslcal theory makes sense we obtain as a boundary of validity 
In the q-A plane the line shown in Fig. 4.4. 

JJCq.A) > 5 t.». 

k, - t.47fnr' 

i:2 1.4 1.6 
q(fm-«) 

Fig. 4.4: Region where r s > the width at half height of 
S(E.q). is larger than 5tio>0. This roughly 
corresponds to the domain «.-here the Thomas-
Fermi approximation is valid. Prom (Ja 68|) 



We should keep in mind, however, that for realistic nuclei the boundary shown In Fig. 
4.4 might be too pessimistic (because of spin orbit etc). 

Before leaving this section we still would like to address to a couple of interesting 
questions. The first one concerns the ^-dependence. If we take out the R-Integral In 
(4-12) we can define a local structure function 

For a harmonic oscillator potential R2 SP TF(R,<ftq) is shown as a function of R for 
q • 1.5 fa-'. We show the Strutlnsky smoothed quanta! case together with the 
senuclasslcal result of (4.12). We see that the latter nicely yields the average of the 

Fig. 4.5: Strutlnsky averaged local structure function in comparison with the 
Thomas-Fermi result and the density (dotted line: Thomas-Fermi 
result full Une: Sbutinsky averaged calculation). 

exact case. Only the drop off in the surface seems too steep. If we go to lower E-values 
In Fig. 4.5 the peak shifts outward and it is the further out the lower q and E are. This 
reflects the fact that for the response at low q and B only states around the Fermi 
energy (see eq. (4.10)) which have mostly high t-values contribute. Our Thomas-Fermi 
approach follows this trend and It is gratifying that such subtleties are reproduced by 
the semlclasslcal theory. 

The second point we want to discuss concerns the Importance of ft- corrections 
to the TF theory. These can be worked out using the metbod outlined at the end of 
Chap. 2. (It Is, however, preferable to work first at finite temperature as In (4.12b) and 
then pass to the ft -* 0 limit.) Corrections of order * * I* the structure function were 
evaluated by Chanfray and Schuck (CS 88|. Not surprisingly it turns out that they are 
more important for light nuclei than for heavy ones. In Fig. (4.6) we show one of the 
most unfavorable cases possible, the , 2 C - nucleus. We see that there Indeed the ft -
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Flg. 4.6: Nuclear structure function for 1 2 C at 
q « 2.15 fm' x. The dotted line cor
responds to the Thomas-Fermi limit 
whereas the broken line includes 
ft2-correctlons. (From [CS 88]) 

corrections are not completely negligible. However, for heavier nuclei their 
importance decreases rapidly. On the other hand, if the response Is «cited by 
inelastic nucléon scattering (see below) only the surface region counts and then h-
corrections may have a certain Influence independent of the size of the nucleus. As a 
result we can say that ^-corrections are only of minor importance for the average of 
the free response and unless we are Interested In very fine details we can safely 
neglect them. For the sake of completeness we have to mention that the broken curve 
in Fig. 4.6. If continued, passes through zero and In fact diverges at the point where 
the Thomas-Fermi curve ends. This Is very similar to the divergencies In the density 
which come from the ft-correctlons (see e.g. (RS 80. Sen 851). Partial resummatlon of 
the h -expansion can cure this failure {RS 80). We win shortly come back to the t>-
corrections In discussing the Interacting response. 

4.2 The Interacting Response 

The free response of the last section is, of course, only the lowest order 
approximation. Particle-hole rescatterlng can yield an Important reshaping of the 
strength distribution. We therefore want to consider the response in RPA 
approximation (see CJ{. 1RS 801). In propagator form this is equivalent to the following 
Bethe-Salpeter equation 

+ /d sr sd 3r,d sridV;G« l l''(r,r„r 3r«)l>(r sr4,riri)C^ I l{riri,r' 1ri), (4.15) 



where G 0p B is defined In eq. (4.2) and Ô343'4' fc * e anUsymmetrtsed matrix element of 
the p-h Interaction (for convenience we disregarded again spin and isospin indices). 
The corresponding polarisation propagator is obtained In analogy to eqs. (4.3 - 4.S). We 
now want to treat (4.15) to lowest order In tt. To that end let us lor the Urne being 
neglect the exchange term of the force; we then obtain for (4.15) in using for the 
purpose of demonstration a translattonal Invariant spin and isospin independent force: 

n- k(r,r') = n|!k"(r,r') + / d V r l n ^ ( r 1 r 1 W r I - r ; ) n y r ' 1 , r ' ) 

IWr.r*) = Cpkfrr.p'r'). (4.16) 

Effectively. (4.16) is now a one-body equation. We can take the Wigner transform 
and to lowest order in ft. where operator products go over into c - number products 
(see eq. (2.14)) we obtain from (4.16) (St 86|: 

n t F ( R , W , q ) = n 0 T F ( R , W , q ) + n f l T F ( R | W , q > ( q ) n T F ( R , * , q ) 

n D T F (R,^,g) 

~ l - t ; ( q ) ^ ° T F ( R ) w , q ) • 

The polarisation propagator is then obtained as 

n T F (w,q) = / d s f i n T F ( R , w , « ) . (4.18) 

Inspection of (4.17) shows that It Is In fact Identical to the polarisation propagator 
of nuclear matter where the Fermi momentum has been replaced by the local one of 
eq. (4.1^. We therefore arrive at the result that even for the interacting response in 
ring approximation. I.e. neglecting exchange, the LDA corresponds to the r> » 0 limit 
of the quanta! theory. Again, we have to study carefully the validity and the meaning of 
this approximation. Let us consider a model case (CS 881 and take an attractive S -
Interaction of realistic strength. For the mean field we take a local Woods-Saxon 
potential. The best we can hope from our formulas (4.17. 4.18) Is that they yield again 
the precise average of the quanta! result Full quantal RFA calculations at finite q-value 
are extremely tedious to obtain. Fortunately, we are In a more favorable situation. We 
already have shown that the ingredient IP> to (4.16) as calculated from TF 
approximation very accurately represents the quantal average; we therefore transform 
/TOTFJR.q) figuring in (4.17) Into r, r* coordinates by Inverse Wigner transformation 
and use this without further approximation In a numerical solution of (4.16). The part 
which has not been Investigated for our interacting TF • theory can now be tested: how 

(4.17) 



accurate Is the replacement of the integral equation 14.16) by the local momentum 
approximation (4.17I? 

Fig. 4.7: Mean field and RPA responses for 4 0 Ca at momentum transfers q = 
427.3 MeV/c (Fig. 4.7a). q • 201.6 MeV/c (Pig. 4.7b). and 
112.4 MeV/c (Fig. 4.7c) vs. transferred energy m. The dashed line Is 
the Thomas-Fermi mean-field result. The open circles represent the 
same result but obtained after expansion In partial waves and 
summation (J.Delorme, private communication]. The dot-dashed Une 
is the Thomas-Fermi RPA response and the full line refers to the (A0 

+ ft3) RPA response. Ignoring ^-corrections coming from the mean 
field response. These curves have to be compared with the exact RPA 
result (full circles |J-Delorme|) where the Thomas-Fermi mean field 
propagator (expanded In partial waves) Is used as an Input. The 
residual .Interaction Is an attractive contact force of strength 
V0 m -118 MeV fin3. (From (CS 881) 

In Fig. 4.7 we show a comparison of the structure function corresponding to a full 
solution of (4.16) represented by the dots with the local momentum approximation 
(dashed dotted line: again both cases have the same input no TF). We see that the 
agreement is surprisingly close down to momentum transfers of q « 0.5 fin-1. Also 
shown Is the Crée response and we see that the residual interaction dramatically 
reshapes the response which lies on the result obtained with the approximation 



(4.17). Also shown In the figure is the result including ti1 - corrections to which we 
will come In a moment. But for the lowest q-values these improve the lowest order 
result Just so much as to make the agreement with the full calculation (given by the 
dots) almost perfect. Notice the resonance like structure at low energy for the lower 
q-values. One could say that this is a sharp state Imbedded in the p-h - continuum 
which then gives a width to this state. In the infinite matter case such a phenomenon 
Is called Landau damping. It has also been considered by Esbensen and Bertsch (EB 84] 
in then- theory for the surface response. Let us interpret the meaning of our 
interacting response In the case of finite nuclei. The resonance structure yields the 
average over the low lying and high lying (giant resonance) collective states. Since the 
region of collective states spans about an interval of 2na>o our Implicit smoothing 
width In the semlclassical approximation (see Chap. 2 and Sect 4.1) Is Just right to 
lump these states together into one single resonance. We could do this also with the 
experimental spectrum In applying a resolution of A E - 2hwo and then a realistic 
semiclasslcal theory should be in agreement with experiment. We will come to that In 
a little while. Before, let us comment on the Inclusion of r ) 2 - corrections to the 
interacting case (CS 881. The triple operator product on the rhs. of eq. (4.16) allows 
with (2.14) for a straightforward ft -expansion. Remembering that also 
f7Ph(r.r') » ao(r.r') + ti2 at (r,r') contains ^-corrections we can solve (4.16) up to 
terms of order ft2 involved only In the triple operator product (we here want to study 
exclusively these terms since the ^-corrections to IP have already been investigated: 
we thus keep IP to lowest order in ft). The solution yields the full line In Fig. 4.7 (CS 
88|. It Is surprising and at the same time satisfying to see how quickly and accurately 
the h - expansion converges to the full result. 

4.3 The Longitudinal Charge Response In the 9nasl-elastlc Peak Region: the Milling 
Charge Problem. 

Having gained some confidence and understanding In our semlclassical method 
for the nuclear response function we proceed to a first application of our theory. This 
concerns the charge response In inelastic electron scattering (e.e') from nuclei which 
can be separated from the total cross section using the so-called Rosenbluth plot 
|Ro 50|. The excitation operator 0 for the charge response Is give-- y 

0( r , r ' ) = 6{T - r ' j i i ^ e ' ' " ' • (4.19) 

We therefore will have to consider simultaneously the S = 0. T = 0 and S = 0. T = 1 
channels. We again, as In Chap. 3. want to use the Gogny force to obtain the residual p-
h Interaction from a second derivation of the ground state energy with respect to the 
density matrix (3.12). Before being able to do that we have to solve a number of further 
technical details. The Gogny force being of finite range we have to take care of the 
exchange term of the antlsymmetrlsed p-h interaction. Unfortunately with exchange 
even In nuclear matter the Bethe-Salpeter equation (4.15) becomes already a non-



trivial integral equation. For the momentum transfers q > 1 far1 we consider here, the 
reshaping of the free response due to p-h «scattering barely exceeds 30%. On the 
other hand, we have seen that our TF theory for the response Is equivalent to an 
Infinite matter calculation passing to a finite nucleus with the local momentum or LDA 
approximation. We therefore treat the exchange on the level of nuclear matter 
applying LMA or LDA later on. For nuclear matter the polarisation propagator formally 
can always be written as ISch 721 

n " m (u/,g) = J _ m { t t f j , ) n o ' . . » . ( „ , , ) fT ( ! " f ) , »• (4-20) 

The unknown function is now m(et-.q). In RPA neglecting exchange (the ring 
approximation) m(w,q) = u(q) and (4.20) is exact. With exchange evaluating m(<».q) to 
lowest order in the p-h • Interaction (4.20) becomes an approximation to RPA which. 
however, has the advantage that direct and exchange terms are treated on an equal 
footing: this Is Important since they are of the same order of magnitude. Formally 
(4.20) then consists in the first step of a continued fraction expansion of /7 with 

TO"V,,) = »,»(**,«,«). (4.21) 

In (4.17. 4.18). we now replace viq) by Ueff and. as before, fcp by kpIR) which, together 
with the Gogny force, sets the frame of our theory. It is to be emphasised that also the 
non-local mean field corresponding to the Gogny force (3.13) has to be used 
consistently. No effective mass approximation can be employed since at higher q-
values It looses Its validity. The final quantity to be compared with experimental data 
includes the nucléon form factor derived from the Darwin-Foldy term [Fo 691 to 
partially account for relatlvistlc effects (see the dlscusion In |St 86]): 

1 + — 
KL(W,Y) = -/*(«*) *£ '^Im ( J l * * " ! » , , ) + n * * 1 ^ » , , ) ) . (4.22) 

l + Ji.4* 

The function Jlqx) « (1 + qx 2 / (842 MeV) 2)- 2 Is the nucléon form factor and 
qx * q 2 - a# is the four momentum transfer. 'The 'eal and imaginary parts of /7° are 
calculated from eqs. (4.12). 

We are now ready for comparison with experiment and as a first example we 
choose the nucleus 1 2 C for a series of momentum transfers 1 fin*1 < q < 2 fnr 1. These 
results together with the experimental points are displayed in Fig. 4.8 where we see 
besides the Individual T « 0 and T » 1 responses (broken line) also the response 
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Fig. 4.8: Nuclear response function (times Am^/in) In RPA approximation using the 
Gogny force with full antlsymmetrisation in the mean field and residual 
interaction. The mean field response and the interacting T = 0 and T = 1 
responses are also shown. Notice the change of scales while q Is changing. 
(From [SHS 87|) 

RJP calculated without the residual Interaction ifeir including, however, the non-local 
Hartree-Fock potential (SHS 87|. 

A first look at Figs 4.8 shows that in view of the fact that our theory contains no 
adjustable parameter the agreement with experiment globally is very satisfying. The 
effect of the p-h residual Interaction is to quench and to broaden the free response 
by - 25% what Justifies a posteriori the perturbattve treatment of exchange. An 
interesting feature can be seen for the two lower momenta: the Isoscalar part gains 



collectivity at low energies; this Is clearly apparent both theoretically and 
experimentally and it Is due to the strong attraction in the surface of the f 0 0 Landau 
parameter (see Fig. 3.7). Qualitatively this collectivity at low momentum transfers can 
already be seen In our schematic force model of the preceding section. Unfortunately, 
(e.e) experiments are difficult for low q. low B values so that the experimental points 
are scarce in this region. Nevertheless, the tendency is clearly visible In Pig. 4.8. On 
the other hand, our approximation (4.21) probably deteriorates at low q-values, the 
influence of the residual force getting more Important. Seml-quantltatlvely our results 
at low q, low E. however, should still be valid. 

It should also be mentioned that the calculation was done to lowest order In h 
and that ^-corrections may have a certain Influence for such a light nucleus as 1 2 C. In 
looking at Fig. 4.6 we can guess fiat the theoretical values at maximum will be 
Increased by roughly 1096 due to quantum effects. This seems to be In conflict with 
experiment but we should keep in mind that 2p-2h states will further quench the 
result as we will discuss later on. Similar results as the ones shown In Fig. 4.8 have 
been obtain by [BD 87. CDF 841. 

We now come to the heavier elements and we choose to present <°Ca and 5 6 Fe . 
Unfortunately experimental momentum transfers start only at q • 1.52 fm -1 so that 
we display In Fig. 4.9 in parallel the charge responses for +°Ca and S 6 F e for three 
momentum transfers between 1.5 fm-i < q < 2 fin -1. A dramatic effect can be seen 
immediately: with exactly the same theory as in the l î C case our results are much 
worse for the two heavier nuclei. Thus a strongly mass dependent effect apparently is 
missing in our theory. This missing charge problem led to the speculation (In 
conjunction with the EMC effect) that the nucléon size could Increase In nuclei going 
from light to heavy ones (No 81, Sh 85. ACE 871. 

If this were really the case it would of course be an exciting feature. However 
before drawing premature conclusions we should be aware of the fact that our theory 
presented so far lacks further Important ingredients. For Instance, the coupling to 
higher configurations such as 2p-2h states may yield an additional quenching. We will 
deal with such problems In the next chapter. 

Let us also mention that the transverse response (excitation operator 
i i 3 cxq exp(lqr) which can be simultaneously measur'J with the charge response with 
the help of the aforementioned Rosenbluth plot presents Its own specific and 
interesting problems to which we contributed recently taking advantage of our theory 
[SHS 85, St 87|. Because of space limitations we do not go into any of these details 
here but ask. the interested reader to consult the original literature. In this respect we 
also would like to draw attention to a recent work of Chanfray (Ch 87) who used the 
semtclassical formalism Including ^-correction's to account for the différencies which 
are to be expected in the spin-transverse and In the spin-longitudinal responses 
(excitation operator t 3 c»q exp(lqr)). The Interesting physics contained in the 
comparison of these two responses has been widely discussed by Albeiico. Erlcson and 
Mollnari |AEM 80. AEH 82, AEM 84] quite some while ago. 
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Fig. 4.9: Same as Fig. 4.8 but for the nuclei ^Ca and S B Fe. (From [SHS 87. J a 881) 



5. INTERDEPENDENCE OF DYNAMIC MEAN FIELD AND COLLECTIVE RESPONSE. 

5.1 The Influence of 2p-2h States on the Response 

In Chap. 3 we have seen that the nuclear mean field not only consists of a statin 
energy independent part as used in the free response of the preceding chapter but 
also of an energy dependent dispersive part and. in addition and most Importantly, of 
an imaginary part. The latter represents the life time or the width of the single-
particle states and it is clear that this will give a further broadening of the quasi-elastic 
peak and thus results in a quenching of the peak height- Since we have constructed 
the imaginary part of the optical potential out of 2p-lh states It becomes obvious that 
including this into the particle and hole states contained in the free response will 
contribute to 2p-2h intermediate states of the response function. However, these are 
not all 2p-2h states entering the response function as can be seen In Pig. 5.1 where In 

Fig. 5.1: 2p-2h Intermediate states 
contributing to the linear 
response function. 

addition to the renormallsatlon of the single-particle (hole) motion we have also a 
contribution to the p-h Interaction. In fact at very low momentum transfers the latter 
tends to cancel the first one in the isoscalar channel (the cancellation is complete for 
the monopole case as q -* 0 [AIH 831) but at intermediate q - values we want to 
consider here, the contributions coming from the optical potential alone can already 
give the gross trend of the Influence of 2p-2h states (DCW 87. DKS 86J. The evaluation 
of the exchange bubble In Fig. 5.1 Is much more complicated and that is the reason 
why we have not Included it so far. 

Renormalising the single-particle energies of the free p-h response by the mass 
operator discussed In Chap. 3 we obtain In semiclasslcal approximation: 



n O f R u a l - / J i _ [ *TF(P + q)j>Tf(p) 
1 ' 'q> - * (2*ft)J [u - tfp+, + HP- MX? + A C , P + < " 

P T F ( p ) ? T F ( p + q) p"(PJ<i T F(p + q) 
w + JTP - ffP+, + Aip" + , p + q > - A ^ ; i p l J ' l ' ' 

where we used the following abréviation 

<i/+(p) = u + Hp + »i? 

w_ (p) = ffp - w + »>j. (5.2) 

H p = H(R.p) Is the Wlgner transform of the Hartree-Fock Hamlltonlan and Mp<° = 
ftf»(R.p) Is the Wigner transform of the mass operator for particles or holes 
corresponding to the self-energy insertions of Fig. 5.1 Neglecting M«(K.p) In (S.l) we 
come back to the expression used in Chap. 4. The real part of M In (S.l) mainly 
induces a slight shift of the quasi-elastic peak position whereas Its imaginary part 
introduces a spreading which we are interested in. We therefore neglect Re M in (5.1) 
and retain only Im M which has been obtained in Chap. 3. The fF> thus obtained we 
insert into (4.20, 4.21) and calculate the structure function. In Fig. 5.2 we show four 
representative cases. Let us first comment on 1 2 C. It may seem that Inclusion of 2p-2h 
states deteriorates the agreement with' experiment in the peak region. 
Remember, however, that lowest order TF underestimates the peak height (see 
Fig. 4.6) and Inclusion of /«-corrections may well bring It up to close agreement with 
the data. However, we did not do this calculation so far. Similar results as ours for l 2 C 
have been obtained in ref. IDCW 87|. For all heavier nuclei n-corrections can be safely 
neglected and we see that 2p-2h corrections bring an Important improvement for the 
5 6 F e case reducing the difference between experiment and theory by more than a 
factor of two so that only a discrepancy of 15% remains. For the 4 0 Ca case there Is also 
an important Improvement but the data are so far away from our theory that even alter 
inclusion of 2p-2h states the missing charge problem persists. It is difficult to 
understand why *°Ca is worse than 5 6 F e . In general, however, we can say that the 
Inclusion of 2p-2h states shifts strength from the quasi-elastic peak region to higher 
energies and that In general this Improves agreement with the data. Nevertheless, an 
Important problem persists for «°Ca. A liner analysis comparing also the data of 
different groups IDWZ 661 indicates that the accuracy of the experiments may be 
partially responsible for the disagreement. In conclusion, the longitudinal charge 
response does not seem to be a completely settled subject neither on the theoretical 
side nor. may be, also on the experimental side. Nevertheless, we think that the 
present state of the investigations does not leave much room for an increased nucléon 
size In medium to heavy nuclei. Further more elaborate discussions are given in 
(JSH88). 
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Flg. 5.2: Influence of 2p-2h states on the nuclear response (times Am./An). Notice that 
for 1 2 C . ft2-coirccUons increase the response at maximum by » 8% (not 
shown). The importance of these corrections decreases however rapidly with 
increasing mass number. (From [Ja 88|) 

5.2 The Nuclear Surface Response 

In the case of (e.e'l scattering on 1 2 C response functions at two relatively low 
momentum transfers have been measured and we have seen in Fig. 4.8 how 
considerable strength of the response has been pulled by the residual interaction into 
the low energy region which is In fact the region of giant resonances and collective 
low lying states. This feature is particularly dominant in such a light nucleus as 1 2 C 
because, as we already mentioned, and as can be seen in Fig. 3.7. the Landau 
parameter F°° Is strongly peaked in the surface. The Landau parameters involve the 
q -» 0. limit of the p-h force but even at finite q-values this surface dominance of vcn of 
eq. (4.21) persists as we checked numerically from our calculation (St 86|. Going tc 
heavier nuclei the strong enhancement coming from the surface quickly dies out 
because the volume contribution takes over. Therefore, we show for different nuclei in 
Fig. S.3 the longitudinal charge response as calculated from eq. (4.17) with (4.211 and 
(5.1) for q m 1 fhi-». 
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Fig. 5.3: Nuclear responses at q • 1.0 fin"1 in 
HPA+2p-2h approximation (see text). Notice 
the peak for ' 2 C at low energies which 
disappears with increasing mass number. This 
reflects the diminishing Importance of the 
surface in heavier nuclei. (From (Ja 88D 

We see that the bulk very quickly becomes dominating and that the surface 
enhancement cannot be seen beyond 4 0 Ca. Unfortunately there does not exist any data 
so far to reveal this phenomenon. With the oncome of more exclusive experiments of 
the type (e.e'p) this situation may change. 

in fact, the more Interesting feature of Fig. 5.3 Is the enhancement at low 
energies for surface dominated small nuclei. On the other hand, changing the probe 
from electrons to protons we will always be sensitive to the surface only since the 
protons do not enter very far inside the nucleus. This feature has been clearly 
discussed by Esbensen and Bertsch |EB 84, EB 85. EB 86. BS 82| and It can be seen 
very nicely in Fig. S.4 where the latest (p.p'l experiments on 208pb are displayed. 
The heavier the nucleus the denser Is the spectrum of the collective states and the 
more we can also understand the whole region of collective states as one broad 
resonance: the surface mode. 

On the theoretical side we have to Introduce several new features with respect to 
the (e.e'l case. Firstly, the protons are moving in a complex optical potential 

t/(r) = V(r)-»W(r). (5.3) 

Since the protons have high energies (several hundreds of MeV) we can safely neglect 
the real part The proton wave functions VpW should be calculated from DWKB theory. 
However, again because of the high energies we may try to approximate them by their 
Elkonal expression (SHS 8S| 
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Ftt. 5.4: Differential cross sections for Inelastic proton scattering on Pb as 
a funcuon of transferred energy (290 and 400 MeV) for different 
angles. The experimental values are from ICSF 88]. The broken line 
corresponds to BPA plus 2p-2h. For the full line the residual p-h 
force has switched off (but 2p-2h contributions are kept). The 
following global renormallsatlon factors have been used (explanation 
see text): (a): 16: (b): 10: (c): 6.7; (d): 10: (e): 7: (fl: 5.8. (From 
Ua 88]) 



^ p (r) = exp lipz - | | / dz'U(x,y, J)[ (5.4) 

and for the same reason we can take the classical expression for the Imaginary part of 
the optical potential 

W{r) = \ , { r ) L a { B ) . 

Since the nucleon-nucleon force la short ranged the plane wave excitation operator 
goes over Into (SHS 85| 

e i W r ^Wr)W. (5-6) 

where we use (5.4) for the wave functions. However. (5.6) does not represent all of the 
excitation operator since the excitation has to be carried by a first nucleon-nucleon 
collision into the nucleus; this is depicted in Fig. 5.5. Since this process becomes 
squared finally there will appear the differential elastic nucleon-nucleon cross section 
In the one for the Inelastic (p.p1) process. Explicitely we have: 

ra-£/rt«Ms£ *"«••*<>• (5-7) 

Fig. 5.5: Schematic representation of 
Inelastic proton scattering with 
excitation of a collective p-h 
state. 

where ns.T|R,E.q) is the same response function as we used previously. I.e. it contains 
the 2p-2h states. For the cutoff factor c(R) we obtain (SHS 85]: 



c , / 2 («) = \ / dsexp {-« / ' iMt{j&[l-*) + *)\ • (5.8). 

For the elastic differential cross section 
rf ; we used the •Js.r same expression as 

|EB 84]. We easily convince ourselves that the factor (5.8). strongly suppresses 
contributions from the nuclear Interior and thus In (5.7) only the surface modes come 
into play. Of course the reaction part in (5.7) is only treated very crudely. Usually one 
believes that the Eikonai approximation becomes valid for nucléon energies 2 800 
MeV. Nevertheless, absolute values of CTOBS sections are difficult to obtain and we 
present In Fig. 5.6 data of inelastic proton scattering at 800 MeV together with the 
results from our surface response model. The theoretical curve has been globally 
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Fig. 5.6: Same as Fig. 5.4 but for e, a b = 13°. E p = 
800 MeV and a global renormalisation 
factor of 1.5. The experimental data are 
taken from ICh 80). (From (Ja 88|) 

increased by 50% which in view of what we said above may be considered as not too 
bad. In expression (5.8) we used a • 30 mb. The shape of our result agrees quite well 
with experiment The more recent and more accurate measurements shown in Fig. 5.4 
have been done at 290 and 400 MeV where, unfortunately, the Eikonai approximation 
probably is not valid any more. Nevertheless, we tentatively applied our theory to these 
cases (broken lines in Fig. 5.4). Apart from quite important renormalisatlon factors 
(see figure captions) we see that the marked trend with scattering angle of the shapes 
is very weU reproduced. Again, we would like to take up the idea by Esbensen and 
Bertsch |EB 84| and underline that the whole giant resonance region grossly can be 
viewed as one single broad resonance (the surface state) which, however. Is 
fractionated due to the small size of the nucleus. We also would like to mention that 



the Inclusion of 2p-2h states turns out to be essential In order to reproduce the high 
energy tails: otherwise our response function would drop off much too fast. For the 
future It remains to elaborate on the reaction part for instance at lower energies and 
on the inclusion of ^-corrections which may be quite Important for the surface 
response and which also may be partially responsible for the renormallsaUon factors 
IJCS 88). 
5.3. Influence of Collective Itetposae on the Mass Operator; Theoretical Considerations 

It is generally believed |BG 79. BNV 81. VB 76) that at low energies the collective 
response Is of dominating Influence on the surface behavior of the optical potential. 
Indeed this Is the case if we are Interested In the fine structure of the discrete part of 
iv (see Fig. 3.6), for example. Let us consider e.g. the stripping reaction 

2 0 8Pb(d,n) 2 0 9Bi*, where the captured proton excites the collective low lying 3" state of 
2 0 8 P b . Since the proton is in the h g / 2 state this leads to the famous setuplet In 2 0 9 B i 
|IRS 80). These states show up In the spectral representation of the mass operator as 
discrete spikes and the corresponding contribution to M is shown In Fig. 5.7 Let us 

~ 0 ~ - -
Fig. 5.7: Coupling of the collective p-h response into the 

mass operator. 

comment on some theoretical subtleties of this subject. In fact the detailed analytical 
expression corresponding to Fig. 5.7 is not so clear as it might seem at first sight. In 
order to Introduce the approximation of Fig. 5.7 we may start from the exact 
expression (3.1) and Introduce a factorisation analogous to (3.5): 

(OJT{(*>A)( (44^)^10) 

« (0|T {M,(4)r} |0><0|r {(4*),(4«*),} |0>. (5.9) 

Immediately we encounter one difficulty with (5.9): we could have chosen equally well 
the couple (44') to get factorised; this ambiguity is a consequence of the Pauli 
principle. A pertuibaUve analysis shows that (5.9) actually correctly sums the partial 
series of p-h «scatterings but unfortunately the lowest order result of (5.9) leads to a 
second order contribution of the mass operator which Is by a factor of two too large. It 
Is common use to correct for that (BG 79, BBB 83] In subtracting from (5.9) half of Its 
lowest order value. This Is graphically depicted In Fig. 5.8. However, we think that this 
Is not a very satisfying procedure. This stems from the fact that the imaginary part of 



Fig. 5.8: Subtraction of half the second order contribution 
in order to correct for overcounting this 
contribution in the collective part 

the expression shown in Fig. 5.8 is not per se a positive definite quantity. Actually as an 
exercise we calculated this expression for nuclear matter at various densities and 
found that Im M does become negative, clearly a result which makes no sense. We thus 
see that the quantal formulation corresponding to the approximation shown in Fig. 5.8 
has inherent inconsistencies which only can be resolved in taking account of higher 
order terms tSVR 73|. However, we here are Interested only In the average behavior of 
the mass operator and we want to advance arguments that for this quantity graphs of 
the type 5.7 are not relevant, all the contributions coming from Incoherent processes, 
where the vertices are screened by (collective) p-h insertions. 

Let us briefly Indicate our arguments IDS 88] which will be valid If we have no 
discrete pole In the mass operator. This is. however, the case for the average. The 
latter can be Imagined as being obtained from the limit A -> «, i.e. from a macroscopic 
droplet of nuclear matter where we extrapolate back to real nuclear sizes without 
reintroducing the shell structure effects. For macroscopic nuclei (or for the average) 
even the low lying part of the spectrum Is dense as we have discussed In Chap. 4 and 
therefore In this sense no pole appears in M. The Imaginary part of M involves the 
three-body correlation function K3 present In eq. (3.1) and graphically shown In Fig. 
3.1. We therefore have to calculate 

Im Rs = ~ & • (5.10) 

It can been shown (ES 69, SVR 73) that there exists an Integral equation for this 
three-body function. We write It symbolically as ! 

Ri = Rl + R°KRs \ 

= * j + *?3**? , (5.11) ) 

where K contains a sum of p-p and p-h interactions and R30 is the non-lnteractlng 
(antlsymmetrlsed) part of K3. The equation for the corresponding three-body T-matrix 
then reads 

Ts^K + KRln^K+KRsK. (5.12) ^ 



If we suppose K to be hermltean and real we have 

- r.^-aS*)^. (5.13) 

Replacing In (5.13) 7à by K Rj K we obtain the required relation 

R» - R\ = (1 + BiK) [Rt - R° '] ( l + KRl). (5.14) 

Therefore we can write symbolically for the imaginary part of the mass operator 

ImM = Imoiî,o = 2 î r « r < ( i S - A „ - ^ + ffA)rt (5.15) 

with 
T = v{l + RsK). 

In Eq. (5. IS) the -̂function represents the free 2p-lh intermediate states. The 
relation 15.15) can be interpreted as a generalised optical theorem, a special version of 
which has already been given In (3.19). We again have to emphasise that (5.15) 
disregards the appearance of discrete states outside the 2p-lh continuum. This is, 
however. In the spirit of our work where we replace the discrete spectrum by an 
average continuous distribution (see the treatment of the nuclear response in the 
preceding sections). The relation (5.15) Is graphically represented in Fig. 5.9 where 

1 M 1 

Fig. 5.9: Graphical representation of the generalised optical 
theorem for the mass operator. 

the vertical Une designates the Imaginary part corresponding to the cut through the 
configuration. For the three-particle propagator exists an Integral equation similar to 
the one of Faddeev, where the Integral kernel is expressed by the two-body T-matrices 
in the p-p ai>-*. p-h subchannels. These T-matrices can then be obtained from RPA 
calculations. The first terms of the series are schematically shown In Fig. 5.10. The 
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Fig. 5.10: First terms of the Faddeev series of R3. 

present formalism solves the above mentioned problem of how to include collective p-
h states into the mass operator if we disregard discrete states as we did throughout In 
this article. Expanding R3 in powers of collective phonons. expression (S.1S) stays 
positive definite and at the same time the Paull principle is fully preserved. For 
example to second order in the phonons (wlggly lines) we have the two contributions 
to Im M which are represented in Fig. 5.11. Having the response function within our 

Fig. 5.11: Vertex corrections due to collective p-h phonons. 

semictasslcal theory at hand, we could proceed to evaluate these contributions. 
However, as we indicated already ioove the p-h force derived from the Gogny 
Interaction Incoiporates already stun vertex corrections as shown In Fig. 5.11 through 
the rearrangement term In an approximate way. Nevertheless It would be Interesting 
to calculate such screening effects expllcltely and to add them to a G-matrix, a 
procedure which should be more quantitative then the one outlined in this article. 

This terminates our discussion about responses and collisions induced by single-
particles. The precise understanding of this is a prerequisite for the treatment of the 
more complex situation of heavy ion reactions where excitations and collisions are 
induced by multi-particle systems. We will turn to this subject in the next chapter. 



6. HBAVT 10» REACTIONS WITHIN THE LANDAU-VLASOV (VLASOV-BEHLINQ-
UHLENBECK) APPROACH AND THE EQUATION OF STATE 

Heavy Ion reactions usually push the nuclear system much further away from 
equilibrium than the processes we were considering earlier where we essentially 
stayed close to equilibrium and the quantities under consideration (mean free path, 
nuclear response, etc.) could be calculated using ground state distributions. Therefore 
we need a truely non-equilibrium theory. This theory Is supplied by the TDHF equation 
supplemented by a suitable two-body collision term similar to the one we have been 
considering for the Imaginary part of the optical potential. At the intermediate 
energies we will be interested in here It seems reasonable, in view of what we know 
from the preceding chapter, to go over to the semlclasslcal limit which is called the 
Landau-Vlasov (LV) or Vlasov-Uehllng-Uhlenbeck (VUU) equation. 

6.1 Elements of the Derivation of the Landau-Vlator-Equatlon 

The LVB can be derived by the non-equilibrium Green's function technique 
(KB 62| or from the BBGKY hierarchy [Bo 46. BG 46, Ki 46. Yv 351. Though the first 
formalism Is probably more powerful we will follow here the second line because it is 
easier to present, not necessitating all the machinery of many-body Green's function 
formalism. Our derivation will be similar to the one given recently by Casslng (Ca S7J 
though somewhat shorter in detail. 

Let us start from the equation of motion for the single-particle density matrix 
(3.3). 

ift fu,[t) = (0WI(4«i, JsrjhKO) (6-i) 

with | p(t)> the time dependent nuclear state and H the nuclear two-body Hamiltonlan 
(32). From (6.1) we obtain straightforwardly 

ih flv{t) - U+V'.A = \ £ (tuMiffii - «3I«MII) (e-z) 

with 

t^nw = PivPw ~ 0t*Ptv + 9avr (6.3) 



and 

&* = <T>WI«i«i«t«il*W>. ( 6- 4) 

Further, in (6.2) t Is the kinetic energy and VHF the Hartree-Fock potential 

Vff' = T,i>i2i-rP*2. (6.5) 

At this stage we do not want to rediscuss'the problem of replacing v In (6.5) by a 
suitable T-matrix as was done in Chap. 3 and as it Is also possible here. We will cone 
back briefly to this point later on. The function g<2> figuring on the rhs. of (6.2) Is the 
correlated part or the two-body density matrix (6.3). The equation of motion of this 
function reads 

ih g^iv = <tf(e)| [ai.aUi«ï, H] \1>W> - '*•£ {pivpvr - Pivtov) (6.6) 

The rhs. of (6.6) involves the three-body density matrix. We want to close the system 
of equations (6.2, 6.6) at this stage and approximate the three-body density matrix by 
its uncorrelated part, that is by the (antlsymmetrtsed) product of one-body density 
matrices (this clearly corresponds to the Born approximation of the two-body 
correlation). Then we obtain from (6.6) In posing hHF = t + VHF: 

, f t ^ - [ f e " r ( I ) + fcBr(2),9P'] 
mv 

= £ {pm*Pii'Ptr - PBPMOMW) 

- T. vuuPivPa'teh -(!*-* 2 ) 
MS 

+ E/'uftlfti-ejiW - (!' ** 2"). (6.7) 
m 

We now pass to the ft -» 0 limit of this équation (implicitly Wlgner transforming it in 
the variables 1.1' and 2.2* and neglecting exchange terms for brevity), 

#»C*.P..R*P»«) + 5iVl9l*> + ***m - V . V » ^ - V 2 V # 

= / 1 S{R,p,,R2P 2 )t), («•<) 



where fi 2 (RiPi.R 2 P 2 -t) stands for the Wlgner transform of the rhs. of (6.7). The 
approximation (6.8). however, does not yet lead to the Boltzmann or Uehllng-
Uhlenbeck collision integral. Some much more drastic approximations have to be 
made. The situation is very similar to the one In going from eq. (4.9) to eq. (4.10), i.e. 
we have to apply In a first step the Thomas-Fermi limit to eq. (6.8). This means that 
we have to treat systematically the potential as locally being a constant, that is we have 
to neglect all gradient terms of VH. in addition, we have to Inactivate the In
dependences contained In p in f12(Ripi.R2P2.t) of (6.7.8). Since p Is a functional of VH 
we are allowed to do that in very much the same way as we have dissociated the R-
dependence of Jb In (4.9) from the rest In order to arrive at (4.10). For the sake of 
simplicity we will now disregard all terms In (6.7) containing cubic powers in p. They 
are responsible for the Pauli blocking factors in the collision term: we leave it to the 
reader to treat them along the same lines as the remaining two terms In f 1 2 which will 
lead us to the classical Boltzmann collision term. Fourier transforming (6.8) with 
respect to Ri and R 2 then leads us to the following expression (see eq. (4.10) for 
comparison) Introducing the Green's function of the homogeneous equation 

9 ( 2 1(qiPi,q2Ps,B.,i)= / dt'e A \ "» m J /«(qiPuqsPs.R.O (6.9) 

with 

M l i P l i t P s ^ I M ) = (2irA)J«(qi + q 2)o(qi) 

x [/ ( R , P I - ^ ) / (* .PH?) - ' (*•»+?) ' (*•"*-?)]' ( 6 1 0 ) 

where i>(q) stands for the Fourier transform of the interaction. We restate again that 
(6.10) is a straightforward result if R is considered as an Inactive parameter in which 
case (6.10) Is the exact nuclear matter result locally at position R. We now make the 
change of variables 

q j = k i - k , , ; p, = ^ t ^ ; 1 = 1,2 

and Insert the result into the n -» 0 limit of (6.2). that Is into 

With 

/{R,p)t) + £v/-VV»|£ = /(R,p,0 . (6.11) 



/ ( R , p , 0 = - i h J d W r / * 1 ^ ^ 2 ' e-"-e""tR«/V'".-<R-'=»e" !""»'^ 

x [„ ( R + | - r 2 ) - v ( R - | - r 2 ) ] 9< ! !l(k.k i !k l.k 2.;R,i) 

we obtain 

/(R,p,<) = 4 f t / / / ^ ^ ! k / d ^ c o s ^ ^ ^ ^ j M ' ) ] 

x(2ffft)3«(p+k2--k,,-k20w(k2-kj.) [u(k2.-k2) - j « (k2-p) | 

x [/(R,k,. ) f)/(R,k 2 . ,f) - / (R,p , t ' ) / (R,k 2 ( t ' ) ] . (6.12) 

In eq. (6.12) we k—oduced a factor of four due to spin and lsospin degeneracy. The 
interaction is supposed to be a central, local and translationaliy invariant one; for other 
forces with spin lsospin exchange mixtures and density dependences the 
corresponding term in (6.12) is to be changed accordingly. Equation (6.12) has the 
structure of the classical Boltzmann collision Integral with gain and loss terms IBa 75, 
UF 63|. Keeping the cubic p terms in (6.7) leads to additional Paull blocking factors In 
(6.12) 

Ifvfv ~ /AI - f / i ' / r /a - Ih'hh], (6.13) 

where / i - stands for JW.kr.f), etc. With (6.13) the collision integral becomes of the 
Uehllng-Uhlenbeck form which Is suited for interacting Fermlon systems IUU 33|. 
Using a finite range force for the mean field (like the Gogny force), however, 
introduces an additional modification as one easily verifies in going back to eq. (6.8), 

J L t f + 4 - 4 - 4 ) - Z + V F ( a , p ) + | L + V p ( R i k 2 ) 

- H - K"(R.,M - H - V(R,kv), (6.14) 

where VF(R.P) Is the exchange (Fock) part of the mean field. For a realistic 
description of nuclear dynamics this term Is very Important since, as we discussed 
earlier (see Sect. 3.4), under certain approximations this le?.ds to an effective mass 
lighter than the nucléon mass. Here we want to keep, however, the full p-dependence 



of VlR.p) since at higher energies the effective mass approximation may not be valid 
any more; on the other hand, we see from Fig. 3.3 that for nuclecn energies around 
200 MeV the strength of the total mean field potential almost goes to zero which Is 
again an effect of the Fock-tenn. 

The Boltzmann and Uehling-Uhlenbeck collision terms are extensively discussed 
In the literature |Ba 75, UP 63] and here we do not want to give a detailed repetition of 
all the arguments. Let us therefore concentrate on the aspects concerning the 
semlclasslcal nature of (6.12) whose interpretation and Implication we have studied 
well in the preceding chapters. We have seen that the entire argument (besides the 
one of Its perturbative nature) of Its derivation was so far based on a Thomas-Fermi or 
local density like approximations. We know from our discussion In Chap. 2 and 4 that 
this approximation Implicitly involves a smoothing procedure which washes out the 
structure of individual states. As a consequence reversibility is lost. This can be clearly 
seen from our study on the response function in Chap. 4: the whole region of giant 
resonances In Thomas-Fermi approximation is represented by one single broad 
resonance. This Is clearly an Irreversible feature whereas had we kept the full Vlasov 
equation the system (as long as there Is no coupling to the continuum) would have 
stayed fully reversible allowing for a representation of the individual (sharp) states. On 
the other hand, one can ask the question whether the implicit smoothing which is 
introduced via the Thomas-Fermi approximation Is in fact not somewhat too strong In 
the context of finite nuclei. Let us, for example, imagine the small amplitude limit of 
(6.11) and (6.12). The collision term then describes the coupling of 2p-2h states to 
the p-h RPA. From the studies In Chap. 2 we know that the Thomas-Fermi 
approximation implies a smoothing width of - 4h«o„ for the 2p-2h Intermediate states. 
In view of the fact that the 2p-2h states are mostly only 1 t>o>0 apart this seems to 
Introduce an overdamplng. The way we actually resolve the Landau-Vlasov equation 
(see below) probably Implies a more realistic smoothing. However, for cases where the 
range of relevant 2p-2h states is much larger than 4hm0 (I.e. for high momentum 
transfers) this question Is not relevant. 

Furthermore, the collision term (6.12) is still not in its usual final form. In 
addition, we have to apply an argument (which Is also a semlclasslcal argument (Da 
841) that also all derivatives of/with respect to time can be neglected. We then can 
pull out the' distrlbuiton functions / from the Integral In (6.12) and extend the 
integration limit to + ••. This leads us to the final form of the collision integral. 

/(R,p;f) = 

2 • 4ft/// d * k l jy*(2irft)g {Blt+Hci-Hllc-HVt) \f,k?h-/fJv1r] 

x(2irft)3*(p + kj - kv - k?)u(k 2 - k2.) fo(kT - k 2) - -«(k* - p)l (6.15) 



where fffc corresponds to the different classical energies involved In the energy 
conservation. The neglect of all time derivatives certainly introduces additional 
smoothing which finally drives the system In an irreversible way to equilibrium (i.e. to 
a Ferml-DIrac distribution). Though we have a quite detailed knowledge from our 
previous studies about the kind of smoothing which Is Involved In neglecting all spatial 
derivatives we do not have similar investigations at hand for the time variable. Casslng 
[Ca 87], however, showed In a model calculation for Intermediate heavy Ion reactions 
that energy Is quite well conserved in the mean. 

Some further remarks are In order. First of all It Is well known [KB 62, Ba 75| that 
eq. (6.11) with (6.15) conserves particle number, total momentum and energy. 
Secondly. It should be realised that the restriction to perturbation theory easily can be 
dropped. Indeed, the collision term having similarity with the imaginary part of the 
optical potential, it can be shown |Da 84| that the bare Interactions figuring in (6.12) 
or (6.15) can be replaced by In-medium T-matrlces of the Brueckner or Galltskli-form. 
The proof of this is quite analogous to the one of the generalised optical theorem In 
Sect. 5.3. the only difference being that one has to deal with non-equilibrium instead 
of equilibrium^ Green's functions. Thirdly, one should notice the fact that (6.15) Is valid 
in the low density limit only because higher correlation functions containing higher 
powers in the density have been neglected. Thus, strongly compressed phases during 
heavy ions reactions may not be accurately described with (6.15) at temperatures 
where the Paull principle is Inactive (otherwise the Pauli principle will Just have the 
opposite effect namely to suppress multiple collisions). In a last fourth point we would 
like to mention that the approximation Involved In going from (6.12) to (6.15) usually 
is known under the name Markov approximator It Implies a loss of memory of the 
distribution function on the history of collisions since Its Urne evolution has been 
decoupled from the scattering events. For some specific questions this can have 
drastic consequences. For example If we wanted to calculate from (6.11) with (6.15) 
the spreading width of giant resonances at zero temperature we would not find any 
spreading at all (contrary to (6.12) where this is still perfectly possible). The reader 
may convince himself of this fact in linearising (6.11, 6.15) with respect to small 
deviations f\ from the ground state distribution Jo- The collision term (6.15) acts In 
this case as if the giant resonance were at zero energy where no phase space for two-
body collisions Is available (this is analogous to the imaginary part of the optical 
potential which vanishes at the Fermi energy). On the other hand, the temperature 
dependence of the spreading is fully accounted for by (6.15). Inspite of such failures In 
specific cases we think that the collision term (6.15) with bare Interactions replaced 
by In medium T-matrlces is quite valid for the description of heavy Ion reactions In the t, 
20 to 300 MeV per nucléon domain. This stems from the fact that In the initial phase j 
the relative velocity of the two nuclei. I.e. the separation of their corresponding Fermi ; 
spheres in phase space. Is the dominant feature for two-body collisions whereas in a 
later stage It will be the produced excitation energy in the combined system which 
will govern the collision rate. Both aspects should be described adequatly by the 
Uehllng-Uhlenbeck collision term. 

Setting up the equations and the theoretical frame Is one taste numerical solution 
another. In the next section we will describe how this problem can be handled. 



8.2 Numerical Method» and Further Theoretical Considerations 

The numerical solution of eq. (6.12) with (6.1S) represents a formidable 
numerical task. It Is a highly non-linear partial integro-differential equation In seven 
variables. 

Let us first discuss the solution of the Vlasov equation (4.1) alone, that is eq. 
(6.12) without the collision term, An Important observation is that this equation is 
solved by transportation of eacn phase space point on classical trajectories, i.e. 

/(R,p,t) = /d'tfdVrfflt- Rc(R',p',0)<(p-P«(»'.P'.O)/o(R'.P') (6-16) 

Here /o(R.p) is the initial distribution which should be a solution of the static Vlasov 
equation, i.e. 

/ 0 (R ,p) = e ( f F - f l c ( R , p ) ) 

H c ( R ' p ) = ^ + V " " r ( l l ' p ) ' < 6 - 1 7 ) 

Insertion of (6.16) into the Vlasov equation leads to 

m dp c 

Pc = - v T * " F ( R c , p c ) ( 6.18) 

with the initial conditions 

R c (R,p , ( = 0) = R; p c (R,p, t = 0) = p . 

However, with (6.16) little is gained unless we do some approximation. Some 
authors (see e.g. (BD 88, SG 86] and references In there) have chosen to discretise the 
Integral in (6.16) in keeping the 5-functions, a method which Is inspired from the 
cascade model [CL 86). This then resembles a gas of classical (pseudo-) particles 
moving on their trajectories. It leads to a discontinuous distribution (or corresponding 
density) which subsequently has to be smoothed for the calculation of e.g. a smooth HP 
potential. We have chosen a somewhat different approach and philosophy. From our 
studies of the phase space distribution function in Chap. 2 we know that an important 
Ingredient Is its finite fall-off width in phase space. So we should improve (6.17) in 
this respect. Semlclasslcally. this is done in (2.1) in adding' ft-corrections to the 
lowest order term. We here will persue a more heuristic method which, however, will 



have great advantages when we turn to the rtlfflcult problem of solving the dynamical 
equations. This consists in simply giving the «-function in (6.16) a finite width. If the 
width in R and p directions are judiciously chosen we can get quite a realistic smooth 
phase space distribution as one easily verifies In taking the (static) harmonic oscillator 
example of Fig. 2.1. With such a smoothed step function we can also check that 
another shortcoming of pure Thomas-Fermi theory, namely that it overblnds ground 
states of nuclei. Is cured (VI 861. Of course we will not evaluate the smoothed folding 
Integral (6.16) exactly but dlscretise 

/ ( R ) P , t ) = EA 3 5A 3 pe(£ F -<fr)H«p„)9(R-Ri t W,P-Pj«W) ( 6 - N 

with 

9(R-R.,W,P-P.,(0) = ^ ^ J ^ e - K W e - i T O ' (6.194) 

and 

(H)*..». = /d 'Mtyr . fR.PkfR-I t . cP-p . -c ) (6.19e) 

Unfortunately, for practical cases the discretisation (6.19) Is not trivial. In the general 
case the phase space has six dimensions and to cover each dimension unlfbrmely with 
Gausslans quickly becomes prohibitive for medium to heavy nuclei. A compromise 
must be found between the number of Gausslans and their widths and the positions 
must be chosen In an optimal way. In adequate coordinates the phase space is a sphere 
with a radius flxed by the Fermi energy. If we want to work with a prescribed number 
of Gausslans per nucléon it is conceivable to choose the radius of the six dimensional 
spheres corresponding to the Gaussian phase space packets (6.19b) In a closest 
packed way [Sa 88|. This eventually may minimise the numerical sampling noise. Other 
procedures of (hiding the Ideal positions and widths for a given number n of Gausslans 
per nucléon are conceivable. One may try to minimise the ground state energy with 
respect to phase space positions under the restriction p 2 = /> (to avoid collapse). The 
way which so far has been retained In all numerical applications is a Monte Carlo 
sampling of the phase space [RSG 85, GRS 87|. 

A Monte Carlo evaluation of (6.16) reads as 

/fep) « -E«r(r-'..p-p.), (6- 1 9<0 

where n is the number of sampled Gausslans per nucléon (which are normalised here 
to unity for convenience), A is the total number of nucléons, and (r,,p,) are phase 



space centers randomly selected according to the uniform density law 6feF - <HC>). 

The preparation of nuclear ground states on the sampled basis then proceedes 
through the following steps: 

(I) Definition of a large volume V° in phase space in a region where will be located 
the phase space density of the ground state. Typically V° Is a hypercube 1.75 A 1 / 3 fm 
wide in the r directions and 1.5 fm' 1 in momentum direction. This volume at 
saturation would encompass 4V°/(2«ft)3 nucléons. 

(II) Choice of the sampling definition n. that Is the number of Gaussians per 
nucléon; N « rc 4V°/(2itft) 3 will be the number of Gaussians contained In the 
hypercube V°. N Gaussian centers (r,.p,) are randomly selected In V°. 

(ill) With an initial guess for eF°(p) and eF°(n), the Fermi énergies for protons and 
neutrons, search for the Gaussians whose energy <H> r |p, being smaller than eF°(p,n). 

(Iv) By linear Interpolation search for refined velues eF

< l l(p.n) such that exactly nA 
Gaussians fulfil the constraint <H c> r, p , £ e F

, n(p.n). 

(v) Loop to step (ill) until the phase space volume defined by <HC>( s EF(p.n) 
encompasses exactly the nA Gaussians needed to form the basis of the A nucléon 
ground state. 

! 
This numerical method converges rapidly independently of the sampling 

'; definition n. 

Evidently. Monte-Carlo methods introduce statistical errors: due to the relative 
smoothness of the semlclasslcal phase space the value n = 30 yields good numerical 
stability and good estimates of the average observables of Interest In heavy ton 

i '. dynamics. It must, however, be considered as a lower limit. In Fig. 6.1 we show a self-
conslstently determined density for 4 0 Ca as cuts in the x,y.z directions. We clearly see 
that some fluctuations due to the sampling procedure are present. One should keep in 
mind that the fluctuations in the phase space distribution are even stronger. 

The values of Ar and Ap In principle can be adjusted to any physical quantity: we. 
however, found that fixing Ar through the value of the liquid drop ground state energy 
and then using the harmonic oscillator relation Ar/Ap = l / im» 0 with 

.'. haiQ a 41 A'l/a MeV yields a value for Ap which also gives a correct nns. radius. With 
£ these values one varlnes that also the surface behavior of the density compares very 
'• veil with full quantal calculations. Typical values for the width are Ar« 0.8 fm. Ap -
I 0.15 lin"1 for n * 30 Gaussians per nucléon. This latter value seems to be a lower limit. 
j- The values of Ar and Ar> depend on n and the specific force and should therefore be 
[ ; readjusted In each case. 

I We. thus, have determined and specified the preparation of ground state phase 
•| space distributions which are given by a superposition of Gaussians packets. They can 



Fig. 6.1: Self-consistent densities for 4 0 Ca as they 
are obtained from the Monte Carlo 
sampling procedure of Gaussian packets 
as described in the text. 

be viewed as coherent states Ideally suited to start with the dynamics (RH 81. Sen 85|. 
Several choices, however, are possible which consist essentially In letting the widths 
of the Gaussians depend on time or not. We will demonstrate with a little example that 
it is preferable to freeze the widths of the Gaussians and Instead eventually choose 
more of them. This feature was extensively Investigated by Heller [He 81 | in the 
context of molecular physics. 

10 x(fm) 

Fig. 6.2: Expectation value of the momentum of a 
Gaussian packet crossing a Woods-Saxon 
potential using the exact solution of the 
SchrSdinger equation (full line) and 
various approximations explained in the 
text. Also shown Is the evolution of the 
variance Ax. (From (Se 88D 



In Fig. 6.2 we present results of numerical simulations of a nucléon represented 
initially by a Gaussian of width 2 fin with an energy of 20 MeV crossing a one 
dimensional Woods-Saxon potential well with the following characteristics: depth = SO 
MeV, radius « 6 fin, dlftuseness parameter 0.75 fin: the nucléon Initially Is set at the 
center of the potential well. Four prescriptions have been used: (1) the purely classical 
limit (II) the exact solution of the SchrOdlnger equation (labelled exact quantum) (Hi) 
the propagation of the coherent state with time dependent width (labelled coherent 
state) and (tv) the decomposition Into four reduced Caussians wave packets with 
frozen widths. 

The hill coherent state trajectory oscillates strongly around the exact one due to 
the strong coupling between first and second moments, whereas the decomposition 
into frozen reduced wavepackets reproduces smoothly the correct behavior. The 
behavior In phase space of the reduced packets with respect to the exact solution Is 
schematically shown In Fig. 6.3. 

Z U.ul 

Fig. 6.3: Schematic representation - of the 
evolution of a phase space distribution 
(full circle) which has been decomposed 
into four Qausslans. (From [Se 88]) 

The decomposition Into frozen packets cannot account for the full spreading of 
the wave packet as shown In Fig. 6.2 but this Is of secondary importance: In self-
consistent dynamics of many nucléons one should have the trajectories In phase space 
as stable as possible and the closest to the exact ones in order to achieve stability of 
the system and avoid spurious particle escape into the continuum. 

We thus have determined and specified our approximation for the one-body phase 
space distribution function and we now want to determine the classical equations of 
motion our Gausslans have to obey. To that purpose we express the total energy as a 
functional of/, i.e. with (6.19) as a functional with respect to the classical trajectories. 
For example, in the case of the Gogny force (5.13) the total energy is given by 

0[R1C,P(,| = 4 / | ^ £ / ( R , p , t ) + ? t J /dW / S (R,0 

+ fd3RP[R,t) i Ea,/dsre-tR-'>'/P?^P,j) 

(6.20) 



with 
d3p 

' M - i / ^ / f r . * * ) Oft)* 

The equations of motion are then determined by minimising the following action 
integral (this leads in the case of time dependent Slater determinants to the full TDHF 
equations) [KK 76) 

/ = /dt£[R, c,p l e| 

£ = E R . c - P f t - E [ R « , p l c ] . (6.21) 

In principle this action J must be minimised under the constraint that / 
corresponds to a Slater determinant that Is 

( p 2 ) w =/>*- = / (6-22) 

for all times. One can show, however, that (6.22) is a constant of motion. I.e. If It is 
fulfilled Initially It will be fulfilled for all times. To lowest order in ft. I.e. In TF-
approxlmatlon (6.22) Is trivially fulfilled since Ô2 « ft. Furthermore, It can be shown 
(Sch 85] that In the static case (I.e. Inltlally) (6.22) holds order by order in h and thus 
Is also valid for. the smooth distribution function. Though (6.19) is not exactly 
equivalent to (2.1) we suppose that it Is sufficiently close so that Its deviations from a 
determlnantal character can be neglected. In principle the accuracy of this assumption 
can be controlled as a function of time with (6.22). The result of the variational 
calculation 8f » 0 with (6.21) and (6.20) is 

* » w = - M ; { I T C ) H - * > < 6 - 2 3 > 
where <HC> is the mean energy of one pseudo-particle as defined in (6.19c). It is 
Important to notice that the self-consistent potential Involved in (6.23) Is smoothed 
over a Gaussian (see eq. (6.19)). So if the potential la constructed from the density in 
Fig. 6.1 the fluctuations are washed out by this folding procedure and the potential 
becomes very smooth and (for a spherical nucleus) practically equal In the x.y.z 
directions. This is very Important for the stability of the classical trajectories and thus 
for the stability of the .whole system. We thus see that our averaging procedure of 
replacing the ^-function In (6.16) by Gausslans has a very Important stabilising effect 



on the dynamics. We remind the reader that as we discussed earlier, the Gaussian 
smoothing Is not a numerical artifact but leads us In some heuristic way closer to 
quantum mechanics. It has been experienced !K0 85] that for the brute force solutions 
of the Vlasov equation and a somewhat coarse grained corresponding TDHF equation 
the latter numerically was more stable. In fact we think that our method comes close 
to a TDHF solution where individual shell effects have been wiped out. 

We briefly mention another technical difficulty. This consists In the evaluation of 
the averages In (6.22) of terms in the potential Involving p l* v . Typically, v = 1/3 (e.g. 
for the Gogny force). We do the following replacements 

0»'+")r. « «*>r.)'+" 

(V,""),, « VP j«„> r.)
, +". (6.24) 

This approximation Is consistent In the force and In the potential which Is an 
important point: it is the first term of a series expansion which has to be Investigated 
numerically. For surface phenomena it may become poor. For energies per nucléon we 
will be interested In (above eF) It turns out that this approximation Is sufficient. 

Having seen that the problem of solving the Vlasov equation can be quite 
satisfactorily mastered, we now tum to the more difficult task of Including the 
collision term (6.15) into the scheme of resolution. To that purpose let us return to 
eqs. (6.7) and (6.8) and in order to better understand what Is going on let us try to 
formally solve them as they stand. The inhomogeneous equation (6.8) can be solved 
with the usual Green's function technique. We have |KSS 86| 

[ i l + S V l + m V s " V , V l ^ " V ! t V i ^ ] G ( R , p , , R * " R ' , p ' l ' I l ^ ! e _ ' ' ) 

= *(t - t ' )*(Ri-R;)*(p. -p' . )«(R2-K9*(p î -pi ) (6.25) 

with the solution 

G(RiPi, R2P2; R',p'„ R'2p'2; I - I1} = 0(« " 0 

S xJfR.-RE'fRip;, t-t')) «(Rs-RK'fRjpi, t-t')) «(P.-PR') <(pS-p£'), (6.26) 

where the upper index mf indicates that the trajectory evolves In the mean field only. 

' :: We obtain for (6.8) with the boundary condition gtë'ft = -~) = 0: 

p S , 2 , (RIPI .RJP2,0 = 

I / d('/„ [Rr'(R,p,,t'-t),pi"f(RlPl,lf-t),Rf(K2pt,t'-t),pc

n"(RjP2,t'-t); t'\. 
I -00 
I (6.27) 



We want to Insert this Into the rhs. of eq. (6.11). However, for the sake of the 
argument we remark that the collision Integral in (6.11) in reality Is a commutator 
between g«l and the two-body interaction as can be seen from (6.21. We evaluate this 
commutator in semiclassical approximation and obtain 

/(R,p,0 = /Ç^ « • « « . ( 6 . 2 8 ) 

' (2TA) 3R op 

In (6.28) we neglected the exchange term of the force which in principle can be 
included. We then would have a velocity dependent force tHR-R') -> u(R.p.R'.p') and 
some "rtra terms In (6.281 would appear. 

On the other hand. (6.11) can again be solved by the Green's function method, 
that is 

/(R,p,<) = A(R,P,«) + / d«7[R£

m'(Rp,f-0,pr,(*P,f-«);«']f (6.29) 

where A Is the solution of the homogeneous equation and is given by (6.16). 

The expression Ii2 in (6.8) can be obtained from the Wigner transform In the 
variables 1,1' and 2, 2' of the rhs. of (6.7). Neglecting again exchange and the cubic p-
terms responsible for the Pauli-blocklng we have in semiclassical approximation 

/i:(RiPi,R]P],t) = 

Equations (6.29). (6.28). (6.27) and (6.30) form a closed set which can in principle be 
solved by direct trajectory Integration. The equations are still fully reversible since we 
did not introduce any stochastic argument If we represent our system initially (i.e. at 
t » - —) by a sum of pseudo-particles (for the arguments developed here It is sufficient 
to replace the Gausslans by ^functions). 

/ ( R , p , t = -co) = / h ( R , p , t = -co) = £ o , * ( R ~ R.)*(P ~ P.) M l ) 
i 

then the evolution of this gas of interacting classical pseudo-particles is described in a 
deterministic way by eqs. (6.25) - (6.28). As we said before, the .inclusion of the Paull 
principle Is fully possible within this framework though formally the equations become 
more lengthy. Let us for example ewluate the direct parts of the third and sixth term 
on the rhs. of (6.7). wigner transit» Jng these tern» and evaluating to lowest order In 
h (with (2.14) ) we obtain 



/£O,(R.P..R*P*0 = ^ M . £ Z ( Ç i E î l i ) / ( R I > p l , t ) / ( H ! , p 2 , 0 . (6.32) 
oRj ops 

Similar expressions are obtained for the other terms In (6.7). 

In fact eqs. (6.27) - (6.32) have not been solved so far. We did, however, simulate 
them in adding a stochastic element (In the spirit of the Boltzmann equation) in the 
following way. Suppose that our classical gas of interacting pseudo-particles be 
described by their classical trajectories R,. . p c . where we indicated by an upper 

index bit that the pseudo-particles are moving on trajectories which are consistent 
with the solution for / of (6.27M6.32). The classical two-body distribution is then 
given by 

/(RiPi,RjP2.0 = £s*> 
•7 

x«(Rl-Ri»'(R,p1>0) *(pi-p!T(R.Pi;0) «-(Ha-B^tR/P,,*)) *(p2-pi,*(RyP/,«)). 
(6.33) 

Let us assume now that in a heavy ion collision we are Just at the moment t of closest 
approach where a two-body collision can take place. Up to time t the particles have 
evolved independently in their mean field trajectories fl™^. f'mfc. A moment At later 
due to the two-body force one or the other of two colliding pseudo-particles have 
changed momenta to p f c -* p t e + Apj where Apt » p f c At (1 • 1,2). The change of 

positions is a second order process in At. To order At we obtain from (6.33) 

/ (RIPI .RÏPÎ ,*) = /""(RiPi.Or'fRîP!.') 

-At gigt ^(Rr-R^flUpoi, t) S(tts-Rc"''(R,l3pn,, t) 

x {«(Pi-pflRoiPoi.OMPs-P^RosPoî.OJp* + U«2)}] 
+ permutations. (6.34) 

In (6.34) we indicated by f"1 that the trajectories are evolving uncorrected up to t. 
hence the factorisation. The second term on the rhs. of (6.34) then must be identified 
with g(2,'Ri.pi.R2.P2) up to At. Expanding the rhs. of (6.27) to order At and using 
(6.30) we can Identify term by term and obtain 

• p - i ^ W - n f l . , - , _ . , n A 
aft™.' (6.35) 



where pcy is the relative momentum of the pair y . 

We therefore have the usual classical relation between momentum change and 
derivative of the interaction for each pair of pseudo-particles. The Important point to 
observe is that the pseudo-particles are scattering with the full force, what means with 
the JuVL cross section (If the force Is replaced by the T-matrlx, as It should, see 
discussion above) and not, as one could have thought, with a cross section reduced by 
the number of Gaussians per nucléon. As we said. In actual calculations, for 
computational reasons we simulate the scheme (6.27) • (6.32). First of all we replace 
the actual interaction by the In-medium modified nucleon-nucleon cross section. In 
other terms, this means that we consider only hard sphere scattering. We follow all 
couples of pseudo-particles in time and let them scatter If two of them within At 
(which ideally Is equal to the time step of integration but usually chosen to be 
somewhat larger) get within their cross section. Between scattering events they move 
on their mean field trajectories. From our equations this can be understood as follows: 
first of all let us neglect non-linear effects in (6.27) and replace the one-body 
distribution functions figuring In (6.30) by the homogeneous part of (6.29). Then the 
trajectories which determine the time evolution of JlR.p.f) are determined by the 
(self-consistent) mean field only. With this approximation (6.27) with (6.31) becomes 

S ( 2 | (R 1 p 1 ,R 2 ps , t ) = 

E 9,9, / cU'F (RffRiP», 0 - Rf(RjPj, 0 ) 
•J o 

x (« [Rf ( R l P l , t ' - t ) - Ri'"(R,Pi, «')) * [R^Rop,, t' - I) - RC""(R,P;,0] 

x ( â p ^ - à p y s [P'c - P™f(R.P»01 * [P* - pf(RjPj,0|} 
(6.36) 

with P*e = p; , f(R«.P*,t'-0 

F(r) = V rv(r). : 

The integral (6.36) clearly contributes only when two trajectories having started out at i 
t » 0 at the phase space points R^ Pi and Rj, pi get at time f In the range of the force, j 
I.e. within the cross section of the hard spheres In our case. Having changed momenta | 
at f the two (pseudo-) particles continue on.their modified mean field trajectories (If -. 
no further scattering occurs) until at time f » t they arrive at coordinates R ( . pi and ,, 
R a . p 2 . respectively. Evidently all possible couples (I J) have to be considered and all .': 

scattering events occurring in the time interval (0,0 have to be added up. This Is 
préciser/ what is done numerically. In addition, initial and final momenta plus the sum 
of initial and final single-particle energies are conserved. After each At i.e. after each 
scattering, the new phase space variables of the Gaussians constitute the values to 
construct the new one-body distribution function. In the code this Is immediate but 



Implicitly corresponds to adding to g*2' of eq. (6.36) the ««correlated product term 
and to Integrate over one of the two phase space variables, b) order to Introduce a 
stochastic element as prescribed by the Boltzmann and/or Uehllng-Uhlenbeck 
collision integrals we only consider s-wave scattering and gtve the final relative 
momenta of the two particles a random direction. From these considerations It 
becomes also clear that once two pseudo-particles have scattered within At we should 
not let them rescatter with one another unless they have left their mutual sphere of 
Influence. On the other hand. At must be chosen small enough so that a particle cannot 
scatter with more then one other particle In this Interval. Empirically we found that 
for » 30 pseudo-particles per nucléon this criterion was well fulfilled for At- 0.5 fin/c 
for reactions In the 100 MeV per nucléon domain. We thus follow all Gausslans 
patrwise and let them scatter if within At at closest approach their centers are within 
the cross section. The Paull principle Is introduced in looking at the phase space 
occupation at the final moment?. If the phase space is partially occupied we reduce the 
cross section of the event accordingly. Had the two pseudo-particles still entered the 
reduced cross section within At only then the event Is retained. We go on with this 
procedure adding up time step by time step. We think that this algorithm should come 
quite close to a true solution of the Landau-Vlasov alias Vlasov-Uehling-Uhlenbsdt 
equation. We also should mention that the Coulomb force in the motion of the 
Gausslans Is taken into account as well as the Isospin dependence of the two-body 
collisions. Nevertheless, some uncertainties remain: the approximation of Isotropic 
scattering certainly overestimates the collision rate since in reality the nucleon-
nucleon cross section (at higher energies) has a dip at 90°. Another source of 
overestimatlon stems from the above mentioned fluctuation contained in fiR.p.t): 
though for the evaluation of the Fault blocking we average/over a volume with radius 
3 fm, all fluctuations are not wiped out and thus some artificial underoccupaOon of 
phase space remains. How much these ieatures influence the actual results is difficult 
to assess and can only be estimated by detailed numerical Investigations which are 
presently under study. 

Before the presentation of some numerical examples let us mention that there 
exists a different method which is presently applied by various groups [BD 88, SD 86| 
to solve the Landau-Vlasov/VIaaov-Uehllng-Uhlenbeck equation which Is based on the 
cascade model (CL 86]. There the phase space distribution Is divided Into A classical 
nucléons (what would correspond to one pseudo-particle per nucléon In our case) 
which scatter respecting the Pauli p;1nclple. In order to reduce & • fluctuations in 
such a treatment the calculation is done In parallel ensembles and an ensemble 
average performed at the end. As we will discuss In a moment for some quantities the 
results of the two methods are strongly at variance from one another. Tentatively we 
think that this difference comes from the fact that the one-body distribution function 
is too crudely approximated in subdividing it into A classical nucléons in the cascade 
like treatment Further studies, however, are necessary to fully trace the origine of this 
difference [Gr S8|. 

Let us briefly summarise the technicalities outlined above: In order to treat the 
collision term we do not really solve the Landau-Vlasov equation as It stands. We rather 
consider the two-body phase space distribution and the corresponding semiclassical 



equation of m-don. We showed that the latter, analogously to the one-body case, is 
solved by transportation of each phase space point of some initial distribution (e.g. 
/o(RiPi)"./b(R2P2)> o n classical trajectories. The corresponding Newtonian equations 
are given by eq. (6.35) and involve the gradient of the Jull nucleon-nucleon force. This 
means that an pairs of pseudo-particles are scattering with the full cross section. We 
add a stochastic element in giving In each scattering event the final relative momenta 
an arbitrary direction. Evaluating the time evolution of the two-body distribution 
function In following all possible pairs of pseudo-particles and their mutual scattering 
we can easily get back at each time step to the one-body distribution in Implicitly 
summing over one pair of phase space variables. 

Let us now present a first numerical study Illustrating the performance of Our 
code. To this end we prepared a *°Ca nucleus In its ground state as described above 
and then at time zero we switched on the full dynamics Including the two-body 
collisions. Ideally, of course, two-body collisions would be completely suppressed in 
the ground state. Nevertheless, due to the above mentioned fluctuations, we will have 
some collisions. Let us dwell on this point a little further since it is of quite some 
importance. Evidently, the magnitude of the fluctuations depends on the number n of 
Gausslans per nucléon. If we take as a lower limit for our 4°Ca nucleus n » 30, there 
are on the average roughly three Gausslans in one of the directions In the 6-
dimenslonal phase space. In addition our random Initialisation of the Gausslans creates 
further fluctuations such that there finally is much spurious empty phase space. 
Though for the estimation of the Paull blocking a local averaging of the phase space 
distribution (see above) is performed this Is not sufficient to suppress all two-body 
scattering in the ground state. A more homogenous population of the phase space or a 
more efficient smoothing procedure may remedy to this but studies In this direction 
are only in their Initial phase. In ar •«• event, the two-body collisions will have two 
effects: (1) the nucleus will loose particles and the empty phase space will tend to 
become occupied. The latter effect will produce more binding. This Is exactly what we 
observe numerically. To reduce the fluctuations we choose 70 Gausslans per nucléon 
for our 4 0 Ca nucleus. The force of Zamlck [Za 73) with incompresslbllity coefficient K. 
- 200 MeV was chosen. In Table 6.1 we present as a function of Urne (a sphere of 
radius 7 fm around the ^Ca nucleus was considered) the particle number, the charge, 
the energy per nucléon, and the entropy. 

For comparison, particle number and energy per particle stay practically stable up 
to 400 fm/c if the collision term is not switched on during the dynamics. Several 
remarks can be made concerning Table 6.1. First of all we see that the particle loss 
comes primarily from the neutrons. This Is understandable since the protons have to 
overcome the Coulomb barrier. Secondly, the binding energy per particle increases. 
This is due to the aforementioned effect of filling in the empty phase space sites (the 
high initial value of E/A is due to the Zamlck force (Za 73| and is not an artifact of the 
calculation). However, as the evolution of the entropy shows, this does not go on 
forever but rather seems to go to an asymptotic value corresponding to a 
homogénéisation of the phase space. In fact If the LVE were solved 100% accurately, 
the collision term would cool the system down to zero temperature in the course of 
time: so the tendency of our approximate solution goes In the right direction. In 
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Fig. 6.4: The nuclear flow as calculated from the LVE. The circles Indicate the 
data from (DGG 86]. (From [SRG 88]) 

conclude that the mean field effects around these energies are negligible and thus 
very little can be learned about the EOS. May be this situation changes for higher 
energies (EM & 400 MeV) but then relativity and mesonlc degrees of freedom must be 
included Into the theory. However, it seems (see next subsection) that at lower 
energies IE/A s 100 MeV) the mean field plays an important role while still Involving 
processes quite far from equilibrium. Thus the energies 35 MeV s E/A s 100 MeV may 
well be a domain most adapted for the study of the nuclear EOS in a region where 
mesonlc and A degrees of freedom do not yet play an Important role. 

Before leayjng this section let us mention that the reaction Nb + Nb has been 
studied before using the cascads model inspired technique to solve the collision 
integral ISG 861. This method yields a flow for the Zamick force which is half of our 
values. As we mentioned before we tentatively attribute this to a too gross subdivision 
of the phase space fluid in the cascade method where, roughly speaking, only one 
Gaussian per nucléon is used. 

Our values of the flow are compatible with those of an ideal non-viscous fluid (see 
the discussion by Schurmann and Zwermann |SZ 87]) and it is thus important to 
check that our method of solving the LVE does not yield ideal non-viscous 
hydrodynamics throughout. We therefore calculated the flow for a series of lighter 
nuclei between Ca and Nb and found a dear Indication for a A 2 ' 3 dependence of the 
flow for lighter nuclei In agreement with experiment (DCG 861. Our theory therefore 
perfectly admits non-equilibrium processes. 

Though we can be rather satisfied with the first results so obtained for the flow 
dynamics, much progress Is suD to be made in order to confirm this. Besides technical 
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Fig. 6.5: Head on collision of 4 0 Ca + 4 0 C a at El A » 50 MeV. (From [SPS 87. 
SPS 88]) 



Improvements (more Gausslans) It Is for instance the tight control of the effective 
cross section (6.37) entering the collision Integral which is missing. In principle this 
Is a dynamic quantify to be calculated self-eonsistently within the theory. However, we 
are still far away from the point of being able to do that and much remains to be done 
in the future. 

6.4 Dynamic InifMHUe», Splnodal Décomposition. 

As we stated in the preceding section the range of bombarding energies 30 MeV s 
E/A <. 100 MeV in heavy ion reactions may well be suited for the study of the nuclear 
EOS. These are energies in the range of accelerators such as GANIL. SARA, GSI. or at 
MSU. 

In playing with the LVE It turned out that the most efficient reactions for testing 
the EOS seem to be central collisions of heavy symmetric systems. For computational 
reasons we have made a model study for two 4 0 Ca nuclei colliding head-on at various 
bombarding energies. Again the Zamick force (soft EOS) was used and n * 30 Gausslans 
per nucléon were taken ISPS 87. SPS 88). In Fig. 6.5 we show the evolution of the 
reaction at E/A * SO MeV. The density as a function of y,z for x = 0 is displayed in a 
three dimensional plot in time steps of 32 fm/c. We see that the system passes 
through a strongly compressed phase at t>32 fm/c and then violently decompresses. 
At t-128 fm/c clearly several fragments have emerged. This undoubtedly is a very 
interesting scenario which calls for a more detailed analysis (see also (VGS 87]). 

From several studies on heavy ion reactions where we calculated the local 
pressure tensor from the solution of-the LVE [PSS 87) we made the experience that 
the systems reached local equilibrium relatively quickly. Without repeating these 
delicate calculations we here assumed that from the moment of highest compression 
on local equilibrium be established (this may be a little early, but the almost spherical 
configuration can help) and thus a hydrodynamlc analysis be appropriate. For the 
extraction of an EOS we define an intrinsic energy 

* * = « . . ! - « « • , (6.40) 

where the hydrodynamlc kinetic energy is given by 

with the local current 



The intrinsic energy (6.40) which in a hydrodynamical picture plays the role of a 
potential contains compressional and thermal energies and vanes in the course of 
time. In a certain interval time and average density are directly related and then E""' 
represents something like the BOS. It must be emphasised, however, that E*1* as we 
defined It. cannot be completely equal to the EOS of a static calculation at fixed 
temperature since our system continuously evaporates particles and therefore cools 
down. Nevertheless. £ l n t may be a very useful quantity elucidating the dynamical 
process. Probably (6.40) represents more the intrinsic energy at fixed entropy S but 
since S Is a very difficult quantity to calculate we have not Investigated this so far. 

In Fig. 6.6 we show the time evolution of the average density 
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Fig. 6.6: Average density <p> as a function of time for central Ca + Ca 
collisions at various bombarding energies. (From ISPS 88J) 

We see that the maximum density is reached for all energies in the interval 20 • 
30 frn/c. For E/A a 20 MeV our analysis shows that the system fuses and subsequently 
undergoes essentially a damped large amplitude monopole oscillation. However, other 
mu'Upolaritles with minor amplitude are also present. From E/A - 40 MeV on. the 
system does nut fuse any more but rather fragments which causes the rise of the 
curves at E/A « 40. 60 MeV in Fig. 6.6. The reaction for E/A - 100 MeV is shown in 
Fig. 6.7. We see that the system explodes Into a multitude of very small fragments. Let 
us now study how these different scenarios manifest themselves In Bf* as a function of 
l / < p > " 3 from the point of strongest compression on. We stop the curves if either the 
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Fig. 6.7: Head-on Ca + Ca collision at E/A - 100 MeV. (From ISPS 881) 

system returns (at E/A « 20 MeV) or starts to deslntegrate. It can be noticed in Fig. 
6.8 that E"* as a function of <p> has the typical shape of an EOS. Also shown In Fig. 6.6 
is the cold EOS which has been obtained In preparing an ^Zr nucleus In Its ground 
state and then applying initially a central velocity field on the pseudo-particles either 
compressing or dilating the system: the collision term has been switched off to avoid 
heat production. 

The most Interesting feature of Fig. 6.8 Is the fact that désintégration occurs 
roughly at the point where the curvature of E"" changes sign. This is the point where 
the compressibility becomes négative and thus hydrodynamic instabilities can develop. 
If one transforms time Into <p> via Fig. 6.S and Fig. 6.6 we notice that the onset of 
Instability seen in Fig. 6.5 roughly also coincides with the point where the 
compressibility turns negative. This can be deduced from an Interpolation between the 
end points at E/A « 40 and 60 MeV in Fig. 6.8. 

It may be that such hydrodynamical instabilities have already been observed 
experimentally. It is, however, very delicate, experimentally as well as theoretically, to 
draw definite conclusions. On the experimental side the distinction between a true 
fragmentation process and sequential fission processes seems difficult since detectors 
integrate over all times. May be future correlation measurements between fragments 
can yield additional Information and make an identification of fragmentation due to 
Instabilities possible. On the other hand, the theoretical uncertainties are also 
considerable. It is clear that the three dimensional fragmentation process shown in 
Fig. 6.5 depends on the fluctuations initially present in the system, that Is on the 
sampling procedure and on the number of Gausslanj chosen. No systematic 
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bombarding energies of the Ca + Ca reaction. The left ends of the 
curves correspond to strongest compression and the right ends 
either to return or to break up. The lowest curve corresponds to the 
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investigations on the dependence of the instability patterns on these parameters are 
available so far. However, it Is clear that the breakup will occur the later the more 
Gausslans per nucléon we choose. On the other hand, a fully quanta! transport equation 
contains intrinsic fluctuations which may compare with our pure sampling procedure 
and which finally may yield fragmentation patters similar to what Is seen In Fig. 6.S. 
Insplte of all these uncertainties, the discovery of such hydrodynamlc instabilities and 
thus of direct fingerprints of the nuclear BOS remains an exciting possibility for the 
future. 

7. CONCLUSIONS 

The aim of this review is to summarise work and progress of recent years in the 
semiclasslcal description of the nucleus. The accent Is laid on dynamical and 
colllsional aspects. The employed technique Is essentially based on extensions of 
Thomas-Fermi theory. This is explained In Chap. 2. It Is shown In detail bow the TF 
method can be generalised to multl-partlcle - multi-hole problems. This is first done 



for level densities but also the radial dependences of the corresponding mp-nh 
spectral densities Is investigated. It is demonstrated that there is very close 
quantitative correspondance between Strutinsky averaged quanta! and TF calculations. 
Therefore the TF theory yields an accurate average of quantum mechanically defined 
quantities such as the nucleon-nucleus optical potential or the nuclear response 
function. The enormous gain in numerical feasibility by the semlclasslcal method is 
pointed out on the one hand, on the other hand it is emphasised that the Investigation 
of the average of the various quantities considered In this article Is interesting in itself 
as one knows from the old but very fruitful liquid drop model. 

In Chap. 3 we thus calculated the average part of the nucleon-nucleus optical 
potential In the doorway approximation. This means that only 2p-lh and 2h-lp 
Intermediate states In the nucléon mass operator are considered. For the vertices the 
Gogny force (or the corresponding p-h force) is used. A detailed account for the 
accuracies of the Gogny force is given which is used throughout the article. 
Furthermore, it is argued that for the description of the average it is sufficient to 
consider incoherent nucleon-nucleon scattering only whereas all collective effects can 
be put into a renormalisation (screening) of the vertices. Since the p-h force derived 
from the Gogny interaction contains such screening effects our theory should 
quantitatively account for the imaginary part W of the optical potential. This Is Indeed 
what has been found for the volume Integral of W (see Fig. 3). The detailed r-
dependence of W exhibits for lower energies (< SO MeV) a strong enhancement In the 
surface. This is related to the strong density dependence of the Landau parameters F00 

and f 0 1 . Nuclear dissipation at these energies, in agreement with other studies [LYN 
86, BG 79], is thus essentially a surface phenomenon. It is further pointed out that our 
Investigations permit to bridge the gap between local density and quantal approaches 
for Vf. the two having coexisted in the past with very little connection. Having the 
Imaginary part of the optical potential at hand we passed on to the calculation of its 
real part (more precisely to us energy dependent part). This is done via the usual 
Kratners-Kronig dispersion relation. Several Important consequences revealing the 
energy dependence are discussed. The well known anomaly [BHH 821 of the depth of 
the real part In the vicinity of the Fermi energy finds its explanation. The 
enhancement of the effective mass in the nuclear surface and close to the Fermi 
energy is calculated. The ensuing increase of the level density parameter a brings it In 
close agreement with experiment. At higher temperatures (Ta 4-5 MeV) the 
Importance of correlations decreases and so does the level density again in semi
quantitative agreement with experience. The study of occupation numbers and the 
mean free path closes Chap. 3. 

In Chap; 4 we studied the p-h response function in random phase approximation. 
First the free response function in TF. approximation is investigated. It is found that 
besides for very light nuclei h-correctlons are very small (for 1 2 C the corrections may 
reach 10%) and that TF theory again yields precisely the average of quantal 
calculations. For higher momentum transfers the strength of the response lies 
essentially In the continuum where It Is smooth and therefore there semlclasslcal aud 
quantal results practically coincide. It is pointed out that for the response function TF 
theory and local momentum approximation are identical. For the interacting response 
(RPA) the situation Is more complicated but again it is shown that the local momentum 



approximation corresponds to the h -» 0 limit; inclusion of h - corrections are small, 
ihe LMA gives very good agreement with quantum calculations even for cases where 
the residual p-h interaction Importantly reshapes the average response. Detailed 
model studies are presented. As an application, the longitudinal charge response Is 
calculated in the quasi-elastic peak region. The mean field and the p-h residual 
interaction consistently have been constructed from the Gogny force and 
antisymmetrisation has been properly accounted for. In agreement with earlier 
investigations we find that RPA theory Is incapable of explaining the missing charge 
problem of medium to heavy nuclei, i.e. the fact that the theory overshoots the data up 
to 30-50%. 

In order to elucidate this puzzle in Chap. S the inclusion of 2p-2h states Into the 
RPA response has been studied. This Is accomplished in giving the particle and hole 
energies an imaginary part (precisely the one we have calculated In Chap. 3); this does 
not account for all of the 2p-2h Intermediate states but should represent an 
appreciable part of It. As a result the response Is quenched and pushed to higher 
energies. This Is exactly what is needed to obtain agreement with experiment. The 
effect is almost sufficient for the 5 S F e case but insufficient for *>Ca and 2 3 S U (except 
for q • 2.53 mr 1). In view of this confusing situation we notice quite significant 
discrepancies among the data of different groups which may point to the possibility 
that experiments are not as settled as It may seem.. In this light such speculative 
explanation like a swelling of the nucléon In nuclei must be questioned. Having studied 
the influence of the mass operator on the response function we continued In Chap. 5 
to investigate the reverse, namely the inclusion of collective states into the mass 
operator. This is done on purely theoretical grounds Justifying the approximation we 
used for Win Chap. 3. 

Having studied semiclassical techniques for the application to dynamic and 
colllsional problems close to equilibrium we continued to the non-equllibrlum 
situation encountered in heavy ion reactions. Here the semiclassical version of the 
TDHF equation (the Vlasov equation) supplemented by the Uehllng-Uhlenbeck 
collision term. Is the main theoretical device. We first gave a simple derivation of the 
LV or VUU equation, thereby discussing the implications of the approximations. We 
then discussed at length the problems encountered in the numerical solution. Because 
the phase space distribution function depends in the general case on 6 + 1 variables 
this is a formidable numerical task. The method adopted here consists of a 
decomposition of the distribution function into Gaussian packets with a frozen width. 
The sampling is done with a Monte-Carlo method. This gives very good solutions of the 
Vlasov equation in comparison with full TDHF calculations. With Inclusion of the 
collision term" the situation became more complicated. We have rewritten the LV-VUU 
equation in such a way as to exhibit the two-body distribution function as the main 
Ingredient. The corresponding equation Is solved In propagating the centers of the 
Gausslans between collisions on mean field trajectories while each time any pair of 
Gausslans comes at closest approach within the nudeon-nucleon cross section, a hard 
sphere s-wave scattering can take place. As required by BoUzmann like equations a 
stochastic element Is added in giving the relative final momenta an arbitrary direction. 
The Baull principle Is accounted for in multiplying the nucleon-nucleon cross section 



with an attenuation factor and with final state occupation probabilities; only when two 
colliding Gausslans are still within the corrected (reduced) cross section the event is 
retained. We give arguments that this method should come quite close to a full solution 
of the Landau-Vlasov equation. We also shortly mentioned the fact that this method is 
at variance with techniques Inspired from the cascade model. For example, for the 
flow we obtain results larger by a factor of two. This is In quite close agreement with 
experiment when the finite range Gogny force (lncompresslblllty K = 228 MeV) is 
used, la view of the Importance of the extraction of a correct equation of state from 
flow effects in heavy ion reactions the relevance of our method is discussed. 

in a second application we studied the equation of state In central Ca + Ca 
reactions at energies E/A between 20 and 100 MeV, We extracted an equation of state 
under the hypothesis that from a certain time on local equilibrium be established. The 
thus obtained EOS exhibits a typical van der Waals behavior. For energies S 40 MeV we 
obtained quasi-fusion. For energies between 40 and 80 MeV spinodal decomposition is 
observed, and for energies 2 100 MeV the system completely vaporises. It is discussed 
that the fragmentation pattern of the spinodal decomposition Is dependent on the 
fluctuations we introduced Initially through our sampling procedure in phase space. 
Anyhow, since (quanta!) fluctuations are present in reality the exciting possibility to 
observe such Instabilities In future experiments Is pointed out 

As a final remark let us express the hope that we have convinced the reader of the 
usefulness of the specific type of semlclassical approach, largely based on Thomas-
Fermi like arguments, we have been using here for the description of nuclear 
problems. 
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